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1. INTRODUCTION

In this paper, we study some inequalities of the Gagliardo-Nirenberg
type in both, homogeneous Besov spaces B;’,q(R”) and homogeneous Triebel-
Lizorkin spaces Fpg’q(R”). We denote by A;,Q(R") for either B;q(R”) or F;’q(R"),
and by A7 (R") for inhomogeneous counterparts that are either B; (R") or
F;,(R"), when we have no need to distinguish them. These spaces will be
shortened by the initials B and F', respectively. In connection with Gagliardo-
Nirenberg estimates type, we give the following example

p/v 1—p/v
(1.1) I zu@eny < ellfllgs g1/ Ip20 gy

withv > p, @ > 0 and 8 := a(v/p—1), in which we cannot replace B, (R") or
F])B,OO(RTL) by B3 (R™) or F;EOO(R”), since Hf”B;O%O(R") = HfHFﬁoo(R") =0 for
all f polynomials on R™ (we note that (1.1) also holds by replacing FpB, oo (R™) by

AQP(R”), which is obtained by the embedding property). For this reason, we
give some estimates of type (1.1) with the realized homogeneous Besov spaces

E;q(R”) and the realized homogeneous Triebel-Lizorkin spaces f;,q(R”), since
these spaces are defined by both, tempered distributions and polynomials of
degree less than v; the parameter v depends only on n, p, g, s which is characte-
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rized by G. Bourdaud [7] (see also Subsection 2.2 below for its definition). Then
owing to nonzero polynomials, we note that there are nontrivial embeddings of
the homogeneous spaces Af,yq(R”) into the Lebesgue spaces L,(R™), and by our
wanted estimates, we hope to obtain some embeddings of the realized spaces
g§7q(R") into L,(R™). For instance in Section 4, we prove (1.1) in ng,q(R”).
We will essentially prove the following result, where we will use the following
notation throughout this work: for every tempered distribution f, we denote
by [f]p the equivalence class of f modulo polynomials.

THEOREM 1.1. Let 0 < p,q < co. We put r := min(1, p) in the B-case

and r := 1 in the F-case. Then there exists a constant ¢ > 0 such that the
mnequality

_ 1
12) Wl < o2 g P17

holds, for all v € [p,o00] and all f € ES’T(R”) N EZ/qp(R").
If ¢ <1in the B-case or p < 1in the F-case, we can avoid Agﬂ, (R™) in the
right-hand side of (1.2) by taking the space Ly (R™) instead, and the resulting

estimate becomes independent of the An/ P(R™)’s quasi-seminorm, that is the
following statement:

THEOREM 1.2. Let 0 < p,q < 0o with ¢ < 1 in the B-case and p < 1 in
the F-case. Then there exists a constant ¢ > 0 such that the inequality

(1.3 P b A N [

holds, for all u €]0,00], all v €]0,00[ such that v > max(p,u), all p1 € [p, 0]
and all f € Ly(R™) N ALP(R).

An immediate consequence of these results concerns the embedding into
the L,(R™) spaces.

COROLLARY 1.3. (i) Let p,q,r and v be given as in Theorem 1.1. Then
it holds A9, (R") N Ap/P(R™) < L, (R™).
‘ (ii) Let p,q,u and v be given as in Theorem 1.2. Then it holds L, (R™) N
AP (R™) > Ly(R™).

As mentioned before, the estimate (1.2) fails to hold if Zg’,, (R”)QZSQP (R™)

is replaced by Ag,T(R”) N Aﬁ/qp (R™). Contrary to the homogeneous spaces,
Theorems 1.1 and 1.2 cover the case of inhomogeneous ones; in other words,

we can take A9 (R™)N A;{IP(R") and L, (R™")N An/p(R") instead of AO S(R™MN
Ag/qp (R™) and L,(R™) N A"/ P(R™), respectively, in both theorems.
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In Theorem 1.1, the right-hand side of (1.2) is given by the quasi-
seminorms of elements in spaces defined, in the tempered distributions space
S'(R™), from the homogeneous ones, using the notion of realization, see e.g.,
[3,7,14]. In this context and in the B-case, we can see [24] where it was
considered the homogeneous spaces defined in §’(R™), not in spaces defined
modulo polynomials of a certain degree, also with other conditions on the
parameters.

In the B-case, Theorem 1.2 is an extension, to the case max(p, u) < v < 1,
of a result obtained in [23, Theorem 4.14(i)]. Note that in the right-hand side
of (1.3) we find the term ||[f]p| ;n/p; g, i improving [|[f]p| jn/p p., (recall

p1.q (R") Aplq (R™)

that p < p1).

Of course, the constants in (1.2) or (1.3) can be restricted to cv'=1/7 if
p > 1 or u > 1, respectively, since 2%/% < 2. Also, in that case we have in
(1.2) the optimality of the growth rate v'=1/¢ as v — oo in the B-case and at
least if ¢ < p in the F-case (see Subsection 4.1 below). However, the proofs
of the above results are based on some classical inequalities as Bernstein-type
((2.1) below) and an approximation method by suitable smooth functions.

Finally, we recall that these type of estimates on homogeneous Sobolev,
Besov and Triebel-Lizorkin spaces, defined as function spaces excluding polyno-
mials or as tempered distributions modulo all polynomials, have been studied
in several works e.g., [12,13,16,24,25].

The paper is organized as follows. In Section 2, we collect definitions
and basic properties of the considered function spaces. Section 3 is devoted to
the proofs of our main results. In Section 4, we discuss the optimality of the
estimates and some extensions.

2. NOTATIONS AND PRELIMINARIES

As usual, N denotes the set of natural numbers, Ny = {0} UN, Z the
set of integers and R the set of real numbers. All function spaces occurring in
this work are defined on Euclidean space R, then we omit R" in notations.
For a € R we put ay := max(0,a). For ¢t € R, [t] denotes the greatest integer
less than or equal to t. The symbol < indicates a continuous embedding.
S denotes the Schwartz space and S’ its topological dual. For 0 < p < oo
we denote by || - ||, the quasi-norm of the Lebesgue space L,. Corresponding
to this, Lﬁ,oc means the set of functions satisfying [, |f(x)[Pdz < oo for all

compact sets K of R™. For f € L;, we denote by f(f) = Jan e 1 f(x)dx

the Fourier transform and by F~'f(z) := (2r)™ A(—x) the inverse Fourier
transform. They are extended to the whole space S’ in the usual way.
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We denote by P the set of all polynomials on R”™. We denote by S, the
set of all ¢ € S such that (u,¢) = 0 for all u € Py, and by S, its topological
dual, which can identified to the quotient space 8'/Ps. For all f € &', we
denote by [f]p the equivalence class of f modulo Ps; this notation has been
given before. The mapping which takes any [f]p to the restriction of f to Sy
turns out to be an isomorphism of §’/Ps onto S,,. Then S, is called the
space of distributions modulo polynomials.

Finally, the constants c¢,c,c1,... are positives and depend only on the
fixed parameters n, s, p, ¢, ..., their values probably change from line to line.

Throughout the paper, we will make use of the following well known
inequalities:

e For all a; > 0 and all 0 < d <1 it holds (Zjez aj)d <> ez a;l.
o Let 0 < p < g < 0. There exists a constant ¢ > 0 such that

(2.1) Ifllg < eRMP=VD 7,

holds, for all R > 0 and all f € L, satisfying ]? is supported by the ball
|€] < R. The constant ¢ can be given explicitly, cf. [15, Theorem 4]; in this

paper, ¢ = pg(l/p_l/q) where pg is the smallest integer not less than p/2.

2.1. THE LITTLEWOOD-PALEY DECOMPOSITION

The Littlewood-Paley setting is useful for the definition of Besov and
Triebel-Lizorkin spaces. This setting has been initiated by e.g., Bergh and
Lofstrom [2], Peetre [17] and Triebel [20,21]. We will recall: let p be a C*°,
radial function such that 0 < p < 1, with p(§) = 1 if [(] < 1 and p(§) = 0
if |£] > 3/2. We put v(£) := p(§) — p(2£) which is supported by the annulus
1/2 < |¢] < 3/2, and the following identities hold

Y @I =1 (V¥ eR"\{0}),

JEL

p27F) + Y (277 =1 (VkEZ VEER").
j>k+1
The functions p and v will be fixed once and for all. We define the
pseudodifferential operators (S;);cz and (Q;)jez by S;f(§) = p (2_j£) f
and é]\f(‘f) =y (2_j§) f(f) We also define the operators (@j)jeNo by Qo :=
Sy and @j = Qj for j > 1. The operators S; and @; take values in the
space of analytical functions of exponential type, see Paley-Wiener theorem,

in [19, Theorem 29.2, p. 311] or [20, Remark 2.3.1/2, p. 45].
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It is clear that S; is defined on §" and that @; is defined on S/, since
Q;f () = 0 if, and only if, f is a polynomial. We make use of the following
convention:

If feS., wedefine Q;f := Qjfi for all f; such that [fi]p = f.

The convergence of the Littlewood-Paley decomposition of any function
is given by: for every f € S (84, respectively) one has f =} .., Q;f with a

convergence in S (S, respectively), also, for every f € S (S, respectively)

and every k € Z, one has f = Spf + Zj>k Q;f with a convergence in S (&',
respectively). For the proof of these facts we refer to [14, Proposition 2.7].

2.2. THE BESOV AND TRIEBEL-LIZORKIN SPACES

The basic definitions of A;’q and A , are given via the Littlewood-Paley
decomposition, see e.g. [2,11,20].

Definition 2.1. Let s € R and 0 < ¢ < o0.

(i) Let 0 < p < oco. The homogeneous Besov space B;q is the set of
f € 8., such that

- /
1Fllg;, = (S 279)Qf|) " < oo

JET

(ii) Let 0 < p < 0o. The homogeneous Triebel-Lizorkin space F[iq is the
set of f € S/ such that

116, = (Z2j@us) | <o

JEZL
Definition 2.2. Let s € R and 0 < ¢ < oc.

(i) Let 0 < p < oo. The inhomogeneous Besov space B, , is the set of
f € &' such that

o~ /
17y, o= (20| @f]) " < .
Jj=0

(ii) Let 0 < p < oo. The inhomogeneous Triebel-Lizorkin space Fy  is
the set of f € 8’ such that

151, = | (S 2i@us?) | <o

Jj=0
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The spaces A;q and Aj  are quasi-Banach spaces for the above defined
quasi-seminorms and quasi-norms (Definitions 2.1 and 2.2, respectively), which
do not depend on the function p, see e.g., [10] or [20]. For characterizations
and properties of A7 = we refer to [2,18,20,21], however for Ajp o we recall the
following assertions:

o Soo A5 SL,
s A;#h - A;%(IQ if Q1 < G2 and B;,min(p,q) = Fliq = B;,max(p,q)’
o if 51> 59,0 < p1 <pa<o00,0<q,r<ocands;—n/p; =sy—n/ps then

X . . . 82771,/])2 . . . .

it h([)ld]s Bpiq = Bpig = Boog 5 Fplg = Bylp, and Fylg = Fplo,

see (11},

e if 0 < p,q < oo then S is a dense subspace in A;q, see [7, Proposi-
tion 3.11] or [11, (1.6)],
e there exist c¢1,co > 0 such that

elflLiy, < X PIFOT Oy, < eall g

for all f € A5 and all A > 0, see [6].
We also recall the Nikol’skij type estimates and refer to [8, Proposition 4]
and [14, Propositions 2.15, 2.17] for the proofs.

PROPOSITION 2.3. Let s € R and 0 < p,q < oo (with p < oo in the

F-case). Let 0 < a < b and let (uj)jcz be a sequence in S’ satisfying
e @; is supported by the annulus a2 < |¢] < b27,
. 1 ; 1
o A= (L@ usll))" < oo (A= (a2 lus()))7) /qu < 00
in the F-case).
Then the series )iz u; converges in Sy and || 3 7 ujHA;,q < cA, where the
constant ¢ depends only on n,s,p,q,a and b.

There exists a link between Af,,q and its inhomogeneous counterpart.
Namely, we have the following statement, which is proved in [21, p. 98].

PROPOSITION 2.4. Let 0 < p,q < 0o (with p < oo in the F-case). Let s
be a rea? such that s > (n/p —n)y. Then f € A;  if, and only if, f € L, and
[flp € A3 ;. Moreover, || fll, + [|[flpll 4s defines an equivalent quasi-norm in

’ g
AS .
P.q

To define the realized homogeneous spaces of Besov, and of Triebel-
Lizorkin, we first give the notion of distributions vanishing at infinity.

Definition 2.5. A distribution f vanishes at infinity in the weak sense if
limy 0 f(A"1(-)) = 0 in &'. The set of all such distributions is denoted by Cj.
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We second recall that if f € Af,’q, then the Littlewood-Paley series

> jez Qi f converges in S, to an element denoted o, (f) which satisfies
f=[ou(f)]p in S, and 8%,(f) € Cy forall |a| = v,

where the integer v (which will be fixed throughout this paper) is defined as
the following:

{([s —n/p]+1);if s—n/p ¢ Ngorg>1in B-case (p > 1 in F-case),

s—n/pif s—n/p € Nyand ¢ <1 in B-case (p <1 in F-case),
see [7,14].
Definition 2.6. Let s € R and 0 < ¢ < o0.

(i) Let 0 < p < oo. The realized homogeneous Besov space éz’q is the set

of f € 8!, such that [f]p € B;q and f@ e O for all || = v. The space E;,q

is endowed with the quasi-seminorm HngS = ||[f]73||3; .
p,q ?

(ii) Let 0 < p < oco. The realized homogeneous Triebel-Lizorkin space
ﬁ;’q is the .set of f € 8/, such that [f]p € F;q and f(a) c 50 for all |o| = v.

The space ﬁ;q is endowed with the quasi-seminorm HfHﬁ; ] = H[f]pHF;’q.
Remark 2.7. 1t is possible to define Z;q in &' by correcting in the
Littlewood-Paley decomposition each Qg f by a polynomial of degree less than
v. In this sense, the construction of gz,q in & is given as the following: for
f € Aj, we have
(i) ou(f) := 2 pez Qi f, if either s <n/p or s =n/pand ¢ <1 in B-case
(p < 1in F-case),

(i) 0(f) = Lrer (Qnf = Liajcn(@uF)@(0)2%/al), if either s —n/p €
RT\Nyg or s—n/p€Nand ¢ <1in B-case (p <1 in F-case),
(1) 00(f) = o1 QiF+Enco (@b =S ja)cs (QuF) @ (0)° /), if s—n/p €
Np and ¢ > 1 in B-case (p > 1 in F-case), N
where all above series converge in &', and 9%, (f) € Cp for all || = v, and

[ow(f)lp = [ in 8, see [7].

We finish this section by giving some examples of functions in 5’0: we
begin by the polynomial functions using the following easy lemma proved in [3,
p. 46].

LEMMA 2.8. If f is a polynomial vanishing at infinity in the weak sense,
then f =0, i.e., Co NP = {0}.
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Example 2.9. (i) Functions in L, for 1 < p < oc.

(ii) Derivatives of bounded functions.

(iii) Derivatives of the members of Cp.

(iv) The function g(x) := 2% (n € R™\ {0}, a € Ng) belongs to Co.
Indeed, for all p € S there exists a constant ¢ > 0 independent of 7, such that
the inequality

(g O) @l = ATN(F ) @A) < eVl =Y

holds for all A > 0, where the positive integer N is large enough. The last term
tends to 0 with A — 0. More generally, for any nonzero polynomial P and any
n € R™\ {0}, the functions f(z) := ¢ P (z) belong to Cy.

(v) We also give an example of functions f € L, (with 0 < p < 1) such
that f ¢ Cp. Indeed, let fo(z) := |z| "p(z); the function p is defined in
Subsection 2.1. Clearly that fo € L, (with 0 < p < 1). For a positive integer
N large enough, we have

(oY) p) =2 [ fal " p(2Va)o(a) do

n

> 2_”N/ |x| 7" dx (with logr := —2N+1)y,
r<|z|<2—nN

and the last term tends to oo with N — oo.

3. PROOFS OF THE MAIN RESULTS

We first prove the following statement.

PROPOSITION 3.1. Let 0 < p,q < 0o (with p < oo in the F-case). Then
there exists a constant ¢ > 0 such that the inequality

(3.1) 171, < et Ma20 | 7]

holds, for all v € [p,00] (with v < oo in the F-case) and all f € Ag,/qp. The
constant ¢ can be chosen such that ¢ := max(1, p”/p) ifp<wvandc:=1if
p=v, see (2.1).

Proof. Step 1: the B-case. Let f € By {Ip . We separate the cases according
to ¢ and v.
e The case ¢ > 1 and v > 1. It is easy to see that by using (2.1) we obtain

£l <Y 1Q5fllw < € 27027 1Q; £,

j=0 J=0
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where ¢ is independent of v, indeed, we have ¢ := p n/p=1/v) with po € N such
that pg > p/2, cf. [15, Theorem 4], then ¢ < po/p < max(1, p/?) if p < v,
however ¢ := 1 if p = v, see (2.1) again. By Holder’s inequality, we have

y 1/q
32 Il <e(X 2 Wl (@ = a/la— D).
Jj=0

Using the elementary inequality

28
3.3 2798 — VA3 >0

it holds that the right-hand side of (3.2) is bounded by cv!~1/927%/v 1£1l 5 n/p-

e The case ¢ > 1 and 0 < v < 1. By the embedding ¢,(Ny) — ¢, (No)
since p < v (here £,(Np) means that [|(ak)lle, ) == (Xgs0 |ak|P)1/P < 00), one

has
9= S, < (1)
Jj=>0 =0

< (1) " < e( 32 (2ri@sly) 2 me)

>0 >0
. 1/p
—jpn/v
<l (Xo27)
J=0
and as in (3.3) we have

(3-4) 1£1l, < coP2 VI f | g < v THRVIF] e
p,00 P,00

where the last inequality is obtained because 1/p > 1 > 1—1/q. We conclude

by using the embedding B, ép — Bn/ y
oThecaseO<q<1andel We get

i1, < (1@ ™.

>0
< (Z ||@jf||g)1/q < C(Z (2j”/”||@jf||p)q2*jq"/”>1/q,
j>0 320
where
o—dan/v _ (2—jn/v)‘1(1*1/ D yin/v <With 2 In/v < 1)

q(1-1/q)
< (Z 2-"3"/”) < (UQW/U)Q(l—l/Q)
k>0



28 Mohamed Benallia and Madani Moussai 10

< e pi(1=1/4) 9qn/v (Vj > 0),

and the bound ¢v!~1/227/v [ £l gn/» is obtained again.
p,q

e The case 0 < ¢ < 1 and 0 < v < 1. Recall that p < v implies
ptlogv <0< (1—1/g)logv. Then

i < (1) < e( 3 (2mia ) 2imie)

j=0 Jj=0

cpvt/P oY 171l = 2 vl 1agn/v 1 g -

N

(3.5)

VAN

Step 2: the F-case. Let f € Fﬁép. Here we use the embedding Fﬁép —

Bﬁé@, and also separate the cases with respect to ¢ and v.

e The case ¢ > 1 and 0 < v < 1. See (3.4).

e The case 0 < g < 1and 0 < v < 1. See (3.5).

e The case 0 < ¢ < oo and v > 1. The previous step (with ¢ = o) implies
that || f|, < co'~1/> 2“/”HfHBS/£, then we have

A1, = AL 11
—1/00 an/v 1-1/q ~ 1/q
< (o™t ) (2 1Qs )
3>0

< cgvtTMagn/v ||f|]1_1/q Hng;l ( recall that 9~/ (va) < 1),

e
and we conclude by the embeddings F;fép — Bg}{;’, — Bg’l. O

Remark 3.2. The estimate (3.1) extends the inequality given in [23,
(4.93), p. 145] to the case 0 < ¢ < 1.

Proof of Theorem 1.1. Step 1. We prove (1.2) with functions f € Ag,/qp
such that [f]p € AY . (with p < oo in the F-case). We recall that the parameter
r is defined as r := min(1, p) in the B-case and r := 1 in the F-case. By (3.1)
we get

171l < ex o =022 ([ £llp + 11 )
(3.6) < cput a2 (| Pllag, + L2 4w ),

where the estimate

a0 =] S| <[ (1) < eisipl,
Jj=0 Jj=0
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can be directly obtained in the F-case and by Minkowski inequality in the
B-case. Now in (3.6) we replace f by f(A(:)) with A > 0, and we take

A= fp I IR
pq
(here we assume that ||[f]p|| il # 0 since f is not a polynomial function),

then (1.2) follows for all f € Ag{]p such that [f]p AO
Step 2. We now take f € A ﬁAZ/qp Since we work with a function f in

Agr, then f € Cp because v = ([—n/p] 1)+ = 0. Recall that here p,q < oo.

We introduce a sequence (gi)ren, i Soo satisfying [gix]p — [flp (with
k — o) in both Ag,/qp and Ag’r simultaneously. By Step 1, we have

lgell, < ex o'~ 2" ¥ gelpll lanlrllFy"

e p/v
< oY1 (|llgulp — [flplLag, + 11717l )

1-p/v
% (ligwle = F121Liogp + 11711 )
Then there exists a natural number kg € Ny, such that
(38)  lgrl, < co' M2 (IS ARG (9 > ko).

Now clearly that g; € gg,r N g]%p , then we apply the following lemma, which
is proved in e.g. [4, p. 52]:

LEMMA 3.3. Let E be a quasi-Banach satisfying & < Llloc. If a sequence
(fx)k satisfies that fi, — f in E, then admits a subsequence (fx;); such that
limj00 fk; = [ almost everywhere.

Consequently, from the sequence {gk,, gky+1, - - -} We may extract a subse-
quence (gx; )jeN, such that lim; . gr, = f a.e. Then using (3.8) with (gx,);jen,
and applying Fatou’s lemma to the sequence (|g,|");en,, the desired result fol-
lows. )

The rest is to prove AO N XZIZ,/qp < LY, where it suffices to show that
AVZ’/(]P SN Lloc

o The B-case. Let f € Bn/p We separate the cases with respect to ¢,
so we first assume that ¢ > 1. By Remark 2.7(iii), we can split f into fi + f2

where f1 1=} .5, Q;f and fo =3, (Q;f — Q;f(0)) since v = 1. We have
(@) <2l Y IVQifllee < crlzl Y27 (@71Qifll) < calal £l o

J<0 Jj<0
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and fo € Llf’c. However, for f; we first see the case p > 1 (recall that L, —
L¢), and we get

—jn/p .
il < 151 gy S22 < el gy
Jj21
if 0 < p <1, we drive
il < e 32 1Qs ly < erll £l s 30277 < eallfll -
Jj>1 j>1
Now we suppose that 0 < ¢ < 1, we have v = 0, and by both Re-
mark 2.7(i) and the embedding Bﬁ{zp — Bgo,b we obtain f =3, Q;f and

(3.9 £l < 37 1Qs Moo = £l
JEZL
which implies that f € LY.
o The F-case. If p > 1 we proceed as in “the B-case with ¢ > 1”7 since
Fl%p — Bg/p However, if 0 < p < 1 we use the embeddings F}, ép — B"/p

BY. 1 and the result follows as in (3.9) too. The proof of Theorem 1.1 is
complete. O

Proof of Theorem 1.2. Step 1. We first prove the following assertion:
There exists a constant ¢ > 0 such that the inequality

(3.10) 171l < el AR e

Pq

holds, for all u €]0, 00, all v € [u, 0] and all f € L, ﬂAn/p

By taking into account of the embedding An/ Prey BOO71 (recall the as-
sumption: ¢ < 1 in the B-case and p < 1 in the F- case), it suffices to prove

(3.11) 171, < I Il (vf e Lon B ).

Let now f € L, N qul. We have v = 0 (v is defined in Subsection 2.2),
then f € Cy. By Lemma 2.8 we have o(f) 1= > ez Qif = fsince o(f) — f €
CoNPao = {0}. Hence, we immediately obtain

—u/v —u/v
7= e S s < e (32 h@iflee)
JEL JEZ
<A 1Pl (recall that v < oo).

Step 2. Let f € L, ﬁAn/p Let pi,v be such that p; > p and v > p.
By (3.11) we have f € L,. By the embedding Aj /p — An,/qv, Proposition 2.4



13 Inequalities of Gagliardo-Nirenberg type in realized homogeneous Besov and ... 31

n/v

implies that f € A,/ , and we are able to apply Proposition 3.1 with v = p.
Then we get

£l < vt =Y E2 T £ gy
v,q

the constant ¢ depends only on n and ¢; see again Proposition 3.1 for the term
cvt=1/42n/v  This gives

11, < et =22 (£, + 1S1pl gye)
Using (3.10) with Zgl/f; instead of ﬁZQp, we get

- n/v u/v 1—u/v
111 < cxo =2 (e 1 Il + 1 )

Plll

Now, we change f by f(\(:)), with A > 0, in the last inequality, then

— n/v u/v 1-u/v n/v
£, < erot=Yaze GﬂﬂuwkuW; A/\MMuw).

qu

Finally, we take A — 0 and obtain the desired estimate. The proof of Theo-
rem 1.2 is complete. [

4. CONCLUDING REMARKS
4.1. OPTIMALITY OF THE ESTIMATES

We are interested in the optimality of the estimate (1.2) in both cases B
and F'. We begin by the following statement:

PROPOSITION 4.1. Let 1 <p < oo and 1 < g < oo in the B-case. Let 1 <
g <p<oo (p#1)in the F-case. If there exists a function h : [p,oo[— [0, 00[
such that

RV H IO L [y Vf e A0, N AP

n/p ) p,q

then h(v) > cv'=Y4 for all v € [p,o0[ and where the positive constant c is
independent of v.

The proof is based on the following lemma due to Bourdaud [5, Propo-
sition 2], where we need some notations: Let ¢ be a C*°- function on R such
that p(t) = 1 for t < e 3 and p(t) = 0 for t > e~2. For (a, 3) € R?, we define
a function fy on R™ by

fo(z) :=|log ]xH (log|log \JUH) o(|x]), x € R".
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LEMMA 4.2. (i) If 1 < u,q < o0, a« :==1—1/q and B > 1/q, then
foe€ Bn/u

(i) Ifl<u<oo,1<qg<oo,a:=1-—1/uand 8 > 1/u, then fy € FS(/I“

Proof of Proposition 4.1. Step 1: preparation. We first show that fy €
AO 1N Ap/q , where we will use fo as the following:

e in the B-case, « :=1—1/q and fBq > 1,

e in the F-case, a:=1— 1/p1 with 1 < p; < 00, ¢ <p; <pand fp; > 1.
Clearly fo € Cp since fy is an integrable function. For the rest we separate B
and F' cases.

—~The B-case: By Lemma 4.2(i) with u := _p and Proposition 2.4 (i.e.,
fo € By /p implies [folp € Bp/p), we get fo € B /p For fy € Bpl,
Lemma 4.2( ) with u := 1 and the embeddings BT, — B" nr e, Bn nr e,

50
Bp,l

we use

(recall that by assumption 1 < p < 00).
—The F-case: We use Lemma 4.2(ii) with w := p; < p and Proposi-

tion 2.4 (i.e., fo € Flﬁ/’gl implies [folp € F]fl/,gl) then we apply the embed-
ding FIZ/ZI — F]%p. As above for fy € Fpl,
F;,ll/,gl — F"/p1 nr e, Fn/p1 nr e, F0 (here also 1 < p < oo implies that
1<pi<p < oo is poss1ble)

Now, we want to see the L,-norm of fy. To that purpose, we introduce
the function

fi(w) = |log || * (log (1 — log |21)) Pp(lal), = R™,
where o and ﬁ are given above. By [9, Theorem 2.7.1, p. 82] or [22] the function
f1 satisfies

(4.2) ck® < ||fills < dk*, Yk eN,

we employ the embeddings

where the positive constants ¢, ¢’ are independent of k. On the other hand, by
the following elementary inequality

log 2 < log | log |1:H <log (1 —loglz|), V]z|< e ? (i.e., |z| € suppy),
and since 8 > 0, we have |fo(z)| > |fi(z)] for all z € R™. Then by using (4.2),
we obtain

(4.3) HfOHk > Clka, Vk € N,

with a constant ¢; > 0 independent of k.

Step 2. We will proceed by contradiction. Let us assume that h(v) <
cv' Y4 (Yo € [p, 00]), and
(4.4) lim v'/97 h(v) = 0;

VvV—00
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indeed to justify (4.4), if lim, oo v'/97 h(v) # 0 say 2co, then there exists
vo € [p,o0[ such that |v1/q*1h(v) - 200‘ < ¢g for all v > vg, implies that
h(v) > coul=1/4.

Observe that ||[f0]7>||Ao [ fol»ll e # 0 since fy is not a polynomial,

then it holds that limy oo ||[f0]73||p/k H[fo]PHl pk = ||[f0]7)”A;l/qp, i.e., there

ﬂ/p

exists an integer kg € N such that
k —p/k
Uolp I Mfalp I < 1+ IUfobpll sV 2 o

Now, using the inequality (4.1) with both f = fy and v = k, where the integer

k is chosen satisfying k& > max(ko, p), and taking into account of (4.3), we find

a1k < h(k) (1—|—||[f0]73||An/p ), the constant ¢ is defined in (4.3). Consequently,
P,q

lim k() = o1 (1+ [[folelL i) > 0.

But this is impossible with (4.4); recall that
o k= = k1/9=1 in the B-case,
o k= = [l/pi—1 < k1/a-1 in the F-case.
The proof of Proposition 4.1 is complete. [

Remark 4.3. By Proposition 4.1 we obtain the optimality of the growth
rate as v~V in (1.2) with v — oo, for 1 < p,q < oo in the B-case and
1<g<p<oo(p#1)in the F-case. On the other hand, it would be also
interesting to extend the validity of this proposition to p < 1 or ¢ < 1, and to
show that the growth of the constant v'~/¢ in (1.3) with v — oo is optimal at
least for the B-case.

4.2. SOME EXTENSIONS

We first generalize Theorem 1.1 in the following sense.

THEOREM 4.4. Let 0 < p,q < co. Let m > 0 be such that one of the
following two conditions is satisfied:
(i) m € Np.
(ii) m> (n/p—n)y and either m<n/p or m—n/peN.
We put r := min(1, p) in the B-case and r := 1 in the F-case. We also put
w = (m + n/v)Y/4712m+/Y - Then there exists a constant ¢ = c¢(n,p,q) > 0
such that the inequality

(45) 11l < cw A1l el g™

'm+n/p

holds, for allv € [p,o0[ and all f € Am N Am+n/p
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Proof. We only make a check since the proof is similar to that of Theo-
rem 1.1. First, the inequality (3.1) becomes

1fll, < cwllfll ymsnros
p,q

for all v € [p, 00| (with v < oo in the F-case) and all f € Am+n/p Second by
proceeding as in (3.6), then similar to (3.7) we have

Ifll, = H 22—jm2ﬂ'mc§ijp < H(Z \2jm@jf’">l/er < cl[f1Pllagp,
j>0 Jj=0

Now to make sure that the approximation method will be done as in

Step 2 in the proof of Theorem 1.1, it suffices to see that Am ﬂAmHl/ Py Lloe
wherein we note that the case m = 0 has been studied before Then we prove
this embedding with respect to the cases (i) and (ii) separately.

Step 1: proof of ggf;n/p Lloc under the assumption (i). We begin with

g <1in B-case (p < 1in F-case) (here v :=m). Let f € Am+n/p By Taylor’s
formula we write, (ii) of Remark 2.7, as

(4.6) =my Z / )N Qr ) (t) dt,

kEZ |al=m
which implies
|f(z)] < ql%\’”Z Z H(Qkf)(a)Hoo < colx|™ ZQk(ern/p)HQkap
kEZ |a|=m keZ
< sl 1Pl gmene (V2 €RY),

and by the embedding Am+n/ Py Bm+n/ P we deduce that f € Lic.
Now, we assume that ¢ > 1 in B case (p > 1 in F-case) (here v :=m+1).
As in the previous case we write, (iii) of Remark 2.7, as

D=3 Q@ +mtny Y T / (1= 0"(Qu) (1) at
i1 k<0 [a=m+1 &
We put f1 := ijl Q;f and fy := f — f1. By Holder’s inequality we have
@) < e D 2m@PNQ flp) < calllflpll jmens (V2 €RY),
j>1 ’

and f1 € L. We also have
[fo(@)| < el ™0 3T 1@kN W oo

k<0 |a|=m+1
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< cpla| ™Y 2Ky |
k<0

< esle "1l s 302 < cala™ (1ol gy
> |

and fp € Lic. All these facts imply Am+n/ Py Lioe,

Step 2: proof of Am < L¥¢ under the assumption (ii). Let f € AZ?q
e The case m = n/p has been studied in Step 2 of the proof of Theo-
rem 1.1.

e The case m < n/p: The function f coincides with > ;.7 Q;f, cf. Re-

mark 2.7(i). We write f = f1+ fo where f; := ZjZI Q;f and fy := ngo Q;f.
We have

[fo(@)] < ey 2@ Q)

7<0

< aalllf1pll g, 3020 < e[l
J<0

and fo € Lo (recall that Am < B™ _ and Ly < LY¢). For f; we first see

p,0o0

the case p > 1 (L, — LY°), and we get
il < e D> 277 (2™Q; ) < el gy ;
j>1 ’
for 0 < p < 1, we have
fill < e Y 20 Pmmmm (277 Q)
Jj=1
< atlllflplgy, 322 < alliflpll gy,
jz1
which implies f € L¥°.
e The case m —n/p =: m; € N. Here we treat the cases p < 1 and p > 1

separately, as in (4.6) and (4.7) (by replacing m by m), respectively. We omit
the details and the proof of Theorem 4.4 is finished. [

Now, we turn to give the estimate (1.1) in the realized spaces with a more
general case.

THEOREM 4.5. Let 0 < p < v < 00 and 0 < g < co. Let a > 0 be such
that the number B := a(v/p — 1) satisfies

B> (n/p—n)y+ and either S <n/p or B8—n/peE Np.
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Then there exists a constant ¢ > 0 such that the inequality

(4.8) 11l < el IR

holds, for all f € Bz A F2,.
We first prove the following assertion.

PROPOSITION 4.6. Let 0 < p < v < o0 and a > 0. We put B := a(v/p —
1). Then there exists a constant ¢ > 0 such that the inequality

(4.9) 1l < elllFIl TRl

holds, for all f € Fﬁoo such that [f]p € B3,

Proof. If [|[f]p|lg=o = 0 the inequality (4.9) is trivial since the assump-
tions imply that f = 0. Thus, we assume that H[f]PHBgoaoo =1, and write

2= [t @) > e =o [T et | @] >

where |[{z : ...}| is the Lebesgue measure of the set {z : ...}. Then the estimate
of the last-hand side is similar to that of the proof given in [20, pp. 129-130],
we obtain

1l < el FIE -

Now, we suppose that ||[f ]pHB— # 0 and change f by (||[f]pl=2te )f

in the last inequality, then we deduce that the following estimate

(4.10) 1l < ellF s el

holds, for all f € F]?,oo such that [f]p € BL . Again in (4.10), we replace f
by f(A(+)), with A > 0, and use the fact that ( —n/p)p/v—a(l—p/v) =—njv
and || fll s ~ flls+ /17l 5. then we obtain

- p/v 1-p/v
= G R 1 P 1 X e
and by taking A — oo, the inequality (4.9) follows. [

Proof of Theorem 4.5. Step 1. Let f € B o N qu We set g :=
Z?:—k Q;f for all k € Ny. Then the sequence (gk)keNO has the following
properties:

) llowlpll i, < ellflpll s, and lglpll e < el [flpl see for all k € N,
see Proposition 2.3.
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(IT) gx € Ly for all k € Np; indeed, we introduce the parameter r := min(1, p),
then it holds

lgelly < H(_k%;legfl )" < el (_kgzjgkw”ﬁ)l/r

< c(®)[f1pll 5,

(III) g tends to f in va,q; indeed, by Proposition 2.3 we have

lige — el < |( X 271Qin) | (ke ),

7>k

and because ¢ < oo the last term tends to 0 with k& — oo.
By (I) and (II) we can apply Proposition 4.6 to (gx)ken, and obtain

(4.11) lowllo < A1l 1ARN2" (7% € No).

On the other hand, if we assume for a moment that the following embed-
ding holds

(4.12) Fﬁ <y Llee,

then by (III) and Lemma 3.3 we may extract a subsequence (gi,);jen, such
that lim; o gx;, = f a.e. Now the inequality (4.11) with (gk;)jen, and an
application of Fatou’s lemma to the sequence (|gk;|”)jen, yield the desired
result.

Step 2: proof of (4.12). It is similar to that of the proof given in Step 2
of Theorem 4.4 in the F-case, wherein we just change m by S. The proof of
Theorem 4.5 is therefore complete. [

Using the embedding properties of homogeneous spaces i.e., F}f q = Ff, 00
and the fact that if ¢ < p then ng — Bg p = Fpé p, we drive the following
statement.

COROLLARY 4.7. Let p,q,v, and [ be given as in Theorem 4.5. Let in
addition g < p in the B-case. Then there exists a constant ¢ > 0 such that the
mequality

(4.13) 1£llo < ellF1I7s APl

holds, for all f € Bz N AL,

Remark 4.8. Corollary 4.7 covers the result given in [1, Theorem 2.42,
p. 82].
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Remark 4.9. As in Corollary 1.3, from the inequalities (4.5), (4.8) and

(4.13) we have the intersection of certain realized spaces are embedded in the
spaces L.
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