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1. INTRODUCTION

In the paper, we consider the ultraparabolic equation of the form
(1.1)

Lu= % Oz, (aij(2)0, Z bij1i 0z ;u(2) — Opu(z Z&% fi(z

ij=1 ij=1
where z = (z,t) € RN*1 1 <my < N, bijeR (i,j=1,...,N), g, f; € L ()
or LP* (), LP* () is a Morrey space, €2 is a bounded domain in RN+, p > 2,
0 <A< @+2, Q is the homogeneous dimension, see Section 2.

The assumptions to (1.1) are:

(H1) (ellipticity condition on R™0) Let coefficients a;j(z) € VMO N
L*>(£2)(see next section for the definition of VMO), a;;(2) = a;i(z). Assume
that there exists a constant A > 1 such that for any z € RNt ¢ € R™o,

1‘5’ < Z az] Ezfy < A’f‘

i,j=1
(H2) The constant matrix B = (bi;); ;_; _ in (1.1) has the form

0O By 0 --- 0
0 0 By --- 0
B = Co e ,
00 0 - B
0 O o --- 0
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where Bi(k =1,2,...,7) is a mg_1 X my matrix with rank mj and
T
mo=>my 2> > my > 1, kaIN
k=0

The equation (1.1) can be written as
Lu = div (A(2)Dou) + Yu = g + divf,

where Dg = (axl,am, ooy Oy, 0,0 7O), Yu = (x, BDu)— 0, D = (0y,, Or,,
0y )s = (f1.f2,- s fmo»0,...,0), A(2) is a N x N matrix with the form

A(z) = < Aoéz) 8 ) , Ao(z) = (a’ij(z))i,jzl,...,mo‘

Regularity for weak solutions to parabolic equations were provided by
many mathematicians including DiBenedetto [6], Friedman [11], Krylov [19],
Ladyzhenskaya-Solonnikov-Ural’tseva [20], Lieberman [22] and references
therein.

In recent decades, many scholars have been concerned with regularity of
weak solutions to ultraparabolic equations. These equations are closely related
to finance, Brown motion, particle physics and human vision, etc. In contrast
to the classic linear parabolic equation

N
Z@zizju(x,t) — Owu(z,t) = f(x,t),
i=1

(1.1) is strongly degenerate if 1 < my < N and owns a drift Yu. These
differences give rise to several new difficulties to research of regularity to (1.1)
and new tools have to be drawn.

For the homogeneous ultraparabolic equation

mo N
(1.2) Lu = Z O, (aij(2)0z,u(2)) + Z bijr;0y;u(z) — Opu(z) = 0,

ig=1 i.j=1

Polidoro in [28] gave global lower bound of the fundamental solution to
(1.2). The boundedness of weak solutions to (1.2) with measurable coefficients
was investigated by Pascucci and Polidoro in [27] with Moser’s iteration method
based on a combination of a Caccioppoli type estimate and the classical em-
bedding Sobolev inequality. Wang and Zhang in [30] derived Holder estimates
for weak solutions to (1.2) with measurable coefficients by establishing local a
priori estimate to (1.2) and a Poincaré inequality of nonnegative weak lower
solution.

To the following ultraparabolic equation
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(1.3)

Lu = Z 8331 a;j(z 8zju Z wala u(z) — Ou(z Z‘%F x,t)

i,j=1 i,j=1

with Fj € LF (RN*1) (1 < p < 00), a;j(z) belonging to VMO spaces, Manfre-
dini and Polidoro in [24] concluded LP estimates and Holder continuity for weak
solutions u € LY (RN*1). If F; € Lf(;;\ RY M) (1 <p<oo,0<A<Q+2)
and a;;j(z) belong to some VMO spaces, Polidoro and Ragusa in [29] de-
duced Hélder regularity for weak solution v € LP (RN*!) to (1.3). Bra-
manti, Cerutti and Manfredini [2] proved local L estimates for second order
derivatives Oz, u (i,j =1,...,mg) of strong solutions to the nondivergence
ultraparabolic equation

mo

Z ij(2)0z;z;u + (2, BD)u — Opu = f

ij=1
with a;j(2) being in VMO and f € LP. The methods in [2,24,29] are based
on the representation formulae for solutions and estimates of singular integral
operators. More related results also see Cinti, Passcucci and Polidoro [5], Xin
and Zhang [31], Zhang [32] and references therein.

The aim of this paper is to establish integrability for weak solution u €
VV21 1(Q) to (1.1) with the method of a priori estimates. For results on higher
integrability of parabolic equations, see Byun and Wang [3]|, Fugazzda [12],
Palagachev and Softova [26] and references therein. The first statement in our
paper is the higher LP(p > 2) estimates. For this purpose, an appropriate
frame is homogeneous spaces. Bramanti, Cerutti and Manfredini [2] pointed
out that the ball related to a quasidistance of (1.1) (see Section 2 below) is a
homogeneous space and Gianazza [14] showed a reverse Holder inequality on
homogeneous spaces. These facts will play important roles in our proof and in
spite of this, some new preliminary conclusions are needed to supply. Inspired
by the method in [27], we deduce a Caccioppoli type inequality and a Sobolev
type inequality for weak solution to (1.1). Following to [8], a Poincaré type
inequality for weak solution to (1.1) is obtained. And then we prove higher L
estimates for gradients of weak solutions to (1.1) by using these new inequalities
and the reverse Holder inequality in [14].

The second result is higher integrability in Morrey spaces for gradients of
weak solution u € W21 1 (Q) to (1.1). With the aid of the approach appeared in
parabolic equations (e.g., see [15]), we consider a homogeneous ultraparabolic
equation of variable coefficients with a nonhomogeneous boundary value con-
dition, i.e., (6.1) below, and a nonhomogeneous ultraparabolic equation of
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variable coefficients with homogeneous boundary value condition, i.e., (6.2).
The L? estimates for gradients of weak solutions to (6.1) is gained by proving
a local L™ estimate and a local L? estimate of weak solutions to homogeneous
ultraparabolic equation of constant coefficient, (5.1). We also establish a local
LP estimate for gradients of weak solutions to (6.2). These results are of inde-
pendent interest and allow us to deduce higher integrability in Morrey spaces
for gradients of weak solutions to (1.1) by combining a known iteration lemma
in [16,25].

Finally, we derive a Campanato estimate for weak solutions to (1.1) with
the Poincaré type inequality in Section 3 and the estimates for (5.1) and (6.2).

The following is the notion of weak solution to (1.1).

Definition 1.1. If u € VVQI’1 () and for any ¢ € C§° (Q),

—/ ADouD(ﬂ/}dZ—i—/wYudz:/ (9¥ — fDoy)dz,
Q Q Q

then w is said a weak solution to (1.1).

The main results of this paper are stated as follows.

THEOREM 1.1. Under assumptions (H1) and (H2), if u € Wy (Q) is
a weak solution to (1.1), g, f; € LP (), then there exists a constant €9 > 0
such that for any p € [2,2—1— QQ—_%EO), we have Dou € Ly () and for any
VM ccccq,

(1.4) HDOUHLP(Q’) <c (HDOUHL2(Q“) + HgHLP(Q) + HfHLP(Q)) :

THEOREM 1.2. Under (H1) and (H2), let u € W21’1 () be a weak solution
to (1.1), g, f; € LP*(Q), then for any p € [2,2 + 5—%6()), €o as in Theorem
1.1, we have Dyu € Lp’)‘(Q) (p <A< Q+2) and for any ' cC Q" ccC Q,

loc

(15 IDoullppan < ¢ (I1Doull aan + gl soray + 1 o)

THEOREM 1.3. Under the assumptions of Theorem 1.2, we have u €
loc

L , and for any Q' cC Q" ccC Q,

(16)  [hgramo < ¢ (10limgn + 1@ + gl )

This paper is organized as follows. In Section 2, we describe some basic
knowledge on the fundamental solution of Lg the frozen operator of L, and
collect several useful lemmas which will be used later on. Section 3 is devoted
to proofs of a Caccioppoli type inequality, a Sobolev type inequality and a
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Poincaré type inequality for weak solutions. In Section 4, the proof of Theo-
rem 1.1 is given by using the inequalities in Section 3. In Section 5, we derive
a higher LP estimate for gradient of weak solutions to (5.1). In Section 6, the
proof of Theorem 1.2 is ended by proving local LP estimate for gradient of weak
solutions to (6.1) and (6.2), and the proof of Theorem 1.3 is given.

2. PRELIMINARIES

For any zy € Q € RN¥*! we denote the frozen operator of L by

mo N
(2.1) Lo = Z Or, (ij(20)0x,) + Z bijxiOz; — O

1,7=1 3,j=1

Now let us introduce the following.

Definition 2.1. For any (x,t), (£,7) € RV+1, define a multiplication law
(z,t) o (6,7) = (E+ E(T)x,t +7), E(1)=exp(—7BT).

We say that (RN + o) is a noncommutative Lie group with the neutral
element (0,0), the inverse of an element (z,t) € RV*! is

(z,t)"t = (~E(-t)z, —t).

Authors in [21] claimed that the frozen operator Lg is hypoelliptic and
left invariant about the groups of translations and dilations. Note that the
dilations associated to Lg are given by

oy = diag (Mg, NIy .., N A%, A >0,
here I,,, denotes the mj x my identity matrix, and
det (6y) = A9+,

with @ +2 = mg+3my + --- + (2r + 1)m, + 2. In this case, the number
@ + 2 is called the homogeneous dimension of RY*1 and @ the homogeneous
dimension of RY. This implies that Lg is , homogeneous of degree 2, namely,
for any A > 0,
Loody =M (6x0Lg).
Due to [17], the fundamental solution I'g(-,({) of Ly has an explicit ex-
pression with respect to the pole ¢ € RN*1: that is, for any z,¢( € RNTL

z # C’
(22) FO(ng) :FO(C_10Z70)7
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where

((am)N det C()) 2
0, t <0,

%exp _1 Cil(t)x,x >0,
ro((x,w,(o,o»:{ G )

Ct) = /O " B(s) AoE" (s)ds.

It is known that C(t) is strictly positive for every positive t. In view of
the invariance properties of Lo, we have that for any z € R¥+1\{0} and X > 0,

Fo (5)\(2), 0) = )\_QF()(Z, 0),

and it means that I'g is J, homogeneous of degree —Q. For i,j7 = 1,...,mg,
D;,To and Dy, ;T'o are §y homogeneous of degree —(Q + 1) and —(Q + 2),
respectively.

For any (z,t) € RV*L the homogeneous norm of (x,t) with respect to 0y

is defined by
N

L 1
I, Ol = lal 0 +1t]2,

j=1
where o =1, if 1 < j <mg; a; =2k+3,if mp <j<myp (0<k<r—1).
For any z,¢( € RVT! we denote the quasidistance between ¢ and ¢ by
d(20) = ¢ oz

LEMMA 2.2 ([7], Lemma 2.1). Let Q C RN*1 be a bounded domain. Then

d(z,¢) is a quasisymmetric quasidistance in Q, if for any z,2',{ € Q,
d(2,¢) <ed(C,2), d(z¢) <c(d(¢2)+d(¥,()).
The ball with respect to d centered at zg is denoted by
BR(Z()) = B(Z(),R) = {C S RNJrl : d(Zo,C) < R} .

Note clearly that B(0, R) = érB(0,1).

Remark 2.3. Recalling [2, Remark 1.5], it holds that for any zy € RN+,
R >0,

|B(20, R)| = | B(0, R)| = |B(0,1)| R9*2,
|B(20,2R)| = 297 | B(20, R)|

and therefore the space (RN 1 dz, d) is a homogeneous space. The fact allows
us to employ known conclusions in homogeneous spaces, for example, see [1].

If one does not need to concern the center of the ball, B(zp, R) can sim-
ply be written as Bgr. For convenience, we usually consider the estimates on
cubes instead of balls. Let us describe the notion of cubes. For any t € R,
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v = (2/,7) € RN with 2’ = (21, ,Tmg), T = (Tmgs+1,"** ,TN), the cube of
centered at (xg, 1) is defined by
QRZ{(%t) ‘to — < (ANZR)37

|CCN| < (ANQR)ZT+1}

Also, we write
R2 R2
Ir = |to — =, to + —
R 0 2,0+2 )

Kn={«' ||| < R}.
Sp = {x \p;mﬁl\ < (AN2R)’ - |an| < (AN2R)2’”+1}
Then QR = KR X SR X IR.
A cube of centered at (0,0) is simply denoted by
QR(Ovo) = {(:Cat) “t| < sz |£U1| < Ral’ T a‘xN’ < RN } .
It is easy to see that there exists a constant ¢g = ¢ (B, N) > 0, such that
QR/co (0,0) € Br(0,0) C QCOR(O? 0).

We state a result on d) homogeneous functions in [9,27].

LEMMA 2.4. Let a € [0,Q 4+ 2] and G € C (RNT1\{0}) be a 65 homoge-
neous function of degree o — Q — 2. If f € LP (RN+1), p € [1,+00), then the
function

Grla)= [ Gl o210

is well defined almost everywhere and there exists a constant ¢ = ¢ (Q, P) > 0
such that

(2.3) IGFll pagrasny < ¢ max G|l Lo ev+1)s

1 1 «@
where = = = — %,
q p  Q+2

This lemma can be used to yield the following.

LEMMA 2.5. Let f € L Q+4 (]RN‘H). There exists a positive constant
¢ = ¢(Q) such that

(2.4) ITo(Dl sgen < elfl] sgun
LT@ (RN TRV
(25) ITo(Dof sy < el e
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where

(e = [ T £,

Po (Dof) (2) = / To (2,¢) Dof (C)dC.

RN+1

Proof. Since T’y is homogeneous of degree —@Q) with respect to &y, we
immediately have (2.4) from Lemma 2.4 by taking o = 2, ¢ = % and

p= %. Noting that 0,,I"g is homogeneous of degree — (@) + 1) with respect

to dy, (2.5) holds by Lemma 2.4 with a =1, ¢ =2 and p = 2?:42). O

Definition 2.6 (Morrey space LP). Let € be an open bounded subset in
RNF1 1 < p < 400, A > 0. We say that f € LP(Q) belongs to the Morrey
space LPA(Q), if

A v
p
[fllppr := sup P el |fPdz | < +oo0,
L 20€Q,0<p<do \ [N Bp(20)| JonB,(z0)

where dg is the diameter of (2.
Definition 2.7 (Campanato space £P). Let 1 < p < +o0, A > 0, if for
any f € LP(Q),

1 P
f = sup / = fa P Pdz < 400,
[ ]p’A 20€0,0< p<do P)‘ QNB,(20) ‘ NBo( 0)‘

where dy is the diameter of Q, fonp,(z) = m fQﬂBp(ZO) f(2)dz, then we
say that f belongs to the Campanato space £P*(Q) endowed with the norm

[l on = [flpn + 1f1 Lo

Definition 2.8 (Sobolev space Wle). Let  be an open subset in RN+,
The Sobolev space with respect to Dy and Y is defined by

WHL(Q) = {u € LP(Q) : Oyu, Yu € LP(Q), i,5 = 1,...,mp}

endowed with the norm

mo
lalfyr0 = lullzs + D 0w ully + 1Y ullf, -
=1

The space W;’Ol (Q) is the closure of C§° (€2) in WZ}’I (Q).
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Definition 2.9 (BMO and VMO spaces). For any a € L} (Q), let

loc

nr(a) = sup (1 ‘a(z)_aQﬂBP(zo)(ZMdZ)a

20e2,0<p<r \ 2N By(20)| JanB,(z0)

where agnp,(z) = Wi(m)' meBp(zo) a(z)dz. If %1;1[))773 (a) < oo, we say a €

BMO(?) (Bounded Mean Oscillation). Moreover, if ng (a) — 0 as R — 0, we
say a € VMO(Q) (Vanishing Mean Oscillation).

‘We mention two iterative lemmas.

LEMMA 2.10 ([4]). Let ©(t) be a bounded nonnegative function on [Ty, T1],
where T1 > Ty > 0. Suppose that for any s,t: Ty <t < s < Ty, ¢ satisfies

o(t) < O1p(s) + (si72t)a + b,

where 01,as,bo and « are nonnegative constants, and 601 < 1. Then for any
To<p<R<T,

a2
2.6 <c|l—=—2—+b > ,
(2.0 o) e e
where ¢ depends only on o and 0.

LEMMA 2.11 ([16,25]). Let H be a nonnegative increasing function. Sup-
pose that for any p < R < Ry = dist(zp,0N2),

H(p) < 4 [(%)al + 61] H(R) + B;R™,

where A1,e1,a1 and by are nonnegative constants with A > 1,a1 > by,e1 > 0.
Then there exist positive constants €9 = €9 (A1,a1,b1) and ¢ = c(A1,a1,b1),
such that if 1 < €9, then

(2.7) H(p)<c [(g)blH(R) + Blpbl} .

3. PRELIMINARY INEQUALITIES

LEMMA 3.1 (Caccioppoli type inequality). Let u € VVQL1 (Q) be a weak
solution to (1.1). Then for any Br C Q, p < R, there exists a positive constant
c such that:

(3.1) /B Douf?d= < (R_CMQ/B |uy2dz+c/ (1o + 171) =,

R Br



142 Yan Dong

Proof. Let £(z) € C3°(BRr) be a cutoff function [27] satisfying
§(z) = 1(lz[ <p), &(2)=0(z[ = R), 0<&<1,

(3.2) 102,€], |0r€]| < pro:l,...,N)-

Hence

Y| =|2BDE — 0:¢| < ¢|DE| +¢|0ig]| < R

and by the divergence theorem,

/ Y (u?€*)dz = 0.
Bgr

Multiplying both sides of (1.1) by u¢? and integrating on Bp, we have

/ [—ADOUDO (u£2) + u§2Yu] dz = / [guﬁz — Dy (qu)]dz
Br

Br
and
/ A2 DyuDyudz
Br
=-2 AufDouDofdz—/ u2§Y§dz—/ quédz
Br Br Br
(3.3) + f€2Doudz 42 | fuéDoédz.

BR BR
It follows from (H1) and Young’s inequality with ¢ > 0,
A1 / | Doul*€2dz
Br
gcg/ yu\QyDO§y2dz+s/ \Dou\ngder/ lu?|Y¢| €dz
Br Br Br
+c5/ |g|2§2dz—|—€/ u|2§2dz+ce/ |F12€%dz
Br Br Br
be [ Doz v, [ |fRedz e [ ufiDugfas
Br Br Br
< [ ul® (ceIDogl + [YE1 € + =€ + <|Dog) d:
Br

(3.4) +2g/B |D0u|2§2dz+c€/B (lgf + 1717) €2az.
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Now we choose ¢ small enough such that A=! — 2¢ > 0 to derive

| Dou|?¢%dz
Br

< [ (cADugP o iveleveevelDoel)az e [ (I +157) et

Br
2 Ce c§ 2 € >d
§/BR|u| <(R—p)2+R—,0+E£ +7(R_p)2 2

+c5/ (!9!2 + \f\g) ¢dz.
Br
So (3.1) is proved. O

There are many observations on Sobolev type inequalities and Poincaré
type inequalities with respect to vector fields [10,13,18,23]. Here we provide
some similar inequalities for weak solutions to (1.1).

LEMMA 3.2 (Sobolev type inequality). Let u € I/Vzl’1 (Q) be a weak solu-
tion to (1.1). Then for any Br C Q, p < R, it follows

C
< + ||D
el < g7y (1ol sgsn -+ 100wl sgen

R R

(3.5) Flgll soem  + 171 2e )
L @+t (Bg) L @+4 (Bpg)

Proof. We use the fundamental solution I'g of Ly and the cutoff function
¢ in (3.2) to write that for any z € Bp,

(3.6)
(€u) (2) =/B [(AoDy (€u) , Dol'o) — ToY (Eu)]d¢ = 1(2) + Ia(2) + Is(2),
where |
Il (Z) = /B [AouD[)fD()Fo — Fo’u,Yf]dC,
IQ(Z) = / [(Ao — A) fDouDQFQ - FoADQ’U,Doé]dC
and o

Iy(z) = / [ADouDy (€T) — €ToY uldC.
Br
It yields by (2.4) and (2.5) that
1111l 22 (B

<2 AoguDo&Dol'od¢

Bgr

+2‘

/B ) TouY €d¢

L2(BgR) L2(BR)
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< ¢|[To (Do (uDo&)) | 2(g) + clTo (WY ) 12y

_1
+cl[To (uYE)||l 2+2  [Br|oF
) L @ (Bgr)

< clluDo€]| 242
LG ( R

R

< clluDof|| 20+2) + c||[uY €|l 20+ R
L Q+% (Bg) L Q4 (B

R R

c cR
< | 2@+2 + ul| 2@+2)
R—p" "p7a% (Bg) R—p 'L G+ (Bp)
C
(3.7) < 7 ull 2e+2)
— P L QY (Bg)

and
120l 25,

<2 / (Ag — A) EDouDol'odC
Br

L%(Br)

+2

/ F()ADouD()de
Br

L2(Br)
< ¢|[To (Do (§Dow))[ 2() + €llTo (DouDo) | p2p,,)

1
+c[[To (DouDob)|| 2@+ |Bgr|@*
) L @ (Bgr)

R

< c|[€Doul| 29+2)
L QF ( -

< c[[€Doul|| 20+2) + || DouDoé|| 20+2) R
L Q¥ (B L Q+%1 (B

R R)

C

—p

(3.8) <3 [Doul| 2e@+2)
L Q™

R

Since u is a weak solution to (1.1), we infer that

he) = [ (D0 (€80) —g€TldC = | FEDIT0 + oD — geTujac
and
131 L2 ()
<ec o FE€Dpd( o +c /BR fToDo&dC o
+c /BR g€Tpd( o

< cl[Co (Do (fE) 2y + €lllo (FDoE) 2y + ¢lTo (98) ]l 22y

<l fEll 2ern
L Q+% (Bg)
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+CR<||F0(fDo§)|| worn  +elTo (O] sge )
Loa L@ (Bp)

Br

< ellfell s +cR<\|fD0§| worn 4 g€l agun )
L GF (Bp) LG L G (Bg)

Br

C
<cllfll 2+ +eR (| 5—|fll 2q+2 + 91l 2e+2)
L™ Q¥ (Bp) R—p"" "L7av (BR) L G (Bg)

Br

(3.9) < RLp (Hf” 2A942)

Br

19l acgen )
) L Q+% (Bg)

Inserting (3.7), (3.8) and (3.9) into (3.6), it obtains (3.5). O

LEMMA 3.3 (Poincaré type inequality). Let u € I/VQl’1 (Q) be a weak solu-
tion to (1.1). Then for any Br C Q, p < R, one has

CR4 2 2 2 2
(3.10) / lu?dz < / |Doul"dz + cR / l9]” +1f17)d=
B (R— /0)2 Br Br ( )

P

Proof. Introduce two cutoff functions ¢(x) and 7(t) € C5° (Qr) [8] satis-
fying
o(z) =1z <p), <(@)=0(lz | R),
0<¢<1, |3xj§\_ ( =1,....N);

2t—2(to—R?/2
%7te to_;ato_%)a
_ p
77(75)— 2 RQ
1, te to—%,to+ﬂ.

Multiplying both sides of (1.1) by us?(z)n(t) and integrating on Qg’ =
2
%)

Kr x Sgp x I’ (IR :[O—E, :| s<t0—|—

: we have

/ [—ADouDo (ug27]) + a;Bug277Du - ug2778tu] dz
Qr’

(3.11) = / [gu<277 — fDy (quU)]dz.
Qr’
Noting
2 1 2(,2 1 2 2
(3.12) us noyudz = 5 ¢*(u n)tdz ~3 u“s“mdz,
R Qr’ Qr'

1
(3.13) / zBus*nDudz = / xBD (uzgzn)dz — / zBu*snDgdz,
Qr' 2 Jqn' Qr'
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it implies by inserting (3.12) and (3.13) into (3.11) that
1

= / w*nydz

2 Jor'

= / AanDOuDoudz+2 / AusnDouDosdz
Qr' Qr’

1
+/ zBu’snDedz + / ¢ (uzn)tdz +/ guc’ndz
Qr’' 2 Jon' Qr’'

1
_ f®nDoudz — 2 fusnDys — 3 / xBD (u2§2n)d2dz
Qr’' Qr’ Qr'

= A¢*nDoyuDoudz+2 AusnDouDocdz
Qr’ Qr’

1
_/ Y <2u2g277> dz+/ :cBquandz—F/ gus®ndz
Qr' Qr' @r’

(3.14) —/ f§277D0udz — 2/ fusnDosdz.
Qr’ Qr’

By the divergence theorem and the property of ¢, it follows
1
/ Y <u2g277> dz = 0.
Qr’' 2

Hence by Young’s inequality,
1

/ u?*ndz
2 Qr’

<A | Dou|*®ndz + 5/ |u?| Dos|*ndz + ¢, / | Doul*s®ndz

Qr’ Qr On
+C/ |“‘2|Dg|§77dz+cs/ |9|2€2nd2+6/ RSUE
QRI QR, QR,
+Ce/ |f|2§277d2+€/ |D0u|2§277d2+65/ |f|2§277dz
QR, QR, QR,
+5/ |u|*| Dos|*ndz
Qr’
S/ [uf (2€’D0§’2’7+C’D<\2<n+€<zn)d2+0/ | Doul?c2nd=
Qr’

Qr’
615) e [ (lof 1) o
Qr'
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In the light of properties of ¢,n and (3.15), it yields

/ lul?dz < / lul*¢%2dz < ¢ (R2 - p2) / lu’¢®mdz
P QR, QRI
< (R*- p2)/
Qr’
+c (R2 - p2) / | Doul*®ndz
Qr’

+ e (R? = p?) / , (Igl2 + |f\2) ¢*ndz

Qr

) 2 2 2 2
</ |u12<6(R p)n+c(R p)<n+s(R2p2)§2n>dz
R

Jul? (25|Dod2n +¢[Del’en + ec%) dz

(R—p)” (R—p)”

cR%2(R — p)?
S EDE [ oz s e [ (1l + 15F)a:
(R—p) Qr Qr

R4
Qr (R—=p)" Jaor Qr

28(R27p2)7) C(R2fp2)§
h pu—

where 6, (R—p)* + (R—p)*
it ensures 0 < 01 < 1 and attains from Lemma 2.10 that

R4
(3.17) /|u|2dz§62/ |D0u|2dz+cR2/ <|g|2+|f|2>dz.
p (R_p) Qr Qr

Now (3.17) and B, ., C Q) C Qr C B¢,r imply (3.10). [

Tte (R2 — p2) ¢n. Choosing & small enough,

4. PROOF OF THEOREM 1.1

Let us first describe a known result.
LEMMA 4.1 (reverse Holder inequality, [14]). Let g and f be nonnegative
functions on Q and satisfy
geLi), felL(Q), l<j<r
If there exist constants by > 1 and 03 € [0,1) such that for any Bag C €,
the inequality holds

1 1

q
N 1 ~n
= | ¢z <b || 75— gdz | + —— fidz
|Br| /By ‘B4R/3| Byrys |B4R/3‘ Byrys
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1
+ O

§ldz
‘B4R/3’ Byrys ,

then there exist positive constants 0y = 0y(q,2) and o such that if 02 < 0,
then for any p € [4,q + €o), it follows g € LY (Q) and

loc
1 1 1
(4.1) ( ! §Pd >ﬁ< ( L gid >Q+< ! f2d )’3
. —_ g az <c graz z )
|Br| /B, |Bar| JB, s |Bar| /B,y

where ¢ and €y depend on bo, 4,02 and Q.

The following result is essential to prove Theorem 1.1.

LEMMA 4.2. Let u € VV21’1 (Q) be a weak solution to (1.1) in Q. Then for
any p € [2, 24 5—%6()), we have Dou € LY (Q) and for any Br C Bag C Q,

lOC
1 p 7
D

1 1
1 2 1 2 p
<’B2R‘ B |DOU|2dZ> " (’BQR‘ B <’g‘2 " |f|2) de) ] ‘
2R 2R

Proof. By using Holder’s inequality, it implies

2(Q+2)
|Dou| @+ dz
Bi1r/o

(4.2) <ec

N|=

1
2 20 \?
< / | Dou|“dz / | Dou|@+1dz
Biiry9 Biir/9
1 Q+2

2 1 20 2(Q+4)
(4.3) < / |Doul*dz | |Byipye| @+ / | Dou|@+2dz .
Biir/e Biiryo

Combining (3.5) and (4.3),

/ lu?dz
Bioryo
Q+4
c 2(Q+2) Ha+2) 2(Q+2) 3(Q+2)
<= |u| @1 dz + |Dou| @+1 dz
R Biiry9 Biiry9
Q+4 Q+4
c 2(Q42) Q12 2(042) 5012
+ﬁ ’f‘ Q+1 dz + ]g] Q+1 dz
Biir/o Biir/o

2
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c 1 9
< =5 ||Biirso| 2 (/ |ul dz)
Biir/e
Q+4
QD ) 20
+ </ |D0u|2dz> ‘BllR/9‘2(Q+2) </ ’Dou’wdz>
Bi1r/9 Bi1ry9

1 112
c oL 9.\’ L 5.\
+—3 | |Biirys| @ |fI°dz | + |Biigyo|@F lg|"dz
R
Biir/o Biir/9

Q+4 1
5(0+2) 20 P
2 c 2 2
Sc/ lu|“dz + = / | Dou|“dz / |Dou|@+2dzdz
Bi1ry/o Biir/e Bi1ryo

(4.4) +c/B (17 + lgf?)a=
11R/9

Noting (3.1), (3.10) and (4.4), it follows

/ | Doul*dz
Br
2(?2+42)
T 20
362/ |u|2dz+% / | Dou|*dz / |Dou|@+2dz
R Bi1r/9 R Bi1ryo Bi1ry9
C
b [ (o) e (1o 1fF)as < Dpufd:
Bi1r/o Bioryo Byry/s

-
| Dou|“dz

2

2

N

1
2

+-S | By 9
R? s ’ 4R/3‘ Byrys
1

]. 2Q 2 C 2 2
e [ D@z ) w5 [ (g 1P
| Barys| By R Jp

4R/3
and hence
1
— | Doul*dz
|Br| JBy
_L |Doul*dz 4+ ¢ | ——— | Doul*dz
‘B4R/3‘ Bir/s ‘B4R/3} Byry/3

Q+2
Q

_4Q+2) 1 2Q
+c.R @ ( | Dou|@+2 dz)
}B4R/3’ Birys
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c 1 9 9
+ = [ (lo*+171)dz
R? ‘B4R/3‘ Byry/s
1 2
<c|—=—— | Dou|”dz
‘B4R/3| Biry/3
Qt2
_4Q+2) 1 2Q ©
+cR @ | ——— |Dou|@+2dz
}B4R/3‘ Birys
c 1 9 9
(45 4 (lgf? + 17[?) d=.
’B4R/3‘ Byrys
g 2 2 2 2 2\ 252
Let § = |Doul’, § = 3%, 4= 2 = U2 > 1, f = (19 + /1) 77, then

we rewrite (4.5) in the form
1
|Br| JBg

§ldz

1 ! 1
<c —_— gdz | + / f‘jdz
(‘343/3} Byrys ) ‘B4R/3’ Byrys

(4.6) o

’B4R/3 ‘ Byrys

¢ldz.

It shows from Lemma 4.1 that for any p € [¢,§ + €o),

1 R 1/4 1 » 1/p
= quz> —i—( fpdz> ;
|Bar| JB,p |Bar| JB,p

< 1 A 1/p
— dez> <ec
|Br| JBg

which means

1
1 e P
<|B ’ ]Dou]quz>
Rr| JBR

(4.7)

Q M 1
1 Q+2 1 & P
<ec ( \Dou\gdz> + ( (|g!2 + ]f]Q) ? dz)
|Bar| JB,p |Bar| JB,p

Setting p = pg € [2, 2+

5—%60), we finish the proof. [

Proof of Theorem 1.1. The conclusion follows from Lemma 4.2 and the
cutoff function technique. [J



19 Integrability results for weak solutions to ultraparabolic equations 151

5. HOMOGENEOUS ULTRAPARABOLIC EQUATION

In this section, we consider the following homogeneous ultraparabolic
equation

(5.1) div (ADou) + Yu = 0.

To obtain LP estimates for gradients of weak solutions to (5.1), we divide
(5.1) into two equations. In fact, let v be a weak solution to the following
Dirichlet boundary value problem of the homogeneous ultraparabolic equation
with constant principal part:

{ div (AgDyv) +Yv =0, in Bpg,

(5-2) v =u, on 0,BR,

where Agp = ﬁ J Br Adz. Then w = u — v satisfies the Dirichlet boundary
value problem of the nonhomogeneous ultraparabolic equation with constant
principal part:

{ div (AgDow) + Yw = div ((Agr — A) Dou), in Bg,

(5-3) w =0, on OBR.

LEMMA 5.1. Let v € Wy (Q) be a weak solution to (5.2). Then for any
Br C Q), one has

(& 2
5.4 sup |v 2 < / v|°dz.
( ) Bry2 | ‘ RE*T2 Br ‘ ’

Proof. 1t is true from Corollary 1.4 of [27]. O

Furthermore, we have:

LEMMA 5.2. Let v € VV21’1 (Q) be a weak solution to (5.2). Then for any
Br C Q, p <R, it follows

p Q”/ 2
5.5 / v2dz§c — v|“dz.
(5.5) o (&),

Proof. When % < p < R, the result is evident. Now it is enough to treat
the case p < % But by Lemma 5.1, it yields

/ w2z < |B,|sup vf? < |B,| sup [u]?

B, B, Br/a

c p@+2
S |Bp‘ W/B ’U|2dZ S C(E) /; |’U‘2dz. O
R R

On the gradient of v, we have:
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LEMMA 5.3. Let v € W21’1 (Q) be a weak solution to (5.2). Then for any
Br C Q, p < R, it follows

P\@ 2
5.6 /DUZdzgc / Dovl|“dz.
(5.6) 10 () [, IPw

Proof. Combining Lemma 3.1, Lemma 3.3 (9=f=0) and (5.5), we ar-

Q+2
/ | Dov|*dz < 62/ lv]?dz < %(ﬁ) / lv|?dz
B,/2 p”JB, po\R Br

c(p\9t2 2/ 2 P Q/ 2
< <= R Dgv|“dz < el = Dgyv|“dz. O
_p2<R) BZR' ov| Z_C(R) . [Dovl’dz

2R

rive at

LEMMA 5.4. Let v € I/V21’1 (Q) be a weak solution to (5.2). Then for any
pE [2,2—1— 57_16_228()), Br C Q, p <R, we have

Q+2-
(5.7) / DovfPdz < e(£)4 / \DyvlPdz.
B, R Br

Proof. By Lemma 4.2 (g=f=0) and (5.6),

) v
/ | Dov|Pdz
’BP/Q‘ By/a
1
1 2 ’ 1L rp\@ 2 2
<c| = |Dov|“dz | < c( / | Dov|“dz
<|Bp| B, |B |( ) Br

From Hoélder’s inequality, it implies

1 P\ 9 2
|Dov[Pdz < ¢|B <() / | Dov| dz>
/Bp/2 ‘ P/2‘ |Bp‘ R Br

TQ
<C‘B (7 Br / DovlPdz
o (R) Brl"" | 1Dwl

2
Dov|Pdz
(wm) g 0

< c<%)Q+ p/BR |D0U|pdz

and the proof is ended. [




21 Integrability results for weak solutions to ultraparabolic equations 153

LEMMA 5.5. Let u € W21’1 (Q) be a weak solution to (5.1). Then for any
pe [2,2+5—%50), P2(Q+2) <p<Q, BrCQ, p<R, one has

p 2(Q+2)—p(Q+2—p)
(5.8) / | DoulPdz < c(—) 2 / | DoulPdz.
B, R Br
Proof. When & < p < R, (5.8) is clearly true. The remainder is to treat
p< i

Multiplying both sides of (5.3) by w and integrating on Bp, it observes

(5.9) — / ARDOwDode+/
Br

wYwdz = —/ (Ar — A) DouDywdz,
Br Bg

and from the divergence theorem,

/ wY wdz = 1/ Y (w2)dz =0.

By (H1) and Young’s inequality, we have by (5.9) that

(5.10) A—l/ |D0w]2dz§c€/ \AR—AF;DOuPdHe/ | Dowl|?dz.
Br Br

Br
Choosing e small enough such that A=! — & > 0, then (5.10) implies

/ Dow|?dz < c/ Ap — AP Doul?dz
Bgr Br

2 N\ ;
< c(/ |ARA\p—2dz> (/ Doupdz>
BR BR

(5.11) < clBalme (o) ( [

Bgr

2
]Dou]pdz> ’

and applying (5.6) and (5.11) leads to

/ | Doul?dz < 2/ | Dov|*dz + 2/ | Dow|?*dz

Bap B3y Bap

Q
(ﬁ) / | Dov|*dz + c/ | Dow|*dz
R Br Br

Q
<£> / | Doul*dz + c/ | Dow|?*dz
R Br Br

IN
o

IN
o
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Q 2
—2
<c(?) |BR|"p(/ ypouypdz>”
R Br
p—2
+ c(|Brl|nr (aij)) » </ ]Dou]pdz>
Br

(5.12) <c [(E)Q_i_(,m (a,-j))’f} <|BR|”22 /BR |D0u|sz>

P

It shows owing to Lemma 4.2 (¢ = f = 0) that

p—2
<|Bp‘ 2 /
B

(5.13) <c [(E)QHW (aij))pﬂ <|BR|“’22/BR|DOu|pdz)p

hSAIN]

< c/ | Doul?*dz
2

P

\Dou\pdz>

P

2

2 _ 2

Denoting H(p):<|Bp\p72 pr \Dou\pdz>p, H(R):QBR|% 5, \Dgu\pdz*)p,

a1 = @, B; = 0in Lemma 2.11, we know that there exists by = ,u(% (Q+2) <
p < @) such that

2 2
(5.14) |Bp”22/ | DoulPdz gc(p)”(BR\”f/ ]Dou]pdz>p.
B, R Br

Inserting Brl < (£)797% into (5.14 , it attains (5.8). O
1B R

LEMMA 5.6. Let v € W21’1 (Q) be a weak solution to (5.2). Then for any
Br CQ, p <R,

J

Proof. Since v—vp,, is a weak solution to (5.2), we see that (3.1)(f=¢=0)

Q+2
|’U—UBp’2dZ Sc(%) /B v — g, [ dz.
R

P

is true to v — vp,,, that is

(5.15) / |D0v]2dz < 02/ v — UBZR|2dz.
BR R B2R
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By (3.10)(f=¢=0), (5.6) and (5.15),

2
/B ‘U—UBP/Z dzgc/B
p/2 P
Q Q+2
< ¢p? (ﬁ) / |Dov|*dz < ¢ (£> / v — vp,,[*dz. O
R Br R Bar

LEMMA 5.7. Let w € I/V217’01 (Q) be a weak solution to (5.3). Then for any

P

lv]?dz < cp2/ | Dov[*dz
/2 B

B3RCQ7/)<Rf

—2
/ wi?dz < c(qp)5 / = up, pl2d.
Bry2 Bspr

Proof. Using the proof of Lemma 3.3 we have
/ lw|?dz < cRZ/ | Dowl|?dz + cR2/ |A — Ag|? |Doul*dz.
Brya Br Br
By (5.11) and (4.2) (f=g¢=0),

/ w2z < CRQ/ A — Ag|? | Doul?d>
Bry2 Br

2
(5.16) < cR*(|Bg| 773)% </ |D0u|pdz> ! < cR? (nR)pr/ | Doul?dz.
B Byr

R
Noting v — up,, is also a weak solution to (5.1), and using (3.1)(f=g=0)

tou —up,p,

c
/ | Doul*dz < Rz/ lu — up,,|*dz.
Bsyr Bsgr

Putting the above into (5.16), the desired estimate is obtained. [

LEMMA 5.8. Let u € Wyt (Q) be a weak solution to (5.1). Then for any
Br CQ, p<R,
Q+2 P2
/ }u—qu\degc{(]’;) +(nR)pp ] / ]u—uBRIde.
B Br

P

Proof. By Lemma 5.6 and Lemma 5.7,

/’u—qu‘degc/ ’U—vaFdz—}—c/ }w—wBPde
B B

P P p
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Q+2 9 9
/ v —vB,| dz+c/ |w|“dz
Bgr B,
+2 9 9
/ lu — upp| dz+c/ lw|"dz
Br Br

p—2

Q+2 9 9
/ \u—uBRdz+c<nR)p/ u — e, 2
Bgr Bgr

Q+2 p=2 2
) + (ng) » / lu —upg,|"dz. O
Bsr

IA
o

~—_ —— ~—
O

e = =

—~
=v IS

IA
o

6. PROOF OF THEOREM 1.2 AND THEOREM 1.3

Let v be a weak solution to the following problem

(6.1) div (ADgv) +Yv =0, in Bg,
) v=u, on OBg,

then w = u — v satisfies

{ div (ADow) + Yw = g + divf, in Bg,

(6.2) w =0, on OBg.

LEMMA 6.1. Let w € VV2101 (Q) be a weak solution to (6.2). Then for any
Bop C Q, one has

(6.3) / | Dow|*dz < C/ (Igl2 + |f|2)d2-
Br Bar

Proof. Multiplying both sides of (6.2) by w and integrating on Bp,

(6.4) — ADywDywdz+ /

wYwdz :/ gwdz — fDowdz.
BR BR BR

Br

By (H1), the divergence theorem and Young’s inequality with &, we have

AL | Dow|*dz
Bgr

(6.5) Sce/ |g|2dz+6/ ]w|2dz+c€/ f\de+€/ | Dowl|?dz.
BR BR BR BR
Since by using (3.10),
(6.6) / |w[2dz<cR2/ ]Dow\2dz—|—cR2/ (1o + 17) 2,
Br

Baor Baogr
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it implies

/ | Dowl|?dz
Br
< chz/ Dow\2dz+c&?R2/ (!g\Z—i- \f\2>dz
Bop Baogr
oo [ (P 1rP)as+e [ |Dowfas
BR BR
2 2 2
<c [ Dowfas+e [ (ol +17)az
Bsr Bagr

Then for any p < R,

/ ]Dow]2d2§/ | Dowl|?dz
B, Bg
2 _ 2
Sa/ \Dow\de+CE(RP3/ ’9’2dz+cs/ |fI*dz
Bar (2R —p) Bar Bar

2
ga/ \Dow\zdz+ch2/ ]g]de—i—cg/ 1F[2d.
Bar (2R - p) Bar Bagr

Now due to Lemma 2.10, it infers

2
/yDodezgﬁ / g%z + ¢ / 112z,
B (ZR_P) Bar Bar

P

and the conclusion holds with p = R. U

LEMMA 6.2. Let w € W;& (Q) be a weak solution to (6.2). Then for any
pE {2,2 + 622—_?28()), we have Dow € LY (), and for any Br C Byr C £,

(6.7) /B DowlPdz < e / (gl + I£17)dz

Buyr

Proof. By (4.2) and (6.3), it follows

/]Dow]pdz
Br
1 2 )"
(3 ], 'DOw’dZ> (1 [, (ot 41r2) >]
b\ 2P
(i [ (t+1rP) ) (e [ (tF+107) " )]

<c|Bg)|

<c|BRl|
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1 p
<|B2R\ /Bm(‘g‘ +|f|")d=z ) + Bor /BQR(\Q\ + |fIP)dz

<c[ (gP+1sP)dz O
Bsr

<c|Bg]

LEMMA 6.3. Let u € Wyt (Q) be a weak solution to (1.1). Then for any
pE {2,2—4—@2—%50), we have Dou € Lj (Q) and for any p < X < Q + 2,
BR C B4R C Q,
(6.8)

P\ @+2-A a
[ 1wz <[ (£)°77 [ Doz 402 (gl + 161,)
P 4R

Proof. Combining Lemma 5.5 and Lemma 6.2 indicates

/\Dou\pdz
By
§2/ |D0v|pdz+2/ | Dowl[Pdz
B, By
p 2@ Dp@r2-w)
<c(f) [ ipwpdzez [ Do
R Br By
p 2QER=p(@42om)
<c(8) [ ipwpdazre [ D
R BR BR
p 2QED=p(@42om)
<c(z) / |Dou|pdz+0/ (lgl” + [ £")d=
R BR B4R
p AQR=p(@42om) | Bag| » »
<e(£) /B 1Duufdz + i (gl + 1£175)
p 2QER=p(@t2om) N
2—
69) <c(2) /B | DoulPdz + cROF2 (g2, + IF1E,.0) -
R

Let H(p) = pr |Doul*dz, H(R) = [, |Doul’dz, a1 = 2(Q+2)7§(Q+2*u),
b =Q+2-X By =c(lgl, . +1IfI5,.), p < A < Q+ 2. Taking p,

Q+2— % < pu < @it ensures a; > by. Hence we can conclude from Lemma 2.11
that

P\ @+2—A B
/B |Dou|pdz<c[(R) | 1Doupdz+ 992 (gl + 1 10) |- O
P R

Proof of Theorem 1.2. The result of Theorem 1.2 follows in virtue of
Lemma 6.3 and the cutoff function technique. [
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(1]
2l
B8l
(4]
(5]

(6]

Proof of Theorem 1.3. By Lemma 3.3, Lemma 5.8 and Lemma 6.1,

/B‘u—qu}2dz§c/]3 ‘U—’UBP‘QdZ-f—C/B ‘w—pr‘Zdz

P P P

Q+2 2
<ec [(Zp%) + (nR)pP ] /B lu — uBR|2dz + C/B |w|2dz
R R

Q+2 b2
Sc[(é) +(nR)pP ] /B ]u—uBR]2dz
R

+CRQ/ \D0w|2dz—|—cR2/ (172 + 1gl*)az
Bagr Baor

Q+2 p=2
<c[()" T [ - umPaz st [ (157 +1o)as
R 4R

P\ Q+2 p=2 4-22
<e[(8) ) F| [ g Pas en® R (1 ol
Br

Sincep<)\<Q—|—2,Q+4—%<Q—|—2, we have by Lemma 2.11,

/B ’u — qu‘de

P

Q+4-22
<e(®)

422
5 o= upglPdz+ o (I + s ). O

Br
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