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Let (R,m) be a commutative Noetherian local ring. In this paper, the notion of
sequentially almost Cohen-Macaulay R-modules is introduced and some proper-
ties of these modules is investigated. Especially, permanence property of these
modules with respect to m-adic completion, and flat base extension of R is de-
scribed and also permanence property of some classes of these modules with
respect to localization, and passing to non-zero divisor quotient is found. At
the end, some examples of sequentially almost Cohen-Macaulay R-modules are
given.
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1. INTRODUCTION

Throughout this paper, R denotes a commutative Noetherian ring with
unit element, and M denotes a non-zero finitely generated R-module of dimen-
sion n.

The concept of sequentially Cohen-Macaulay modules was introduced by
Stanley for finitely generated graded modules in [9]. Next, Herzog and Sbarra
studied these modules in [4]. Later in the same as Stanely did, Cuong and
Nhan in [3] introduced this concept for the local case instead of graded case,
as following:

Definition 1.1. Let (R,m) be a local ring. M is called a sequentially
Cohen-Macaulay R-module if there exists a filtration (0) = M0 ⊂ M1 ⊂ ... ⊂
Mt = M of submodules of M such that the following statements hold.

(i) Mi/Mi−1 is Cohen-Macaulay R-module for all 1 ⩽ i ⩽ t.

(ii) dimM1/M0 < dimM2/M1 < ... < dimMt/Mt−1.

In this case, the filtration (0) = M0 ⊂ M1 ⊂ ... ⊂ Mt = M is called Cohen-
Macaulay filtration.
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Also in [3] a definition of a dimension filtration is given as following:

Definition 1.2. A filtration (0) = M0 ⊂ M1 ⊂ ... ⊂ Ms = M of submod-
ules of M is called a dimension filtration if Mi−1 is the largest submodule of
Mi which has dimension strictly less than dimension of Mi for all 1 ⩽ i ⩽ s.

[3, Lemma 4.4(a)] shows that the dimension filtration always exists and
it is unique.

One year before introducing the sequentially Cohen-Macaulay modules
by Cuong and Nhan, Kang introduced the concept of almost Cohen-Macaulay
Modules in [7] as following:

Definition 1.3. M is called an almost Cohen-Macaulay R-module if
grade(p,M) = depthRp

Mp for all p ∈ SuppR(M).

R is called an almost Cohen-Macaulay ring if it is an almost Cohen-
Macaulay R-module.

Clearly, every Cohen-Macaulay R-module is an almost Cohen-Macaulay
R-module while the contrary is not necessarily true.

After Kang, several authors studied almost Cohen-Macaulay rings and
modules (see for example [2],[5],[6],[8] and [10]). The following characterization
of almost Cohen-Macaulay modules over local rings, which is used several times
in this paper, is an immediate consequence of [7, Lemma 1.5 and Lemma 2.4].

Lemma 1.4. Let (R,m) be a local ring. Then M is an almost Cohen-
Macaulay R-module if and only if dimM ⩽ 1 + depthM .

From now on, R denotes a local ring with maximal ideal m.

In this paper, the concept of a sequentially almost Cohen-Macaulay mod-
ule over a local ring is introduced and is shown that such a module may have
more than one almost Cohen-Macaulay filtration in contrast with a sequen-
tially Cohen-Macaulay module which has a uniqe Cohen-Macaulay filtration.
Lemma 2.4 gives a sufficient condition under which an almost Cohen-Macaulay
filtration is unique if it exists. Proposition 2.8 shows that m-adic completion
of a sequentially almost Cohen-Macaulay module is also a sequentially almost
Cohen-Macaulay module. Proposition 2.9 gives some condition under which
localization of a sequentially almost Cohen-Macaulay module is sequentially al-
most Cohen-Macaulay module. Also, Proposition 2.11 gives some condition un-
der which passing to non-zero divisor of a sequentially almost Cohen-Macaulay
module is sequentially almost Cohen-Macaulay module. Theorem 2.12 checks
the behaviour the almost Cohen-Macaulay filtration property under flat base
extensions of the ground ring. The paper is closed by some examples of se-
quentially almost Cohen-Macaulay modules.
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2. SEQUENTIALLY ALMOST COHEN-MACAULAY MODULES

Definition 2.1. A filtration (0) = N0 ⊂ N1 ⊂ ... ⊂ Nt = M of submodules
of M is called an almost Cohen-Macaulay filtration if the following statements
hold:

(i) Ni/Ni−1 is an almost Cohen-Macaulay R-module for all 1 ⩽ i ⩽ t.

(ii) dimN1/N0 < dimN2/N1 < ... < dimNt/Nt−1.

Definition 2.2. M is called a sequentially almost Cohen-Macaulay R-
module if there exists an almost Cohen-Macaulay filtration of M .

R is called a sequentially almost Cohen-Macaulay ring if it is a sequen-
tially almost Cohen-Macaulay R-module.

Remark 2.3. In contrast with Cohen-Macaulay filtration, an almost Cohen-
Macaulay filtration is not unique necessarily. For example if n = 1 and
depthM = 0 then M is an almost Cohen-Macaulay R-module by Lemma 1.4.
So (0) = N0 ⊂ N1 = M is an almost Cohen-Macaulay filtration of M. Also
(0) = N0 ⊂ Γm(M) ⊂ N2 = M is an almost Cohen-Macaulay filtration of M
as Γm(M) is a Cohen-Macaulay R-module of dimension 0 and M/Γm(M) is a
Cohen-Macaulay R-module of dimension 1.

Lemma 2.5 gives a sufficient condition for the uniqueness of an almost
Cohen-Macaulay fil- tration, if there is.

The following Remark which is used in the proof of Lemma 2.5 is an
immediate consequence of [8,Lemma 2.1].

Remark 2.4. If M be an almost Cohen-Macaulay R-module, and N a
submodule of M then N = (0) or dimN = dimM or dimN = dimM − 1.

Lemma 2.5. Suppose that (0) = M0 ⊂ M1 ⊂ ... ⊂ Ms = M is a dimen-
sion filtration of M where dimMi < dimMi+1−1 for all 1 ⩽ i ⩽ s−1. If there
is an almost Cohen-Macaulay filtration of M then it is unique and is exactly
the dimension filtration of M.

Proof. Let (0) = M0 ⊂ M1 ⊂ ... ⊂ Ms = M be a dimension filtration
of M where dimMi < dimMi+1 − 1 for all 1 ⩽ i ⩽ s − 1, and let (0) =
N0 ⊂ N1 ⊂ ... ⊂ Nt = M be an almost Cohen-Macaulay filtration of M .
By Definition 1.2 one has Nt−1 ⊆ Ms−1. Since by Definition 2.1, M/Nt−1

is an almost Cohen-Macaulay R-module, and since dimM/Nt−1 = n then
from Remark 2.3 it follows that Ms−1/Nt−1 = (0) or dimMs−1/Nt−1 = n− 1
or dimMs−1/Nt−1 = n. Now, the condition dimMs−1 < n − 1 yields that
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Ms−1/Nt−1 = (0). Proceeding, one can see that Ms−i/Nt−i = (0) for all
0 ⩽ i ⩽ s and consequently s = t, as required.

Example 2.6. In the previous lemma, the assumption dimMi<dimMi+1−

1 for all 1 ⩽ i ⩽ s − 1, is necessary. Indeed, consider R :=
K[[x, y]]

(x) ∩ (x, y)2

where K is a field. By Remark 2.3, (0) ⊂ Γm(R) ⊂ R is a sequentially
(almost) Cohen-Macaulay filtration of R, and thus from [3, Lemma 4.4(ii)]
it follows that (0) ⊂ Γm(R) ⊂ R is the dimension filtration of R. Clearly
dim(0) = dimΓm(R)− 1 and dimΓm(R) = dimR− 1. But by Remark 2.3 the
almost Cohen- Macaulay filtration of R is not unique.

Lemma 2.7. Let M be a sequentially almost Cohen-Macaulay R-module
with an almost Cohen-Macaulay filtration (0) = N0 ⊂ N1 ⊂ ... ⊂ Nt = M .
Then for all 0 ⩽ i ⩽ t, M/Ni is a sequentially almost Cohen-Macaulay R-
module.

Proof. (0) = Ni/Ni ⊂ Ni+1/Ni ⊂ ... ⊂ Nt/Ni = M/Ni is an almost
Cohen-Macaulay filtration of M/Ni.

Proposition 2.8. Let M̂ denotes the m-adic completion of M . If M is a
sequentially almost Cohen-Macaulay R-module then M̂ is a sequentially almost
Cohen-Macaulay R̂-module.

Proof. Let (0) = N0 ⊂ N1 ⊂ ... ⊂ Nt = M be an almost Cohen-Macaulay

filtration of M . From [1, Corollary 2.1.8(a)] it follows that (0) = N̂0 ⊂ N̂1 ⊂
... ⊂ N̂t = M̂ where N̂i denotes m-adic completion of Ni for all 0 ⩽ i ⩽ t, is an
almost Cohen-Macaulay filtration of M̂ .

Proposition 2.9. Let M be a sequentially almost Cohen-Macaulay R-
module, and p ∈ SuppR(M). If there exists an almost Cohen-Macaulay filtra-
tion (0) = N0 ⊂ N1 ⊂ ... ⊂ Nt = M such that dimNi/Ni−1 < dimNi+1/Ni− 1
for all 1 ⩽ i ⩽ t − 1 then Mp is a sequentially almost Cohen-Macaulay Rp-
module.

Proof. Let (0) = N0 ⊂ N1 ⊂ ... ⊂ Nt = M be an almost Cohen-Macaulay
filtration of M such that dimNi/Ni−1 < dimNi+1/Ni for all 1 ⩽ i ⩽ t −
1. If p ∈ SuppR(M/Nt−1) then by [7, Lemma 2.6(1)], Mp/(Nt−1)p is almost
Cohen-Macaulay Rp-module. In this case set t∗ := t, t∗ − 1 := t − 1. If
p /∈ SuppR(M/Nt−1) then (Nt−1)p = Mp. In this case consider the greatest
index i < t such that p ∈ SuppR(Ni/Ni−1). Now set t∗ := i, t∗ − 1 :=
i − 1. Proceeding, one can find R-modules Ni0 , Ni1 , ..., Nit∗ from the family
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{Ni}ti=0 such that every (Nil/Nil−1
)p, 1 ⩽ l ⩽ t∗, is almost Cohen-Macaulay.

Using the dimension assumption yields that dim(Nil/Nil−1
)p ⩽ dimNil/Nil−1

−
dimR/p < dimNil+1

/Nil − dimR/p − 1 for all 1 ⩽ l ⩽ t∗ − 1. Now since by
[8,Theorem2.3] for all 0 ⩽ l ⩽ t∗ − 1 one has dimNil+1

/Nil − dimR/p ⩽
dim(Nil+1

/Nil)p + 1 then dim(Nil/Nil−1
)p < dim(Nil+1

/Nil)p for all 1 ⩽ l ⩽
t∗ − 1. Hence, (0) = (Ni0)p ⊂ (Ni1)p ⊂ ... ⊂ (Nit∗ )p = Mp is a an almost
Cohen-Macaulay filtration of Mp.

The following Lemma, which gives information on associated prime ideals
of the components of dimension filtration and of some quotients of them, is
needed in the proof of Theorem 2.11.

Lemma 2.10. Let (0) = M0 ⊂ M1 ⊂ ... ⊂ Ms = M be the dimension
filtration of M with dimMi = di for all 0 ⩽ i ⩽ s. Then

(i) AssR(Mi) = {p ∈ AssR(M)|dimR/p ⩽ di},

(ii) AssR(Mi/Mi−1) = {p ∈ AssR(M)|dimR/p = di},

(iii) AssR(M/Mi−1) = {p ∈ AssR(M)|dimR/p > di}.

Proof. It follows from [3,Lemma 4.4(i)].

Proposition 2.11. Let x ∈ m \ ZR(M), and M is a sequentially al-
most Cohen-Macaulay R-module such that its dimension filtration is an almost
Cohen-Macaulay filtration of M . Then M/xM is a sequentially almost Cohen-
Macaulay R/xR-module.

Proof. Let M be a sequentially almost Cohen-Macaulay R-module such
that (0) = N0 ⊂ N1 ⊂ ... ⊂ Nt = M is the dimension filtration and an almost
Cohen-Macaulay filtration ofM . Assume that x ∈ m\ZR(M). For all 1 ⩽ i ⩽ t
set N i := Ni/Ni−1. From Lemma 2.10 and [7,Lemma 2.6(2)] it follows that
N i/xN i is almost Cohen-Macaulay for all 1 ⩽ i ⩽ t. Now since by considering
Lemma 2.10, for all 1 ⩽ i ⩽ t one has the equality Ni ∩ xM = xNi then
N i/xN i

∼= ((Ni, xM)/xM)/((Ni−1, xM)/xM). Set M∗
i = (Ni, xM)/xM for

all 0 ⩽ i ⩽ t. {M∗
i }ti=0 is an almost Cohen-Macaulay filtration of M/xM .

Theorem 2.12. Let (R,m) −→ (S, n) be a local flat homomorphism of
Noetherian local rings, such that S/mS is a Cohen-Macaulay ring. Let M be
a finitely generated R-module. Then the following statements are equivalent.

(i) M has an almost Cohen-Macaulay filtration (0) = N0 ⊂ N1 ⊂ ... ⊂
Nt = M .
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(ii) M ⊗R S has an almost Cohen-Macaulay filtration (0) = N0 ⊗R S ⊂
N1 ⊗R S ⊂ ... ⊂ Nt ⊗R S = M ⊗R S.

Proof. (i)⇒(ii): By [1, Proposition 1.2.16(a) and Theorem A.11(b)] for
every finitely generated R-module L one has dimS L⊗RS = dimL+dimS/mS
and depthS L ⊗R S = depthL + depthS/mS. Hence by virtue Lemma 1.4 it
follows that (Ni ⊗R S)/(Ni−1 ⊗R S) is almost Cohen-Macaulay S-module for
all 1 ⩽ i ⩽ t. Also, by definition it follows that dim(Ni ⊗R S)/(Ni−1 ⊗R S) <
dim(Ni+1 ⊗R S)/(Ni ⊗R S) for 1 ⩽ i ⩽ t − 1. Therefore (0) = N0 ⊗R S ⊂
N1 ⊗R S ⊂ ... ⊂ Nt ⊗R S = M ⊗R S is an almost Cohen-Macaulay and non-
Cohen-Macaulay filtration of M ⊗R S.

(ii)⇒(i): The argument is the same method in (i)⇒(ii).

Examples 2.13.

(i) Every almost Cohen-Macaulay R-module is a sequentially almost Cohen-
Macaulay R-module with the almost Cohen-Macaulay filtration (0) = M0 ⊂
M1 = M . Also every sequentially Cohen-Macaulay R-module is a sequentially
almost Cohen-Macaulay R-module.

(ii) If dimM ⩽ 2 then M is a sequentially almost Cohen-Macaulay R-module
because in the case where dimM − depthM ⩽ 1 the assertion is true by (i),
and in the case where dimM − depthM = 2 there exists the almost Cohen-
Macaulay filtration (0) = M0 ⫋ Γm(M) ⫋ M2 = M . (This example shows that
the converse of (i) doesn’t hold necessarily). So if C is a canonical module of R
of dimension d, and M is an almost Cohen-Macaulay R-module of dimension
2 then Extd−2

R (M,C) is sequentially almost Cohen-Macaulay R-module (see
[10,Theorem 3.6]).

(iii) Let M be an almost Cohen-Macaulay R-module. Then for every M -
regular sequence x in m of length greater than or equal to depthM − 1 and
for all t ∈ N, M/(x)tM is a sequentially almost Cohen-Macaulay R-module.
Indeed, let x, in m, be an M -regular sequence of length r ⩾ depthM−1. Since
by Lemma 1.4 one has dimM/(x)tM = dimM −r ⩽ 1+depthM −r ⩽ 2 then
the assertion follows by (ii).

(iv) IfM is a sequentially almost Cohen-Macaulay R-module and R is an almost
Cohen-Macaulay ring with dimR > dimM then the idealization R ⋉ M is a
sequentially almost Cohen-Macaulay ring. To see this, let (0) = N0 ⊂ N1 ⊂
...Nt = M be an almost Cohen-Macaulay filtration of M. Then (0) = (0)⋉N0 ⊂
(0) ⋉N1 ⊂ ... ⊂ (0) ⋉Nt = (0) ⋉M ⊂ R ⋉M is an almost Cohen-Macaulay
filtration of R ⋉M . It results from this fact that (R ⋉M) = ((0) ⋉M) ∼= R
and ((0)⋉Ni) = ((0)⋉Ni−1) ∼= Ni/Ni−1 for all 1 ⩽ i ⩽ t.
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(v) Let R[[x]] be a formal power series ring in variable x. Then M [[x]] is se-
quentially almost Cohen-Macaulay R[[x]]-module⇐⇒M is sequentially almost
Cohen-Macaulay R-module. Let R[[x]] be a formal power series ring in variable
x. This fact follows [7,Lemma 2.6(2), and Lemma 2.7] asM [[x]]/xM [[x]] ∼= M .

(vi) LetN1, N2, ..., Nk be almost Cohen-MacaulayR-modules such that dimN1 <
dimN2 < ... < dimNk, then

⊕k
i=1Ni is sequentially almost Cohen-Macaulay

R-module with an almost Cohen-Macaulay filtration (0) = N ′
0 ⊂ N ′

1 ⊂ ... ⊂ N ′
k

where N ′
0 = N0 and N ′

j = ⊕j
i=1Ni for all 1 ⩽ j ⩽ k.
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