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In this article, we study dissipative g-Sturm—Liouville problems with eigenvalue
parameter contained in the boundary conditions. It is shown that the analysis
of g-Sturm—Liouville problems on a finite closed interval carries over to regu-
lar problems involving the eigenvalue parameter in the boundary conditions at
one end-point. For the considered problem, we obtain asymptotic formulae for
eigenvalues and eigenfunctions.
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1. INTRODUCTION

Q-difference analysis (or quantum analysis) is a very interesting subject in
mathematics. Quantum derivative, a type of derivative in which the concept
of limit is not used, is regarded as one of the important issues of discrete
mathematics. When the limit concept is not used, the functions which are not
differentiable in the classical sense (manner) are added to the function class of
interest. The functions which are not differentiable in the classical sense can be
quantum-differentiable (the quantum derivations can be evaluated) ( [13], [36]).
There are various types of quantum analysis such as h-analysis (finite difference
analysis), gq-analysis and Hahn analysis ( [19]).

It has been observed that the concept of ¢-derivative and ¢-integral de-
fined by Jackson in the early 1900’s has important applications in various
fields such as quantum mechanics, particle physics, complex analysis and hy-
pergeometric series. Specifically, g-difference equations have been widely used
in mathematical physics problems, for dynamical systems and quantum mod-
els [1], for g-analogues of mathematical physics problems including heat and
wave equations [26], for sampling theory of signal analysis [2,3,35]. For more
information, we refer the reader to [24].

On the other hand, parameter dependent systems are of great interest to
numerous problems in physics and engineering. Specially, such problems occur
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while solving the proper partial differential equations with boundary conditions
having a directional derivative, by the Fourier method (the separation of vari-
ables) ([10]). There are a lot of studies about parameter dependent problems
([6-10,20-23,25,27,34,39-43)).

In this study, we consider the two-point boundary value problem

(1.1)  I(y) = —;Dq_1qu () +v(x)y(x), ¢€(0,1), 0<z<a< 400

(1.2) cosa y (0) +sina D1y (0) =0, 0 < a <,

(1.3)
- (ﬁly (CL) - IBQDq_ly (a)) =A (Biy (CL) - BéDq—ly (a’)) ) ﬁlv BQ,ﬂia Bé € R’

where )\ is spectral parameter, v (x) is defined on [0, a] and continuous at zero.
This problem differs from the g-Sturm-Liouville problem only in the appearance
of the eigenvalue parameter X in the boundary condition at a. We shall assume
that

(1.4) pi=|t P
By B2

The setup of this paper is as follows: in Section 2, some preliminary
concepts and results related to our subject matter are presented for the con-
venience of the reader. In Section 3, we introduce a special inner product in
the Hilbert space and define linear operator on it. We study the properties of
this operator. In Section 4, we obtain asymptotic formulae for eigenvalues and
eigenfunctions. While proving our results, we use the machinery and methods

of [16,27,34]

= 8162 — Baf1 > 0.

2. PRELIMINARIES

Let us introduce g-notations and results which we need throughout this
paper. For a review of this topic, we direct the reader to the monographs [17],
[33]. Let 0 < g <1, ACR, a € C and y(x) be a complex-valued function on
x € A

The g-difference operator D, is defined by

Dyy(z) = ¥ (qw: (;)y (z)

where p () = (¢ — 1) x. The ¢-derivative at zero is defined by

Doy (0) = Tim y(¢"z) —y(0)

n—r00 q"x

, for all x € A.

, x € A,
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if the limit exist and does not depend on z. A right inverse to Dy, the Jackson
g-integration is given by

[ rwdt=at-0Y ') 2 e

n=0

provided that the series converges, and

b b a
/af<t)dqt:/0 f(t)dqt—/o F@)dgt, a,be A

Let Lg (0, a) be the space of all complex-valued functions defined on [0, a] such

that . »
1l = ( / !f(x)\dqar) .

The space Lg (0,a) is a separable Hilbert space with the inner product

(r9):= [ 1@ a@id. f.9€130.0)
For every y,z € D we have g-Lagrange’s identity (see [14], [25], [12] )

(21) (ly7 Z) - (y7 ZZ) = [ya Z] (CL) - [ya Z] (0)

where [y, 2] (z) := y (v) Dy-12 (z) — Dy1y (z) 2 ().
Forn € N = {0,1,2,...}, «a,a1,..,a, € C, the g-shifted factorial, the
multiple g-shifted factorial and g-binomial coefficients are defined to be

n—1 ]
(@) =1, (aia), =[] (1-ad"), (aiq) =] (1-ad*),
k=0 k=0
k
(a1,az,...;a; : q) = H (aj:q),
j=1
and respectively ( [16], [37]). The generalized g-shifted factorial is defined by
(a; q)
a;q), = ———~—, veR
(4 GO

The ¢-Gamma function is defined by

L (2) = B0 (1 g+, s e, jql <1 ([25], 52)).
(0% 0) s
The third type of the g-Bessel functions of Jackson of order v, v > —1, is
defined to be

v+1. 00 _1\* ,n(n+1)/2

o (@ a) o 1
JU(’Z;Q):Z ( ) z : ( ) qv+1.
) “ (4:9), (" h9),

e , 2 C ([30], [31)).
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cos (z; q) and sin (z; q) are defined by

I e L T )
wos(530) = =1 (45 @)y

2
% (qul/Q (1- Q))1/2 Jo12 (21 =q) /V@: &),

0 @Y (2 (1 — q))*"
(CErpr—

sin(ziq) = 3 (-1)
n=0
(¢°

2

1 q

= # (Z (1- 9)1/2) Jip (2(1—q);¢%) ([4]).
(¢54%) oo

Let wg),v > —1, denote the positive zeros of J, (.; q2) in an increasing order

of m and

_ 1
denote the positive zeros of cos(z;q) and sin(z;q) respectively ( [15]). For
sufficiently large m, we have

1/2) V4
1 _ b

xm:w,(n_

q—m+1/2 .
Ty = 17_q(1+0(q )
i = 10 ™) (1),

Let A denote the linear operator acting in the Hilbert space H with the
domain Dom (A). We know that a complex number )\ is called an eigenvalue
of an operator A if there exists a non-zero vector zyp € Dom (A) satisfying
the equation Azy = Agzg; here, zg is called an eigenvector of A for A\g. The
eigenvectors for Ay span a subspace of Dom (A), called the eigenspace for Ag
and the geometric multiplicity of g is the dimension of its eigenspace. The
vectors z1, 29, ..., 25 are called the associated vectors of the eigenvector zg if
they belong to Dom (A) and Az; = \oz; +zi—1, 1 = 1,2, ..., k. The element z €
Dom (A), z # 0is called a root vector of the operator A corresponding to the
eigenvalue )\, if all powers of A are defined on this element and (4 — X\gI)" 2z =
0 for some integer n. The set of all root vectors of A corresponding to the same
eigenvalue Ao with the vector z = 0 forms a linear set Ny, and is called the
root lineal. The dimension of the lineal V), is called the algebraic multiplicity
of the eigenvalue Ao ( [11], [12]). Let P (z) denote a polynomial. Suppose
that o is a zero of order h. Then we can write P (z) = (z —a)" P, (2) with
Py, (o) # 0. A zero of order 1 is called a simple zero and is characterized by the
conditions P () =0, P’ (a) #0 ( [5]).



5 g-Sturm—Liouville problems 381

3. AN OPERATOR-THEORETIC FORMULATION IN THE
CONVENIENT HILBERT SPACE

Now, we introduce a special inner product in the Hilbert space H = Lc21
(0,a) ® C and define linear operator A in it to remove the spectral parameter
in the boundary condition and to use the tools of operator theory. We define
a Hilbert space H with inner product

a . 1 o
<F, G> : = / F1 (IE) G1 (x)dqx + ;FQGQ,
0

o <F1}7(2x)>’G_<G1G(2$)>€H’

where the constant p is defined above.
For convenience, we assume

Ry (y) = By(a) —BaDy1y(a),
R, (y) = Piy(a) = P3Dg-1y(a),
No(y) = cosay(0)+sina D1y (0), 0<a <.

We construct the operator A : H — H with domain

D(4) = F e€H | Fi,D,1Fy are continuous in [0,a], [F1 € Lg(O, a),
B No(y) =0, Fo = Ry, (F1)
as -
A(F) = !
(F) _R, (F)

Then, we can pose the problem (1.1)-(1.3) in H as AF = AF, F € D(A), i.e.,
the problem (1.1)-(1.3) can be considered as the eigenvalue problem for the
operator A. It follows that A is densely defined, symmetric and self-adjoint.

THEOREM 1. The operator A is symmetric.

Proof. Let F,G € D (A). Using ¢-Lagrange’s identity (2.1) , we obtain
(3.1) <AF, G> — (F, AG> = [Fl,Gl] (a) — [Fl, Gl] (0)

4 ; (=R (R) (R, (G1)) = R, (F) (ZRa (G1)] -

Furthermore,
1

p (R (7) (R (G1) — Ra (F) (R, (G1) )| =

! [ (B{Fi (a) — B4Dy1 Fi (a)) (BiGh (a) — aDyi G (a)) ]
P — (BlFl (a) — Bqulel (a)) (ﬁiGl (a) — ﬁéDq71G1 (a))
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=2 (8162~ 18) [ (@) DA G @ - Dyrr Fi )G @)
(3.2) = [F1,G4] (a).
The short calculation gives
(3.3) [F1,G1) (0) = 0.

Finally, substituting (3.2) and (3.3) in (3.1) yield the required equality.
(AF,G) — (F,AG) =0, F,Ge D(A).
0

COROLLARY 1. The eigenvalues of problem (1.1)-(1.3) are real.
The ¢g-Wronskian of y (z), z () is defined to be
Wq(y, 2) (x) =y (x) Dyz (x) — 2 (x) Dgy (z), 2 € [0,d].
THEOREM 2. The Wronskian of any solution of Equation (1.1) is inde-
pendent of x.

Proof. Let y(z) and z (z) be two solutions of Equation (1.1). By g¢-
Lagrange’s identity (2.1), we have

(ly,z) — (y,12) = [y, 2] (a) — [y, 2] (0) .
Since ly = \y and [z = Az, we have

(Ay7 Z) 1(y7 )‘Z) = [
A=X)(,2) = [y.7]
Since A € R, we have [y, 2] (a) = [y, 2] (0) = W, (y,%) (0), i.e., the Wronskian

is independent of x. [J

COROLLARY 2. Ify(z) and z(x) are both solutions of Equation (1.1),
then either Wy (y,z) =0 or Wy (y,2) # 0 for all x € [0,a] .

THEOREM 3. Any two solutions of Equation (1.1) are linearly dependent
if and only if their Wronskian is zero.

Proof. Let y (z) and z (x) be two linearly dependent solutions of Equation
(1.1). Then, there exist a constant ¢ > 0 such that y (x) = ¢ z (z) . Hence

_ | v(@) Dgy(x) | _| cz(x) cDgz(x)
Wa®:2)= | (2) Dye (o) '_ 2(@) Dz (@)

Conversely, the Wronskian Wy (y,z) = 0 and therefore, y (z) = ¢ z(z), ie.,
y(x) and z (x) are linearly dependent. []

=0.
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Let ¢ and x) denote the solutions of Eq. (1.1) satisfying the conditions
éx(0) = sina, D19y (0) = —cosa,
xx(a) = ByA+ B2, Dyixa(a) = BiA+ fi.
Then by Eq. (3.2), we have

W) =W, (6 xa) (2) = W, (63, x2) (q) — [n0] (@

= ¢x(a) Dg-1xa (@) — xx (a) Dy-19x (a)

= (BN + B2) ¢ (a) — (BIA + B1) Dy-19 (a)

= A (Byor (a) — B1Dy-19x (a)) 4 Paox (a) — B1Dy-1¢x (a)
(3.4) = AR, (¢x) + Ra ()

Ry(x»n) = BaDg-1xa(a) — Bixa(a)
= By (BIA+B1) — Br (B3A + )
= f361 — B152
(3.5) = p
where p is given by (1.4).

THEOREM 4. The eigenvalues of the problem (1.1)-(1.83) are the zeros of
the function W (\) .

Proof. Let W (Xg) = 0. Since Wy (éx9, X2o) = W (Ao) = 0, the functions
x> X0, are linearly dependent, i.e., x), = k¢),, for some k # 0. Since ¢),
satisfies the boundary condition (1.3), x), satisfies too. Then, x), is an eigen-
function of the problem corresponding to the eigenvalue \g. Therefore each
zero of W () is eigenvalue.

Let wug(x) be any eigenfunction corresponding to eigenvalue \g and
W (Xo) # 0. Then the functions ¢y, xa, would be linearly independent on [0, a] .
Therefore ug () may be represented in the form

uo (z) = c19x, () + c2xn, (2) for 2 € [0,q]

where at least one of the coefficients ¢; and ¢y is not zero. From the boundary
condition (1.2) and (1.3), we obtain

ci(cosa ¢y, (0)+sina D,-1¢x,(0)) + ca(cosa xx,(0) +sina Dy-1x,(0)) =0
and
c1 [Xo (B19x, (@) = ByDg-19x, (a)) + (Brda, (@) + B2Dy-16, (a))]
+e2 [Ao (B (@) = B3Dg-1xx, (@) + (B1xx, (@) + B2Dy-1x, (a))] = 0.
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Using the definitions of ¢, and y), we have

cos axx, (0) +sina Dy-1xx, (0) = —Dg-16x, (0) X, (0) + ¢, (0) Dy-1xx, (0)
= [X>\07 ¢)\0] (0) = Wq (X/\ov ¢>\0) (0)
and similarly
Ao (B10x, (@) — B5Dy-10x, (a)) + Pror, (a) + BoDy-1dx, (a) = W (o) .

Hence the determinant of this system is

0 Wq (X)\o’ d)/\o) (0)
W (Ao) W (Xo)

Since W (Xg) # 0 and Wy (xx,, @) (0) # 0, we have ¢; = ¢c2 = 0, i.e., this
system has only the trivial solution. Thus, we have contradiction. [

= =Wy (Xx0s Pa0) (0) W (o) # 0.

LEMMA 1. All eigenvalues A, are simple zeros of W ().

Proof. From g-Lagrange’s identity (2.1), we have

(3.6) =) [ (@), @) dy = 02,0 00] ().
Recall that, for each zero of W (),
(3.7) Xx, (@) = knoy, (), z €[0,q],
where k, # 0 are real constants. Using this equality, we have
(03 03,) (@) =~ (ol (@
= DR (90) + R (90)]
= DB (6) + AR, (62) — ARG (63) + Ra (63)]
= L W)+ On = N R, (03]
A=A [ W) ,
(3.5) s p e ACIE
Letting A — A\,
“ 2 1 ! /
(39) | @r @)y = 1 W ) = B (0n,)]
0 n
Putting
(3.10) R, (62,) = -

kn
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n (3.9) , we get
W (An) = /(%()) dyo+ 1= 20

O
Now, if we solve the operator equation

(3.11) (M —-A)y=F, FeH,
we get
(3.12) =R\ (A)F = (G, F)

. Yy A R& {<Gx’)\,F>} )
where

— G (z,y,\)
(349) 6= it )
and
1
wooXa (@) oa(y), 0<y<z<a

3.14 G(z,y,\) =< VN ,
(314 (®:3:2) {Wl@)@(fc)m(y% 0<z<y<a

By (3.12)-(3.14), we obtain the following facts.
i) G (z,y,\) satisfies the boundary conditions (1.2)-(1.3) for fixed x €

[0,a].
ii) If A is not a zero of W (\), then

(3.15) Ry(A)FeD(A).
iii)

(3.16) Ry (A)(A\ — A)F = F for F € D(A).
iv)

(3.17) |IRx (A )FH_| ‘||FH JFeH,v=TIm\#0.

v) Ry (A) F' is a meromorphic function in A.
From (3.11), (3.12) and (3.15) with A = %7, it may be concluded that A is a
self-adjoint operator.

Using (3.7), (3.10) and (3.12) we have

AffnRA (A) F = cp,®,,

where
1

(e o)

en = (F,®,), ®, =
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Similarly,
res (Ry (A) F,F) = lenl?.
Now, we will prove the followribng eigenfunction expansion theorem.

THEOREM 5. 1)

/ |F(2)Pdgz = |eal*, F €.
0 n=0
ii) If F € D(A), then
F(z)= chfbn (z)
n=0

absolutely and uniformly convergent for z € [0,a].

Proof. i) If we apply the argument of [ [18], Theorem 5.12] and using
(3.16), we get the desired result.

ii) Using (i) and applying the argument of | [18], Theorem 5.15], we obtain
the proof. [

4. ASYMPTOTIC FORMULAE FOR EIGENVALUES AND
EIGENFUNCTIONS

In this section, we shall obtain asymptotic formulae for eigenvalues and
eigenfunctions of the problem (1.1)-(1.3).

THEOREM 6. Let A\ = s. Then the characteristic function W ()\) has the
following asymptotic representations:

Case I. 5, #0, a #0
W (\) =45\ /gsin (sq_1/2a; q) sin a

4.1 _ 2
w o (st enbler 001

log g

Case IL. 85, #0, a =0
(4.2)

-1/2 . 2
W () = Bhs? cos (sq~2aiq) + O <|s|exp (— Logelag (1~ 4) )) ,

log q
Case IIL. 5, =0, a #0

(4.3) W (\) = Bis%cos (sa; q) sina + O (‘3| exp <_ (log|s|a (1 — q))2>> |

log q
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Case VL. g, =0, a=0
2
(4.4) W () = —B1ssin(sa;q) + O (exp (_ (log|sla (1 —q)) )) ’

logq

Proof. Let ¢y (x) be the solution of Eq. (1.1). Then the following integral
equation hold ( [14]):

o () = sinacos (sz;q) — L in (sx;q)
+2 / [cos (sx; q) sin (sqt; q) — sin (sz; q) cos (sqt; q)] v (qt) & (qt, A) dgt.
§Jo

If sin a # 0, then we have

2
(4.5) ¢ (x) =sinacos (sz;q) + O <|s|—1 exp (_ (log \S\Iig(;— q)) )) '

If sina = 0, then we have

2
(4.6) on(2) = _co;a sin (sz;q) + O (‘3‘—2 exp (_ (log |3|1ig(;— ) )) .

Putting this equalities in the representation

W (X) = AR, (¢2) + Ra (62)]

we obtain the desired results. The other cases may be considered analogically.
O]

COROLLARY 3. The eigenvalues of the problem (1.1)-(1.83) are bounded
below.

Proof. Putting s = it (¢t >0) in the above formulae, we have that
W (=t?) — oo as t — oo. Hence W (X) # 0 for A negative and sufficiently
large. [

THEOREM 7. The eigenvalues A, (n =0,1,2,...) of the problem (1.1)-
(1.3) have the following asymptotic representations for n — oo :
CaseI (3, #0, a #0

—n+1/2

Case IL. 85, #0, a =0
—n+1

(4.8) Sp = h (1 +0 (q””)) :
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Case IIL. 5, =0, a #0
q—n+1/2

=gy (O (),
Case VL. 5, =0, a =0

(4.9)

qfn

= =g (1ro(a?)).

Proof. Let us consider the first case. Set W (s) = W (s) + Wa (s) where

Wi(s) = phsd\/gsin (sq_l/Qa; q) sin «
1 2 (1 - g))’
Wa(s) = O (!s]exp (— (log 5| ag ) )) :
log q

Yn

log
Let B, = 2t n € ZT. Then 3, — 1 as n — oo and 8 = inf,cz+ B > 0.

logq

Let {c,},—; and {dn},2; be sequences defined by
C:{ﬁqﬂif@¢ﬁ

b ifB.=8"
and
dl = ga
Bn—5B :
d, _ R if Bn # B
i { S ifBu=8"

where n > 1. The set of annuli {A7}>°, is defined to be

A = {z €C:ypg® < |2l < yanc”} ,n>1
dividing the region {z €C:lz| > qul} .

We recall the Rouché theorem which asserts that if f(z) and g (z) are
analytic inside and on a closed contour C, and |f (2)| < |g (z)| on C, then f (z)
and f (z)+ g (z) have the same number zeros inside C, provided that each zero
is counted according to their multiplicity [5].

Now, we can apply the Rouché theorem on A;. It is readily shown that
|Wa (s)] < |[W1(s)] on A% in similar way as in [16].

Hence if \g < A\; < Ay < ... are the zeros of W (\) and s2 = \,,, we have

q—n+1/2

=+,
a(l—q)

Sn
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for sufficiently large n. By substituting this in (4.1), we have §,, = O (q”/ 2) )
which completes the proof of Case I. The other cases may be considered ana-
logically. [

Recall that ¢y, () is an eigenvalue according to eigenvalue A,. Using
(4.7), (4.5) and (1.2), we have

NNl —1/2 g2 )
on () = (/0 cos (a(l—q)x’q> dqx> cos mw,q (1+0(q"))

in the first case. Proof is similar to [16].
In Case 2,

a —-n —1/2 -n
o) = ([ s <q(1_+1q):v W) i) s (jl_“q)x 0) (10,
In Case 3,

NN EaLE —1/2 g .
On (x) = (/0 cos (Mx,q> dq:r> cos mm,q (1+0(q")).

In Case 4,

b (2) = < /O " gin? (a(‘i_nq)x q) dqw> i (a(?fq)x q) (14 0(g").

All this asymptotic approximations are hold uniformly on {xz¢" : n € N} for
each x € [0,a].

REFERENCES

[1] H. Abdel-Gawad and A. Aldailami, On ¢-dynamic equations modelling and complezity.
Appl. Math. Model. 34 (2010), &, 697-7009.

[2] W. Abdi, Certain inversion and representation formulae for g-Laplace transforms. Math.
7. 83 (1964), 238-249.

[3] L. Abreu, Sampling theory associated with g-difference equations of the Sturm-Liouville
type. J. Phys. A 38 (2005), 48, 10311-10319.

[4] M. H. Abu Risha, M. H. Annaby, M. E. H. Ismail, and Z. S Mansour, Linear g-difference
equations. Z. Anal. Anwend. 26 (2007), 4, 481-494.

[5] L.V. Ahlfors, Complex Analysis. McGraw-Hill Inc., New York, 1979.

[6] H .J. Ahn, On random transverse vibrations of a rotating beam with tip mass. Q. J.
Mech. Appl. Math. 3 (1983), 6, 97-1009.

[7] H.J. Ahn, Vibrations of a pendulum consisting of a bob suspended from a wire. Q. Appl.
Math. 39 (1981), 109-117.



390

H. Tuna 14

(8]

[10]
[11]
[12]

[13]

[14]
[15]
[16]
17)
18]
19]
[20]
21]
[22]
23]
[24]

[25]

[26]

[27]

B. P. Allahverdiev, A nonself-adjoint singular Sturm-Liouville problem with a spectral
parameter in the boundary condition. Math. Nachr. 278 (2005), 7-8, 743-755.

B. P. Allahverdiev, A dissipative singular Sturm-Liouville problem with a spectral pa-
rameter in the boundary condition. J. Math. Anal. Appl. 316 (2006), 510-524.

B. P. Allahverdiev, A nonself-adjoint 1D singular Hamiltonian system with an eigenpa-
rameter in the boundary condition. Potential Anal. 38 (2013), 1031-1045.

B. P. Allahverdiev, Nonself-adjoint Sturm-Liouville operators in limit-circle case. Taiwan
J. Math. 16 (2012), 2035-2052.

B. P. Allahverdiev, Spectral problems of non self-adjoint q-Sturm-Liouville operators in
limit-point case. Kodai Math. J. 39 (2016), 1, 1-15.

R. Almeida and N. Martins, Ezistence results for fractional g-difference equations of
order a € |2,3[ with three-point boundary conditions. Commun Nonlinear Sci. Numer.
Simulat. 19 (2014), 1675-1685.

M. H. Annaby and Z. S. Mansour, Basic Sturm-Liouville problems. J. Phys. A, Math
Gen. 38 (2005), 17, 3775-3797.

M. H. Annaby and Z. S. Mansour, A basic analog of a theorem of Pdlya. Math. Z. 258
(2008), 363-379.

M. H. Annaby and Z. S. Mansour, Asymptotic formulae for eigenvalues and eigenfunc-
tions of q-Sturm~—Liouville problems. Math. Nachr. 284 (2011), 4, 443-470.

M. H. Annaby and Z. S. Mansour, g-Fractional calculus and equations. Lecture notes in
mathematics, Vol. 2056, Springer, 2012.

M. H. Annaby, Z. S. Mansour, and I. A. Soliman, g¢-Titchmarsh-Weyl theory: series
expansion. Nagoya Math. J. 205 (2012), 67-118.

M. H. Annaby, A. E. Hamza, and K. A. Aldwoah, Hahn difference operator and associ-
ated Jackson-Norlund integrals. J. Optimization Theory Appl. 154 (2012), 133-153.

J. Behrndt, Boundary value problems with eigenvalue depending boundary conditions.
Math. Nachr. 282 (2009), 659-689.

J. Behrndt, Elliptic boundary value problems with lambda-dependent boundary condi-
tions. J. Differential Equations 249 (2010), 2663—2687.

P. A. Binding, P. S. Browne, and K. Seddighi, Sturm-Liouville problems with eigenpa-
rameter depend boundary conditions. Proc. Edinb. Math. Soc., Ser I 37 (1994), 57-72.

F. A. Cetinkaya, A discontinuous g-fractional boundary value problem with eigenparam-
eter dependent boundary conditions. Miskolc Mathematical Notes 20 (2019), 2, 795-806.

T. Ernst, The History of q-Calculus and a New Method. U. U. D. M. Report (2000):16,
ISSN 1101-3591, Department of Mathematics, Uppsala University, 2000.

A. Eryilmaz, Spectral Analysis of q-Sturm-Liouville Problem with the Spectral Parameter
in the Boundary Condition. Journal of Function Spaces and Applications 2012 (2012),
Article ID 736437.

C. Field, N. Joshi, and F. Nijhoff, g¢-difference equations of KdV type and Chazy-type
second-degree difference equations. J. Phys. A, Math. Theor. 41 (2008), 83, 332005.

C. T. Fulton, Two-point boundary value problems with eigenparameter contained in the
boundary conditions. Proc. Royal Soc. Edinburgh 77A (1977), 293-308.



15

g-Sturm—Liouville problems 391

[28]
[29]
[30]

31]
32]

33]
[34]

[35]
[36]
[37]
[38]
[39]
[40]
[41]

[42]

[43]

G. Gasper and M. Rahman, Basic Hypergeometric Series. Cambridge University Press,
Cambridge, 2004.

D. B. Hinton, An expansions theorem for an eigenvalue problem with eigenparameter in
the boundary condition. Quart. J. Math. Oxford (2) 30 (1979), 33-42.

M. E. H. Ismail, Basic Bessel functions and polynomials. STAM J. Math. Anal. 12 (1981),
454-468.

M. E. H. Ismail, On Jackson’s third q-Bessel function. Preprint, 1996.

F. H. Jackson, A generalization of the function I'(n) and ™. Proc. Roy. Soc. London 74
(1904), 64-72.

V. Kac and P. Cheung, Quantum calculus. Springer, 2000.

M. Kadakal and O. Sh.Mukhtarov, Sturm-Liouville problems with discontinuities at two
points. Comput. Math. Appl. 54 (2007), 11-12, 1367-1379.

X. Li, Z. Han, S. Sun, and H. Lu, Boundary value problems for fractional q-difference
equations with nonlocal conditions. Advances in Difference Equations 2014 (2014), 57.

J. Ma and J.Yang, Ezistence of solutions for multi-point boundary value problem of
fractional g-difference equation. Electron. J. Qual. Theory Differ. Equ. 92 (2011), 2.

G. Pdlya and G. L. Alexanderson, Gaussian binomial coefficients. Elem. Math. 26 (1971),
102-109.

A. A. Schkalikov, Boundary-value problems for ordinary differential equations with a
parameter in the boundary conditions. Funct. Anal. Applic. 16 (1983), 324-326.

C. Tretter, On nonlinear boundary eigenvalue problems. Mathematical Research, Vol.
71, Akademie Verlag, Berlin, 1993.

C. Tretter, Linear operator pencils A— B with discrete spectrum. Integral Equations
Operator Theory 37 (2000), 357-373.

C. Tretter, Spectral problems for systems of differential equations with A—polynomial
boundary conditions. Math. Nachr. 214 (2000), 129-172.

H. Tuna, On spectral properties of dissipative fourth order boundary-value problem with
a spectral parameter in the boundary condition. Applied Mathematics and Computation
219 (2013), 9377-9387.

J. Walter, Regular eigenvalue problems with eigenparameter in the boundary condition.
Math. Z. 133 (1973), 301-312.

Received March 18, 2018 Mehmet Akif Ersoy University
Department of Mathematics
Burdur, Turkey
hustuna@gmail. com



