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In this paper, we show that every analytic extension of totally polynomially
posinormal operator has a scalar extension. As a consequence, we obtain that
analytic extension of totally polynomially posinormal operator with thick spectra
has nontrivial invariant subspace. We show that if 7" is an analytic extension of
totally polynomially posinormal operator, then f(7T) satisfies generalized Weyl’s
theorem for every analytic functions f which are defined on an open neighbor-
hood of the spectrum of T'.
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1. INTRODUCTION

Let B(H) be the algebra of all bounded linear operators acting on infinite
dimensional separable complex Hilbert space H. Let C denote the set of com-
plex numbers. Throughout this paper R(T), For T' € B(H), let R(T), N (T),
o(T), 0,(T) and iso o(T") mean the range, null space, spectrum, the point spec-
trum and the set of isolated points of o(T') of T, respectively. Recall that an
operator T' € B(#H) is said to be hyponormal if T*T > TT*. Investigating new
generalizations of hyponormal operators is one of recent interest in operator
theory. An operator is said to be M-hyponormal(M > 1) if ||(T — z)*z|| <
MI|(T — z)x|| for each x € H and z € C, dominant if to each z € C there
corresponds a real number M (z) such that ||(T — z)*z|| < M (z)||(T — z)z|| for
each z € H [25], and posinormal if TT* < N>T*T for some A > 0[24]. Kos-
tov and Todorov [23] introduced and studied totally polynomially posinormal
operators Let P( y=z2"+ > amz be a polynomial, a,, € C. As usual
PE) =7+ 3" Gnz™ An operator T € B(H) is said to be polynomially
posmormal if there exist a constant M > 0 such that ||P(T*)x|| < M||Tz|| for
each x € H [23]. Note that every posinormal operator is polynomially posinor-
mal with P(z) = z. An operator T' € B(H) is said to be totally polynomially
posinormal if

IP(T = 2)"z]] < M(2)||(T - 2)z|]
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for each x € H, where M (z) is bounded on the compacts of C [23].
In general, the following inclusion relations hold:
hyponormal C M-hyponormalC dominant
M-hyponormal C polynomially posinormal
M-hyponormal C totally polynomially posinormal

As it is shown in [23, Corollary 5.4], the class of totally polynomially-
posinormal operators includes all finite dimensional and nilpotent operators.
Thus it is much larger than the class of M-hyponormal operators, since for such
operators these properties yield normality (see [26]). For another example of
totally polynomially posinormal operator (see [23, Example 5.3]).

We say that an operator T' € B(#H) is analytic if there exists a nonconstant
analytic function F' on a neighborhood of ¢(T") such that F(7') = 0. If there
is a nonconstant polynomial p such that p(T") = 0, we call T' is algebraic. If an
operator 1" € B(H) is analytic, then F(T') = 0 for some nonconstant analytic
function F' on a neighborhood U of ¢(T"). Since F' cannot have infinitely many
zeros in U, we write F'(z) = G(z)p(z) where the function G is analytic and does
not vanish on U and p is a nonconstant polynomial with zeros in U. By Riesz-
Dunford calculus, G(T') is invertible and the invertibility of G(T") induces that
p(T) = 0, which means that T is algebraic (See [7]). Throughout this paper, we
say that T is analytic with order k when p has degree k. In order to generalize
totally polynomially posinormal and totally k-quasi-polynomially posinormal
operators we introduce the class of analytic extension of totally polynomially
posinormal operator as follows:

Definition 1.1. An operator T' € B(H1 @ Hs) is said to be an analytic
. . T T
extension of totally polynomially posinormal operator if T = <01 T2> €
3
B(H1® Hsa), where T7 is totally polynomially posinormal and T3 is analytic of
order k, where k is a positive integer.

Let 0 < m < oo and let CJ*(C) be the space of all compactly supported
functions on complex plane C with continuous derivative of order m. Recall
that an operator T' € B(H) is said to be scalar operator of order m if it
possess a spectral distribution of order m, i.e., there exist a continuous unital
morphism of topological algebras

& : CM(C) — B(H)

such that ®(z) = T, where z stands for the identity function on C. An operator
T is said to be subscalar of order m if T is similar to the restriction of a scalar
operator of order m to an invariant subspace (See [16]).

Recall that operator T' € B(#H) has the single valued extension prop-
erty(SVEP) at A9 € C, if for every open disk D), centered at Ao the only
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analytic function f : Dy, — H which satisfies (T"— X) f(A) = 0 for all A € Dy,
is the function f = 0. We say that T has SVEP if it has SVEP at every A € C.
The local resolvent set of T € B(H) at © € H, denoted by pr(z), is the set
of elements A9 € C such that there exists an analytic function f()) defined
in a neighborhood of \g, with values in H, which verifies (T' — \) f(\) = .
The set or(z), the compliment of pr(z) is called the local spectrum of T at
x. For each subset U of C, the local spectral subspace of T' denoted by Hr(U)
is the set Hr(U) = {x € H : or(z) C U}. An operator T' € B(H) is said to
have Bishop’s property (f3) if, for every open subset U of C and every sequence
fn : U — H of analytic functions such that (7" — \) f,,(\) converges uniformly
to 0 in norm on compact subsets of U, it follows that f,,(\) converges uniformly
to 0 in norm on compact subsets of U( See [1, 15]). It is well known from [1, 15]
that every subscalar operators has Bishop’s property (/) and
Bishop’s property (8) = SVEP.

There are many outstanding problems which are still open for hyponormal
operators, for example, the invariant subspace problem. The invariant subspace
problem poses the question: does every operator have a nontrivial invariant
subspace? In [22], M. Putinar proved subscalarity for hyponormal opeators. S.
Brown [6] proved if T is hyponormal operator with thick spectra then 7' has
non trivial invariant subspace. In [9], Eschmeier proved that a Banach space
operator T" has a nontrivial invariant subspace if T" has the property (5) with
thick spectra. The study of subscalarity for non hyponormal operators have
been attracted a lot of attention of researchers; see for instance [13, 14, 18, 20,
22] and the references therein.

The aim of this paper is to study subscalarity and Weyl type theorems
for analytic extension of totally polynomially posinormal operators. In section
three, we prove analytic extension of totally polynomially posinormal operators
are subscalar. As a corollary of this result we obtain that such class of operators
with thick spectra has a nontrivial invariant subspace. In section four, we show
that f(T') satisfies generalized Weyl’s theorem for every analytic functions f
which are defined on an open neighborhood of the spectrum of an analytic
extension of totally polynomially posinormal operator 7.

2. PRELIMINARIES

Let D be a bounded open disk in C. The space L*(D,H) defined as
follows is a Hilbert space

L*(DH)= {f :D — H : f is measurable, || f||2,p = (/DHf(z)HQdu(z)) ’ < oo},
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where du(z) be the planar Lebesgue measure. The Bergman space for D,
denoted by A?(D,H), is a subspace of L?(D,H) in which each function is
analytic in D (ie., % = 0). Let O(D,H) be the Fréchet space of H-valued
analytic functions on D with respect to the uniform topology. Note that

A%(D,H) = L*(D,H) N O(D,H)

is a Hilbert space. The following functional space W™(D,H) is a Sobolev type
space with respect to 9 and of order m

W™D,H)={f € L*(D,H):0'f € L*(D,H),fori =1,2,...,m}.
Note that W?2(D,H) is a Hilbert space with respect to the norm

m
11y = D110 11304

i=0
W™ (U, H) becomes a Hilbert space contained continuously in L?(U, H). A
bounded linear operator S on H is called scalar of order m if it possesses a
spectral distribution of order m, i.e., if there is a continuous unital morphism
of topological algebras

o :C"(C) — B(H)

such that ®(z) = S, where z is the identity function on C, and C§*(C) is
the space of compactly supported functions on C, continuously differentiable
of order m, where 0 < m < oo. An operator is subscalar if it is similar
to the restriction of a scalar operator to an invariant subspace. Let U be a
(connected) bounded open subset of C, and let m be a nonnegative integer.
The linear operator M of multiplication by f on W™ (U, H) is continuous, has
a spectral distribution of order m, and is defined by the functional calculus

P : Cg'(C) = BW™(U, H)), ®un(f) = My.
Therefore, M is a scalar operator of order m. Let
V :W™U H) — ®FL*(U,H)

be the operator V(f) = (f,df,....,8" f). Then V is an isometry such that
VM, = (®3'M,)V. Therefore, M, is a subnormal operator.

Let a(T') and B(T') denote the nullity and the deficiency of T € B(H),
defined by o(T)= dim(N(T) and B(T)=dim(N (T*). An operator T is said to
be upper semi-Fredholm (resp., lower semi- Fredholm) if R(T) of T € B(H) is
closed and a(T) < oo (resp., B(T) < o). Let SFy(H) (resp., SF_(H)) denote
the semigroup of upper semi-Fredholm (resp., lower semi-Fredholm) operators
on H. An operator T € B(H) is said to be semi-Fredhom, T € SF(H), if
T € SF,(H) U SF_(H) and Fredholm, T € F(H), if T € SF.(H) N SF_(H).
The index of semi-Fredholm operator T is defined by ind (T') = a(T') — 5(T).
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Recall[11], the ascent of an operator T € B(H), (T) is the smallest non
negative integer p:=p(7’) such that A’ (T?) = N(T®*+1). Such p does not exist,
then p(T") = oco. The descent of T € B(H), d(T), is defined as the smallest
non negative integer q := q(7') such that R(79) = R(T@*+Y). An operator
T € B(H) is Weyl, T € W(H) it is Fredholm of index zero and Browder if T
is Fredholm of finite ascent and descent. The Weyl spectrum of T, denoted by
ow (T), is given by
ow(T)={ e C:T—-X¢W(H)}.

We say that T' € B(H) satisfies Weyl’s theorem if

o(T) \ ow(T') = Eo(T).
where Ey(T') denote the set of eigenvalues of T' of finite geometric multiplicity.
Let SF_(H) = {T € SFL(H) : ind(T) < 0}. The essential approzimate point
spectrum o g I (T') of T is defined by

ogp-(T) ={A € C:T X ¢ SF (M)},

Let 04(T') denote the approximate point spectrum of T' € B(H). An operator
T € B(H) holds a-Weyl’s theorem if,

o5 (T) = 0u(T) \ B§(T),
where E§(T) = {A € C: A €1iso 0,(T) and 0 < (T — A) < oo}. We say that
an operator T' € B(H) satisfies a-Browder’s theorem if

o5 (1) = 0u(T) \ (D),
where II§(T) denote the set the left poles of T' of finite rank. An operator
T € B(H) is called B-Fredholm, T € BF(H) if there exist a non negative
integer n for which the induced operator

Tin) : R(T1n)) — R(Tjy,)( in particular Tjg) = T)).
is Fredholm in the usual sense (see [4]). An operator T € B(H) is called
B-Weyl, T € BW(H), if it is B-Fredholm with ind(7},) = 0. The B-Weyl
spectrum opw (T) is defined by
UBw(T) = {)\ ceC:T—-AX ¢ BW(H)}

(see [4]). Let E(T) is the set of all eigenvalues of T' which are isolated in o (7).
We say that T satisfies generalized Weyl’s theorem if

opw(T)=0(T)\ E(T).
A bounded operator T' € B(H) is said to satisfy generalized Browders’s theorem
if

o(T)\ opw(T) = I(T),
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where II(T") is the set of poles of T'. See [5] for more information. From [5],
it is known that an operator T' € B(H) satisfying a-Weyl’s theorem theorem
satisfies generalized a-Browders’s theorem. It is known from [5] that an op-
erator T € B(H) satisfying generalized Weyl’s theorem satisfies generalized
Browders’s theorem . It is well known that that if ' € B(#) obeys generalized
Weyl’s theorem, then it is also obeys Weyl’s theorem and if T obeys generalized
Browders’s theorem, then it obeys Browders’s theorem (see [4]).

3. SUBSCALARITY

In this section we shall prove that every analytic extension of totally
polynomially posinormal operator is subscalar. We start with the following
Lemmas.

LEMMA 3.1 (See [22, Proposition 2.1]). For a bounded open disk D in the

complex plane C, there is a constant Cp such that for an arbitrary operator
T € B(H) and f € W?(D,H) we have

11 = P)fll2,p < Co(I(T = 2)0fll2.p + ||(T = 2)0*f||2,p)

where P denote the orthogonal projection of L>(D,H) on to the Bergman space
A*(D,H)

LEMMA 3.2. Let T € B(H) be a totally polynomially posinormal operator
and let {f;} is a sequence in W™ (D, H) (m > 2n) such that

lim |[(T = 2)8' fj|l2,p = 0
J—00

fori=1,2,.....m, where D be bounded disc in C and n is the degree of poly-
nomial. Then,

lim (7 - @)’

2,0, =0

fori = 1,2,...,m —2n, where D1 G D and Q : L*(D,H) — A?(D,H) is
orthogonal projection. Furthermore, if m > 2n then we have

lim ||9" f;]]2,p, =0
j—00
fori=1,2,...,m —2n, where Do G D1 G D.

Proof. Suppose T' € B(H) be a totally polynomially posinormal. From
[20, Corollary 1], there exist a constant Cp such that
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(3.1) (I = Q)3 filla,p < Cp Z (T = 2)0" ™ fjl]o,p
k=0
fori=1,2,.....,m — 2n. From (3.1), we have
(32) lim (I - Q)d'f; =0
j—o00
for i = 1,2,....,m — 2n, where D; & D. Thus we have,
(3.3) lim |[(T = 2)Q9' fj]|2,p, = 0
J—00

for i = 1,2,....,m — 2n. From [20, Proposition 1], totally polynomially posi-
normal operators satisfies Bishop’s property (/). Then from (3.3), we have

(3.4) lim ||Q3"fjl|2,p, =0
j—00
for i =1,2,....,m — 2n, where Dy & D1 G D. From (3.2) and (3.4), we get
lim ||9" f;]]2,p, =0
j—o0
for i =1,2,...,m — 2n, where Do G D1 G D. [
LEMMA 3.3. Let T € B(H1 ® Hz) be an analytic extension of a totally
T T
i = B(H1 @® Ha), where
0 T3

Ty s totally polynomially posinormal and T3 is analytic with order k. For any
bounded disk D which contains o(T), define the map A : Hi ® Ho — K(D) by

polynomially posinormal operator, ie., T = (

—~—

Ar =1@z + (T — 2)W2k+4n (D, Hy) @ W2k+in(D Hy)(= 1 ® x),

where
W2ktdn(D 31) @ W2k (D, Hy)
(T — 2)W2ktin(D H1) @ W2ktin(D, Hy)

and 1 ® x denotes the constant function sending any z € D to x € Hi & Ho.
Then, A is injective with closed range.

K(D) =

Proof. Let fj = fi1® fj2 € WHT(D Hy) @ W2kH4n(D Hy) and z; =
xj1 ®xj2 € H1 ® Ha be sequences such that

(3.5) jlggo [|(T — Z)fj +1® xj||W2k+4n(D7Hl)@W2k+4n)(D7H2) =0

From (3.5), we write

(3.6) Jim [[(Th = 2)fi1 + Tafiz + 1@ zjallwasean =0,
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(3.7) Jim [[(Ts — 2)fi2 + 1 ® @j2llwarran =0

Then from the definition of the norm of Sobolev space, (3.6) and (3.7) yields
(3.8) Jlim [|(73 - 2)0' fi1 + 120" f2ll2,p0 = 0

and

(3.9) Jim 1175 — 2)0' fiall2.0 =0

fori=1,2,....,2k + 4n.

Since T3 is analytic of order k, there exists a nonconstant analytic function F'
on a neighborhood of o(73) such that F(T3) = 0. We write F'(2) = G(2)p(2),
where G is non vanishing analytic function on a neighborhood of ¢(7T") and
nonconstant polynomial p(z) = (z — 2z1)(z — 22)......(¢ — 2;). Set ¢; = (2 —
Zjg1)--(z2 — 2z) for 5 =0,1,2,..,k — 1 and qx(2) = 1.

Now we need to provethat for all s =0,1,2,...., k the following equation
(3.10) lim [|g5(73)0" fjz2ll2,p, = 0

j‘)OO
holds for i = 1,2, ....,2k+4n—2s, where 0(T) G Dy, G D1 G ... S Dy CD.

We use induction on s for the proof (3.10). Since T3 is analytic, 0 = F(13) =
G(T3)p(T3). Since G(T3) is invertible, we have ¢o(T3) = p(T53) = 0 . That is,
(3.10) is true for s = 0. Suppose that

lim [|qs(73)0' f2
j—)OO

2,p, =0

holds for 0 < s < k and holds for i = 1,2,....,2k + 4n — 2s. From (3.9) and
(3.10), we obtain that

(3.11) 0= lim |lgst1(T5 — 2)0' f2ll2,0, = Hm [|(zs41 — 2)qs51(T5)0" f2]l2,p.
j—00 j—00

holds for i = 1,2, ....,2k+4n—2s. Then by applying [13, lemma 3.2], it follows
that

(3.12) lim [|gs+1(73)0" fi2ll2,p.01 =0
j—o0

holds for i = 1,2,....,2(k — s — 1) + 4n, where o(T) & Ds11 & D,. Which

completes the proof of (3.10). Now consider s = k in (3.10), we get
(3.13) 10°fi2ll2.0, = 0

lim
Jj—o0
for i = 1,2,3....,4n. then by (3.8) and (3.9), we have

lim ||(T1 — 2)0" fj1|l2,0, =0
j—00
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for i =1,2,3...,4n. Since T is totally polynomially posinormal operator, from
Lemma 3.2, we have

(3.14) Jim [[(1 = Qui) fiall2.p, =0,

where QQ3;, denotes the orthogonal projection of L?(Dy,,H1) onto A%(Dy, Hi).
From (3.13) and Lemma 3.1, it follows that

(3.15) lim |2 = Qua)jella.o, =0,

where 3, denotes the orthogonal projection of L?(Dy, Hz) onto A%(Dy,, Ha).
Set Qfj == Qu, fi1 ® Qu, fj2. Then from (3.5), (3.14) and (3.15), we have

lim [[(T' = 2)Qf; + 1@ zjll2,p, = 0.
j—o0
Let v be a closed curve in Dy surrounding o(7"). Then,
lim [|Qf; + (T —2) (1@ a;)(2)|| = 0
Jj—o0
uniformly for all z € . Then by Riesz-Dunford functional calculus, we get
1
li — ; i||=0.
g&%lemam+%no
Then by Cauchy’s theorem, we have ﬁ fﬂ/ Qf;j(z)dz = 0. Thus we have
lim ||z;[| = 0.
—00
This completes the proof. [

Now we are ready to show that every analytic extension of totally poly-
nomially posinormal operator has scalar extension of order 2k + 4n.

THEOREM 3.4. Let T € B(H1 ® Hz) be an analytic extension of a totally
T T
L2 ¢ B(H1 ® Hs), where
0 T3
11 is totally polynomially posinormal and T3 is analytic with order k. Then T
s subscalar of order 2k + 4n.

polynomially posinormal operator, ie., T = (

Proof. Suppose that T' € B(H1® H2) is an analytic extension of a totally
polynomially posinormal operator. For any bounded disk D which contains
o(T), the map

W2k+4n(D, le) D W2/€+4n (D’ ’H2)
(T — 2)W2ktin(D, H1) @ W2ktin(D, H,)

A:HiBHy —

by

Az =1®@z+ (T — 2)W2Hn(D 1) @ W2 (D o) (= 1 @ 2),
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where 1 ® x denotes the constant function sending any z € D to x € Hi &

Hso is injective with closed range by Lemma 3.3. Let z and U denotes the
W2k+4n(D,H1)@W2k+4n(D,'H2))
(T—z)W2k+4n (D Hq )W 2k+4n (D H,y))
Consider M, which is the operator of multiplication by z on W2k+47 (D, H) @
W2k+4n (D Hs,). Then M is scalar operator of order 2k 4 4n and has spectral

distribution
(b . Cgk+4n((c) - B(W2k+4n(D,H]_) @ W2k+4n(_D,/}'[2))

defined by ®(v)z = vz for x € W2H4n(D Hy) @ W+4(D Hy) and v €
C2FHn(C). Since (T — z)W2k+4n(D, Hy) @ W2k+4n(D, Hy) is invariant under
M, M is scalar operator of order 2k + 4n with ® as a spectral distribution.
From the definition of map A, we have AT = MA. In particular R(A) is
an invariant subspace for M. By Lemma 3.3, A is one-to-one and has closed
range. Since T is similar to the restriction M ]R( 4) and M is scalar of order
2k + 4n, T is subscalar of order 2k +4n. 0O

class of vector and operator on respectively.

We give some important facts which follow from subscalarity of analytic
extension of totally polynomially posinormal operators.

COROLLARY 3.5. Let T be an analytic extension of totally polynomially
posinormal operator. Then T satisfies Bishop’s property(3).

COROLLARY 3.6. Let T be an analytic extension of totally polynomially
posinormal operator. Then T satisfies single valued extension property (SVEP)

Let H*°(U) denote the space of all bounded analytic functions on bounded
open set U in C . A subset o of C is dominating in U if || f|| = sup,cqony | f(2)]
holds for each function f € H*(U). Recall [6], a subset o is thick if there is a
bounded open set U in C such that ¢ is dominating in U.

COROLLARY 3.7. Let T be an analytic extension of totally polynomially
posinormal operator with thick spectra. Then T has a nontrivial invariant
subspace.

Proof. Suppose T is an analytic extension of totally polynomially posi-
normal operator. Then by corollary 3.5, T satisfies Bishop’s property (3).
Hence the required result follows from [9]. [

Recall that a closed subspace M of H is said to be hyperinvariant for T’
if M is invariant under every operator in the commutant {7}’ of T

COROLLARY 3.8. Let T be an analytic extension of totally polynomially
posinormal. If there exists a nonzero v € Hi @ Ha such that or(z) G o(T),
then T has a nontrivial hyperinvariant subspace.



11 Analytic extension of linear operators 369

Proof. Suppose T is an analytic extension of totally polynomially posi-
normal operator such that there exists a nonzero x € Hi @ Ho such that
or(z) G o(T). From corollary 3.5, T' satisfies Bishop’s property (3). Ap-
plying [18, Theorem 5.1], we obtain that 7" has a nontrivial hyperinvariant

subspace. [

THEOREM 3.9. Let T € B(H1 @ Ha) be an analytic extension of totally
polynomially posinormal operator, i.e.,

T Ts
= < 0 T3 > ’

18 an operator matrix on Hi & Ha, where T s totally polynomially posinormal
operator and F(T3) = 0 for a nonconstant analytic function F' on a neighbor-
hood D of o(T3). Then the following statements hold

(i) Hp(E) C Hp,(E) ® {0} for every subset E of C.

(ii) opy (z1) = or(z1 ®0) and or,(z2) C or(z1 & x2) where x1 & x2 €
Hi1 DB Ha.

(iii) Ry, (F) ® 0 C Hr(F) where Ry, (F) :=={y € Hi: o, (y) C F} for
any subset F' € C.

Proof. (i) Let 1 € Hr,(E), where E be any subset of C. Since T is
analytic extension of totally polynomially posinormal operator, T has single
valued extension property by Corollary 3.6. Then there exists an H-valued
analytic function f; on C\ E such that (71 — z)fi(z) = 1 on C\ E. Hence

(T-2)(fi(z)®0)=21®00n C\ E.

Thus, 1 0 € HT(E)

(ii) Let 1 @ zo € H1 @ Ha. Suppose that zgp € pr(z1 @ 0). Then there exists
an H- valued analytic function f defined on a neighborhood U of zy such
that (T"— A)f(A) = x1 @0 for all A € U. We can write f = f; @ fa where
f1 € O(U;H1) and fo € O(U;Ha). Then we get

=0 R0 ) G )= ()

(T1 — )\)fl(/\) + Tgfg()\) =7 and (Tg — )\)fg(/\) =0.

Since T3 is analytic of order k, T3 has single valued extension property. Hence
we have fa(A) = 0. Thus (1 — A) fi(A) = 21, and so zp € pr, (z1). Conversely
suppose zp € pr,(x1). Then there exists a function f; € O(U;H;) for some
neighborhood U of Ag such that (77 — \) f1(A) = z1. Then

(T-Nfi(Ap0)=x1®0.

Thus,
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Hence zp € pr(x; @ 0). On the other hand, If zy € pr(z; @ z2), then there
exists an H-valued analytic function g defined on a neighborhood U of zy such
that (T — A)g(A\) = z1 @ x2 for all A € U. We can write g = g1 & g2 where
g1 € O(U;H1) and g2 € O(U;Hza). Then we get

=0t a5 G )= (5)

Thus (75 — A)g2(A) = 2. Hence zg € ppy(x2).

(iii) Let #1 € Ry (F). Then op (x1) C F. From (ii), we have the equality
o, (z1) = o, (1 & 0). Therefor, o7, (x1 ®0) € F. Thus x; &0 € Hr(F), and
hence Rp, (F) @0 C Hr(F). O

4. WEYL TYPE THEOREMS

Recall that an operator T' € B(H) is called isoloid if every isolated point
of spectrum of T is an eigenvalue and 7' € B(H) is said to be polaroid if every
isolated point of spectrum of 1" is a pole of resolvent of 1. Note that if T is
polaroid then T is isoloid. Moreover, T is polaroid if and only if 7™ is polaroid.

Since T is subscalar, it follows that 7" is polaroid [18] and hence isoloid.

THEOREM 4.1. Let T be an analytic extension of totally polynomially
posinormal operator. Then generalized Weyl’s theorem holds for both T and
T.

Proof. Suppose T is an analytic extension of totally polynomially posi-
normal operator. From Theorem 3.4, T' is subscalar. Then by [18, Corollary
2.2], T is polaroid. From Corollary 3.5, T has single valued extension property
(SVEP). Then it follows from [2, Theorem 4.1] that generalized Weyl’s theorem
holds for both T"and T*. O

According to Berkani and Koliha [5], an operator T' € B(H) is said to
be Drazin invertible if T has finite ascent and descent. The Drazin spec-
trum of T € B(H), denoted by op(T), is defined op(T) = {A € C : T —
A is not Drazin invertible} (See, [4]). Let H(o(T')) denote the set of analytic
functions which are defined on an open neighborhood of (7).

THEOREM 4.2. Let T be an analytic extension of totally polynomially
posinormal. Then f(T) satisfies generalized Weyl’s theorem for every f €
H(o(T)).

Proof. Suppose T is an analytic extension of totally polynomially posi-
normal operator. To prove f(7T') satisfies generalized Weyl’s theorem for every
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f € H(o(T)), it is enough to prove equality opw (f(T")) = f(opw (7)) holds
for every f € H(o(T)). Since T is analytic extension of totally polynomi-
ally posinormal, 7" has SVEP corollary 3.6. Thus, f(T') satisfies generalized
Browder’s theorem. Then by [8, Theorem 2.1] we have

opw (f(T)) = op(f(T)).
Since op(f(T)) = f(op(T)) (See [8, Theorem 2.7]),

opw (f(T)) = f(op(T)).

Since T satisfies generalized Weyl’s theorem (see Theorem 4.1), T satisfies
generalized Browder’s theorem. Hence the following equality holds

flop(T)) = f(ow (T)).
Hence, opw (f(T)) = f(opw(T)). This completes the proof. [J

THEOREM 4.3. IfT* is an analytic extension of totally polynomially posi-
normal operator, then a-Weyl’s theorem holds for T'.

Proof. Suppose T™ is an analytic extension of totally polynomially posi-
normal operator. Then T* has SVEP by Corollary 3.6. From Theorem 3.4, T*
is subscalar. Then by [18, Corollary 2.2], T™* is polaroid. Since T™* is polaroid,
T is polaroid. By applying [3, theorem 3.19], it follows that a-Weyl’s theorem
holds for T. [
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