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In this paper we investigate the approximate biflatness of semigroup algebras.
Under some conditions we show that approximate biflatness of semigroup alge-
bra ¢'(S) implies amenability of semigroup S. Also we study the approximate
biflatness of group algebra L'(G) and its Segal algebra S(G) according to the
amenability of G.
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1. INTRODUCTION

The concept of amenability of Banach algebras was introduced by Johnson
in [9]. The notions related to amenability in the theory of homological Banach
algebras are biflatness and biprojectivity which were introduced by Helemskii
[7]. Choi [2], showed, for any semilattice S, that ¢}(S) is biflat if and only if
S is uniformly locally finite. He also proved, for a Clifford semigroup S, that
?1(9) is biflat if and only if

(i) (E(S),<) is uniformly locally finite and

(ii) each maximal subgroup of S is amenable.

Afterwards Ramsden [13] extended this result for any inverse semigroup S. He
showed that
(i) £X(S) is biflat if and only if S is uniformly locally finite and Gp the
maximal subgroup of S at p € E(S) is amenable.
(ii) £1(9) is biprojective if and only if S is uniformly locally finite and G, the
maximal subgroup of S at p € E(S) is finite.

Samei et al. in [17] provided a natural generalization of biflatness, called
approximate biflatness. They characterized a sufficient condition for Banach
algebra A to be pseudo-amenable. Indeed a Banach algebra A is pseudo-
amenable whenever it is approximately biflat and has an approximate identity.
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Also they studied approximate biflatness for various Segal algebra in both
group algebra L'(G) and the Fourier algebra A(G). The question then arises,
what will happen when the semigroup algebra ¢!(S) is approximately biflat?

In this paper, we investigate the concept of approximate biflatness in the
category of semigroup algebras. We study the conditions such that approxi-
mate biflatness of semigroup algebra ¢!(S) implies amenability of semigroup
S. Also we study the relationship between approximate biflatness of group
algebra L'(G) and Segal algebra S(G) with the amenability group G. Finally
we give an example of Banach algebra which is approximately biflat but it is
not approximately biprojective. Also we present an example of Banach algebra
which is approximately biflat but it is not pseudo-contractible.

2. PRELIMINARIES

The main reference for the semigroup theory is [8]. Suppose that S is a
semigroup and F(S) is the set of its idempotents. We have a partial order on
E(S), which is defined by

i<jei=ij=ji (i,jeE(S)).
An idempotent ¢ € E(S) is called maximal if i = j whenever i < j.

A semigroup S is called an inverse semigroup, if for every s € S there
exists a unique element s* € S such that s = ss*s and s* = s*ss*. Suppose
that S is an inverse semigroup. Then there exists a partial order on S defined
by s <t & s = ss*t, where s,t € S. This partial order on S coincides
with the partial order on E(S). We denote (s] = {t € S : t < s} for any
s € S. We recall that S is locally finite (uniformly locally finite), if |(s]| < oo
(sup{|(s]| : s € S} < o0, respectively) for every s € S.

Suppose that S is an inverse semigroup and p € E(S). Then G, = {s €
S : ss* = s*s = p} is a group with identity p and it is called the maximal
subgroup of S at p. A semigroup S is called a Clifford semigroup if it is an
inverse semigroup with ss* = s*s (s € 5).

We recall that a semigroup S is a left amenable (right amenable) semi-
group if there is m € £1(S)** such that s-m = m (m = m-s) and ||m| =
m(ps) =1 (s € S), where ¢g is the augmentation character on ¢!(S). The
semigroup S is amenable, if it is both left and right amenable.

Suppose that A is a Banach algebra. We denote the character space of A
by A(A), that is, all non-zero multiplicative linear functionals on A. Suppose
that ¢ € A(A). Then ¢ € A(A™) is a unique extension of ¢ to A** which is
defined by ¢(F) = F(¢) for every F € A**.
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Suppose that A is a Banach algebra. Then the projective tensor product
A ®, A is a Banach A-bimodule with the following actions

a-(b®c)=ab®c, (b®c)-a=b®ca (a,b,cecA).
The product morphism 74 : A®, A — A is defined by 74(a ®b) = ab for every
(a®b) € A®, A. We recall that for every ¢ € A(A) and ¢ € A(B)}, the map

¢ ® 1 defined by ¢ @ ¥(a @ b) = ¢(a)(b), for every a € A and b € B, is a
character on A ®, B.

A Banach algebra A is called approximately biflat if there exists a net
0o : (A®, A)* — A* of bounded A-bimodule morphisms such that

W*OT —lim 0, o 7%y = id g,
(0%

where W*OT is the weak* operator topology on B(A*) [17]. We remind that
the weak* operator topology on B(A*) is the locally convex topology deter-
mined by the seminorms {p, s : a € A, f € A*}, where p, ((T) = [(a,T(f))|-

A Banach algebra A is called approximately biprojective, if there is a net
Mo 1 A — A®)p A of continuous A-bimodule morphisms such that m40n,(a) —
a for every a € A. See [19].

We say that a Banach algebra A is left p-amenable (left ¢-contractible),
where ¢ € A(A), if there is m € A* (m € A) such that am = ¢(a)m and
o(m) =1 (p(m) = 1, respectively), for every a € A. For more details see
[10, 12]. Equivalently, a Banach algebra A is called left ¢-amenable, where
¢ € A(A), if there exists a bounded net (a,) C A such that for every a € A

d(aq) — 1, Jlaaq — d(a)aq|| — 0
and any such net is called a bounded approximate ¢-mean [10].

We say that a Banach algebra A is pseudo-contractible if there is a (not
necessarily bounded) net (mg)s € A ®, A such that a - mg = mg - a and
limg ma(mp)a = a for every a € A. See [6].

3. APPROXIMATE BIFLATNESS OF SEMIGROUP ALGEBRAS

Throughout this section, S is a semigroup and ¢!(S) is its semigroup
algebra. We begin with the following lemma.

LEMMA 3.1. Let A be a Banach algebra and m € (A ®, A)** such that
a-m=m-a for every a € A and let ¢ € A(A) such that ¢ o whi*(m) = 1,
where ¢ is extension of ¢ to A**. Then there exists n € (A ®, A)*™* such that
a-n=mn-a=¢(a)y for everya € A and ¢ o’ (n) = 1.



236 N. Razi, A. Pourabbas, and A. Sahami 4

Proof. Let ¢ be a character on A. Then there exists a bounded linear
map T : A®, A — A defined by T'(a ® b) = ¢(b)a [16, proposition 2.2]. Since
the adjoint map 77" : (A ®, A)** — A* is a bounded linear map, we show
that T**(m - a) = ¢(a)T**(m) and T**(a - m) = a - T**(m). To see this, let
b* € A*. Then
T (m-a)(b*) =(m-a) o T*(b")

=(m-a)o(b*oT)=m(a-b*oT).
On the other hand, for all (f ® g) € A ®, A we have
a-(b"oT)(f®g)=b"oT(f ®ga)=b"(T(f @ ga))
=b"(¢(ga)f) = e(a)b*(0(9)f) = e(a)b™(T'(f ®p g))-

(3.1)

Therefore
(3.2) a-(b*oT)=¢(a)b*oT.
Using (3.2) from (3.1), we obtain
T (m - a)(b*) =m(p(a)b” o T)
=p(a)(m(b* o T))
=p(a)(m o T (b%))
=p(a)T™" (m)(b7).

Hence T"*(m - a) = ¢(a)T**(m). By a similar argument, we have T%*(a-m) =
a-T*(m). Now, we note that

[T*(a-m) =T (m - a)|| = [[T"(a-m —m-a)| <|T"[|la-m —m-al =0.
So we have
(3.3) T (a-m)=T""(m-a) =a-T"(m) = p(a)T**(m).

Since m € (A ®, A)™*, by Goldstine’s theorem, there exists a bounded net
(mq) € A®,p A such that m, — m in the weak™-topology on (A ®, A)** and
@ oma(mey) — 1. Since T** is a bounded linear map on (A ®, A)**, we have
T (mg) = T'(mqa) — T**(m) in the weak*-topology on A**. Since a-m = m-a
for every a € A, by the equation (3.3), we have p(a)T**(m) = a - T**(m) and
hence

(3.4) o(a)T(my) —a-T(mgy) — 0

in the weak*-topology on A**. Since (mq) € A ®, A one can assume that the
equation (3.4) holds in the weak-topology. As in the proof of [6, Proposition
2.3], by using Mazur’s theorem we can replace the weak-topology on A by a
norm-topology on A, so that the equation (3.4) holds in the norm-topology.
Take no, = T(my). We have o(ma(mea)) = ¢(T(my)) = ¢(ne) — 1 and
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e(a)ng —a-ng — 0. By replacing (nq) with ( (aa)) we can assume that
¢(ny) = 1 for every a. Since (ny) is a bounded net by Alaoglu’s theorem
there exists N1 € A** such that n, — N7 in the weak*-topology on A** such
that a - N1 = ¢(a)N; for every a € A and ¢(N;) = 1. Similarly, we can find
Ny € A* such that N3 - a = ¢(a)Ns for every a € A and $(N2) = 1. Now,
take M = N1 ® Ny € A*™ @, A**. By [5, Lemma 1.7], there is a continuous
linear map ¢ : A @, A** — (A ®, A)** such that for every a,b,z € A and
m e A™ ®, A**, we have

Pla®b)=a®b, P(m) x=1y(m-z),
z-p(m) =¢(z-m), my((m)) =ma-(m).
By taking n = (M) € (A ®, A)** we have a-n = 1n-a = ¢(a)n and
gpomy(n) =1 0O
THEOREM 3.2. Let S be a semigroup and Z(S) # 0, where Z(S) is the

center of semigroup S. Suppose that (*(S) is approzimately biflat. Then S is
amenable.

Proof. Since ¢!(S) is approximately biflat, there exists a net 6, : (¢/}(S)®
1(8))* — £1(S)* of bounded ¢*(S)-bimodule morphisms such that

W*OT — lim 90& o Wzl(s) = Zdﬁl(s)*

Clearly 07, : *(S)*™ — (£1(S) ®, £1(S))** is a net of bounded ¢!(.S)-bimodule
morphisms. Suppose that ¢g is the augmentation character on £(.S) and (/b\; is
its extension to £*(S)**. Then ¢g(ds,) = 1 for every so € Z(S). Since 05l (s)

0H(S) — (£1(S) @, £1(S))** is a net of bounded ¢!(S)-bimodule morphisms, we

have ¢s o )i ) © 05(a) = T g © 05(a) (¢s) and
lim(gs, mii(s) © 0 (a)) =lim{ps, 0 (a) o T (g))
lim(a, 6o © WZI(S)(¢S)> = (a,9s),

«

(3.5)

—-

for every a € ¢1(S). By taking po = 0%(ds,), we have a - fio = fio - a. To see
this, since 6% is a net of bounded ¢!(S)-bimodule morphisms, we have

a-pa =a-0,(0s) = 05(a-ds) = 05(ds, - a) = 05(ds) - @ = pa - -
In contrast, the equation (3.5) follows that <;Sg o w;f‘(s)(ﬂa) — 1. We may

suppose that 55; o 7r2‘1*( s) (o) = 1, by replacing p, with ﬁ Hence
el

we have a - 1o = po - a and 5; o wz‘{*(s)(ua) = 1. Since a - po = po - @ and
%O?TZ;(S) (tta) = 1, by Lemma 3.1 there exists 7, € (£1(S)®¢1(S))** such that
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a- Mo =Na-a= pg(a)n, and ag(wz‘{"(s) (na)) = 1 for every a € £1(S). Similarly
to [4, Corollary 2.10], one can show that S is amenable [J

THEOREM 3.3. Suppose that (1(S) has a central approzimate identity.
Let £*(S) be approzimately biflat. Then S is amenable.

Proof. Since ¢£1(S) is approximately biflat, there exists anet 9., : (¢1(S)®,
1(8))* — £1(S)* of bounded ¢*(S)-bimodule morphisms such that
Clearly 0% : £1(S)** — (£1(S) ®, £1(5))** is a net of bounded ¢!(S)-bimodule
morphisms. Suppose that ¢g is the augmentation character on ¢1(.S) and ag

is its extension to £1(S)**. Suppose that (e)) is a central approximate identity
for £1(S). Then ¢g(ey) — 1 and for every a € A and 1 € £1(S)* we have

hmhm@p,ﬂ'ﬁ )(19:(@\)) ) _hmhm<1/1,ﬂ'el () (3 (ex - a)))
:1131 11/1\n<¢,197(ek $a) © T (gy)

= li£n<€)\ - a, 197(7TZ1(5) (¢))>

= lim(a, 0 (77, 5) ()} = (0,0,
Since 9% is a net of bounded ¢1(8S)-bimodule morphisms, we have

(3.7) liﬂrynliina 95 (ex) — U5 (en) a = liflgnli/{nﬂ;(a ey —ey-a)=0.

Suppose that Z = A x T' is directed by the product ordering and, for every
a = (A (7)xen) € Z, define m,, = 93, (ey). By iterated limit theorem [11, P.
69], the equation (3.7) gives the following

(3.8) a-me—mg-a—0

and the equation (3.6) implies that 7r2‘1*( s) (mq)a " ain the weak*-topology on
?1(S)** and so we have qﬁs(ﬂzl*(s)(ma)a) — ¢s(a) = ¢g(a) for all a € £1(S).
One can easily see that ¢S(7TZ1*(S) (mq)) — 1. Now, we show that a-my = mq-a
for every a € ¢*(S) and a € Z. To see this, since U7 is a net of bounded 4(S)-
bimodule morphisms, we have

a-me =a-97 (ex) =1, (aey) =93 (exa) =97, (ex) - a =mq - a.

Mg
b5 (M7 g (ma)”
Hence there exists mq € (£1(S) ®, €1(S))** such that a-m, = m, - a for every

We may suppose that QZ)S(TI‘KI(S) (mq)) = 1 by replacing m,, with
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a € £1(S) and %(7?;1*(5) (my)) = 1 and so S is amenable by a similar argument
as in the previous Theorem. [

Suppose that A is a Banach algebra and A is a non-empty set. The
Banach algebra My (A) is the set of A x A-matrices over A with finite /!-norm
and matrix multiplication.

In the following example, we show that there exists an approximately
biflat Banach algebra which is not pseudo-contractible.

Ezample 3.4. Suppose that A = M (C), where A is not a finite set. Then
A is biflat [13, Proposition 2.7] and so A is approximately biflat. Now let A be
pseudo-contractible. Then A has a central approximate identity. So A must
be finite [4, Theorem 2.2] which is a contradiction.

In the following example, we show that there exists an approximately
biflat Banach algebra which is not approximately biprojective.

Example 3.5. Let S be a uniformly locally finite inverse semigroup such
that all of its maximal subgroups are amenable and at least one of its maximal
subgroups is infinite. Then ¢!(S) is biflat [13, Theorem 3.7] and so it is ap-
proximately biflat but ¢1(.S) is not biprojective [13, Theorem 3.7]. In contrast,
¢1(.9) is biprojective if and only if it is approximately biprojective [15, Theorem
3.6]. Therefore £*(S) is not approximately biprojective.

4. APPROXIMATE BIFLATNESS OF GROUP ALGEBRA AND
SEGAL ALGEBRA

Let G be a locally compact group. A linear subspace S(G) of LY(G) is
said to be a Segal algebra on G if it satisfies the following conditions

(i) S(G) is dense in LY(G),

(ii) S(G) with the norm || [|s(q) is a Banach space and ||f|[11q) < [[fl|s(a)
for every f € S(G),

(ili) for every f € S(G) and y € G we have L, f € S(G) and the map y — L f
of G into S(G) is continuous, where L, f(z) = f(y~'x),

(iv) [ILy fllse) = I flls() for every f € S(G) and y € G.

It is well-known that S(G) has a left approximate identity and by [1, Lemma
2.2] its character space is A(S(G)) = {¢|s(q) : ¢ € A(LY(G))}.
We start with the following basic theorem.
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THEOREM 4.1. Suppose that A is an approximately biflat Banach algebra
and A has a left approzimate identity (right approzimate identity) and ¢ €
A(A). Then A is left 1-amenable (right 1 -amenable, respectively).

Proof. Since A is approximately biflat, there is a net 6, : (A ®p A)f — A*
of bounded A-bimodule morphisms such that W*OT —1lim 6, o 7% = ida-.
Suppose that K = kertp. Define (o : (ida ® ) 0 054 : A — (A®, &)™,
where ¢ : A — K is a quotient map. We have AK = K, because A has a left
approximate identity. Hence for every ki € K, there exist a € A and ko € K
such that k1 = aks and so for every k; € K, we have

(4.1) Calkr) = (ida © q)*" 0 05, (k1) = (ida ® )™ 0 0, (aka).

Since (4 is a net of A-bimodule morphisms, the equation (4.1) follows that

Ca(k1) = 0 for every k1 € K. Hence we can drop (, on % for every a and so

Co: % — (A®, %)** is a left A-module morphism. Define a character ¢ on %

by ¢ (a +K) = ¢(a).
Since (, is a left A-module morphism, (id4 ®¢)** 0ly: & —> A** is a left
A-module morphism for every a. To see this, for every a,b € A we have

(idg @ )™ o Cala- (b+K)) =(idg @ 1)** o Calab + K)
(4.2) =(ida ® ¥)* o (a(ab)
=a - (idg @ )™ 0 (o (D).

Since v is a NON-ZETO character on A, there is ¢ € A such that ¥(c) = 1. Define
Vo = (ida ® )" 0 (o(c + K). So we have

(B ) =((ida @ )™ 0 Calc+K), 9) = ((ida @ )™ 0 Calc), ¥)
(Cale) (sz ® ), ) = (Calc), (ida © )" (1))
(Cale),h o (ida @ 1)) = (Calc), ¥ @ 1))
(
G

(ida ® )** 0 05(c), % ® ) = (03(c) o (ida ® q)*, ) @ )
5(0); (ida ® @) o (Y @ D)) = (05(0), (b @ P) 0 (ida ® q))
=(0n(c),homa) = (coba, Th(¥)) = (¢, 00 0 T4 (V)).
Since W*OT —limg, 0, o 7% = ida~, the equation (4.3) implies that
i (9) =l © T3 ()(0) = ida- (9)(e) = (0) = 1.
In contrast, since ¢ — ¢? € K,
ac+ K =(a—v¢(a)c+ ¢(a)c)c+ K
—ac — P(a)c® + P(a) + K
=1(a)c® + K = ¥(a)c + K.
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Hence by using (4.2) we have

a- Yo =v(a) - (ida® 1[})** 0 Ca(c+K) = ¥(a)da,

for every a € A. By replacing (9,) with (%), we have ¥(¥,) = 1 and

a -9y = (a)V,. Hence there is ¥, € A™ such that (Jy) = 1 and a -V, =
¥(a)d, for every a € A. Thus A is left ¢-amenable. ]

PROPOSITION 4.2. Suppose that G is a locally compact group and A is a
unital Banach algebra with A(A) # 0. Suppose that A ®, L'(G) is approzi-
mately biflat. Then G is amenable.

Proof. Note that L'(G) has a bounded approximate identity, say (eq)acr-
A is a unital Banach algebra with a unit element e4. So (€4 ® €q)acrs is a
bounded approximate identity for A ®, L*(G). Since A ®, L'(G) is approxi-
mately biflat, by Theorem 4.1, A®, L'(G) is ¢ ® ¢-amenable, where 1) € A(A)
and ¢ € A(LY(Q)). [18, Theorem 3.3.2] implies that L!(G) is ¢g-amenable and
so L'(G) has a bounded approximate ¢-mean. By an argument similar to the
one in [1, Corollary 3.4], we can show that L'(G) has a bounded approximate
$1-mean, where ¢1 is an augmentation character on L'(G). Therefore G is
amenable. [

PROPOSITION 4.3. Suppose that G is a locally compact group. Then the
following are equivalent

(i) M(G) ®, LY(G) is biflat.
(ii) M(G) ®, L'(G) is approzimately biflat.
(iii) G is discrete and amenable.
Proof. (i)==(ii) It is obvious.

(ii)==(iii). Let M(G) ®, L*(G) be approximately biflat. Since M(G) is
a unital Banach algebra, by an argument similar to the one in [13, Proposition
2.6], we can show that M(G) is approximately biflat. Hence by [17, Theo-
rem 4.2], M(QG) is pseudo-amenable. It is well-known that M (G) is pseudo-
amenable if and only if G is discrete and amenable [6, Proposition 4.2].

(iii)==(i). Suppose that G is discrete and amenable. Then by [3] M (G)
and L'(G) is amenable. Therefore M(G) ®, L'(G) is amenable [9, Proposition
5.4] and so M (G) ®, LY(G) is biflat [14]. O

Samei et al. in [17, Corollary 3.2] prove that if G is a SIN group, then
the followings are equivalent
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(i) G is amenable.
(ii) S(G) is approximately biflat.
(iii) S(G) is pseudo-amenable.

In the following proposition, we study approximate biflatness for Segal algebra
S(G) on locally compact group G.

PROPOSITION 4.4. Let G be a locally compact group and let S(G) be ap-
proxzimately biflat. Then G is amenable.

Proof. Note that S(G) has a left approximate identity. Since S(G) is
approximately biflat, by Theorem 4.1, S(G) is left ¢-amenable, where ¢ €
A(S(G)). So [1, Corollary 3.4] implies that G is amenable . [J

PROPOSITION 4.5. Let G be a locally compact group and let S(G)®,S(G)
be approximately biflat. Then G is amenable.

Proof. Tt is well-known that S(G) has a left approximate identity say
(éa)acr- Consider my = ey ® e4. It is easy to see that (mq)aer is a left
approximate identity for S(G) ®, S(G). Since S(G) ®, S(G) is approximately
biflat, S(G) ®, S(G) is left ¢ @ 1p-amenable by Theorem 4.1, where ¢,1 €
A(S(G)). This implies that S(G) is left ¢p-amenable [18, Theorem 3.3.2]. Hence
G must be amenable [1, Corollary 3.4]. [
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