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In this paper, we study the boundedness and compactness of the composition
operators and weighted composition operators from Bloch-type to Besov-type
spaces by using the hyperbolic analytic Besov-type class. Finally, we show the
relation between the hyperbolic analytic Besov-type class and the meromorphic
(or spherical) Besov-type class.
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1. INTRODUCTION

Let D be the open unit disc in the complex plane C. The space of bounded
analytic functions on D will be denoted by H*°(ID). Denote by H (D) the class of
all complex-valued functions analytic on D. Let B be the family of holomorphic
self-maps ¢ of the unit disc D into itself.

An analytic self-map ¢ of D induces the composition operator C, on
H(D), defined by Cy(f) = foyp for f € HD). Let u be a fixed analytic
function on D. The functions ¢ and u induce a linear operator uCy, on the
H(D) as follows:

uCopf =u.(foy), feHD),
where the dot denotes pointwise multiplication. An operator of the form uC,
is called a weighted composition operator. For more details on composition
operators we refer to [3] and [13].

For 0 < a < oo, the analytic function f on D is said to belong to the
Bloch-type space B* if

| fllBe = sup{(1 — ]z\z)o‘|f'(z)| 1z € D} < 0.

This defines a semi-norm. We can see that |f(0)|+ || f||ge is a norm on B that
makes it a Banach space. For a = 1, we obtain the well-known classical Bloch
space, simply denoted by B.

We will use the following Lemma which was proved in [14].
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LEMMA 1.1. Let 0 < a < 0. If f € B*, then

Ifls e,
for<cd Wl yTgp e =t
[RAIER a1
- Ry ’

for some C > 0 independent of f.

LEMMA 1.2 ([8]). For 0 < o < o0, there exist two holomorphic maps f
and g in B* such that

1= @) +1d' =) =1,
for all z € D, where the notation A < B means that there exists a positive
constant C such that C~'B < A < CB.

For 1 < p < 400 and —1 < r < 00, an analytic function f on D is said to
belong to the Besov-type space By, if

(1) 1f 1|5, = </D [f(2)P(1 = \ZIQ)’”dA(Z)>p < 00,

where dA(z) denote the Lebesgue area measure on D. Also, if we take
1 <p<ooandr =p-—2in (1), then we get the analytic Besov space,
simply denoted by B,. We can see that |f(0)[+ | f||5,.. is a norm on By, ,, that
makes it a Banach space.

Take ¢ € B. By the Schwarz-Pick lemma, sup(1 — |2|?)¢*(2) < 1, where
E1Q)
©*(z) is the hyperbolic derivative

" |'(2)]
©*(z) = :
1—fp(2)?
Definition 1.3. For 1 < p < 400 and —1 < r < oo, the hyperbolic

analytic Besov-type class Bﬁr is defined to be the family of all functions ¢ € B
such that

@) lellsg, = ( [0 PV @Piae) " <.

Also, if we take 1 < p < oo and r = p—2in (2), then we get the hyperbolic
analytic Besov class, simply denoted by B{;.

ProrosITION 1.4 ([18]). H*(D) C B. Moreover, | flls < ||flle for any
f e H*(D).

LEMMA 1.5 ([15]). Let X, Y =B, (1 <p<o0) or B. Then C,: X - Y
is a compact operator if and only if for any bounded sequence {f,} in X with
fn = 0 uniformly on compact sets as n — oo, |Cy fnlly = 0 as n — oo.
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Throughout this paper C denotes a positive constant which may be dif-
ferent at different occurrences.

In [11], Ohno and Zhao characterized the bounded and compact weighted
composition operators on Bloch-type spaces. Composition and weighted com-
position operators on Bloch-type and some other spaces of holomorphic func-
tions are studied, for example, in [4, 6, 9, 12].

Boundedness and compactness of composition operators on Besov spaces
have been studied in [2, 7, 15]. Composition operators from Bloch type spaces
to Hardy and Besov spaces were studied by Zhao in [19].

Weighted composition operators on weak vector-valued Bergman spaces
and Hardy spaces were studied by M. Hassanlou, H. Vaezi and M. Wang in [5].

In [16], Vaezi studied nearly open weighted composition operators on
weighted spaces of continuous functions. Symmetric lifting operators acting
on some spaces of analytic functions were studied by Vaezi and Nasresfahani
in [17].

In this article, we characterize the boundedness and compactness of the
composition and weighted composition operators from Bloch-type to Besov-
type spaces, by using the hyperbolic analytic Besov-type class, in section 2.
Our results extends some results obtained in [10] about the boundedness and
compactness of composition operators from Bloch to Besov spaces. Also we
give new criterions for boundedness and compactness of the composition and
weighted composition operators from Bloch(type) to Besov(type) spaces in
sections 2 and 3. Finally, we show the relation between the hyperbolic analytic
Besov-type class and meromorphic (or spherical) Besov-type class.

2. COMPOSITION OPERATORS FROM B* TO Bppr

In this section we characterize the bounded and compact composition
operator Cy, : B* — By, .

THEOREM 2.1. Let ¢ be a holomorphic mapping of D into itself,
l<p<oo, -1<r<ocoand < a<oo. Then

(1) Ifsup,ep (1 —|p(2) 2P0~ < 00 and ¢ € B;}’,,, then Cyp : BY — B, is a
bounded composition operator.

(2) If sup,ep(1 — |o(2)2)PY) < 00 and C, : B* — B,, is a bounded
composition operator, then ¢ € B{,LJ,.

Proof. (1) Suppose that sup,cp(1—|¢(2)[?)P0~% < oo and ¢ € BI})Z,T. For
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any f € B* there exists a constant C such that,
1Co (N, / |0 () PIF (9 (2))[P(L = |2[*)"dA(2)
= /D(l— [21)"(* ()P (1 = @(2) P)PLf (0(2)) [PAA(2)

< If1B / (1= |2 (0" (2)P(1 — |ol2) 2P dA(2)
< Clfl /D (1 - |22)7 (4" (2))PdA(2)
<

Cll e il < oo

(2) By using Lemma 1.2, we choose the functions f and g in B* such that

/ / C
1)+ 1g'(2)] = A=)

Then for every p > 1,

) ) 21=PC
LF (P + 19 ()P = W‘

Hence,

el = [0=ER e E)raa)

v C
Sl CRER e 20

< g5 L= IEPA - o@D )P
Hg (pl2) P)AAC)
< g5 [A-BEY P @I - )PP DdAe)

C

+5i55 (1= BRI P @E)P( = o) B aA)

C
< 217_p(\|f0<ﬂH%p,T + HgowH%p,r)
C
= 217,p(||cso(f)||%w +1Co(,,) <
Thus, ¢ € B[f’r. O

THEOREM 2.2. Let ¢ be a holomorphic mapping of D into itself,
1 <p < 00, -1 <7 <00, 0 <a< oo andsup(l — |p(2)>)PI—% < oo.
If peB pr, then Cy : B* — By, is a compact composition operator.
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Proof. Let b(B“) be the unit ball in B*. Suppose that {gr} € b(B%)
and {gi} converge to 0 uniformly on compact subsets of D. We show that
|Co(9r)llB,, — 0. Since p € B}, for every € > 0 there exists a compact set
K C D such that

pr7

(1= [2P)" (0" (2))PdA(2) < e

D/K
and there exists a number N such that

1
(3) sup (1 — [w[*)|gp(w)] < €7,
wEP(K)

for any k > N. Then
ICalonlll,, = [ 19 CIPlo(eEIP A~ ) dA)
= Z};l—l»%?l @*(2))P(1 = lo(2)|*)lgk (¢(2)) [PdA(2)
+/ (1= [213)"(©*(2)P(1 = |0(2) )P |g1.((2))[PdA(2)
D/K
6/}((1 — 2137 (¢"(2))P(1 — |(2)[*)PI = dA(2)

+1 /D/K(l = [P (@* ()P (1 = [p(2) PP~V dA(2)
< eCllel, +1Ce < eC.
p,T

IN

So, ||Cso(91€)”%p — 0 and C,, is compact by Lemma 1.5. [

If we take o = 1, from Theorems 2.1 and 2.2, we obtain the boundedness
and compactness criterions for composition operators from Bloch to Besov-
type spaces.

Note 1. If C, : B — By, is compact, then C, is bounded. So, ¢ € B{)L,r'
Hence, from Theorems 2.1 and 2.2, we obtain the following corollary.

COROLLARY 2.3. Let ¢ be a holomorphic mapping of D into itself,
1 <p<ooand -1 <r < oo. The operator Cy, : B — By, is compact if
and only if p € B!

If we take o = 1 and r = p — 2, from Theorems 2.1 and 2.2, we obtain
the results about the boundedness and compactness of weighted composition
operators from Bloch to Besov spaces.

Note 2. If C, : B — B, is compact, then C, is bounded. So, ¢ € B{;. Hence
we obtain the following corollary.

COROLLARY 2.4. Let ¢ be a holomorphic mapping of D into itself,
1 <p <oo. The operator Cy, : B — By, is compact if and only if ¢ € B;}.
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3. WEIGHTED COMPOSITION OPERATORS FROM B°
TO Bpr

In this section, we characterize the bounded and compact weighted com-
position operator uCy : B* — B, ..

THEOREM 3.1. Let ¢ be a holomorphic mapping of D into itself,
u€e H*D), 1<p<oo, -1 <r<ooand0 < a < oco.

(1) If sup(1 — |p(2)[?)P1=) < 00, ¢ € B;"T and

i) Ifa € (0,1), /Du — 2" OP dA(2) is finite,

ii = B G P
) o =1, [a= B i

1
()21

then uCy, : B* — By, is a bounded weighted composition operator.

VPdA(z) is finite,

i) If o > 1, /D(1 — |z|2)<?"*ap>((1 17 VPAA(2) is finite,

(2) Ifsup(1—|p(2)[?)P@ D < 00 and uC,, : B* — B, is a bounded weighted
composition operator, then o € B{j’r.

Proof. (1) Let sup(1 — |o(2)[2)P1~%) < oo and ¢ € B;}W For any f € B%,

WCo Dl = [ Il P = [ dA)
- / WP F ()P — =) dA(:)
/D WP AP (PP~ 2 dA(:)
= [0 BB P E)PaAC)
+ [P0 1B )P - PP E)PIA)
Jullge [ (1 2P o) PAAG)
B [ (0 P (e ()P = PP dA )

Julle [ (1= 1) P () PdAC)
1. Clel,

IN

N

By using Lemma 1.1, we consider the following cases.
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Case o € (0,1): Since |f(¢(2))| < C| f|Be, so
[uCo (N, < CllullZll 1z /D(l — 2P dA(z)+
JulE 715l < oo.

e
Case a = 1: Since 2))|<C aln ——— so
FP] < Ol 0 T

T—Q €
luCo (NI, < C\Iullﬁollfll”a/m(l— E9) p)(lnw)pm(z)
Hlulleell Iz Cllelpy < oo
Case o > 1: Since |f(p(2))] < C ”f”B"Q -, 50
(1 = Je(2)P)>~
1

P, < Cllullellflge [ (1= 12)=( PPdA(z)

D
HullEellf Il Cllelg, < oo

(1 —=lp(z)[?)*!

(2) By using Lemma 1.2, we choose the functions f and g in B* such that

C
)+ 1d0R)] > —m—.
710G >
Then for every p > 1,
21-rC
/ p / P> .
‘f (Z)| +|g (Z)‘ = (1_ |Z|2)ap

Hence,

ey, = [= kR E)raa)
= [ty
D

= o) P
< & (A= ERIPEPA - PP )P
D
g (p(2)P)dA(2)
< g5 A= BRI EPI ()P~ [ PP dAE)
s [ RV EPI )P - o) PP aAG)
< o(fowlt,, +lgoel,,)

C
= S 1CH(DI,, + INCa9) IR, ) < oo.
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Thus, ¢ € B),. O
THEOREM 3.2. Let ¢ be a holomorphic mapping of D into itself,

U € HOO(]D) l<p<oo, —1<r<oo,0<a<oo,sup(l— |(p(z)’2)p(lfa) < 00
and p € BY... Also suppose that

1. Ifa €(0,1), /(1 — 2Pl gA(z) = 0,
D

o = — Z2 (T—Oép) n#p z) =
2 =1, [0 )
. 0> 1, [ (1= o) A G) =0

Then uCy : B* — By, is a compact weighted composition operator.

Proof. Let b(B“) be the unit ball in B%. Suppose that {gx} € b(B“) and
{gx} converge to 0 uniformly on every compact subset of D. Since ¢ € B]’;T,
for every € > 0 there exists a compact K C D such that

/ (1= |2*)"(¢*(2))PdA(2) < €
D/K

and there exists a number N such that

1
(4) sup (1 — [w[*)|gp(w)] < e,
wEP(K)

for any k > N. Then

4Coai)ll,, = [ o)1= ) dA(:)
= [ WEPlale)P (- Y aac)
+ [ TP I PIgh ()P (L~ Y dA(2)
D
< Julfe [ (= 2Pl PaAG)
D
+ [ (1= B PO = @RIk )P () PaAC)
K
[ AP P - @ PPl )P aA)
D/K
< ulle [ (= 2Py Tlgu(e2)PdAG)
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HllulSoe /K(l — ) (" (2)P(1 = lo(2) )P~ dA(z)
+HU\\€01/D/K(1 = =) (" ()P (L = lo(2) P)PU 2 dA(z)

=< HUIIISO/D(l— |2[) 7P |gi((2))PdA(2)
HlullBeCllelgy  + llullt1Ce.

By using Lemma 1.1, we consider the following cases.
Case a € (0,1): Since |gr(¢(2))| < C||gk||Be, so

o)l < Cllulelanllse [ (1=1sF)"~PaA(2)
HlullZeClell, + lulz10e

< Nullllgrlizae + lulieClielpy  + llullg1Ce < Ce.

e
= 1: Si < ol ———
Case a = 1: Since |gx(¢(2))| < C||gk||Be In o) S0
P < p b 1— |22 (r—ap) 1 € PdA
[uCo(gk)lp,, < Cllullsllgxll /D( El (In -— \w(Z)P) dA(z)

HlullZeCllellpy + lullg1Ce

< Cllullgllgllzae + lullBeCllelyy + llullf1Ce < Ce.

ll gkl e
(1= lp(z)[2)-t

luCy (gl < C||u||€o||gk|]pa/m(1_|Z’2)(Tap)((l

HlullEeeClielpy  + Ilullte1Ce

Case a > 1: Since |gx(¢(2))| < C

SO

1
—le(z))e!

N

)PdA(2)

IN

CllullEllgrllgae + lulfecClielpy  + lullflCe < Ce.
Hence, |]uC¢(gk)H%p — 0 and uC,, is compact by Lemma 1.5. [

If we take @ = 1, from Theorems 3.1 and 3.2, we obtain the boundedness
and compactness criterions for weighted composition operators from Bloch to
Besov-type spaces.

If we take @« = 1 and r = p — 2, we obtain the following results about the
boundedness and compactness of weighted composition operators from Bloch
to Besov spaces.

THEOREM 3.3. Let ¢ be a holomorphic mapping of D into itself,
u€ H*(D), 1 <p < oo. Then
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HLP z oo (where z) = (1 —|z*)2 z) 1S
(1) 1 JolIn iy PAE) < 00 (uwhere d(z) = (1~ |=f2)2dA(2)

the Mobius invariant measure on D) and ¢ € BI}}, then uCy, : B — By is
a bounded weighted composition operator.

(2) If uCy, : B — B, is bounded weighted composition operator, then
¢ € Bh.

THEOREM 3.4. Let ¢ be a holomorphic mapping of D into itself,

w € H*D), 1 < p < oo. If [(In ————)PdA(z) = 0 and ¢ € B,

T p

then uCy, : B — B, is a compact weighted composition operator.

4. RELATION BETWEEN B, AND B,

Since analytic functions f in the unit disc D are also meromorphic in D,
we can study the class of meromorphic functions, provided that the ordinary
derivative of f is replaced by the spherical derivative f#, where

1f'(2)]
fF(z) = —L 20 z € D.
B =T rer
Take 0 < a < oo. The family of a—normal meromorphic functions in D is

denoted by N'® and is defined by

N = {f meromorphic in D : sup(1 — |2]?)*f#(z) < oc}.
zeD

We define

(5) [fllare = 21615(1 — )7 (2).

When o = 1, we obtain the family of normal meromorphic functions in D,
simply denoted by N.

Definition 4.1. For 1 < p < oo and —1 < r < 0o, we define the meromor-
phic (or spherical) Besov-type class, Bffr by

B;fr = {f meromorphic in D : /(f#(z))p(l — |2*)"dA(2) < oo}
D
We define
(©) g, = [P0 Rraae).

When 1 < p < oo and r = p — 2, we obtain the meromorphic (or spherical)
Besov class, simply denoted by Bf (see [1]).
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PROPOSITION 4.2. Take 1l <p < oo, -1 <r <ooand0 < a < oco. Let f
be a a—normal meromorphic function in D and sup,cp(1—|p(2)[>)P0"Y < co.

If g € Bl then foy € B,

Proof. Since ¢ € BZ]},T’ we have

ey, = [0 1P (e (Paae) <.
Then
£ ol = [ A=Y ((F o) )raAce)

o Lprle @R @I
= o G A

B v N 0 L
= [0l e RO o A

< /11K, /D(l— 2% (9" (2))P (1 = (=) P)P1 - dA(2)

< ClIfIE. /D (1= |22)7 (0" (2))PdA(2)

< ClIFIR, el < oc.

Thus, foyp € B;fr. O
If we take @ = 1, we obtain the following proposition:

PROPOSITION 4.3. Take 1 <p < oo and —1 <r < oco. Let f be a normal
meromorphic function in D. If ¢ € B{;ﬂ,, then foyp € B#T.
If we take o = 1 and r = p — 2, we get the following proposition, which

was stated in [10].

PROPOSITION 4.4. Take 1 < p < oo. Let f be a normal meromorphic
function in D. If p € BI},‘, then foyp € Bf.
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