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This paper considers a class of neutral impulsive stochastic integro-differential
inclusion with nonlocal conditions involving the Caputo fractional derivative of
order 1 < a < 2 in a Hilbert space. A new set of sufficient conditions for the
approximate controllability of semilinear fractional stochastic systems is derived
utilizing solution operator, stochastic analysis, fractional calculus and fixed point
theorem for a multivalued operator under the assumption that the corresponding
linear system is approximately controllable. An example is provided to illustrate
the derived theory at the end of the paper.
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1. INTRODUCTION

The investigation of stochastic differential equations has been picking up
much importance and attention of researchers due to its wide applicability in
science and engineering, for example, biology, mechanics, electrical engineer-
ing, physics, filtering of diffusion processes, optimal stochastic control and so
on. By utilizing numerous techniques, the existence, uniqueness, stability and
qualitative analysis of the mild solutions of stochastic differential equations
have been studied by many authors, see [12,13,25,29,30,35,45]. The theory of
fractional evolution equations or inclusions has been proven to be applicable to
problems arising in mechanics, viscoelasticity, electrical engineering, medicine,
electro-chemistry, control, biology, ecology, etc. Fractional evolution inclusions
are a kind of important differential inclusions describing the processes behav-
ing in much more complex ways on time which appear as a generalization of
fractional evolution equations through the application of multivalued analysis.
The fractional order models of real systems are always more adequate than the
classical integer order models, since the description of some systems is more
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accurate when the derivative of fractional order is utilized. For more details,
see the references [8-10,18-20,32,38,39,42,43].

The dynamics of many evolving processes are subject to sudden changes,
such as harvesting, shocks and natural disasters. These phenomena involve
short-term perturbations from continuous and smooth dynamics, whose dura-
tion is negligible in comparison with the duration of an entire evolution. In
models that involve such perturbation, it is natural to assume that these per-
turbations act instantaneously or in the form of impulses. As a consequence,
differential equations involving impulses have been developed in modeling im-
pulsive systems appearing in physics, ecology, population dynamics, industrial
robotics, optimal control, pharmacokinetics and so on. The change of the
water level of artificial reservoirs in environment sciences can be modeled as
an impulsive differential equation. For more study of impulsive equations,
we refer to monographs [3,23] and articles [2,5,8,9,11,19, 26, 38, 39,42]. On
the other hand, controllability is a very important concept which plays an
important role in both the deterministic and the stochastic control theories.
Generally, controllability implies that it is possible to steer a dynamical control
system from an arbitrary beginning state to an arbitrary last state utilizing
the set of admissible controls. In the case of infinite dimensional systems, two
essential concepts of controllability can be recognized, known as exact and
approximate controllability. This is emphatically identified by the fact that
there exist linear subspaces in infinite dimension, which are not closed. Ex-
act controllability enables to steer the system to an arbitrary last state while
approximate controllability implies that system can be directed to an arbi-
trary small neighborhood of final state. Especially, approximate controllability
gives the possibility of steering the system to states which form a dense sub-
space in the state space. Clearly, exact controllability is basically a stronger
notion than approximate controllability which means that exact controllabil-
ity implies approximate controllability but generally, the converse statement
is false. On the other hand, exact controllability appears rather exception-
ally in case of infinite dimensional systems. However, it should be noticed
that in the case of finite dimensional systems, notions of exact and approx-
imate controllability coincide. The approximate controllability of nonlinear
deterministic and stochastic systems is well studied by many authors in the
literature, see [1,2,4,14,17,18,20-22,24,26-28, 34,36,37,41,44-46].

In this paper, we consider the following neutral stochastic integro-differential
inclusions with nonlocal conditions in a separable Hilbert space (U; || -||y) with
the inner product (-,)y:

(1.1) CD?‘1[y'(t)—F(t,y(h1(t))7/0 a1(t, 7,y(ha(7)))dr)] €
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Ay(t) + Bu(t) + K(t, y(hs(t))) + G(t, y(h4(t)))%’, e J=(0,1],

(1.2) Ay(t) = Li(y(t:), Ay (t:) = Ji(y(ts)), i=1,---,m,
(1.3) y(0) +h(y) =y €U, y'(0)+g(y) =m €T,

where “Df* means the Caputo fractional derivative of order 1 < a < 2, 0 <
T < 00, A is a closed and densely defined linear operator on a common domain
in a Hilbert space U, the control function v € L%([0,T], H), a Hilbert space
of admissible control functions and B is a bounded linear operator from a
Banach space H to U. The functions F', G, K, hy, hsa, h3, hy h are appropriate
continuous functions to be specified later and h; € C(J,J), j =1,2,3,4.

The rest of the paper is organized as follows. Section 2 presents some
basic definitions of fractional calculus, notations, lemmas and theorems. In
section 3, the existence of the mild solution to impulsive neutral stochastic
control system (1.2)—(1.3) is shown by virtue of solution operator via fixed
point technique, stochastic analysis and functional analysis. Then, a set of suf-
ficient conditions proving approximate controllability of the system is formu-
lated with the assumption that the associated linear system is approximately
controllable. Section 4 provides an example illustrating the abstract results
that are obtained.

2. PRELIMINARIES

Throughout the work, the notations (U, || - ||u, (-, -)v) and (V, || ||v, (-, )v)
stand for the separable Hilbert spaces. The notation C(J,U) stands for the
Banach space of continuous functions from J to U with supremum norm, i.e.,
lylls = supses ly@)|l, V y € C(J,U) and L'(J,U) denotes the Banach space
of functions y : J — U which are Bochner integrable normed by ||y|[;1 =
fOT ly(t)||dt, for all y € L'(J,U). A measurable function y : J — U is Bochner
integrable if and only if ||y|| is Lebesgue integrable. The notation B(U) stands
for the Banach space of all linear bounded operator from U into itself with
norm

(2.1) 1fllzw) = sup{llf @) = [lyll <1}, ¥ f e B(U).

Let (2, F,P) be a complete probability space equipped with a normal filtration
F = F, t € [0,7]. A filtration F is a sequence of o-algebra {F;}+>0 with
Fi C F for each t and t; <ty = F, C Ft,. An U-valued random variable is
an JF;-measurable function y(¢) : @ — U and the space S = {y(t,w) : @ - U:
t € [0,7]} which contains all random variables is called a stochastic process.
In addition, we use the notation y(t) instead of y(¢t,w) and y(t) : J — U €
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S. We assume that {w(t) : ¢ > 0} is a V-valued Wiener process defined on
the probability space (2, F,P;F) with covariance operator (Q), where Q is a
positive, self-adjoint, trace class operator on V. Especially, w(t) denotes an
V-valued Q-Wiener process with respect to {F;}+>0. Let {e;}5°, be a complete
orthonormal basis of K and {\,,}72 ; be a bounded sequence of nonnegative real
numbers with Qe; = \;e;. Further, we consider a sequence 3; of independent
Brownian motions with

(w(t),e) =Y Anlen €)Bult), e €V, tel[0,T]
n=1

and F; = F}¥ is the o-algebra generated by {w(s) : 0 < s < t}. The sym-
bol L(V,U) stands for the space of all bounded linear operators from V into
U with the usual norm || - ||f,y) and L(U) when V = U. Suppose that
Fi = o{w(s) : 0 < s <t} is the o-algebra generated by w and Fr = F.

For defining stochastic integrals with respect to the Q-Wiener process
w(t), we consider the subspace Vo = QY2(V) of V with the inner product
(z,y)v, = (Q 22,97 Y2y)y. Tt is easy to verify that Vy is a Hilbert space.
Let L = L*(Vy,U) be the space of all Hilbert-Schmidt operators from Vq to
U with the following norm

lell?s = Tr((0Q"?)(9Q'/?)"), for any o € L§.

For any bounded operators ¢ € L(V,U), it is clear that the above norm
can be reduced to Hcp||%2 = Tr(pQp*). The notation L?(Fr,U) stands for
0

the Banach space which contains all Fp-measurable square integrable random
variables with values in the Hilbert space U. The notation C([0,T]; L?(F,U))
represents the Banach space of continuous maps from [0, 7] into L?(F,U) that
satisfies the condition sup,cp ) Elly(?) |> < oo, where E denotes the integration
with respect to a probability measure P i.e., By = [, ydP.

Let C = C([0,T)],U) be the closed subspace of C([0,T], L*>(F,U)) consist-
ing of measurable and JFi;-adapted U-valued stochastic processes
y € C([0,T], L*(F,U)) endowed with the norm ||y||c = (Supseo,7] EHy(t)H%)lp.
It is easy to verify that (C,| - ||c) is a Banach space. For a basic study on
stochastic differential equation, we refer to the book [13].

To set the structure for our primary existence results, we give the follow-
ing definitions.

Definition 2.1. The Riemann-Liouville fractional integral operator J of
order 8 > 0 is defined by

1

(2.2) "R = 5o /O (t = )P F(s)ds,
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where F € L1((0,T),U).
Definition 2.2. The Riemann-Liouville fractional derivative is given as
(2.3) RLpﬁF( ) =D PR({), m—1<B8<m, meN,

where Dy* = 4% F e L'((0,T),U), B3P F € W™'((0,T),U). Here the
notation W™1((0,T),U) stands for the Sobolev space defined by

(2.4) W™L((0,T),U) = {yeU:3ze LY(0,T), Z dkk‘

tmfl
oo (), te(0,T)).

Note that z(t) = y™(t), di, = y*(0).

Definition 2.3. The Caputo fractional derivative is given as

1 t
M/ (t — S)m_ﬁ_lFm(S)dS, m—1 < /B < m,
- 0

where F' € C™~1((0,T),U) N LY((0,T),U).

Definition 2.4. Let A: D(A) C U — U be a closed linear operator. The
operator A is said to be sectorial operator of type (M, 0, a,w) if there exist
constants w € R, 0 < 6 < w/2; M > 0 such that

(i) The a-resolvent of A exists outside the sector w + Sy = {w+A*: X €
C, |Arg(-2%)] < 0},

(i) [RO* A = [ = A) 7Y < g, A ¢ w+ S

If A is a sectorial operator of type (M, 0, a,w), then it is easy to see that
A generates an a-resolvent family {Rn(t) : ¢ > 0} in a Banach space, where
Ra(t) = 55 [ eMR(A™, A)dA. For more details, see [39].

LEMMA 2.1 ([39]). Suppose that A is a sectorial operator of type
(M,0,c,w) and f satisfies the uniform Holder condition with the exponent
B € (0,1]. Then, the unique solution of the Cauchy problem

(2.5)  °DPF(t) =

(2.6) D%(t) = Ay(t)+ f(t), t€[0,T], 1 <a<2,
(2.7) y(0) = wel, y(0)=yel,
s given by

(2:8)  y(t) = Ta(t)yo + Ka(t)y1 + /0 Ra(t —5)f(s)ds, t €[0,T].

The operators T, (t), Ko(t) and Ro(t) are defined as

Ta(t) = i / eMATIR(AY, A)d,
C

21
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1 At ya—2
o) = — > A)dA,
Kolt) = g [ N2ROC A
_ L At o
(2.9) Ralt) = 5 /C MR(AY, A)d),

where C' is a suitable path such that \* ¢ w + Sy, A € C.
We use the symbol P(U) for the family of all subsets of U and denote

Pa(U) {Z e P(U): Z is closed},

Pra(U) = {Z e P(U): Zis bounded},

Pey(U) = {Z e P(U): Zis convex},
(2.10) Pep(U) = {ZeP(U):Zis compact}.

We now present a few facts on multi-valued operators.

The multi-valued operator T : U — P(U) is called convex (closed) valued
if Y(x) is convex (closed) for every x € U. If T(F) = U,erY(z) is bounded in
U for all F' € Ppq(U), i.e., sup,cp{sup{||y|| : y € Y(2)}} < oo, then map T is
bounded on bounded sets. A multi-valued map Y : U — P(U) is called upper
semicontinuous (u.s.c.) if, for any u € U, the set T(u) is a nonempty closed
subset of U and if for each open set G of U which is contained Y (u) and there
exists an open neighborhood N of u such that T(N) C G. The map Y is called
completely continuous if Y(G) is relatively compact for every bounded subset
of G C U. If the multi-valued map T is completely continuous with nonempty
compact values, then T is u.s.c. if and only if T has a closed graph, i.e., z, — z,
Yn = Y, Yn € Y(zn) = y € T(z). The map T is called completely continuous if
Y (F) is relatively compact, for every bounded subset F' C U. A multi-valued
function YT : [0,7] — P is said to be measurable if, for each y € U, the
function Y : [0, 7] — RT given by Y(¢) = d(y, Y(t)) = inf{d(y,2) : z € T(t)} is
measurable.

Let us consider Uy : P(U) x P(U) — RT U{oc} defined by

Uy(G, H) = max{sup d(g, H), sup d(G, h)},
gea heH

where d(G,h) = inf>_~ d(g,h) and d(g,U) = inf;_7 d(g,h). Note that
(Ppa,c1(U),Ug) is a metric space and (P (U, Ug) is a generalized metric space.
The map Y has a fixed point if there exists a y € U with y € T(y). For more
study on multi-valued maps, we refer to the book [15].

Definition 2.5. Let T : U — Ppq(U) be a multivalued mapping. Then,
T is called a multivalued contraction if there exists a constant u € (0,1) such
that

(2.11) Ua(T(x) = Y(y)) < pllz = yllu,
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for each z,y € U. The constant p is called a contraction constant of Y.

Definition 2.6. The multi-valued map G : [0,T] X U = Ppg.c1,e0(L(V,U))
is called L2-Carathéodory if

(a) The map ¢ — G(t,y) is measurable for each y € U;

(b) The map y — G(t,y) is u.s.c. for almost all t € J;

(c) There are a continuous function Wg € L([0, T]; Ry ) and a continuous
nondecreasing function O¢ : [0,00) — (0, 00) such that

(2.12) |Gt )3 = sup Elgl? < Wa(t)Oc(||z]|3), and for ae. t € J.
geG(t,z

Thus, we have the following result stated as
LEMMA 2.2 ( [15]). Let U be a Hilbert space and I be a compact interval.

If G is a L?-Carathéodory multi-valued map with Nay # 0 and Y is a linear
continuous mapping from L?(I,U) to C(I,U), then the map

(2.13) T oNG : C(I,U) = Pepen(U), ur (YoNg)(y) = T(Nay),

is a closed graph operator in C(I,U)xC(I,U), where Ng,, denotes the selectors
set from G defined as
(2.14)

g€ Ngy=1{g€ L*I,L(V,U)): g(t) € G(t,y(ha(t))) for a.e. t € [0,T]}.

Next, we present the definition of the mild solution to the problem (1.2)—
(1.3) based on the papers [19] and [39].

Definition 2.7. An Fi-adapted stochastic process y € C is called a mild
solution of the problem (1.2)—(1.3) if, for each control L%([0,T], H),
(i) yo, h € Ly(9,C);

(i) »(0) + h(y) = yo, ¥'(0) + 9(y) = y1;
(iii) y(t) € U has cadlag paths on t € [0,T] a.s., and there is a function
g < NG7y(h3 ) such that

y(t) € Talt)lo — hy)] + Ka(t)l1 — g(y) — F(0,y(h(0)).0)]

/ Tt — 5)F (s, y(h (s)), / a1(s, 7 y(ha(r)))dr)ds

+/ Ra(t—s)Bu(s)ds—i—/O Ralt — 8)K (s, y(hs(s)))ds
/ Ra(t—s)g(s)dw(s) + > Talt (y(t:))

0<t;i<t

+ Y Kalt —t:) Jiy(t:), tel0,7T).

(2.15)
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The symbol y(¢;u) denotes the state value of the system (1.2)—(1.3) at
time ¢ corresponding to the control u € L%([0,T], H). Particularly, the state
of system (1.2)—(1.3) at t =T, y(T;u) is called the terminal state with control
u. We consider the space

RS(T) = {y(Tsu) : u(-) € L%((0,T], H)}

which is known as the reachable set of (1.2) at the terminal time 7. Here
L%([0,T), H) is the closed subspace of L%([0,T] x €, H) which consists of all
JFi-adapted, H-valued stochastic processes.

Definition 2.8. The system (1.2) is said to be approximately controllable
on the interval [0, T] if RS(T) = L*(Fr,U), where RS(T) denotes the closure
of the reachable set.

Now, we consider the following notations

e

t
rr = / Ro(T — 8)BB*R.(T — s)ds, ¢ €[0,T),
¢

t
ry = / Rao(T — s)BB*R(T — s)ds,
0

(216) R(s,TT) = (xI+TD),
where B* denotes the adjoint of B and R}, (t) is the adjoint of Ry (). It is

simple to show that the operator Fg is a linear bounded operator.

LEMMA 2.3 ( [27]). The linear integro-differential Cauchy problem cor-
responding to system (1.2)—(1.83) is approzimately controllable on [0,T] if and
only if KR(H,F?) —0,0< (< s<Task — 07 in the strong operator
topology.

LEMMA 2.4 ( [20]). For any gr € L?(Fr,U), there exists
& € D20 T2([0, T), 1)) with gr = Bgr + 7 &(s)du(s).

Now, for any x > 0 and 7 € L?(Fr,U), we define the control function

T
(2.17) w () = B*RE(T — t)(wl + TT) " | gy + /0 $(s)dw(s)

= Ta(T)(yo — My)) — Ka(T) (y1 —9(y) — F(0,y(h1(0)), 0))]
T
— B*RA(T — t)/ (kI +TH™ITU(T - )
0

x F(s,y(hi(s)), /OS ay(s, 7,y(ha(7)))dr)ds — B*R(T —t)
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X /T(u + T IR(T — s)K (s,y(hs(s)))ds — B*RL(T —t)
0

T
« / (kI +TT) 'R (T — 5)g(s)duw(s)
0

= BRLUT —t) > (kI + T TalT — i) Li(y(t:)
o<t <t
—B*RL(T—t) > (kI +TT) 'Ka(T—t:)Ji(y(t:)), t€[0,T].
o<t;<t
Now, we present the following fixed point theorem (Nonlinear alternative
of Leray-Schauder type for multivalued maps due to D. O’'Regan) which will
be used to prove existence results.

LEMMA 2.5 ( [33]). Let U be a Hilbert space with V' an open, convex
subset of U and yo € V. Assume

(1) ¥ :V — P.y(U) has closed graph, and

(2) O :V — Puy(U) is a condensing map with U(V) a subset of a bounded
set in U hold. Then either

(i) ¥ has a fized point in V, or

(ii) There existy € OV and X € (0,1) withy € AV (y) + (1 — X){yo}-

3. MAIN RESULTS

Before expressing and demonstrating the main result, we assume the fol-
lowing assumptions to establish the required result.

(A1) The operators T4 (t), Ko(t), Ra(t),t > 0 generated by A are compact in
D(A) and

sup || Ta(t)]| < M, sup [[Ka(t)| <M, sup [Rall <M.
te[0,7 te[0,T] te[0,T

(A2) (i) The function F' : [0,7] x U x U — U is a continuous function and
there exists a positive constant Ly > 0 such that

|F(t,ur,v1) — F(t,ug,v2)||* < Le[|lur — o1 ||ty + lluz — v2|[3],

for all uy,v1,uz,v2 € U and ¢t € [0,7] and Dy = supyecp 7 |EF(t,0,0)]|%
with E|ju;]|? < oo, Ellv;||? < oo for i = 1,2.

(ii) The map ay : D; x U — U is a continuous mapping and there exists
a positive constant L,, such that

t
”/0 [al(tvs’zl) - al(tv‘S’Z?)]dSH% < LalHZl - ZQH%J’



274 A. Chadha and S. N. Bora 10

for all 21,2, € Uand ¢ € [0,T] with £} = T'sup( gep, llai(t; s, 0)||3 and
M2Lp[1+ (1+2L,,)] < 1, where Dy = {(t,s) € [0,T] x [0,T] : t > s}
and E||z|* < oo .

(A3) The multivalued map G : J X U = Ppqc1co(L(V,U)) and the map K :
J x U — U are L?-Carathéodory functions such that
(i) The map G(t,-) : U = Ppgci.eo(L(V,U)) is us.c. for each ¢t € [0,T]
and G(-,y) is measurable for each y € U. Then, the set
Na.. = {0 € L*([0,T], L(V,U)) : o) € G(t, z(hs(t))) for a.e. t € [0,T]}

for fixed z € C, is nonempty;
(ii) There exists a continuous function mg : [0,7] — [0,00) and an
increasing function Wg : R — (0, 00) such that

IG(t, 2)lIty = sup{llgllfs : g € G(t,2)} < ma(t)We (E]2]),
a.e. t€[0,7], z € U.

(iii) There exists a continuous function mg : [0,7] — [0,00) and an in-
creasing function Wg : R — (0, 00) such that

(3.1) 1K (1, 2) | < mx (WK (E|z|?), ¥ z€U, teJ,
0 ds
and fO W < 00.

(A4) h,g:U — U are completely continuous functions and there exist positive
constants C1,Ca, C3 and C4 such that

Ih)IE < CE[2lIE +Ce,
(3.2) lg()1* < C3Elzllf +Ca, 2 €.

(A5) I;,J; : U — U are continuous functions and there exist constants
Ly, Lj, > 0 such that

I7:(2)1I?
17:(2)1I?

Ly, (Ell2]),
Ly, (E|2]?).

THEOREM 3.1. Let us assume that (A1)—(A5) are satisfied, then the sys-
tem (1.2)-(1.3) has a mild solution on [0,T)].

<
<

Proof. To prove the theorem, we first define the operator ¥ : C — C by
Wy the set of p € C such that

(3.3) p(t) = Ta(t)lyo — h(y)] + Ka(®)ly1r — 9(y) — F(0,y(71(0)),0)]

/ Talt — $)F(s, y(h(s)), / ar(s, 7, y(ha(r)))dr)ds
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+ / Rt — 5)Bu(s)ds + /0 Rt — $)K (5, y(hs(s)))ds
/Rt—s dw(s)+ 3 Talt—t)Liy(t:)

0<t;<t

£ ST Kalt— t)hily(t), te[0,7),
0<t;<t
where g € Ny = {9 € L*(L(V,U)) : g(t) € G(t,y(hs(t)) ae. t €
[0,7]}. Tt is clear that the map W is a well defined map from C into P(C) by
using the facts that F), g, K, h are continuous functions. In order to show that
there exists a mild solution for the problem (1.2)—(1.3), it is sufficient to prove
that ¥ has a fixed point. We establish the proof through the following steps.

Step 1. We show that there exists an open set V' C C with y € AWy for
A€ (0,1) and y € 9V. Let y € C. Then, there exists g € N y(ny (1)) such that

(34) y(t) = ATa(t)lyo — h(y)] + Aa(t)y1 — 9(y) — F(0,y(h1(0)),0)]

S

E(t—s)F(s,y(hl(s)),/ ai(s,7,y(ha(7)))dr)ds+A | Ru(t—s)B
0 0 0

T
X {B*RZ(T —t)(w] +T6) 7" | Egr +/0 B(s)dw(s)=Ta(T) (yo—h(y))

— Ku(T) (yl —g(y) — F(0,y(h1(0)), 0))]
T
— B*RY(T —t) / (kI +TTY7IT(T - 5)
0
x F(s, y(hl(s)),/o a1 (s, 7,y(ho(7)))dr)ds — B*R:(T —t)
X /T(;@I + T TIRAT — 8)K (s,y(hs(s)))ds — B*RA(T — t)
0

T
x / (KT + TT) IR (T — )g(s)duw(s)
0
— B*RX(T —t) Z (kI +T) " Ta(T — t:) Li(y(L:))

0<t; <t

—BRLUT—1) > (/‘GIJFFST)1/Ca(T—ti)Ji(y(ti))}d3

o<t; <t

+ )\/O Ra(t —s)K(s,y(hs(s)))ds + )\/0 Ra(t —s)g(s)dw(s)
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FA D Talt =t Ly () + X Y Kalt —t)Ji(y (1)), t €[0,T).

0<t;<t 0<t; <t

Therefore, we get

Elly(t)|I*

§8{EH7;(t)[yo — B +E[Ka(H)y1 — g(y) — F(0,y(h1(0)),0)]|>
t s
JrlEl/0 E(t—S)F(s,y(hl(S)),/o ar(s, 7, y(ha(r)))dr)ds|?

+EH/OtRa(t—s)B{B*RZ(T—t)(mI—i—FOT)_l EQT—s—/OTqB(s)dw(s)

— Ta(T)(yo — h(y)) — Ka(T) (yl —9(y) — F(0,y(h1(0)), 0))]
T
~BRE(T — 1) / (kI + TTY1T(T — s)
0
x F(s, y(hl(s)),/o a1(s,7,y(ha(7)))dr)ds — B*R.(T —t)
T
X /0 (kI + T TIRAT — $)K (s,y(h3(s)))ds — B*R(T — t)

T
X / (kI + Fg)flRa(T — s)g(s)dw(s)
0

“BRAUT 1) 3 (6T + T T — )T y(1)
0<t;i<t

—BRLUT —1t) > (kI +TT) ' KalT - ti)Ji(y(ti))}ds
0<t; <t

+E| /0 Ralt — $)K (s, y(hs(s)))ds|? + E| /0 Ralt — s)g(s)duw(s)|?

+ Y EITalt —t) L )P+ > IEHICa(t—ti)Ji(y’”(ti))H?},

0<t;<t 0<t;<t

(3.5)

<8

207 (Ellyol|? + CiElly|1? + C>) + 33 (Elly | + CsElly|> + Cs

+ 2(LpE|ly|2 +D1)) + M>T? [2Lp (1 + 2L, JE|ly||* + AL L}, + 2D
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+MB/ Rt - 3)| yds/ [Ralt — )19 L agar
X {|’EQT+/O (s)dw(s)[|* + 2M2(Eyo||f + CLE||y|3 + Cs) + 30>

x (Ellya |} + CoElly I + Ca + 2(LrE| gl + D) + )

+ MPT? [2LF(1 +2La))E||y|? + 4LpLL, + 2]]3)1]

— T —~ T
+ M*T? [ mg(s) Wi (E|ly(s)||*)ds + MQTT(Q)/ ma (s)Wa(Elly(s)[|*)ds

0

M2ZL1 HyIIU+MQZLJ Hy||U}ds+/ [Ra(t — s)|ds

=1 =1

x / IRa(t — IE|E (s, o7 (hs(s)))|ds + / [Ra(t — 5)|2Ellg" () ]2ds

+ ) Tt = ) IPEILE)I + Y I1Kalt — ) IPElJi(y(t '))II]7

o<t; <t 0<t; <t
(3.6)

<8| 202 (Ellyo2 + GiElly| + C2) + 332 (E|lys | + GE|lyl* + Ca

+2(LpE|y|? + ID>1)> + M2T? [QLF(I +2La)) Iyl + 4LrLY, + 2@1}
— 1 — T —
' 9M§M2T2EQM%M2{HE.@T + [ bl + 232 ol
0

+ Cllylly + Cs) + 30 (Ellya I3 + Collyll? + Ca + 2Lyl + Dr) + )

+ MPT2 2L (1 + 2L, ) lyllf + AL LY, + 2D

+M2T2/ mK(S)WK(EHy(S)Hz)derMQT?"(Q)/ ma(s)Wa(|ly(s)|*)ds

+M2ZL1 HyHU_"MQZLJ \Iyllm}+M2T2/ m ()W (Elly(s)[)ds
=1 =1

+ M*Tr(Q /mc IWa (Elly(s)] )d8+M22L1 HyIIU+M2ZLJ Hyllru],

i=1 =1

M M2T2M
S /mK Wi (Ely(s))ds
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. M2Tr(Q)TM

1-L /0 ma(s)Wa (Elly(s)[*)ds,

where
M = 167M2(E||yo||*U+Ca) + 24 M (E||ya || +Ca+2D1) + 16M>T2 (2L p L}, +Dy)
TOMAMAT? [ T .
+ S (B + [ d(s)du(o)]? + 23 ol +C2)
0
+3MP(E|ly1 |} + Ca + 2D1) + MPT*(LpL}, +2D1) + M1

T . T
x / i (5) Wi (Elly(s)|)ds + N2Tr(Q) / m(;(s)WG(Euy(snP)ds),
0 0

cem

L= max {161\7201 + 24M?C3 + 48M>Ly + 16 M>T? L (1 + 2Ly,
=1,

T2MAMAT?
+ -2

2

(2]\7201 +3M?(Cs + 2Lp) + 2M>*T?Lp(1 + 2Ly,)
K

+ MQ i(LL + LJz)) + M2i(LIz + LJz)}

i=1 i=1
Denoting by ((¢) the right-hand side of the inequality (3.6), we have
(3.7) n(t) < ¢(1),
where 7(t) = supyepo, 1 E|y(s)||3 for t € [0,T] and ¢(0) = %. Moreover,
22N 72 Vi
¢ = A OWicl(0) + T L g0 Wa(a(o),
N2 2R 172 Vi
L cowico) + g wa ),
(3.8) < mi(6)[Wk(C(1) + Weal(C(®))], t € [0,T].

where m*(t) = maX{MffTHEJMmK = me(t)}. This gives

(3.9)

[ i < [ mons < [ 0.7
< [ m(s)ds < < oo, t€l0,T).
) Wk(s) +Wals) 0 ) Wk(s) + Wa(s)

The above inequality demonstrates that ((t) < oo, i.e., there exists a constant
L such that ((t) < L for t € [0,T], where £ depends upon constants ]\7, T and
functions Wi, W, mg, mg. Hence n(t) < L. In addition, we conclude that
ly(®)[|* < n(t) < L, t € [0,T]. Therefore, there exists r such that [|y||Z # r.
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Set V.= {y € C:|y|3 < r}. From the choice of V, there is no y € OV such
that y € AWy for each 0 < X < 1.

Step 2. U has a closed graph. Let v, — %, pn € Yy, yp € V and
Pn — p«. We show that p, € Uy,. Now, p, € Yy, implies that there exists
In € NGy, (hs(t)) Such that

(3.10)

pn(t) = Ta()[yo — h(yn)] + Ka()[y1 — 9(yn) — F(0,y5(h1(0)),0)]

s t

+/0 n(t—s)F(s,yn(hl(s)),/o (5. (o)) st [ Roft=2)B

T
x {B*RZ(T —t)(kI +T3)7 EQT+/0 (s)dw(s) = Ta(T)(yo—hlyn))

— Ko(T) (yl = 9(yn) — F(0,yn(h1(0)), 0))]
T
_ BRE(T — 1) / (kI + TTY 1T (T — s)
0
X F(s,yn(h1(s)), /OS a1(s, T, yn(ha(7)))d7)ds — B*R.(T —t)
X /T(u + T IRAT — $)K (5, yn(h3(s)))ds — B*R:(T —t)
0

T
></ (kI +TT) 'R (T — 5)gn(s)duw(s)
0

— B*R:(T —t) Z (KI + T T(T — ) Li(yn ()
0<t;<t

— B*"R(T' —t) Z (kI +T3) " Ka(T - ti)Ji(yn(ti))}dS
0<t;<t

+ /0 Ra(t — $)K(s,yn(hs(s)))ds + /0 Ra(t — 8)gn(s)dw(s)

+ Y Talt —t)L(ya(t) + Y Kalt — ) Ji(ya(t:)), t € [0, 7).

0<t;<t 0<t; <t

We must prove that there exists g, € /\/'G%(hs(t)) such that
(3.11)

px(t) = Ta(t)[yo — h(y«)] + Ka(t)[y1 — 9(y«) — F(0,4(h1(0)), 0)]
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+/07;(t—S)F(s,y*(hl(s)),/Osal(s,T,y*(m(T)))dT)ds+/O Rut— 5)B

T
X {B*RZ(T — (kI +T0) 7" | Egr + /0 $(s)dw(s) = Ta(T)(yo — h(ys))—

Ka(T) (y1 = 9(y) — F(0, 5 (h1(0)), 0))]
T
— B*R(T —t) / (kI +TH™T/(T - )
0
X F(s,y«(h1(s)), /Os a1(s, T, y«(ha(7)))dr)ds — B*R:(T —t)
X /T(u + T IRA(T — 8)K (5,y4(h3(s)))ds — B*RA(T — t)
0

T
></ (kI +TT) 'R (T — 5)g(5)duw(s)
0

—B*RL(T —t) Y (kI +T7) 7 TalT = ti)Ti(ya(t:))

o<t <t

—B*RL(T —t) Y (kI +T7) " Ka(T - ti)Ji(y*(ti))}ds

0<t;<t
+ /0 Ra(t — s)K(s,y«(hs(s)))ds + /0 Ra(t — $)g«(s)dw(s)
+ ) Talt =)Ly (t) + D Kalt = t:)Ji(ys(t:)), t € [0,

0<t;<t 0<t; <t

Now, for every ¢ € [0,T], we have
(3.12)

pn(t) = Ta(t)[yo — h(yn)] — Ka()[y1 — 9(yn) — F(0,yn(h1(0)),0)]

/0 (t — s)F(s,yn(h1(s)), /08 a1(s, T, yn(ha(7)))dr)ds /0 Ra(t —s)B

T
x {B RE(T — t)(kI + )| Egp +/O ¢(s)dw(s) — Ta(T)(yo — h(yn))

T
= (D) (11 =9(02) = F0,2(12(0)),0)) | - B R, (@ =0)f (< +TT) 1 To(T—5)

0
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X F(s,yn(h1(s)), /OS a1(s, T, yn(ha(7)))dr)ds — B*R.(T —t)

T
« /0 (KT + TT) YR (T — $)K (5, yn(hs(s)))ds
—B*RL(T —t) Y (kI +T7) 7 TalT — ti) i(yn(t:))

0<t;<t

~BRUT 1) 3 (kI +TT) Kl — mJi(yn(ti))}ds

0<t; <t

t
— [ Ralt = K solha(s))ds = 3 Talt = ) i(o)

0<t;<t

= D Kalt = ti)Jilyn(t:) — <p*(t) = Ta(®)lyo = 1(y:)] = Ka(t)[y1 — 9(y:)

0<t; <t

— F(0, 5. (1 (0)),0)] - /0 Talt — 8)F (5, 35 (R (5)), /0 " a1(5, 7,y (ha(r))dr)ds

- /t Ra(t — s)B{B*R;(T — ) (I + T Egr + /T d(s)dw(s)
0 0

— TalT) (w0 = () = KalT) (11— 9(11) —F<o,y*<h1<o>>,o>)]

s

T
 BRE(T—1) /0 (KI+TTY T (T — ) (s, 3o (b1 (5)), /0 a1(5, 7, 3o (ha(7)))dr)ds

T
~ BRA(T — 1) /O (KT +TT) I RA(T = 8)K (5, ya (ha(s)))ds

— B*R(T — t) Z (kI + T ITU(T — t) Ly« (t:))

0<t;<t

“BRYUT 1) 3 (kI +T7) Ko (T — mJi(y*(ti))}ds

0<t; <t

—/0 Ralt = $)K (s,y:(hs(s))ds — > Talt — ti)Li(y«(t:))

0<t;<t

- ) Kalt- ti)Ji(y*(ti))> H — 0, as n — 00.

o<t; <t



282 A. Chadha and S. N. Bora 18

Define the linear continuous operator Z : L%([0,7],U) — C([0,T],U) as

(3.13) Eg(t) = /0 t Ra(t—s)BB*R:(T—t)

T t
X (/ (/<aI+F8T)_17€a(T—s)g(s)dw(s)) ds—i—/oRa(t—s)g(s)ds.

0
From Lemma 2.2, it follows that Z o AN is a closed graph mapping. By the
definition of =, we also have that, for ¢ € [0, T

(3.14)
pn(t) = Ta(t)[yo — h(yn)] — Ka(B)[y1 — 9(yn) — F(0,yn(h1(0)), 0)]

t

— Ta(t — s)F(s,yn(hi(s /alsT,yn (ha(T des—/R (t—s)B
0

o

x{B*R*(T—t)(nHPT) Ey:r+/ d(s)dw(s) — Ta(T)(yo — h(yn))

— Ka(T) (31 —g(yn>—F(O,yn<h1<o>>,o>)]

S

T
~ BRA(T—1) / (KI+TT) YT (T— 8) F (s, yn(h1(5)), / a1(5, 7, yn (ha(7)))dr)ds

0 . 0
— B*RL(T —t) /0 (kI + TYTIRAT — 5)K (s, yn(h3(s)))ds

— B*RE(T — t) Z (kI + T ' TUT — ) Li(yn(t:))

0<t;<t

—BRLT —t) Y (kI +TT)  KCa(T — t:)Ji(yn(t 1))}ds

0<t; <t

/R (t = $)K (5, yn(hs(s))ds — 3 Talt = ) i(ya(t:))

0<t; <t

- Z Ica t_ti i yn(tz)) € E(Nyn,G)'
0<t;<t
Since yn, — y«, for some gi € Ny, (hy(1)), thus we have

(3.15)
px(t) = Ta(t)[yo — h(y)] = Ka(®)[yr — 9(yx) — F(0,5:(71(0)), 0)]
/0 (t — s)F(s,y«(h1(s)), /0 a1(s, T, y«(ha(7)))dr)ds —/0 Ra(t —s)B
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T
X {B*RZ(T — (kI +T3) 7" | Egr + /0 (s)dw(s) = Ta(T)(yo — h(ys))

T
_BRE(T—t) / (kI+TT) VT (T—s)

= Ka(T) (31 -9(5:) ~ F (0, (11(0)),0)) O

X F(s,y«(h1(s)), /OS a1 (s, T, y«(ha(7)))dr)ds — B*R.(T —t)

T
« / (KT + TT) IR (T — $)K (5, ya (hs(s)))ds
0

= B'RYUT — ) Y (KL +T9) 7 Ta(T — ti) Li(ya(t:)

0<t; <t

“BRLUT 1) Y (kI +T7) KT — ti>Ji<y*<ti>>}ds

o<t; <t

t
—/0 Ra(t = $)K (s,y:(hs(s)))ds — > Ta(t — ti)Li(y.(t:))

0<t; <t

— > Kalt —ti) Ji(ya(t:)) /R (t — s)g«(s)dw(s)

0<t; <t
+ /t Rt — $)BBRE(T — 1) (/T(VJ +TT) R (T — s)g*(s)dw(s)> ds.
0 0

Therefore, ¥ has a closed graph.

Next, we are going to show that the operator ¥ is condensing. To this
end, operator ¥ is decomposed as ¥; + Wy, where the map ¥; : V — C be
defined as W1y, the set p; € C such that for t € [0,7],

el = KOROy0).0
(310 + [ Tate = 9B uttn o). [ o mathatr)iras,
and the map ¥ : V — C be given by Way, the set pp € C such that
palt) = Ta(®)lyo — h(y)] + Ka(Olyr — gy / Ra(t — ) Bu(s)ds
(3.17) /R (t — $)K (5, y(ha(s ds+/R (s)dw(s)
+ Y Talt—t) + Y Kalt —t:)Ji(y(t:)), t € [0,T).

0<t;<t 0<t;<t
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Now, we prove that W; is a contraction while Uy is a completely continuous
operator.

Step 3. Wy is a contraction on C. Let t € [0,7] and y*,y** € C. Then,
we have

W1y ()~ W1y™ () < 2K [FO0,5" (1 (0)),0) = F(0,™ (1 (0)), 0]
2 [ Tatt =) < Pl (o). [ artomy (a(r)))an
= Pl (), [ s,y (ot

< 2M2Lp|luy — ug||? + M?T?*Lp[1 + 2Lq, ] |lu1 — us|2,
(3.18) = M?Lp[1 + (1+2Lg,)] ¥ |luy — usl|2.

Y

Taking supremum over t and getting
(3.19) W1y — Ury™|fe < M2Lp[l + (1 +2Lq,)] % [Jur — a2,

where MZLF[I + (14 2L,,)] < 1. Hence, we conclude that ¥; is a contraction
on C.

Step 4. ®q is convex for each y € V. Let py, p2 € Uay. Then there exist
g1,92 € NG,y(hg(t)) such that

i) = Taldlyo — h(y)] + Ka(®)] /R (t - 5)Bu(s)ds

+ / Rt — $)K (5, y(hs(s)))ds + / Ralt — 8)g;(s)duw(s)
(3.20) + > Talt—t) + Y Kalt—t)Ji(y(t:), =12,

0<t; <t 0<t;i<t

for each t € [0,T].
Let p € [0,1]. Thus, for each ¢ € [0,T], we get

(3.21)
pup1(t) + (1 — w)p2(t) < Ta(t)[yo — M(y)] + Ka(t)[y1 —
‘R (t
0

9(y)]
T ~
+ —5) x {BB*R* (T —t)(kI + T Egr + / b(s)dw(s)
0

(07

= Ta(T)(yo — My)) — Ko(T) (y1 —9g(y) — F(0,y(h1(0)), 0))]
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T s
— BB*RZ(T—t)/ (kI + FST)*LEX(T—S) x F(s, y(hl(s)),/al(s,T,y(hg(T)))dT)ds

0 0

_ BB*RE(T — 1) x /OT(FJ FTT) IR (T — 5) x K (s, y(hs(s)))ds

T
— BB*R;(T — 1) x /O (5] + T Ra(T = 8)[ugi (s) + (1 = )ga(s)]dw(s)
—BB*RLUT —t) x Y (kI +TT) ' T(T = ;) Li(y(t:)) — BB*Ry(T — 1)

0<t; <t

X Z (kI + T (T - ti)Ji(y(ti))}ds —i—/o Ra(t — s)K(s,y(hs(s)))ds

o<t;<t
+ /0 Rat = 8)(ug1(s) + (1 — wga(s))dw(s) + S Talt — ) L(y(t:)
o<t; <t
+ Y Kalt—t:) Jiy(t)).
0<t; <t

Since N y(hy(¢)) 18 convex, therefore pp1 + (1 — u)pa € Ng y(ns(t))- Hence,
Api -+ (1— N € Uy,

Step 5. W9 maps V into an equicontinuous family. Let t1,t2 € [0,T] with
0 <ty <ty <T and € > 0. Then we have for each y € V' and py € Way, there
is g € Ng y(hs(t)) such that

= Tal®lyo — h(y)] + Ka(®)lys — gy /R (t - $)Bu"(s)ds

+/ ’R,a(ts)K(s,y(hg(s)))der/ Ra(t — s)g(s)dw(s)
(3.22) + > Talt—t) + Y Kl (y(t;)), t € [0,T).

0<t;<t 0<t;<t

Then, we have

(3.23)

Ellpa(t2) — p2(t1)lIfy < 13{E|[Ta(t2) = Ta(t)]lyo — R(w)]IIH

to

+E[[Ka(tz) = Ka(tr)llvr — 9@l +Ell [ Raltz — s)Bu”(s)ds||f

t1

t1— E t1
+EH/ (ts — 8) — Ra(ti — )| Bu(s)ds|2 + B [ [Ralts— )

t1—e
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— Ralty — )| Bur(s)ds|2 + El| [ Ralts — s)K (s, y(ha(s)))ds]|2

t1

+E| / a (t2 = 5) = Ralts — $)1K (s, y(hs(s)))dsl[?

B [ [Rata =) = Ra(tr = 5)] x K (s,p(ha(s) sl
+E] | “Ralts - $)g(s)du(s)[2, + B /0 Rt - 9)
t1

— Ra(t1—5)]g(s)dw(s)|7, +E| . [Ra(ta—s) = Ra(ti—s)lg(s)dw(s)]|7,
+E| D [Talta = t) — Talts — ) Ly (t:) I

o<t;<t
+E| Y [Kalts —ti) = Kalts — ti)]Ji(y(ti))Hl%}a

0<t; <t

§13{2H7&(tz) — Ta(t) P Ellyol|§ + C1r + C2) + 2| Kaltz) — Kalt)|* (w1l
to
+c3r+c4)+M;J\72(t2—t1)/ B[ (s)|2ds
t1
t—e
+ Mzt —€) / [Ra(t2 — 8) — Ra(ts — 8)||*E|lu”(s)||*ds
0

t1
b M2e / IRa(ts — ) — Ra(ts — 8)|2Ellu”(s)|2ds
t1—e
to

+(ta —t1)M? [ mg(s)Wi(Ely(s)|*)d

t1

t1—e
+(t - 6)/0 IRa(t2 = 5) = Ralts = 5)|[*mu () Wi (Elly(s)|[*)ds

- / [Ralts — 5) = Ralts — )12 x mx ()W (Elly(s)[*)ds

+M? [ ma(s)Wa(Elly(s)||*)ds

t1

o IR )~ Rt I 5l W Bl

+/ 1 IRa(tz = 5) = Ra(tr — 5)|*ma(s)We(Elly(s)|*)ds

t1—e
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+ Y 1 Talta = i) = Taltr = ta)|| x EllZi(y(t:)IIf

0<t; <t

+ Y Kt — i) — Koty — )% x E!Ji(y(tz‘))H%}‘

o<t; <t

The right-hand side of the above inequality is independent of y € V and
tends to zero as to — t; and e sufficiently small, since the compactness of
Ta(t), Ka(t), Ra(t) for t > 0 provides the continuity in the uniform operator
topology. Therefore, the set {Uay : y € V} is equicontinuous. Hence, U5 maps
V into an equicontinuous family of functions.

Step 6. Uy maps V into a precompact set. For this, we decompose Wy
into W} and W3, where the map Wi : V' — C be defined as Wly, the set pi € C
such that

Why(t) = T (1) lso—h(w)] + Ka(D)ly / Ra(t—5)Bu(s)ds

(3.24) .

+/ Ra(t—s)K(s,y(hs(s)))ds —i—/ Ra(t—s)g(s)dw(s), te[0,T],
0 0
where g € NG,y(hg(t)) and the map W2 :V — C be given by W3, the set p3 € C
such that

(3.25) = > Talt (Wt) + Y Kalt—t:)Ji(y(t:), te€[0,T].

0<t;<t 0<ti<t
We now prove that {p3(t) €: y € V'} is relatively compact on U for all ¢ € [0, 7).
Let 0 <t < s <7 be fixed and € be a real number that satisfies 0 < € < ¢ and

§ > 0. For y € V, we define
t—e

Wy (t) = Ta(t)[yo — h(y)] + Ka(t)[yr — 9(y)] + ; Ra(t — s)Bu”(s)ds
+ ; _ERa(t—s)K(s,y(hg(s)))ds + ; _;?,a(t—s)g(s)dw(s), t € 0,7,

where g € Ng ynst))- Utilizing the compactness of T4 (t), Ka(t), Ra(t) for
t > 0, it is deduced that the set Uc(t) = {p%EE) .y € V} is precompact in U
for every e, € € (0,t). Moreover, for each y € V, we get

Ellpy(t) — p2° 1%
t

0
< 3l Ra(t — s)Bu(s)ds|[3 + 3] - Ralt — 5)K (s, y(hs(s)))ds||3
(3.26) +3|| [ Ralt —s)g(s)dw(s)|3,,

t—e
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Therefore, taking ¢ — 0, we can see that there are relatively compact sets
arbitrarily close to the set U(t) = {p(¢) : y € V'}. Hence, U(t) is precompact
in U. We next prove that the set {p3(t) : y € V} is relatively compact in U
for all t € [0,T]. For t € [0,T], we have, p3(t) = Yy o, Talt — ti) Li(y(t:)) +
> 0<t, <t Kalt — ti)Ji(y(ti)), which is equicontinuous and bounded. By com-
pactness of operators T, (t), Ka(t), it follows that {p3(t) : y € V} is relatively
compact subset of U for all t € [0,7]. Hence, by Arzeld-Ascoli theorem, we
conclude that Wy = Wl + W3 :V — P(C) is completely continuous.

As a result of the above steps 1 — 6, it can be concluded that ¥ is a
condensing operator. All of the conditions of Lemma 2.5 are fulfilled and we
deduce that ¥ has a fixed point in C which is a mild solution of the system
(1.2)—(1.3). This completes the proof of the theorem. [

In order to prove the approximate controllability result, the following
additional conditions are needed:

(B1) The fractional linear differential inclusion (1.2) is approximately control-
lable.

(B2) The functions F' : [0,7] x UxU — U, K : [0,7] x Ux U — U and
F:0,T7] x U x U — P(L(V,U)) are uniformly bounded.

THEOREM 3.2. Assume that the assumptions of Theorem 3.1 are fulfilled
and (B1)-(B2) are also satisfied. Then, the fractional stochastic control system
(1.2) is approzimately controllable on interval [0,T].

Proof. Let y™ be a fixed point of the operator ¥ in C. From Theorem 3.1,
the fixed point of operator W is a mild solution of system (1.2)-(1.3) under the
control function u”(s). Utilizing the stochastic Fubini Theorem, it is easy to
see that for g% € Ng y»

T
(3.27) y"(t) = Gr—r(xI+TT) " | Bor+ / $(5)duw(s)— TalT) (yo—hi(y™))

— Ka(T) x (3/1 —9(y") = F(0,y(h1(0)) ))]
T s
+ / (kI+TT)1T, (T—s)xF(s,y“(hl(s)),/O a1(s, 7" (ha(r))dr)ds
T
- H/O (kI + TYTIRAT — 5)K (s,9y%(h3(s)))ds

+ H/T Kl + T TIRAT — 5)g" (s)dw(s)
0
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+r Y (RI+TD) (T = ) Li(y" ()
o<t; <t

+r > (RI+TD) T Ko(T = ) Ji(y" (t:)), t€[0,T].
o<t <t

By uniformly boundedness of F', K and G, there are subsequences still denoted
by F(t,y"(h1(1)), Jy ar(t,s,y" (ha(s)))ds), K (t,y"(hs(t))) and g*(t), which con-
verge weakly to f(s) € U, k(s) € U and ¢(s) € L(V,U). Now, we have

(3.28)

(kI 4+ T~

E|ly"(T) — grl* < 7 Egr = Ta(T)(yo — h(y"))

2

TA
= Kol (=0 = P09 (©),0)) || +7e14T8)7 [ s)au(o)

T s
+ 7| /0 <u+r§>—17;<Ts>xF<s,y“<h1<s>>,/0 ax (s, 7,y (ha(r)))dr)ds|?
T
+ 7| /0 (kI + TT) 'R (T — $)K (5, (hs(s)))ds|?

T
7 /0 (kT +TT) "R (T — )g"(s)du(s)]?

+ 7|k Z (kI 4+ T To(T — t) L(y" (1) |2
o<t; <t
+ Tk Y (6] +T9) (T — ta) Jily" ()%
o<t <t
By assumption (B1), for all s € [0,T], the operator x(xI + T'T)=1 — 0

strongly as £ — 07 and moreover ||x(xI +T'7)~!|| < 1. Thus, by compactness
of operator R, and Lebesgue dominated convergence theorem, we get that
E|ly®(T) — 9r||> — 0 as & — 0. This implies the approximate controllability
of (1.2). O

4. EXAMPLE

Let us consider following partial neutral fractional order stochastic dif-
ferential equation with nonlocal conditions
2

t ™ o
Dy )~ [ [ alsa Optsint. dcds) € Fzuteo)

(sint,x)) + pu(t, x) + x(t, aé;y(sin t,x))dtgit)7 t e 0,1],

(4.1)

0
+ IC(t, %y
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Ay(ti, x) = Li(y(ti,z)), i=1,---,m,
Ay(tum):‘]( (tia ))7 t=1,---,m,
(4.3) y(t,0) = y(t,m) =0 =19'(t,0) = y'(t,m), t€[0,1],

0.2)+ [ bz, 0)0(0.)d0 = (),

y'(0,2)+ [ d(x,0)y(0,0)d0 = y1(x), z € [0,7],

where w(t) represents a one-dimensional standard Wiener process defined on
the filtered probability space (£, F,P), Di* denotes the generalized Caputo
fractional derivative of order @ € [1,2] and ¢;, i = 1,--- ,m, m € N are fixed
numbers such that 0 =ty <t; < -+ <ty < t;my1 = 1. The nonlinear function
b,d:[0,7] x [0,7] = R, a:[0,1] x [0,7] x [0,7] = R, K :[0,1] x R — R and
X : [0,1] x R — P(R) are continuous mappings and o, y1 € L?([0, 7]).

Let U= H = L?([0,7]). We consider the operator A : D(A) C U — U defined
by Ay = y” with the domain

(4.2)

(4.4)

D(A) ={y € U:y, y are absolutely continuous, y”€ U, and y(0)=y(7) = 0}.

Therefore, it is clear that the densely defined operator A is the infinitesimal
generator of a resolvent family R, t > 0. Moreover, A has a discrete spectrum
with eigenvalues of the form —n?, n =1,2,--- and corresponding normalized
eigenfunctions are given by y,(z) = \/2/msin(nz). Additionally, the set {yy, :
n € N} is an orthonormal basis for U

T(t)y = Z 6_”2t(y,yn)yn, forall y €U, t > 0.
n=1
Take y(t)x = y(t,x) and consider the bounded linear operator B : H — U by
Bu(t) = u(t,z), z € [0,7], u € H.
Therefore, let us consider

(4.5) F(t,u)() = /0 " alt, - 9)u(9)dv,
(4.6) Kt u)() = K(t (),

(4.7) Gt u)() = x(t.0(),

(4.8) h(u)(-) = /0 (-, 9)u(9)do,

(49) o)) = [ d oy,

Take hy(t) = hs(t) = ha(t) = sin(¢). Thus, the system (1.2)-(1.3) can be
written as

Dy (8) — F(t.y(ha(1)))] € Ay(t) + Bu(t) + K(t,y(hs(t)))
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dw(t) .
(4.10) + G(t,y(fu;(t)))T, te0,T], t#ty,i=1,---,m, meN,

(4.11)  Ay(ti) = y(t;) —y(t7) = Ly(t7)), Ay(t) = Ji(y(t:)),
(4.12)  y(0) + h(y) = uo, ¥'(0)+g(y) = 1.

Furthermore, F, K : J xU —- U G :[0,7] x U — L(V,U). On the other hand,
the linear fractional stochastic system corresponding to (4.1) is approximately
controllable. Hence, there exists a mild solution for (4.1)—(4.4) under appro-
priate functions G, F, K, h, g and I; satisfying suitable conditions to verify the
assumptions on Theorem 3.2.
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