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In this paper, we solve forward and control problems for telegrapher’s equation
on metric graphs. The forward problem is considered on general graphs, and
an efficient algorithm for solving the equations for a constant inductance and
capacitance and for a variable resistance and conductance is developed. The
control problem is considered on tree graphs, i.e. graphs without cycles, with some
restrictions on the coefficients. In particular, we consider equations with constant
coefficients which do not depend on the edge. We obtained the necessary and
sufficient conditions of the exact controllability and indicate the minimal control
time.
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1. INTRODUCTION

The telegrapher’s equations, also known as transmission line equations,
are coupled, linear first-order partial differential equations that describe the
change of voltage and current on an electrical transmission line with distance
and time. It first appeared in a paper by Kirchhoff [17] in 1857, and sub-
sequently, by Heaviside [16] in 1876. The telegraph equation attracted close
attention when it was treated by Poincaré [21] in 1893. It is widely used in
the study of the propagation of electric signals in a cable transmission line
as well as in wave phenomena. The transmission line is thought to be com-
posed of millions of tiny little circuit elements, such as distributed resistance R
per unit length, distributed inductance L per unit length, and the distributed
capacitance between the conductors of shunt capacitance C per unit length.
Meanwhile the leakage conductance of the dielectric material separating the
two conductors is denoted by a conductance G per unit length. If the line
voltage is denoted by V(x,t) and the current — by I(z,t), where x is the dis-
placement and ¢ is the time, then the relationship between the voltage V' (x,t)
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and the current I(z,t) along the transmission line can be described by the
following coupled equations

(1) Lo + 0,V + RI =0,
2) COV + 0,1 + GV = 0.

In this paper, we consider forward and control problems for the telegraph
equation networks or, in other words, telegraph equations on metric graphs.
The forward problem is solved on a non-homogeneous network, that is, for a
constant inductance and capacitance and for a variable resistance and conduc-
tance. On the other hand, the control problem is solved in the case of constant
parameters.

Networks of the telegrapher equations have been recently used for model-
ing electrical circuits, see, e.g. [1, 19, 23], and arterial blood flows [13, 14, 24].
Very little is known about the controllability of such networks. Some results
of this kind were obtained in [24] for star graphs of three edges. Exact con-
trollability results for tree graphs, i.e. graphs without cycles, of the telegraph
equations were obtained in [20] without an estimate of the controllability time.
On the other hand, controllability of the wave equation on trees is studied
pretty well, see, e.g. monographs [18, 8, 15|, surveys [4, 25] and references
therein.

In the present paper, we demonstrate that, for homogeneous networks, the
control problem for the telegraph equation can be reduced to a control problem
for the wave equation for current. For the current equation, we obtain the
Neumann control problem with non-standard, so-called delta-prime matching
conditions. We study this problem developing the method recently proposed
in [12]. We give constructive algorithms to solve control problems on a tree
graphs. We prove that the systems of current and telegraph equations are
exactly controllable if and only if the control is supported at all or at all but
one of the boundary vertices of the tree. We also obtain a sharp estimate of
the controllability time. Some of these results (without the detailed proofs)
were presented in [3].

If the coefficients of the equations are constants, then eliminating V' (x, t)
in the system (1), (2) we obtain the second order equation for I :

(3) (CL)Iy — Iy + (CR+ LG)I, + (RG)I = 0.

The same equation is valid for V. If CL # 0, then using a simple change of
variables this equation can be transformed to the wave equation with potential:

(4) Ut — Ugy + qU = 0

with some constant g. Controllability of this equation on graphs (for ¢ depen-
dent on z) was studied in many papers, see e. g. [18, 8, 15, 4, 10, 25] and
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references therein.
If there is no inductance in the transmission line, 7.e. L = 0, then equation
(3) takes the form

1

This occurs in the case of transmission line of axons and dendrites of nerve cells.
In that case (5) is called the cable equation; it describes the dynamics of trans-
membrane potential u(x,t). Control and inverse problems for this equation on
tree graphs were studied in [5] and [6]. In the case of no resistance and leakage,
equation (3) takes the form

(6) Uyt — gy = 0,

which is the equation of wave motion with the phase speed of \/% On the
other hand, when the inductance is negligible compared with the resistance

and there is no leakage, equation (3) takes the form
(7) Ut — ktgg =0,

which is the equation of diffusion with diffusivity & = %. The control prob-
lems for equations (6) and (7) on graphs were considered, e.g. in [10], for the
case of variable coefficients.

2. PRELIMINARIES

Let 2 = {V, E} be a finite compact and connected metric graph, where
V = {v1,v2,...,up} is a set of vertices and F = {e1,e2,...,en} is a set of
edges. We recall that a graph is called a metric graph if every edge e, € E, k =

., N, is identified with an interval (0,[x) of the real line with a positive
length l;. We denote the boundary vertices (i.e. vertices of degree one) by
I'={v,v,-.-,Ym} We write k € J(v) if e, € E(v), where E(v) is the set
of edges incident to v. The graph € determines naturally the Hilbert space of
square integrable functions H := L?(Q2) = @, L?(e;,). When convenient, we will
denote the restriction of a function w on €2 to ex by wg. Let I' be a union
of two disjoint sets: 't = {71, ..., Ymi }» Lo = {Ymi+1s---»Ym }, and Ty may be
empty. We consider a system described by the following initial boundary value
problem (IBVP) on Q with Kirchhoff’s conditions at each internal vertex v;:

(8) L0l + 0,V + Ril =0, (z,t) € (0,1x)x(0,T), k=1,..., N,

(9) CrO Vi + 0:I + Gk Vi =0, (2,t) € (0,1)x(0,T), k=1,..., N,

(10) Vilt=0o = Ix|t=0 =0, = € (0,1x), k=1,..., N,

(11) Vi(vj, t) = Vi(vj,1), i,k € J(vj), v; e V\T, t € (0,T),
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(12) D sali(vy,t) =0, v; € VAT, t€(0,T),

k:EJ(Uj)
(13) Vk('.)/]?t) = f](t)7 ke J(’Y])7 .7 = 17 co,my, tE (O7T)a
(14) Vk("}/j,t) =0, ke J("}/j), j=mi1+1,....m, t € (O,T).

Here T is arbitrary positive number, s¢,; = 1 if v; coincides with 0 and »¢,; =
—1 if v; coincides with [, in the representation of the edge e, = (0,1x), and f; €
L?(0,T) for all k and j. The coefficients Ry (z), Gy(z), L (), Cr(z) represent
distributed resistance, inductance, conductance and capacitance respectively.
The function Ij(x,t) represents current and Vj(z, t) represents voltage on each
edge ey; the vector function f = {f;} € L?(0,T;R™) =: FT is referred to as
boundary control. We assume that Ry (z), Gk(z) € C|0,1i], and Li(x), Cy(z) €
C10,1] such that Li(x),Ck(z) > 0.

The well-posedness of this system was studied e.g. in [20] (see also [9]; it
was proved that for any f € FT, there exists a unique (generalized) solution of
the IBVP (8)—(14) such that V, I € C([0,T]; ). It means that V(-,¢) and I(-,t)
belong to H for any t € [0, 7] and continuously depend on ¢ in H norm. In the
next section we propose a new proof of this result together with a constructive
way solving the problem. We consider also the solution of the IBVP (8)—(14)
for more smooth controls, fi, € H'(0,T), fx(0) = 0, Vk.

3. FORWARD PROBLEM ON GRAPHS

We start with the discussion of the solution of the system (8)—(14) on a
finite interval and a star-shaped network.

3.1. Telegrapher’s Equation on a Finite Interval [0,!]

Consider the system (8)—(14) where ) is a single interval [0,!] and the
control f(t) is applied at = 0. Introducing the transformations £(z) =

fow V C(s)L(s)ds, I(z,t) = /C(z)u(é(z),1), V(z,t) = VL($)y(€(x)vt) and

putting U (¢, £) — <"y‘§§g> we obtain the TBVP:

(15) QU t) + AdU(Et) + QU(Et) = 0, (§¢) €(0,€) x (0,T),
(16) uli=0 = yli=o = 0, £€(0,4),

1
(17) y(O,t) = mf(t)a te (OvT)>

(18) y(4,t) = 0, te(0,T).



5  Solving forward and control problems for telegrapher’s equations on metric graphs 7

B (01 _ (&) @2 _ R(())
Here, ¢ = £(1), A = <1 0>, Q) = <q21(£) q22(£)) with g11(§) = L(z(8))’

_ '(a() _ L' (2(€) and
1218 = emvieecee” ?® T e viceocee M 2 =

gggg; For simplicity of presentation, we denote the right hand side of (17)
. . - ul” (&,
by f(t) again. We use the notation U/ (£,t) = - (£7t) to represent the
Yy )

solution if the control f(¢) is applied at the left end £ = 0.
By direct substitution one can prove the following proposition.

PROPOSITION 3.1. If0<t<T < ¢, Q € CY(0,£), and f € L*(0,T) then
the system (15)-(18) has a unique generalized solution U € C([0, T); L*(0, £; R?))

given by (u;: (§,t)> = <0> fort <& and
y 0

(&)

uf_ (fvt) _ 1 _ 1(67 S) _
(19) (yf M) — (1) sa-0+ / (e (e shas, € <.
where the vector kernel, W (&, s) <w1 ? 3) is the solution of the Goursat
problem 7
(200 OW(Es)+ ABW(E,8) + QW(Es) = 0, 0<E<s<T,
(21) w1‘5<§ = ’U)2’3<§ = 07 0< 5 < T7
(22) wo(0,s) = 0, 0<s<T,
with

(23) we(&,§) —wi(&,§) = (Q11(§) +q12(&) — q21(&) — q22(§)) -

The system (20) — (23) can be solved by the standard iteration method
after diagonalizing the matrix A and then using the transformation £ = s — x
and n = s + z for smooth @ (see, [2] for details). For the solution of scalar
Goursat problem, see, e.g., [22] for smooth ¢ and [11] for ¢ € L1(0,¢).

To find the solution of (15) — (18) for 7" > ¢ we use the idea proposed
in [12] for the wave equation. This method does not work on Telegrapher’s
equation with variable L and C. As a result, L and C are considered constants
for solutions on finite intervals if 7' > ¢ and on metric graphs. We extend
Q(&) to the semi-axis & > 0 by the rule Q(2nl £ &) = Q(&) for all n € N and
solve the problem (20) — (23) with extended Q(§). Then the solution of the
system (15)—(18) is given by the following proposition which can be proved by
substitution.
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PROPOSITION 3.2. If Q € CY(0,4), f € L?(0,T), and t > 0, then the
system (15)-(18) has a unique generalized solution U € C([0,T]; L*(0,¢; R?))
given by the formula

(24)

+ [( 11> f(t—2nl+¢)

() s

where |-| is the floor function.

Here and everywhere below we assume that control functions are extended
by zero to the negative semi-axis, i.e. f(t) =0 for ¢t < 0.

Now we consider the case when the control function f(¢) is applied at the
right endpoint £ = £:

(25)  QU(&, 1) + ADU(E,1) + QU(E ) = 0, (&) €(0,£) x (0,T),

(26) U‘t:O - y‘t:o = 07 E c (076)7

(27) y(O,t) = 0,te (OvT)a

(28) y(ﬁ,t) = f(t)a te (O7T)

In order to solve the system (25)—(28) we construct Q(¢) = Q(£—¢) and denote

by K(§,s) = (Z; Eg’ 3) the solution to the Goursat problem

(29) OsK(€,8) + ADK (€,5) + QK(&,8) = 0, 0<&<s<T,

(30) kils<e = kols<e = 0, 0< &< T,
(31) k2(0,s) = 0, 0<s<T,
with

(32) ka(€,€) — k1(€,€) = 5 (q11(8) + G12(€) — G21(8) — G22(E)) -

We extend Q to the semi-axis by letting Q(2nf + &) = Q(¢) for all n € N,
Let the vector kernel K satisfies the Goursat system (29)—(31) with extended

N

- N £ AN (3%)) -
Q(§). We use the notation U7 (&,¢) = | 4 (1) to represent the solution if
) )
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the control is applied at the right end £ = ¢. Then the solution of the system
(25)—(28) is given by the following proposition.

PROPOSITION 3.3. If Q € C(0,¢), f € L*0,T), and t > 0 then the
system (25)-(28) has a unique generalized solution U € C([0,T]; L*(0, ¢; R?))

) uf+(§,t) {0
given by <yf+(£,t)> = <0> fort <{l—¢ and

' |45
uf &t\ 1 o
(?f(&t)) - Z:% [(1)f(t (2n + 1)0 +€)

t —kl((2n+1)€—§,3) — s)ds
+ /(2n+1)££<k2((2n—|—1)€—§,5)>f(t )d]

| =]

1
- 7;) [(1) flt—(@2n+1)0-¢)
t F1((2n 4+ 1)+ &, )
. R /(2n+1)£+§ <k;((2n S04 E s)> G S)dS] L—E<t<T.

In the next section we will discuss the forward problem on a star-shaped
network.

3.2. Telegrapher’s Equation on a Star-shaped Network

Consider a star-shaped network Q = {V, E'} with V' = {v, 71,72, ..., Ym},
F'={v,...ym}, T'1={11}and Ty = {72, ..., Ym}- Each edge ey, k =1,...,m,
is identified with the interval (0,1l ), the vertex v is identified with = 0 and
% is identified with z = l. The transformed system on () takes the following
form:

(34) atUk(g’ t) + AaEUk(S’ t) + QUk(€7 t) = 0’ (67 t) € (Oa ‘gk) X (0’ T)a

k=1,...,m,
(35) Uglt=0 = Yklt=0 = 0, £ € (0,4), k=1,...,m,
(36) aiyi(0,t) = aryr(0,t), i,k € J(v),t € (0,T),
(37) > Brur(0,t) =0, t € (0,7),
keJ(v)
(38) yi(l1,t) = f(t),t € (0,1),

(39) (e, t) =0, k=2,3,...,m, t € (0,T).
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Here, ¢ = {(lg), s = v/Li, and B = v/Cg. We put hi(t) = yr(0,t), k =
1,2,3,...,m. Using the notations of the previous section we present the solu-
tion of the system (34)—(39) in the form:

hi +
(40) Uig.t) = U (€0 +U] (€D,
(41) Ue(&,t) = U™ (1), for k=2,3,....m.
Using (24) and (33) for computing U; (&, ), we obtain:

Uq (0, t) =M (t) + /OtL w11(0, S)hl(t — S)dS

t

(42) +2 [hl(t —2nly) + / w1 (2nly, s)hi(t — s)ds}

n=1 2nly
EN t
—2 nz_;) [f(t—(Qn—H)El) +/(2n+1)41k11((2n+1)£1, S)f(t—s)ds] .

Here w;; is the first component of the solution of the system (20)—(22) with
extended @1 and kHNis the first component of the solution of the system (29)—
(31) with extended Q1. On ex, k =2,3,...,m, at v(§ = 0) we have

up(0,t) = hg(t) + /Ot w1k (0, 8)h(t — s)ds

kA :

+ 2 Z [hk(t — 2nly) +/ w1k (2nly, s)hi(t — s)ds| .

n—1 2nly,

Here wyy, is the first component of the solution of the system (20)—(22) with
extended Q. The vertex matching conditions (36) and (37) give us

(13) hi(t) = “Eh(t)(k = 2,3,...,m)
k
and
t
(44) ahi(t) + / G1(0,8)hi(t — s)ds = F(t)
0
where, a = > ", g—’;, G1(0,8) =>4, g—iwlk(o,s) and

En t
F(t)=-2a Y {hl(t—Qn&g)—l— / w1 (2nLy, s)hy (t — s)ds

n—1 2nly,
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, 1] t
2 nzo [f(t —(2n+ 1)61) + /(QM% ki ((2n + 16y, 8) f(t — s)dS] _

If in lieu of one boundary control f(t) at 1, m; boundary controls fi(t) are
applied at the vertices v;, k = 1,2,3,...,m1, then the RHS of the equation
(44) takes the form

t

F(t)=—2a [hl(t —2nly) + / wig(2nl, s)hi(t — s)ds]

n=1 2n€k
t o > B> [fk(t — (2n+ 1))
k=1 n=0

+ /t k‘lk((Qn + 1)5]“ S)fk(t — S)dS] .
(

2n+1)€k

The coefficients L; and C}, are strictly positive for all k, so o = /Lj >
0, Bk = V/Ci > 0Vk. As a result the coefficient a in equation (44) is positive.
Equation (44) is a delay integral equation for hy, its RHS depends on hy of the
delayed argument. We will demonstrate now that this equation can be solved
by the method of steps.

PROPOSITION 3.4. Suppose that in the IBVP (34)—~(39), fi(t)€L? (0, 00),

loc

k=1,2,...,my. Then hy can be computed from (44), and hy € LIQOC(O, 00).

Proof. Let A := min {;. In equation (44), the kernel G1(0,s) is

k=1,2,....m
known and F' depends h; with arguments delayed by at least 2A and on fi, k =
1,2,...,mq. Since fi(s) are known for all s, if hy(s) is known for 0 < s < t—2A,
then for hy on the interval [t — 2A, ] we obtain the Volterra integral equation
of the second kind. Taking into account that hy(t) = 0 for t < A, one can solve
equation (44) in steps with a step size of 2A. [

The other controls hy, kK = 2,3,...,mq, can be obtained from the equa-
tion (43). Finally the solution of the system (34)-(39) on the star graph is
given by (40) and (41).

We are now ready to solve the forward problem on a general metric graph.
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3.3. Telegrapher’s Equation on a Metric Graph

The transformed telegrapher’s equations with Kirchhoff’s conditions at
each internal vertex v; take the form:

k=1,..., N,
(47) uk‘t:():ykh:ozo, £ e (O,Kk), k=1,...,N,
(48) aijyi(vj,t) = ozkjyk(vj,t), i,k S J(Uj),?)j eV \ F,t € (O,T),
(49) > saiBrjur(vy,t) =0, v; € VAT, t € (0,7),
k’EJ(’Uj)
(50) yl(’}/l,t) = f(t)’ te (OvT)a
(51) vk (v, t) =0, k=2,3,...,m, t € (0,T)

where £, = &(ly), ag; = /Li(vj), and By; = +/Ck(vj). The new graph is
denoted by Q. Let Uy be the solution of the system (46) — (51) on the edge ey,
of Q. Tf the values of yy(v;) are known for all k and j, one can use (24) and
(33) and the principle of superposition to find the solution U on each edge e,
of Q. Since these values are known for boundary vertices, it remains to find
them on V' \ I'. Consider an edge ej, with vertices v; and v; oriented in a way
such that the vertex v; is identified as § = 0 and the vertex v; is identified as
¢ = ¢y, Define operators Si : L2(0,T) — C([0, T); L*(0, 44; R%)) by

(Sy )& t) = UL (€.4) and (SF )& t) = UL (6,0).

Here (S, f)(&,t) represents the solution on the edge e, applying the control f(t)
at v; and similarly (S;f f)(,t) represents the solution on the edge ey, applying
the control f(t) at v;. The operators O : C([0,T]; L*(0, £4; R?)) — L*(0,T)
are defined by

O;(Uk) = uk(vi, ) and O;:(Uk) = uk(vj, )
Thus we have four combinations of O; and S, on an edge ej:
(OrS)f = ul (vih)
t
= f(t)+ / w1k (0, 8) f(t — s)ds
0

EN :
+ Z [ ft—2nly) + /2 wik(2nly, s) f(t — s)ds|

nly
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(OFSO)f = ul (v),1)
Ed

= -2 Z [ ft—(2n+1)4)

+ /(t w1k((2n+1)5k75)f(t—3)d51 :

27’1—‘,—1)@]c

+

(0, SHf = uf (vi1)
|7 ]
= 2> [f(t—(Qn—l—l)Ek)

n=0

t
+/( i ((2n + 1)k, s) f(t — S)dS] :

2n+1)€k
and,
+
(OFSf = uf (vj,1)
t
/ k11(0,8) f(t — s)ds
0
L
2£k .
-2 [f (t — 2nly) + / kir(2nly, s) f(t — s)ds| .
We introduce now vector h(t) with components h;(t), i =1,..., M :

hi(t) :==y(vi, t), v; € Ty hi(t) := yg, (vi, t), ki = min{k € J(v;)}, v; € V\T,

and put v := ok, /aki, k € J(v;). Now we define an N x M matrix operator
U such that it has one row for each edge and one column for each vertex. The
entries of U are defined by analogy to the entries of the incidence matrix of
Q2 . if there is an edge e; from v; to vj, then Uy, = VS, and Uy; = 'ykjS,j.
All other entries of U are zero. According to the matching conditions (48), the
k-th entry of the vector Uh is Uk.

Next we define an M x N matrix operator P such that it has one row for
each vertex and one column for each edge. Its entries are defined by analogy
to the entries of the transpose to the incidence matrix of €2 : if there is an edge
ey from vertex v; to vj, then Pj, = 5810, and Pjp = %kjﬁkjo;. All other
entries of P are zero. Now PUh is a column vector with M entries. The i-th
entry represents the LHS of equation (49). The M x M diagonal matrix D is
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defined to choose the interior vertices. That is, D;j; =1if ¢ = j and v; € V\T

and D;; = 0 otherwise. Then the matching condition (49) can be represented
by

(52) DPUR = 0.
Equation (52) is a system of |V \ I'| Volterra integral equations of 2nd kind
t
(53) Ah(t) + / G0, s)h(t — s)ds = F(1)
a1 hi G Fy
where A = ,h = LG = , B = :
| hyvey Glv.| Flyry
with
Z 7]6]516]7 Gj(ov S) = Z ijﬁk’jnk(ov S)a
keJ(vy) keJ(vj)
and
t
7 t
t)y=-2 Z Vij B Z { (t — 2nly) + / . M (2nly, s)h;(t — s)ds]
n=1 2nly

keJ(vy)
[
+2 > Bri > [h(t = (2n+ 1))

keJ(v;) and keJ(vr) n=0
t
+ / ne((2n + 1)k, s)h,(t — s)ds] .
(2n+1)€k

Here we have put h,(t) := yx(v,,t) at the vertex v, on the edge ej such that
k € J(vj) (v, is a neighbouring vertex to v; on edge ey) and 7, are given by

wlk,if Hj = 1
Mk = .
k‘lk,lf Hgj = -1

for any k. Equation (53) is a system of Volterra integral equation where each
equation is of the form

(54) ajhj(t) + /Ot Gj(O, S)hj(t - S)dS = Fj(t).

In the system (53), the kernel G(0,s) is known and the RHS, F' depends on
h with arguments delayed by at least A, where A is previously defined. If
h(s) is known for 0 < s < ¢t — A then F(s) is known for 0 < s < ¢. That
is, if h on [0,¢ — A] is known then one can find h on [t — A, ] in steps with
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a step size of A. Solving the system (52) we obtain h; at the internal vertex
vi(j = 1,2,...,[V\T]) along an edge ey, incident to v;, where k; = min{k €
J(v;)}, v; € V\T. The value of hy on the edge ey, k € J(vj),k # kj, that
is, uk(vj,t),k € J(vj),k # k; are obtained from the matching condition (48).
Since the boundary controls are known one can find the solution on each edge
ey, with vertices v; and v;. The solution of the system (46)—(51) on each edge
er of the metric graph € is given by:

UL(E.t) = UM (€.6) + U (6.1).

It should be noted that if v; or v; is a boundary vertex then h; or h; coincides
with the given boundary controls. Finally the solution of the system (8)—(14)
is given by

Ii(z,t) = /Crup(€(),t) and Vi(z,t) = /L ye(€(2), 1).

We have proved that for L? boundary control, f € FT the IBVP (8)-(14)
has a unique solution V, I € C([0,T]; ). In the next section we study control
problems for this system, and it will be convenient to use more smooth con-
trols. More specifically, we consider the control space Fi := {f = {fi}, fx €
HY(0,T), f(0) = 0,k = 1,...,m1}. In this case, we can prove existence and
uniqueness of a more regular solution.

To describe these solutions we introduce the following Sobolev-type spaces
of functions on 2. Let H' is the space of functions ¢ on € such that ¢ €
H'(ey)Vk. Let 1! be a space of functions from H' continuous on € and #}
— a space of functions from H' such that

Z %quﬁk(vj) =0, v v € Vv \ T.
kEJ(’Uj)

If f € FL, then following the scheme described in this section one can
construct the solution of the IBVP (8)—(14) such that V € C([0,T];H}) and
I € C([0,T); H}). The details of the proof are left to the reader.

4. CONTROL PROBLEMS FOR TELEGRAPHER’S EQUATIONS

In this section we prove the exact controllability of telegrapher’s equa-
tion on metric tree graphs. For that purpose we establish its relations with
controllability of the wave equations for the current. We begin with several
definitions.

Definition 4.1. The system (8)—(14) is called (V,I)-controllable in time
T if, given arbitrary functions ¢ € Hl, 1) € H! one can find f € F{ such that
V(vT) = and I(vT) = 1.
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Definition 4.2. The system (8)—(14) is called (I, I;)-controllable in time
T if, given arbitrary functions ¢ € H!, ¢ € H one can find f € F{, such that
I(-,T)=¢ and Li(-,T) = .

In this section we assume that all parameters, Cy, Ly, Ry, G, are inde-
pendent of x. The following observation is important for constructions of this
section.

PROPOSITION 1. If the system (8)-(14) is (I, I¢)-controllable in time T,

it is (V, I)-controllable in the same time interval.

Proof. Let us choose arbitrary functions ¢ € H., ¢ € H! and prove that
there exists a function f € F{ such that

(55) V(z,T)=¢(x), I(z,T)=1v()

Keeping in mind equation (8), we define function { € H by
1

(56) (@) = =7 [¢/(2) + Ry ()] -

Since the system (8)—(14) is exactly (I, I;)-controllable in time T, there exists
f € FI such that

(57) I(z,T) =(x), I(x,T) = ((x).

Then, according to (56) and (8), 0,V (z,T) = ¢'(x). Taking into account
boundary conditions (13) and (14), we obtain (55). [

Proposition 1 allows us to reduce the question about controllability of the
telegraph equations on graphs to the corresponding question for the wave equa-
tion of current. If a graph 2 has cycles, the wave or telegraph equation is not
exactly boundary controllable in any time. For the wave equation it was proved
in [8, Ch. 7]; the same argument works also for the telegraph equation. We will
consider the exact controllability question for trees, i.e. graphs without cycles.
To reduce a control problem for the system (8)—(14) to the problem for the wave
equation of current we need to impose some constraints on the coefficients of our
equations. We have already assumed that all C, L, Ry, and G}, are constant,
i.e. independent of x. It allows to eliminate Vj from the telegraph equations
and rewrite them in the form (3) or (4). To eliminate Vj, form the matching
conditions (11) we assume additionally that the coefficients are independent
of k. We denote them by C,L,R, and G. Then the system (8)-(14) can be
transformed to the IBVP for uy(z,t) := Iy(x/v/CL,t) exp{t(R/2L + G/2C)} :

(58) atzuk_aguk""quk = 0, (.Z‘,t) € (ngk) X (07T>7 k=1,...,N,
(59)  ugli=o = Opurli=o = 0, x € (0,4;), k=1,...,N,
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(60) 8’LL1'(’Uj,t) = auk(vj,t), i,k € J(Uj)’ v € V \ I, te (O,T),
(61) > sayug(vj,t) = 0, v; € VAT, te(0,T),

k‘EJ(UJ’)
(62) auk(/yj?t) = gj(t)v ke J(Vj)? ] =1,... ,mi, t € (OvT)a
(63) Oug(vj,t) = 0, ke J(v), j=mi+1,...,m, t€(0,T).

Here ¢ = % — % (% + %)2 , U = /CLI; and Ou;(vj, ) is derivative of u at the
vertex v; along the edge e; in the direction outward the vertex. For simplicity
we keep the same notations for the vertices of a new graph and its vertices and
edges: Q2 = (V, E). We notice that the lengths of the edges of the new graph
are equal to VCLIj, k=1,...,N. The functions g; are connected with f; by
the equalities g;(t) = —Cf;(t) — Gf;(t), and therefore, a new set of control
functions g := {g;} belongs to the space F1 if f € F{.

Definition 4.3. The system (58)—(63) is called exactly controllable in time
T if, given arbitrary functions ¢ € H}, 1 € H, one can find g € F', such that
u(+,T) = ¢ and w (-, T) = .

Clearly, the system (8)—(14) is (I, It)-controllable in time T if the system
(58)—(63) is exactly controllable in the same time interval. In the next section
we will find the conditions for exact controllability of the system (58)—(63).
The matching conditions (60), (61) are nonstandard matching conditions, and
the authors are not aware about results on controllability of such systems in
the literature. However, the methods developed in [12] for the wave equation
on graphs with standard matching conditions can be applied to handle the
current situation.

5. CONTROLLABILITY OF THE WAVE EQUATION OF
CURRENT ON METRIC TREES

Our approach to control problem for the system (58)—(63) is based on
the relationship between exact controllability, on one hand, and shape and
velocity controllability on the other hand. First we prove the shape and ve-
locity controllability using the dynamical method — we reduce these problems
to the Volterra integral equations of the second kind. Then we prove exact
controllability using the spectral approach — the method of moments and
properties of exponential families. This approach was used in [12] for tree
graphs, with Dirichlet boundary controls and standard (Kirchhoff-Neumann)
matching conditions. In the present paper we consider Neumann type controls
and nonstandard matching conditions (60), (61).
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Let U be a union of disjoint paths (except for the end points) on . Each
path P(7y) starts from a controlled boundary vertex v € I'; and ends anywhere
on €, and Uyer, P(y) = Q. In [12] it was proved that such a representation
is possible if and only if the controls act at all or all but one of the boundary
vertices.

The following result concerning controllability of the system (58)—(63) is
valid.

THEOREM 5.1. Let Q be a tree graph where |I'1| > |I'| — 1. Let U be
the described above path union representation of € : Q = Uyer, P(7v), and let
T, = maxpey length P(vy). Then

1. For any T > T, and any ¢ € HL, there exists a boundary control g € F¥
such that w9 (-, T) = ¢(-).

2. For any T > T, and any v € H, there exists a boundary control g € FT
such that u(-,T) = ¥(-).

The property (1) is called shape controllability and property (2) — veloc-
ity controllability. Similar result was proved in [12] for the wave equation with
Dirichlet boundary controls and standard matching conditions, and all main
steps the proof work for the system (58)—(63). The only difference is that the
system with Neumann boundary control is not necessarily shape controllable
in the critical time interval. This is well known in the case of one interval of
length ¢, since w(7T,T) =0 for T' < ¢.

We note that our result is valid for z-dependent potential g, € C[0, ]

Now we will prove that the shape and velocity controllability imply the
exact controllability.

THEOREM 5.2. Suppose that the system (58)-(63) is both shape and ve-
locity controllable in time T. Then the system is exactly controllable in time
2T.

Proof. We consider the following eigenvalue problem on the graph €:
— ¢"(x) + q(x)p(x) = wo(x);

Z #ijpley(vj) =0 Vou; € VAT
kGJ(vj)
0¢e, (V) = 0¢le, (v5), 1,k € J(v;), Yvj € V\I}
Jdo|r = 0.
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It is known that the spectrum {wy, }nen of this problem is purely discrete and
the eigenfunctions {y, }nen form an orthonormal basis in H. The solution
u(-,t) of (58)—(63) can be represented in a form of a series with respect to
{¢n} (see, for example, [8, 9]).

Control problems are reduced to moment problems using the Fourier
method. The shape controllability is equivalent to the solvability of the mo-
ment problem

(64) an = (f,sn)rr, neN, s,(t) :=pu|r, sinw,(T —1).

(see, e.g. [8, Ch. 3]). Solvability means that for any {a,} € [?, there exists
f € FT satisfying (64). For simplicity we assume here that w, # 0 Vn. If
wy, = 0 for some n, we use t to replace w;, ' sinw, (T —t) in the corresponding
moment equality.

The velocity controllability in time T is equivalent to the solvability of
the moment problem

(65) b = (g,cn)rr, MEN, ¢,(t) := @nlr, cosw,(T —1).

Denote by f_(t) the odd extension with respect to T' of f(¢) from [0, 7] to
[0,27] and by g4 (t) the even extension of g(t). We observe that the function

_(t t
ey — IO T 00
2
solves both moment problems

(66) an = (h,sp) yor, by = (h, cn) por,

where F2T' := L[2(0,27;R™). It means that the moment problem (66) is
solvable for any sequences {a,}, {bn} € [?. Therefore, the family {s,, ¢, } forms
a Riesz sequence in F27 [8, Ch. 1]. It implies that both families

Fiwn (T—1) } :I:iwnt}

{‘Pnh“l € and {Spn|1“1 €

also form Riesz sequences in F27, and by Theorem II1.3.10 of [8] the system
(58)—(63) is exactly controllable in time 27. [

So we proved that if {2 is a tree and control functions g; act at all or at all
but one of the boundary vertices, the system (58)—(63) is exactly controllable
in any time 7" greater than 27}. This controllability time estimate is sharp, ¢.e.
it guarantees controllability of any tree and, generally, it cannot be improved.

Taking into account the relations between exact controllability of the
system (58)—(63) and (V, I) controllability of the original telegraph equation,
we can now formulate the main result of the paper.
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THEOREM 1. If Q is a tree, control functions act at all or at all but one
boundary vertices, and the coefficients Cy, Ly, R, Gy are independent of k, the
system (8)-(14) is (V,I)-controllable in time T greater than 2T,/ CL.

We note that T, in this theorem is defined by the path representation
of the original graph, where the system (8)—(14) is defined, not by the graph
corresponding the transformed system (58)—(63).
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