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A commutative ring R is said to be strongly Hopfian if the chain of annihilators
ann(a) ⊆ ann(a2) ⊆ · · · is stationary for each a ∈ R ([10]). In this paper we
give a necessary and sufficient condition for the amalgamated duplication of R
along an ideal I, R ./ I, to be strongly Hopfian. In the second part of this paper
we introduce the notion of S-strongly Hopfian rings. Let R be a commutative
ring and S a multiplicative subset of R. An increasing sequence of ideals (Ik)k∈N
of R is called S-stationary if there exist a positive integer n and an s ∈ S such
that for each k ≥ n, sIk ⊆ In ([7]). We say that R is an S-strongly Hopfian
ring if the chain of annihilators ann(a) ⊆ ann(a2) ⊆ · · · is S-stationary for each
a ∈ R. We investigate the class of such rings R and we give an S-version of
classical results regarding the strongly Hopfian property.
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1. INTRODUCTION

A commutative ring R is said to be strongly Hopfian if the chain of anni-
hilators ann(a) ⊆ ann(a2) ⊆ · · · is stationary for each a ∈ R [10]. The class of
strongly Hopfian rings contains Noetherian rings, Laskerian rings, rings satis-
fying acc on d-annihilators and those satisfying acc on d-colons, rings satisfying
accr [14], rings which are embeddable in a zero dimensional ring [11] (Gilmer
called strongly Hopfian rings (Qp) rings), in particular zero dimensional rings
are strongly Hopfian. In the first part of this paper we study several rings
that satisfy the strongly Hopfian property. First let us recall the following
notions. Let R = (Rn)n∈N be an increasing sequence of unitary commutative
rings and R = ∪n∈NRn, their union. Let R[X] be the ring of polynomials with
coefficients of degree i in Ri. Then R[X] is a subring of the ring of polynomials
R[X] ([8], [6]). Also the amalgamated duplication of a ring R along an ideal
I is a ring that is defined as the following subring with unit element (1, 1) of
R×R :

R ./ I = {(r, r + i)|r ∈ R, i ∈ I}.
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This construction has been studied, in the general case, and from the different
points of view of pullbacks, by D’Anna and Fontana [3].

LetR = (Rn)n∈N be an increasing sequence of unitary commutative rings,
R = ∪n∈NRn their union. We show that R is strongly Hopfian if and only if
R[X] is strongly Hopfian. Also we give a necessary and sufficient condition
for the amalgamated duplication of R along an ideal I, R ./ I to be strongly
Hopfian. We prove that R is strongly Hopfian if and only if R ./ I is strongly
Hopfian.

On the other hand, let R be a commutative ring and S a multiplicative
subset of R. In [7], the authors introduced the concept of “S-stationary se-
quence” as follows, let (Ik)k∈N be an increasing sequence of ideals of R. Then
(Ik)k∈N is called S-stationary if there exist a positive integer n and an s ∈ S
such that for each k ≥ n, sIk ⊆ In. Note that if S consists of units of R, then
the two notions, S-stationary and stationary, coincide.

The main purpose of the second part of this paper is to introduce and to
investigate the notion of rings satisfying the S-strongly Hopfian property. Let
R be a commutative ring and S a multiplicative subset of R. We say that R is
an S-strongly Hopfian ring if the chain of annihilators ann(a) ⊆ ann(a2) ⊆ · · ·
is S-stationary for each a ∈ R. So every S-Noetherian ring (for all ideals I of
R, sI ⊆ J ⊆ I for some finitely generated ideal J and some s ∈ S) is an S-
strongly Hopfian ring. We show that the S-strongly Hopfian and the strongly
Hopfian properties are the same when S consists of nonzero divisors. Also,
we prove that R is an S-strongly Hopfian ring if and only if for each finitely
generated ideal I of R, the sequence (ann(Ik))k is S-stationary. Let R be a
commutative ring and S ⊆ R a multiplicative subset of R. Recall from [7] that
R is said to satisfy the S-accr condition if the ascending chain of colon ideals of
the form (I : a) ⊆ (I : a2) ⊆ (I : a3) ⊆ · · · is S-stationary for each a ∈ R and
every ideal I of R. We show that R satisfies the S-accr condition if and only if
R/I is an S-strongly Hopfian ring for each ideal I of R disjoint from S, where
S = {s | s ∈ S} (multiplicative subset of R/I). Recall that a multiplicative set
S of R is anti-Archimedean if for each s ∈ S, S

⋂
(
⋂
n≥1 s

nR) 6= ∅, see [1]. We
study the Hilbert basis theorem for an S-strongly Hopfian (S-SH) ring. When S
is anti-Archimedean we prove that R is an S-strongly hopfian ring if and only if
R[X] is an S-strongly Hopfian ring. Finally, we study the Nagata’s idealization
(as a particular case of the amalgamation) R(+)M related to those of R and M
to be an S-strongly Hopfian ring. Let first recall some facts of the idealization.
Let R be a commutative ring with identity and M a unitary R−module. The
idealization of M in R (or trivial extension of R by M) is a commutative
ring R(+)M = {(r,m) | r ∈ R and m ∈ M} under the usual addition and
the multiplication defined as (r1,m1)(r2,m2) = (r1r1, r1m2 + r2m1) for all
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(r1,m1), (r2,m2) ∈ R(+)M . It is easy to show that if S is a multiplicative
subset of R, then, S(+)M is a multiplicative subset of R(+)M . We show that
R(+)M is an S(+)M -strongly Hopfian ring if and only if R is an S-strongly
Hopfian ring and for each a ∈ R, the sequence (annM (ak))k is S-stationary.

2. STRONGLY HOPFIAN RING

Recall from [10] that a commutative ring R is said to be strongly Hopfian
if the chain of annihilators ann(a) ⊆ ann(a2) ⊆ · · · is stationary for each
a ∈ R. In this section we study when the polynomial ring of the form R[X]
and the amalgamated ring R ./ I satisfy the strongly Hopfian property. First
let us recall the following notion: let R = (Rn)n∈N be an increasing sequence
of unitary commutative rings and R = ∪n∈NRn, their union. Let R[X] (resp.
R[[X]]) be the ring of polynomials (resp. power series) with coefficients of
degree i in Ri. Then R[X] (resp. R[[X]]) is a subring of the ring of polynomials
R[X] (resp. formal power series R[[X]]) ([8], [6]). Our next Theorem gives a
necessary and sufficent condition for the ring R[X] to be strongly Hopfian.

Theorem 2.1. Let R = (Rn)n∈N be an increasing sequence of unitary
commutative rings, R = ∪n∈NRn their union. Then R is strongly Hopfian if
and only if R[X] is strongly Hopfian.

Proof. “⇒” If R is strongly Hopfian, then by [10, Theorem 5.1], R[X] is
strongly Hopfian. So by [9, Proposition 1.2], R[X] is strongly Hopfian.

“⇐” Assume that R[X] is strongly Hopfian and we show that R is
strongly Hopfian. Let a ∈ R. There exist p ∈ N such that a ∈ Rp. Since
aXp ∈ R[X], then by hypothesis there exist a positive integer n such that for
each k ≥ n, annR[X](aX

p)k ⊆ annR[X](aX
p)n. We show that for each k ≥ n,

annR(ak) ⊆ annR(an). Let k ≥ n and b ∈ R such that bak = 0. There exist
m ∈ N such that b ∈ Rm. Since bXm ∈ R[X] and bXm(aXp)k = 0, then
bXm(aXp)n = 0 and hence ban = 0.

Remark 2.1. The strongly Hopfian property does not carry over to the
power series ring. In fact, there is an example of a commutative ring R satisfing
the strongly Hopfian property such that R[[X]] does not have the strongly
Hopfian property[9].

Proposition 2.1. Let A ⊆ B be an extension of commutative rings.
Then A+XB[[X]] is strongly Hopfian if and only if B[[X]] is strongly Hopfian.

Proof. “⇐” A + XB[[X]] is a subring of B[[X]]. So we can conclude by
[9, Proposition 1.2].
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“⇒” Assume that A + XB[[X]] is strongly Hopfian and we show that
B[[X]] is strongly Hopfian. Let f ∈ B[[X]]. Then Xf ∈ A + XB[[X]].
So by hypothesis there exist a positive integer n such that for each k ≥ n,
annA+XB[[X]](Xf)k ⊆ annA+XB[[X]](Xf)n. We show that for each k ≥ n,

annXB[[X]](f)k ⊆ annB[[X]](f)n. Let k ≥ n and g ∈ B[[X]] such that gfk = 0.

Since Xg ∈ A + XB[[X]] and Xg(Xf)k = 0. Then Xg(Xf)n = 0 and hence
gfn = 0.

Recall that a ring R is chained if its lattice of ideals is linearly ordered
under inclusion ([13]).

Corollary 2.1. Let A ⊆ B be an extension of commutative rings such
that B is a chained ring. Then A+XB[[X]] is strongly Hopfian if and only if
B is strongly Hopfian.

Proof. By [13, Theorem 4.2], B is strongly Hopfian if and only if B[[X]]
is strongly Hopfian. So by Proposition 2.1, A+XB[[X]] is strongly Hopfian if
and only if B is strongly Hopfian.

Recall thatR is said power serieswise Armendariz if for each f =
∑

i≥0 aiX
i

and g =
∑

i≥0 biX
i ∈ R[[X]] such that fg = 0, then aibj = 0 for each i and j

([12]).

Corollary 2.2. Let A ⊆ B be an extension of commutative rings such
that B is a power serieswise Armendariz ring (then so is A). Then A+XB[[X]]
is strongly Hopfian if and only if B is strongly Hopfian.

Proof. Follows from [9, Theorem 2.28] and Proposition 2.1.

Remark 2.2. Using the same idea as in the proof of Proposition 2.1, we
can show that if the sequence R = (Rn)n∈N is stationary at rank n, then the
power series ring R[[X]] is strongly Hopfian if and only if Rn[[X]] is strongly
Hopfian. In particuler if Rn is a chained ring, then, R[[X]] is strongly Hopfian
if and only if Rn is strongly Hopfian. Note that, if the power series ring R[[X]]
is strongly Hopfian, then the sequence R = (Rn)n∈N∗ is not stationary in
general. Indeed, let (Yi)i∈N∗ be a family of indeterminates over R0 = Z and
put Rn = Z[Y1, ..., Yn] for each n ≥ 1. Then R = Z[Y1, ..., ] is a domain. So
R[[X]] is a domain. Therefore R[[X]] is strongly Hopfian. Hence R[[X]] is
strongly Hopfian but the sequence R = (Rn)n∈N is not stationary.

Let R be a commutative ring and I be a non-zero ideal of R. Let R ./ I
be the subring of R × R consisting of the elements (r, r + i) for r ∈ R and
i ∈ I. We next give a necessary and sufficient condition for the ring R ./ I to
be strongly Hopfian.
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Theorem 2.2. Let R be a commutative ring and I be a non-zero ideal of
R. Then R is strongly Hopfian if and only if R ./ I is strongly Hopfian.

Proof. “⇐” Let r ∈ R. Since (r, r) ∈ R ./ I, there exist a positive integer
n such that annR./I((r, r)

k) ⊆ annR./I((r, r)
n). We show that annR(rk) ⊆

annR(rn). Let b ∈ annR(rk). Since (b, b) ∈ annR./I((r, r)k), then (b, b)(r, r)n =
(0, 0). This implies that brn = 0 and hence b ∈ annR(rn).

“⇒” Let (r, r+ i) ∈ R ./ I. There exist positive integers n1, n2 such that
for each k ≥ n1, annR(ak) ⊆ annR(an) and for each k ≥ n2, annR((a+ i)k) ⊆
annR((a + i)n). Let n = max{n1, n2}. Then, for each k ≥ n, annR./I((r, r +
i)k) ⊆ annR./I((r, r + i)n.

Definition 2.1 ([4]). Let A and B be commutative rings with unit, let J
be an ideal of B, and let f : A −→ B be a ring homomorphism. We define the
subring of A×B as follows:

A ./f J = {(a, f(a) + j) | a ∈ A and j ∈ J}.

We call the ring A ./f J the amalgamation of A with B along J with respect
to f .

Proposition 2.2. Let A and B be a commutative rings with unit, let J
be an ideal of B, and let f : A −→ B be a ring homomorphism. If A and
f(A) + J are strongly Hopfian, then A ./f J is strongly Hopfian.

Proof. Let (a, f(a) + i) ∈ A ./f J . Since A and f(A) + J are strongly
Hopfian, there exist a positive integer n such that for each k ≥ n, annA(ak) ⊆
annA(an) and annf(A)+J((f(a) + i)k) ⊆ annf(A)+J((f(a) + i)n). It is easy to

show that annA./fJ((a, f(a) + i)k))) ⊆ annA./fJ((a, f(a) + i)n)).

Proposition 2.3. Let A and B be a commutative rings with unit, let J
be an ideal of B and let f : A −→ B be a ring homomorphism such that there
exists an ideal I of A with f−1(J) = ann(I). Then A ./f J is strongly Hopfian
if and only if A and f(A) + J are strongly Hopfian.

Proof. “⇐” Follows from Proposition 2.2.

“⇒” It is easy to show that A is strongly Hopfian. On the other hand
by [5, Proposition 5.1], A ./f J/(f−1(J)× {0}) ' f(A) + J and f−1(J)× {0}
= ann(I × B). Then by [9, Remark 1.14], f(A) + J is a strongly Hopfian
ring.

Remark 2.3. Let A and B be a commutative rings with unit, let J be an
ideal of B, and let f : A −→ B be a ring homomorphism.
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1. If A ./f J is strongly Hopfian, it is not necessary for f(A) + J to be
strongly Hopfian. Indeed, let K be a field, (Xn)n be a set of indeterminates
over K and A = K[Xi, i ∈ N]. Let I be the ideal of A generated by the elements
X0X1, X

2
0X2, ...X

n
0Xn, ..., B = A/I, f : A → B the canonical mapping and

J = 0. By [5, Proposition 5.1], we have A ./f J ' A. Then A ./f J is a
strongly Hopfian ring but f(A) + J = B is not strongly Hopfian.

2. If A is strongly Hopfian, A ./f J is not in general strongly Hopfian.
Indeed, let A ⊆ B be an extension of rings such that A is strongly Hopfian, B is
not strongly Hopfian, J = XB[X] and f : A −→ B[X] the natural embedding.
We have A ./f J ' f(A) + J = A + XB[X] ([5, Proposition 5.1]) and A is
strongly Hopfian but A ./f J is not strongly Hopfian because A + XB[X] is
strongly Hopfian if and only if B is strongly Hopfian (Theorem 2.1).

3. S-STRONGLY HOPFIAN

Let R be a commutative ring and S be a multiplicative subset of R.
Recall from [7] that an increasing sequence (Ik)k∈N of ideals of R is called S-
stationary if there exist a positive integer n and an s ∈ S such that for each
k ≥ n, sIk ⊆ In. We start this section by introducing the following definition
in order to generalize some known results about Strongly Hopfian rings.

Definition 3.1. Let R be a commutative ring and S a multiplicative subset
of R. We say that R is an S-strongly Hopfian ring (S.SH) if the chain of
annihilators ann(a) ⊆ ann(a2) ⊆ · · · is S-stationary for each a ∈ R.

Let R be a commutative ring and S be a multiplicative subset of R. Recall
from [1] that, an ideal I of R is called S-finite, if sI ⊆ J ⊆ I for some finitely
generated ideal J of R and some s ∈ S. Also, R is called S-Noetherian if each
ideal of R is S-finite.

Examples 3.1. Let R be a commutative ring and S a multiplicative subset
of R.

1. If R is strongly Hopfian, then R is an S-strongly Hopfian ring.

2. If S consists of units of R, then R is an S-strongly Hopfian ring if and
only if R is strongly Hopfian.

3. If R is an S-Noetherian ring, then R is an S-strongly Hopfian ring. In-
deed by [7, Remark 2.3], every increasing sequence of ideals of R is S-stationary,
in particular for each a ∈ R the sequence (ann(ak))k is S-stationary. So R is
S-strongly Hopfian.
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Proposition 3.1. Let R be a commutative ring and S be a multiplicative
subset of R consisting of nonzero divisors. Then R is an S-strongly Hopfian
ring if and only if R is strongly Hopfian.

Proof. “⇐” Clear.

“⇒” Let a ∈ R. Since R is S-strongly Hopfian, then there exist s ∈ S
and a positive integer n such that s(ann(ak)) ⊆ ann(an) for each k ≥ n. We
show that ann(an+1) = ann(an). Let b ∈ ann(an+1), then sban = 0. As S is
consisting of nonzero divisors, then ban = 0. Hence R is strongly Hopfian.

Proposition 3.2. Let A ⊆ B be an extension of commutative rings and
S a multiplicative subset of A. If B is an S-strongly Hopfian ring, then A is
also an S-strongly Hopfian ring.

Proof. Let a ∈ A. Since B is an S-strongly Hopfian ring, then the se-
quence (annB(ak))k is S-stationary. So there exist an s ∈ S and a positive
integer n such that for each k ≥ n, s(annB(ak)) ⊆ annB(an). This implies
that for each k ≥ n, s(annB(ak)

⋂
A) ⊆ annB(an)

⋂
A. Thus for each k ≥ n,

s(annA(ak)) ⊆ annA(an), and hence A is an S-strongly Hopfian ring.

Let R be a commutative ring and S ⊆ R a multiplicative subset of R.
Recall from [7] that R is said to satisfy the S-accr condition if the ascending
chain of residuals of the form (I : a) ⊆ (I : a2) ⊆ (I : a3) ⊆ · · · is S-stationary
for each a ∈ R and every ideal I of R. Let I be an ideal of R and S = {s | s ∈ S}.
Then it is easy to see that S is a multiplicative subset of R/I.

Proposition 3.3. Let R be a commutative ring and S a multiplicative
subset of R. Then R satisfies the S-accr condition if and only if for each ideal
I of R such that S ∩ I = ∅, R/I is an S-strongly Hopfian ring.

Proof. “⇒” Let I be an ideal of R such that S∩I = ∅ and a ∈ R/I. Since
R satisfies the S-accr condition, then there exist an s ∈ S and a positive integer
n such that for each k ≥ n, s(I :R a

k) ⊆ (I :R a
n). We show that s(ann(ak)) ⊆

ann(an) for each k ≥ n. Let α ∈ annR/Iak. Then αak = 0 which implies that
sα ∈ (I : an). This implies that sαan = 0 in R/I. So sα ∈ annR/I(an), and

hence R/I is an S-SH.

“⇐” Let I be an ideal of R and a ∈ R.
First case: S ∩ I = ∅. As R/I is an S-strongly Hopfian ring, then there exist
an s ∈ S and a positive integer n such that for each k ≥ n, s(annR/I(a

k)) ⊆
ann(an). Let α ∈ (I :R a

k). Then αak ∈ I which implies that sαan = 0 in R/I.
Therefore sαan ∈ I, so sα ∈ (I :R a

n).



390 A. Hamed, B. Gouaid, and A. Benhissi 8

Second case: S ∩ I 6= ∅. Let s ∈ S ∩ I. Then s(I : ak+1) ⊆ (I : ak) for each
integer k, and hence R satisfies the S-accr condition.

In the particular case when S consists of units of R we find the following
Corollary.

Corollary 3.1. The following assertions are equivalent for a commu-
tative ring R.

1. R satisfies the accr condition.

2. R/I is strongly Hopfian for each ideal I of R.

Remark 3.1. Recall that if f ∈ Hom(A,B) and A is strongly Hopfian,
then it is not necessary for B to be strongly Hopfian. Indeed let K be a field,
(Xn)n be a set of indeterminates over K and A = K[Xi, i ∈ N]. Let I be the
ideal of A generated by the elements X0X1, X

2
0X2, .., X

n
0Xn, ...,. B = A�I

and f the canonical mapping. A is strongly Hopfian but B = f(A) is not
strongly Hopfian(see [9, Remark 1.14]).

Proposition 3.4. Let R be an S-strongly Hopfian ring and I an ideal
of R such that there exists an ideal J of R with I = ann(J) and S ∩ I = ∅.
Then R/I is S-strongly Hopfian, where S = {s | s ∈ S} (multiplicative subset
of R/I).

Proof. Let a ∈ R/I. Since R is S-strongly Hopfian, there exist an s ∈ S
and a positive integer n such that for each k ≥ n, s(ann(ak)) ⊆ ann(an). We
show that s(annR/I(a

k)) ⊆ annR/I(a
n) for each k ≥ n. Let b ∈ annR/I(ak).

Then bak ∈ I which implies that for each j ∈ J , bakj = 0. Therefore bj ∈
ann(ak) for each j ∈ J . So for each j ∈ J , sbanj = 0. Thus sban ∈ I and
hence sban = 0.

Proposition 3.5. Let R be a commutative ring and S a multiplicative
subset of R. If R is an S-strongly Hopfian ring, then S−1R is strongly Hopfian.

Proof. Let a
s ∈ S

−1R. Since the ring R is S-strongly Hopfian, then there
exist an s′ ∈ S and a positive integer n such that for each k ≥ n, s′(ann(ak)) ⊆
ann(an). We show that ann(as )n+1 ⊆ ann(as )n. Let b

t ∈ ann(as )n+1. Then
ban+1

tsn+1 = 0. So there exists r ∈ S such that rban+1 = 0. This implies
that rb ∈ ann(an+1). So s′rb ∈ ann(an) and hence s′rban = 0. Then
ann(as )n+1 ⊆ ann(as )n and we can conclude that S−1R satisfies the strongly
Hopfian property.
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Let I =< b1, ..., bt > be a finitely generated ideal of a ring R. According
to [14], if k and n are any two positive integers such that k > nt, then Ik =<
bn1 , ..., b

n
t > Ik−n ([14, Lemma 2]).

Proposition 3.6. Let R be a commutative ring and S a multiplicative
subset of R. Then R is an S-strongly hopfian ring if and only if for each finitely
generated ideal I of R, the sequence (ann(Ik))k is S-stationary.

Proof. “⇐” Let a ∈ R and put I =< a >. Since Ik =< ak > and
annR(Ik) = annR(ak), then by hypothesis the sequence (ann(ak))k is S-
stationary. So R is S-strongly Hopfian.

“⇒”Let I =< b1, ..., bt >. For each i ∈ {1, .., t} there exist an si ∈ S
and a positive integer ni such that for each k ≥ ni , si(ann(bki )) ⊆ ann(bni

i ).
Let n = max{ni, 1 ≤ i ≤ t} and s = s1 · · · st. It is easy to prove that, for
each i ∈ {1, .., t} and k ≥ n, s(ann(bki )) ⊆ ann(bni ). If we take n0 = nt + 1,
then n0 > nt; so by [14, Lemma 2], In0 ⊆< bn1 , ..., b

n
t >. We show that

s(ann(Ik)) ⊆ ann(In0) for each k ≥ n0. Since In0 ⊆< bn1 , ..., b
n
t >, then

ann(< bn1 , ..., b
n
t >) ⊆ ann(In0). On the other hand as bki ∈ Ik for each

i ∈ {1, .., t}, thus ann(Ik) ⊆ ann(bki ), for each i ∈ {1, .., t}. Therefore, for each
k ≥ n0 and i ∈ {1, .., t}, s(ann(Ik)) ⊆ s(ann(bki )) ⊆ ann(bni ). So for each
k ≥ n0, s(ann(Ik)) ⊆

⋂
1≤i≤t ann(bni ) ⊆ ann(< bn1 , ..., b

n
t >). Then for each

k ≥ n0, s(ann(Ik)) ⊆ ann(In0).

Recall that a multiplicative set S of R is anti-Archimedean if for each

s ∈ S, S
⋂

(
⋂
n≥1

snR) 6= ∅, see [1]. Note that, in [7], the authors showed that,

if S is a finite multiplicative set of a commutative ring R, then S is an anti-
Archimedean set. For example, let R = Z�12Z and S = {1, 2, 4, 8} * U(R) is
an anti-Archimedean multiplicative set of R.

Our next result is to study the Hilbert basis theorem for an S-strongly
Hopfian ring when S has a special property. To prove this, we need the follow-
ing lemma.

Lemma 3.1. Let S be an anti-Archimedean multiplicative subset of a com-
mutative ring R and p(X) = a0 + a1X + · · · + arX

r in R[X]. If there exist a
t ∈ S and a positive integer n such that for all k ≥ n, t(ann(akj )) ⊆ ann(anj )
for each 0 ≤ j ≤ r, then there exist an α ∈ S such that for all k ∈ N∗,
α(ann(p(X)(r+1)n+k)) ⊆ ann(p(X)(r+1)n).

Proof. By induction on r = deg(p(X)). For r = 0 we take α = t.

We suppose that is true for all polynomials of degree≤ r − 1.
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Let p(X) = a0+a1X+ · · ·+arX
r of degree r such that there exist a t ∈ S

and a positive integer n satisfy for each k ≥ n , t(ann(akj )) ⊆ ann(anj ) for all

j ∈ {0, .., r}. Let h(X) = b0+b1X+· · ·+bsXs ∈ ann((p(X))(r+1)n+k. We have
for all j ∈ {0, .., s}, tj+1bs−j ∈ ann(anr ). Indeed, h(X)p(X)(r+1)n+k = 0 implies

that (b0+b1X+· · ·+bsXs)(arX
r+···+a0)(r+1)n+k = 0. Then bsa

(r+1)n+k
r = 0.

Therefore bs ∈ ann(a
(r+1)n+k
r ). So tbs ∈ ann(anr ).

Since tanrh(X)(p(X))(r+1)n+k = 0, then tbs−1a
n
r a

(r+1)n+k
r = 0. Thus,

tbs−1 ∈ ann(a
(r+1)n+k+n
r ) and hence t2bs−1 ∈ ann(anr ). It is easy to show

that tj+1bs−j ∈ ann(anr ) for each j ∈ {0, .., s}. S is anti-Archimedean. Then
S
⋂

(
⋂
n∈N t

nR) 6= ∅. Let t′ ∈ S
⋂

(
⋂
n∈N t

nR). We have t′bj ∈ ann(anr ) for all
j ∈ {0.., s}.

On the other hand, write p(X) = arX
r + pr−1(X). Then,

h(X)p(X)(r+1)n+k = 0.

So t′h(X)an−1r (arX
r + pr−1(X))(r+1)n+k = 0 and hence

t′h(X)an−1r (pr−1(X))(r+1)n+k = 0.

Since degpr−1(X) ≤ r − 1, then by recurrence hypothesis there exist an s′ ∈
S such that s′(ann(pr−1(X)rn+k)) ⊆ ann(pr−1(X)rn), for all k ∈ N∗. So
s′t′h(X)an−1r (pr−1(X))rn = 0. We have

s′t′h(X)an−2r (arX
r + pr−1(X))(r+1)n+k = 0.

Since t′h(X)anr = 0 and s′t′h(X)an−1r (pr−1(x))rn = 0. Then,

s′t′h(X)an−2r ((pr−1(X))(r+1)n+k = 0.

We deduce that s′t′h(X)an−2r ∈ ann(pr−1(X)(r+1)n+k). Then s′2t′h(X)an−2r ∈
ann(pr−1(X)rn). So by induction we can show that (s′)nt′h(X)(pr−1(X))rn =
0. Then

(s′)nt′h(X)(p(X))(r+1)n+k = (s′)nt′h(X)(arX
r + pr−1(X))(r+1)n

= (s′)nt′h(X)

[ n−1∑
i=0

(
(r + 1)n

i

)
(arX

r)i(pr−1(x))(r+1)n−i

+

(r+1)n∑
i=n

(
(r + 1)n

i

)
(arX

r)i(pr−1(X))(r+1)n−i
]

= 0.

Indeed in the first sum i ≤ n−1 so (r+1)n−i ≥ rn and in the second sum
s′t′h(X)air = 0 since i ≥ n. Then (s′)nt′ann(p(X))(r+1)n+k ⊆ ann(p(X))(r+1)n.
We have α = (s′)nt′ ∈ S and for all k ∈ N∗,

α(ann(p(X))(r+1)n+k) ⊆ ann(p(X))(r+1)n.
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Theorem 3.1. Let R be a commutative ring and let S ⊆ R be an anti-
Archimedean multiplicative set. Then R is an S-strongly Hopfian ring if and
only if R[X] is an S-strongly Hopfian ring.

Proof. “⇐” Clear.
“⇒” Let p(X) = arX

r + · · · · +a0 in R[X]. Since R satisfies the S-
strongly Hopfian property, then for each 0 ≤ j ≤ r there exist an sj ∈ S
and a positive integer nj such that for all k ≥ nj , sj(ann(akj )) ⊆ ann(anj ).
Let s = s1 · · · sr and n = max{nj , 0 ≤ j ≤ r}. Then for each k ≥ n and
0 ≤ j ≤ r , s(ann(akj )) ⊆ ann(anj ). By lemma 3.1 there exist an s′ ∈ S such

that s′(ann(p(X))(r+1)n+k) ⊆ ann(p(X))(r+1)n for all k ∈ N∗. This implies
that R[X] is S-strongly Hopfian.

In the particular case when S consists of units of R we find the following
Corollary. So we give an S-version of the result of Hmaimou, Kaidi and Sánchez
Campos [10].

Corollary 3.2. Let R be a commutative strongly Hopfian ring. Then
the polynomial ring R[X] is strongly Hopfian.

Corollary 3.3. Let R be a commutative ring and S ⊆ R an anti-
Archimedean multiplicative set. If R is S-strongly Hopfian, then R[X,X−1]
is S-strongly Hopfian.

Proof. Let p(X) = anX
−n + · · · + a1X + a0 + b1X + · · · + bpX

p in
R[X,X−1]. Since Xnp(X) ∈ R[X] and R[X] is S−strongly Hopfian, there exist
an s ∈ S and a positive integer r such that for all k ≥ r, s(ann(Xnp(X))k) ⊆
ann(Xnp(X))r. We show that s(ann(p(X))k) ⊆ ann(p(X))r for all k ≥ r. Let
k ≥ r and f(X) ∈ ann(p(X)k. There exist m ∈ N such that Xmf(X) ∈ R[X].
Then Xm+knf(X)(p(X))k = 0 which implies that Xmf(X)(Xnp(X))k = 0.
So Xmf(X) ∈ ann(Xnp(X))k). Therefore sXmf(X)(Xnp(X))r) = 0. Then
sf(X)(p(X))r = 0 and hence sf(X) ∈ ann((p(X))r.

Proposition 3.7. Let I be a nonempty set, R a commutative ring and
S ⊆ R an anti-Archimedean multiplicative set . Then R is an S-strongly
Hopfian ring if and only if R[Xi, i ∈ I] is an S-strongly Hopfian ring.

Proof. “⇐” Since R is a subring of R[Xi, i ∈ I], then we can conclude
with Proposition 3.2.

“⇒”Let f ∈ R[Xi, i ∈ I]. Then there exist p ∈ N such that f ∈
R[Xi1 , .., Xip ]. Since R is S-strongly Hopfian so by Theorem 3.1, R[Xi1 , .., Xip ]
is S-strongly Hopfian. Therefore there exist an s ∈ S and a positive integer
n such that for each k ≥ n, s(annR[Xi1

,..,Xip ]
(fk)) ⊆ annR[Xi1

,..,Xip ]
(fn). We
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show that s(annA(fk)) ⊆ annA(fn) where A = R[Xi, i ∈ I]. Let k ≥ n and
g ∈ A such that gfk = 0.

If g ∈ R[Xi1 , .., Xip ], then sg ∈ annR[Xi1
,..,Xip ]

(fn) ⊆ annA(fn).

If not, i.e., g /∈ R[Xi1 , .., Xip ] there exist q > p such that g ∈ R[Xi1 , .., Xiq ].

Then there exist gi ∈ R[Xi1 , .., Xip ] such that g =

q∑
i=p+1

giX
αi,p+1

ip+1
..X

αi,q

iq
.

Therefore for each i ∈ {p+1, .., q}, gifk = 0. So gi ∈ annR[Xi1
,..,Xip ]

(fk). Then

sgi ∈ ann(fn) for each p + 1 ≤ i ≤ q. Thus sgif
n = 0 for all i ∈ {p + 1, .., q}

and hence sgfn = 0.

Finally, we study how the S-strongly Hopfian property of Nagata’s ideal-
ization (as a particular case of the amalgamation) R(+)M is related to those
of R and M .To do this,we recall some facts on the idealization. Let R be
a commutative ring with identity and M a unitary R−module. The ideal-
ization of M in R (or trivial extension of R by M) is a commutative ring
R(+)M = {(r,m) | r ∈ R and m ∈ M} under the usual addition and
the multiplication defined as (r1,m1)(r2,m2) = (r1r1, r1m2 + r2m1) for all
(r1,m1), (r2,m2) ∈ R(+)M . It is easy to show that if S is a multiplicative
subset of R, then, S(+)M is a multiplicative subset of R(+)M .

Definition 3.2. Let R be a commutative ring, S ⊆ R be a multiplicative
set, and M an R-module. An increasing sequence (Nk)k∈N of submodules of
M is called S-stationary if there exist a positive integer k and an s ∈ S such
that for each k ≥ n, sNk ⊆ Nn.

Theorem 3.2. Let R be a commutative ring, M a unitary R-module and
S a multiplicative subset of R. Then, R(+)M is an S(+)M -strongly Hopfian
ring if and only if R is an S-strongly Hopfian ring and for each a ∈ R, the
sequence (annM (ak))k is S-stationary.

Proof. “⇒” Let a ∈ R. Since (a, 0) ∈ R(+)M , then there exist a positive
integer n and an (s,m) ∈ S(+)M such that for each k ≥ n,

(s,m)(annR(+)M ((a, 0)k) ⊆ annR(+)M ((a, 0)n.

It is easy to show that for each k ≥ n, s(annR(ak)) ⊆ annR(an) and
s(annM (ak)) ⊆ annM (an).

“⇐”Let (a,m) ∈ R(+)M . There exist an s ∈ S and a positive integer n
such that s(annR(ak)) ⊆ annR(an) and s(annM (ak)) ⊆ annM (an). We show
that for each k ≥ n+1, (s, 0)(annR(+)M ((a,m)k) ⊆ annR(+)M ((a,m)n+1). Let

k ≥ n + 1 and (b,m′) ∈ annR(+)M ((a,m)k). Then bak = 0 and kbak−1m +
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akm′ = 0. this implies that sban = 0. So sban+1 = (n+1)sbanm+san+1m′ = 0.
Hence (s, 0)(b,m′)(a,m)n+1 = (0, 0).
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