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1. INTRODUCTION

We consider, for v > 0, the fractional semilinear elliptic problem

(24 .
A2y=u" in B

u>0 on B
(1) u=0 on B®:=RNB
lim (1 — |z))' "2 u(z) = oo,
|z|—1
where Az := —(—A)%, 0 < a < 2, is the fractional power of the classical

Laplacian and B is the unit ball of R?, d > «. Solutions of this problem
are understood in the distributional sense and are called blow up (boundary)
solutions.

Formally taking o = 2, it is well known that problem (1) possesses at
least one solution if and only if v > 1. However, for 0 < a < 2, this problem
does not fully resolved as yet. By way of illustration, we give a brief account
of the results obtained. The existence of blow up solutions has recently been
investigated in [6], see also [1, 2]. The authors proved that if 1 + o < v < 2t
then problem (1) has at least one solution. For 0 < v < 1+ §, it was proved
in [1] that problem (1) has no solutions. The ranges 1 +§ < v < 14+«
and v > gf—g are still open. Due to the nonlocal character of A%, classical
techniques used in the study of problem (1) for aw = 2; see for instance [9, 13],
are not applicable for 0 < a < 2 in general. This obstacle makes the above

open ranges encouraging enough to merit further investigation.
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Our contribution in this direction is to prove that problem (1) has no
solutions for

2+2
O0<y<l4+a or 2—0—04_7'
-
The question of whether problem (1) has a solution when v =1+ « or gi'—g <

v < % remains unanswered. Our proofs make substantial use of explicit

formulas of the Green function G and the Poisson kernel K% of the unit ball
B. This method has the advantage of being easily explained. However, it seems
to be of little help when we replace the unit ball B by an arbitrary domain
of R?. We think that for general domains refinements of the ideas exploited
in this paper will essentially still work to give similar results, but we have no
proof of this.

2. PRELIMINARIES AND MAIN RESULTS

Let 0 < a < 2 and d > a. We denote by L, the set of all Borel measurable
functions u : R — [—o0, +-00] such that

ju(y) .
(2) /]Rd 0t |y!2)%+% dy < oo.

The fractional Laplacian A2 on R? is defined, for u € C2(R?%) N Lq, by
u(z +y) — u(z)
[yl ot
u(z +y) — u(z)
‘y’d—i-a

Azu(z) = Ad7_aP.V/

Rd

= Ad _o lim dya

L0y >e)

where

Ag—a = 2°T(—=) /=D (=),

For u € Lq, we define A2u as a distribution on the space C°(R?) of all real-
valued infinitely differentiable functions on R% with compact support by

Azu(p) = /[Rd u(x)A% o(z) da.

Definition 1. Let u € Lo N Lp5.(B). We say that u is a solution of
A%y =u in B if

(3) /Rd u(x) A2 p(z) de = / u(z) p(z) dz

d+ a
2

B
holds for every nonnegative function ¢ € C°(B). Supersolution and subsolu-
tion have to be understood in the same way replacing “ =" in (3) by “ <”

and “ > 7 respectively.
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Remark 1. 1. If uw = 0 on B¢ then the condition u € L, simply means
that u € L'(B) the set of all Lebesgue integrable functions on B. So,
solutions of problem (1), if there are any, should be in L'(B).

2. In the above definition, the conditions v € L, and u € L7 (B) are
necessary to make sense of left and right integrals in (3) respectively.

Let D be a regular bounded open set. For every nonnegative function f €
C(D°)NL,, we denote by Hf, f the unique nonnegative continuous extension of
f on R% such that A2y = 0 on D, see [11]. The a-harmonic measure relative
to z and D, which will be denoted by H(x,-), is defined to be the positive
Radon measure on D¢ given by the mapping f — Hp f(x). It was proved in
[5] that Hf(z,-), x € D, is concentrated on D° and is absolutely continuous
with respect to the Lebesgue measure on D€. Furthermore, the corresponding
density function K%(x,y), z € D, y € D®, is continuous in (z,y) € Dx D".
The explicit formula of the Poisson kernel K _for balls B, := {z € R |z < r}
is given in [4] by

r? —|z|?

2
O K (o) = Caa (1o ) oo el <r and bl >

lyl? —r?
where
Cyo =1 120 (d/2) sin(ra/2).
The Riesz kernel G, is given by
-Ad,a
|z =yl
The Green kernel G¢, of D is defined by G%(x,y) = 0 if « or y belongs to D¢
and

G%d (JZ, y) =

Gh(r.9) = Gulav) — | GRu(n)KBla,2)ds: 2.y € D.
It is known explicitly only for few choices of D, namely, for the ball B, :
. (2=l 2)(r? ~[u]?) sa-1
d,« |z—y|
(5) Gar(x7y):77_ 7(18) ‘T,yGB,
B |z =yl S (1+s)% "
where kg, = I'(d/2)/ (227%%[[(a/2)]?), see [4, 10, 12]. Furthermore, the
following scaling property holds

_ Ty
(6) %T<37,y) =7 dG%l(;a ;)7 T,y € Br-

However, many important properties of G%(x,y) are well known. We record
some of them which can already be found in [4, 10, 11]. The mapping (x,y) —
G%(-,-) is symmetric, positive and continuous except along the diagonal as
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a mapping from D x D into |0,00]. For every y € D and every z € 0D,
lim,—,. G%(x,y) = 0. Furthermore,
(7) A2GH(,) = —es,
where €, is the Dirac measure at the point = € D.
LEMMA 1. Let u € Lo N Ly5.(B). Then u is a solution of Azu=u" in
B if and only if
(8) u(z) + G, (u”)(x) = Hp, u(x)
for every x € B, == {z € R |z| < r} and every 0 <r < 1.
Proof. Let 0 < r <1 and define h(z) := u(z) + G (u7)(z). Gp (u7) €

Co(By) since u is bounded on B,. This implies that A = u on B¢ and hence
H% h = Hg u. On the other hand, using (7), for every ¢ € C2°(B;), we have

/h(m)Aggp(m)dx:/ w(x)AZ () dx + G%T(uv)(x)A%cp(x)dx
R4 R4 B;

_ /R u(@)AT () da /B W (@)e(r) d

Therefore, A2u = «” in B, if and only if A2h = 0 in B,, and hence h =
Hf h = Hg u as desired. [

Remark 2. Solutions of A%Zu = u” in B are continuous in B since the
functions Hg u, G% (u?) € C(B;) and , by (8), u = Hg u—Gg (u?) for every
0 < r < 1. So, in virtue of this remark and Remark 1, solutions of problem (1)
have to be understood as functions in C(B) N L'(B).

Before giving our first nonexistence result, we first need the following
preparatory technical lemma. The proof use basic properties of the Gaussian
hypergeometric function F'(a,b;c;-) which can be found in [8].

LEMMA 2. Let v be the function defined on B by v(z) = (1 — |z|*)~ 1.
Then there exists a constant C' > 0 such that, for every 0 <r <1,

(9) G, ()(0) > Cr* (1—17)7%,
Proof. By (5), we have

1|y

o a—d Iy )‘%_1
G5(0.9) =raaly™ [ 7T <L
0 (A+1)2
By changing the variable s = |y|v/1 4+ \, we get
1

G%(0,y) = 2k4a / s1=d(s? — [y2)5 1 ds.
ly|
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Then, using the scaling property (6) and the spherical coordinates, we obtain

B0 = [ GpO. ey

T 1 2
= ra_d/ td_lv(t)/ sl_d(s2f %)%_ldsdt
0 k2 r
= Cl/ tdlv(t)/ s'7(s? —12)2 " 1dsdt
0 t

(10) = Cl/ sld/ (s? — £2)3 71441y (t) dtds,
0 0
where .,
42
C1 = ——FKda-
r(9)

On the other hand,

s o 1 ! o
/ t37 1 (2 — )2 o(t) dt = sa+d2/ 211 — )51 — s2) 1o dt
o 0

2
d d
=Cys d+a— 2F(1+ 5 —;a’sz)
a d—a—2 o d+ao
d+a—2 2\ —2—1 9
= 1-— F Z. .
Cys (1=5%)"27"F( 5 ,2,2,3)
> 0y Cy s002(1 — 52)= %1,
where
L(HI(3) d—a—2 a d+a
= d = inf F —. . .
Cy 2F(‘1+Ta) and C3 oint ( 5 St 15) >0
Now, plugging the last inequality into (10), we obtain
,
B, (v)(0) = 010203/ s 1 — 2727 s
0
20,C2C5 a a
= A apq 29y G
" r* F(1+ 575 + 5" )
2 o
= Mra(l—TQ)_i
a

This completes the proof by taking C := 2a~1C;C,C3. [

We now give our first nonexistence result.

THEOREM 3. If~y > % then problem (1) has no solution.

Proof. Aiming for a contradiction, suppose that problem (1) admits a
solution u € C(B) N L'(B). The fact that the function (1 — |z|?)'~2u(x) is
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continuous on B and blow up at the boundary 0B asserts that its overall
minimum on B, which we denote by m, is attained. Moreover, m > 0 since
u > 0 on B. Thus, for every x € B,

(ams)

(1~ [a?)~3
m’y

(1— [z[2)THe

Let 0 < r < 1. By applying the Green operator G on both sides of (11), we

get Gy (u7) > G% (v) on B,. In particular,

G, (u")(0) = G, (v)(0)

W ()

Y

(11) > =m’v(x).

which leads using (9) to
G%, (u")(0) > m" Cre(1 - r?)”
Then, taking = 0 in (8), there holds
HE u(0) >m? Cr(1 —r?)~2.

On the other hand, using (4) and the spherical coordinates,

R

w(s)

1
HS u(0)=C ro‘/ ——ds,
5, u(0) e ros(s2—1r?)2

where
w(s) = [ ulsy)o(dy).
Thus, oB
! w(s) 2\—2
Ca.a / —————Fds>m’C(1—r*) 2.
ros(s?2—1r?)2

Now, multiplying both sides by 1/r(r? — )\2)1*‘”/2 and integrating from A to 1,
we obtain

s 31+Oé

1
Cia / w(s)ds >m"C.
A

Here, we used the fact that, for 0 <a < band 0 < v < 1,
/b dt _ I)I'd—v) p2v—2,-2v
“ t(t2 _ a2)y(b2 _ t2)1—u 2 :
Therefore, for every 0 < A < 1,

1 v
/ w(s)ds> mn C.
A

51+a — Cdoc

This implies, in particular, that

_ Law(s) m? C
lim T —
A=l fy S to Cd7a
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which is a contradiction since

1
lim/ wl(s) ds = lim/ u(dx) dx =0
A—1 A S ta A—1 B\BA |.’IJ’ +a

justified by the fact that v € L'(B). O

Our next investigation is about the nonexistence of solutions to problem
(1) for 0 < v < 1+ . In all the following, we assume that
0<y<l+oa.
It was proved in [2] that, for every integer n > 1, the problem
AZu=1v) in B
u=0 on B¢

lim (1 — |2/ 2u(z) =n
|z|—1

admits one and only one solution u,, € C*(B)N L'(B). Furthermore, for every
r € B,

(12) un(@) + GHug) (@) =n (1 —|a?)2 "
LEMMA 4. Let u be a solution of problem (1). Then, for every n > 1,
(13) Up < U.

Proof. Let n > 1. Define w, = u — u, and suppose that the open set

V ={z € B;w,(z) <0}

is not empty. Then A%wn =4 —u), <0 on V which means that w, is

a-superharmonic on V. By the blow up boundary conditions on u and u,, we
have

lim (1 —|z*) 2 tw,(z) = 0o

z|—1
from which we deduce the existence of 0 < r < 1 such that wy,(z) > 0 for
every r < |z| < 1. This entails in particular that V' C B, and hence w,
is continuous on V. Furthermore, w, > 0 on B¢ since u = u, = 0 on B¢
Then, the minimum principle for a-superharmonic functions as stated in [14,
Proposition 2.17] yields w, > 0 in V, a contradiction. Therefore V' is empty
and hence u, > v in B. O

By (12), we have u,(z) < n(1 —|z[2)2~" and thus
Azu, =u) <n'7H1—|2/H0"DE Y,
This means that u, is a supersolution of the Schrédinger equation

Azu=n""'q(z)u on B,
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where

a(w) i= (1= [f?) 0 DED),

For every integer n > 1, we consider the Schrodinger problem

AZy=n""1g(z)u in B

u=0 on B¢
lim (1 — |z} 2u(z) =n —1,
|z|—1

The function ¢ is in the Kato class K®(B) since (y — 1)(§ — 1) < «, see [3,
Example 1]. Then, it follows from [3, Theorem A] that the above Schrodinger
problem has one and only one solution v, € C*(B) N L!(B). Furthermore,

(14) (n=1) (1= z})E e 5@ <o,(2); z€B,
where
Si@) = (1= laP)' % [ Ghlena)( - o) dy
= (=RP)E [ G-

It should be noted that (a more general version of) (14) is given at the end of
the proof of Theorem A and not in the statements.

LEMMA 5. For every integer n > 1,
(15) U, < Up,.
Proof. Let n > 1. Define w, = u,, — v, and suppose that the open set
V ={z € B;w,(z) <0}
is not empty. Then AZw, < n" 'q(z)u, —n" ' q(z)v, < 0 on V which
means that w, is a-superharmonic on V. On the other hand, the fact that

lim (1 — |z|*)! " 2wy (z) =1

|z|—1

yields V C B, and hence w, is continuous on V. Since w, > 0 on V¢, the
minimum principle for a-superharmonic functions entails w, > 0 in V, a con-
tradiction. Therefore V' is empty and hence v, < u,. O

Combining (13), (14) and (15), we obtain the following result which is
essential in the proof of our next nonexistence result.

PROPOSITION 1. Let u be a solution of problem (1). Then, for every
integer n > 1,

(16) (n—1)(1 =z} e " 51® < y(z); z€B.
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The following lemma provide an important sharp estimates of S1(z).

LEMMA 6. There exist two constants 0 < c1 < ca such that, for every
x € B,

(17 a@—|2) U < S1() e (1 o) 0R),
Proof. Let 8:=~(1—%)—a and let ug be the function defined on R? by
ug(z) = (1—|z*)Pifzr € B and wug(x) =0ifz € B
By [7, Theorem 1], for every x € B,
Ag—ol'(1=5)I1 - B)7
al'(§)0(2~ 5~ §)

Using the hypothesis v < 1+« it is easy to check that ug € L*(B). Moreover,
a+ 28 —2 < 0, and hence

[N]ISW

Afug(e) = (a+26-2) [a]?).

d+a d
2

(67
F — e
B+ 3 5

d
2

Aj—oT(1-5)1-B)m
al(T(2 -~ 9)
By the Euler transformation of the Gaussian hypergeometric functions, we

obtain

Cla, B,d) == —(a+ 28 — 2)

ke —a— d Od d
A ug(a) = —Clas B,d)(1 = [2") " PF(5 = B = 5. =53 5ilal).
Since F(% -B-5,—%; %; -) is monotone on the interval [0, 1], there holds
(18) ~Ca (1= [a)™* P < Aug(r) < ~C1 (1= |2)™~
where
. a d d a o d
Cl = C(a,ﬁ,d)mll’l( (775 §a§a0>aF(§7ﬁ 2725271))
and
d a o d d a o d
= Fl=—-f——=,——;=0); F(=—f8——=,——; ;1) |.
02 C(a767d)max< (2 /8 27 27270)7 (2 5 27 2727 ))

Now, we apply the Green operator G% in (18) to obtain

1
& usl@) < [ Ghlam)(— )y < g usla).

The proof of (17) concludes by multiplying by (1 — |#|?)'~2 and by observing
that o+ =~(1-%). O

We now give our second nonexistence result.
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THEOREM 7. If0 <~ < 1+ « then problem (1) has no solutions.

Proof. Suppose, towards a contradiction, that (1) has a solution u. Then
(16) combined with (17) gives, for x € B and n > 1,

(19) (=1~ zP)> " exp (—nv_l ¢ (1— |x|2)1+%”(1_%)) < u(x).
We denote by &, (x) the left hand side of (19). If 0 < v < 1 then limy, o0 kp(z) =

00, and hence u = 0o on B, a contradiction. If 1 < v < 1+ « then

(20) / kn(x)dr — oo as n — oo,
B

which leads, using (19), to the contradiction u ¢ L'(B). So, it remains to

prove (20). Let
a

o}
Then, using spherical coordinates, we obtain

o 1
/kn(fc)dx = 11(d)(n—1)/ p1(1 = 2)8 1 e e (-2 gy
B 2 0
s 1 4
d 1 o 1 _v—1. B
= Trme [ae gttt ten e,
(g 0
¢ ni%l
> ljzz)(n - 1) / (1— S)%fl $3-1 e s g
2 0
-1
e 22 N1 nF N
= T—(1—n"7 )(n—l)/ 51
F(i) 0
da
2e % m2 ) _a-n
= 67;(2(1—71 'YB )(n_]_)n ’;B
al'(5)

This leads to (20) by observing that

s

_a—1 _aly=1
(1—n 7ﬂ)—>1 and (n—1)n W 300 as n — 0o,

since 1 <, 0 < 3 and

_el-1) _ 28-aly-1)
23 N 2/
24+ a—92-a)-ay+ta
= 2
— 1_‘_(;_7>0

by hypothesis. This completes the proof of the theorem. [
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