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In this paper, we study the concept of a uniform statistical limit point of a
sequence. We present some results about the set of uniform statistical limit
points of a sequence and about constructing a (sub)sequence with a prescribed
set of uniform statistical limit points. Also, we study the relationship between
the set of uniform statistical limit points of a sequence and its subsequences. We
give some analogous results concerning (non-uniform) statistical limit points of
a sequence and connect to some earlier known results about the same.

AMS 2020 Subject Classification: 40G99, 28A12.

Key words: uniform statistical convergence, subsequences, uniform statistical
limit points.

1. INTRODUCTION AND PRELIMINARIES

The convergence of sequences has many generalizations with the aim of
providing deeper insights into summability theory. One of the most impor-
tant generalizations is uniform statistical convergence. It has been introduced
by Brown and Freedman [3] with the use of uniform density. This concept
of convergence has been studied by many authors in different directions ([2],
[13], [14], [19], [20]) and it is quite effective, especially when the classical limit
does not exist since it is broader than ordinary convergence. The relation-
ship between the convergence of a given sequence and the summability of its
subsequences has been given by Buck [5]. By changing the concept of con-
vergence, Agnew [1], Buck [6], Buck and Pollard [7], Miller and Orhan [16],
Zeager [23] have studied this relation. Instead of subsequences, Dawson [8] and
Fridy [10] have used stretching and rearrangements, respectively, and have also
obtained analogous results. In [21], we have examined some relationships be-
tween convergence and uniform statistical convergence of a given sequence and
its subsequences. The related notions of statistical limit superior and inferior
and statistical cluster points have been studied in recent papers including [11],
[12] by Fridy and Orhan and [17] by Miller and Miller-Van Wieren. In [22]
we have obtained some results concerning the uniform statistical limit superior
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and inferior, the set of uniform statistical cluster points of a given sequence
and its subsequences.

Now, we pause to collect some known notions. Let K C IN where IN is
the set of natural numbers. If m,n € IN, by K(m,n) we denote the cardinality
of the set of numbers 7 in K such that m < i < n. The numbers

K(1 - K(1
d(K) :liminfM, d(K) = limsup (L,n)

n—0o0 n n—o00
are called the lower and the upper asymptotic density of the set K, respectively.

If d(K) = d(K), then it is said that d(K) = d(K) = d(K) is the asymptotic
density of K. The uniform density of K’ C IN has been introduced in [3], [4] as
follows:

m>i(r)1K(i+1,i—|—n) m>ag<K(i+1,z’+n)
u(K) = lim = , w(K) = lim =

n—oo n n—00 n

are, respectively, called the lower and the upper uniform density of the set K
(the existence of these bounds is also mentioned in [2]). If u(K) = u(K), then
u(K) = u(K) = u(K) is called the uniform density of K. It is clear that for
each K C IN, we have u(K) < d(K) < d(K) < u(K). The concept of statistical
convergence has been introduced in [9] as follows: Let x = {z,} be a sequence
of complex numbers. The sequence x is said to be statistically convergent to
a complex number L provided that for every € > 0 we have d(K.) = 0, where
K.={neN:|zx,—L|>¢e}. If z = {x,} converges statistically to L, then we
write st —limxz = L.

Now let us recall the concept of uniform statistical convergence which is
the primary topic of this paper. A generalized approach to convergence has
been obtained by means of the notion of an ideal I of subsets of IN, i.e., [ is an
additive and hereditary class of sets. A sequence x is said to be I-convergent to
L if for every ¢ the set K. = {n € N : |z,, — L| > £} belongs to I, and we write
I—limx=L.If | =1;={A CIN:d(A) =0}, then I;-convergence coincides
with statistical convergence. In the case I = I, = {A C IN : u(A) = 0} we
obtain uniform statistical convergence to L or I,- convergence to L. Then we
write st, — limz = L.

Definition 1. ~ is called a uniform statistical cluster point of z = {xy} if
for every € > 0, the set {k : |zy — 7| < €} does not have uniform density 0.

The definition of a statistical cluster point is obtained by simply omitting
the word uniform and replacing uniform density by asymptotic density in the
above definition (see [17], [18]).

Let I';, denote the set of all uniform statistical cluster points of x and I',
denote the set of all statistical cluster points. Clearly I'y C I'y,. It has been
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shown in [22] that T’y G T, for example if
r=0,1,0,0,1,1,0,0,0,0,1,1,1,0,0,0,0,0,0,0,0,1,1,...,0,0,0,1,1, 1, ...

where segments of 0’s of length 2% | k = 0,1,2,3, ... and 1’s of length k + 1,
k=0,1,2,3,... alternate. Then one can see that z is statistically convergent
to 0 so I's = {0} but I', = {0, 1}.

Definition 2. Given x = {xy}, l is called a uniform statistical limit point
of x = {x} if there exists a sequence {ny}, with a({nx : £ € IN}) > 0 and
limy o0 Tp,, = L.

Likewise, the definition of a statistical limit point is obtained by replacing
upper uniform density by upper asymptotic density. Statistical limit points
have been extensively studied by Kostyrko et al. [15]. Let A,(x) denote the
set of all uniform statistical limit points of x and A(x) denote the set of all
statistical limit points of x. Easily A(z) C A\,(x). Kostyrko et al. [15] have
proved that for any sequence z, \(z) is an F,, set and that given any F, set X
there exists a sequence x for which A(z) = X. Now for 0 < d < 1 define

Moz, d) = {1 : Ing, u({ng : k € N}) > d, klim T, =1}
— 00

It is easy to check A,(,d) is closed for d > 0 and Ay(z) = U; Au(z, %), SO we
have:

PROPOSITION 1. Suppose x is a bounded sequence. Then \,(x) is a Fy
set.

The following lemma is simple but very useful; therefore, we omit the
proof.

LEMMA 1. I € A\ () if and only if there exists a d > 0 so that u({k :
|z, — 1| < €}) > d holds for every positive .

2. MAIN RESULTS

In this section, we present some results on the relationship between the
set of uniform statistical limit points of a sequence and its subsequences. We
also study the construction of a (sub)sequence with a prescribed set of uniform
statistical limit points. Now we are ready to prove our first main result.

THEOREM 1. Suppose x = {x,} is a bounded sequence, L the set of its
limit points and M C L a nonempty F, set. Then there exists a subsequence

y = {yn} of x such that \,(y) = M.
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Proof. Since M is a nonempty F, set, we can write M = Uj; M; where
M are nonempty closed sets (if M is closed the proof is simpler). For each
J, we can find a sequence a;;, i = 1,2,3,... such that {a;; : i € N} = M;.
Now for each fixed pair i, j, fix a subsequence of z, z,, ;;, ¥ = 1,2,... such
that limg_,oo Tn, i; = @ij and {zp, i} C (aij — ﬁ,aij + j%)} Now we will
construct {y,} from the sequences {x,, ;;}, 7,7 = 1,2, ... the following way:

n Y3 Ys e Yom+1 ... will be chosen from
Y2 U6 Y10 e Yo(2mt) ... will be chosen from
Y4 Y12 Y20 - Ya@m41) - will be chosen from
Yoi-1 Yoi-13 Yoi-15 - Yoi-1(2m1) - Will be chosen from

{n i} {Znei2diZy s {Zneisdize s {@neighizy 58 = 1,23, re-
spectively, in the following way: when choosing ¥, its index with respect to
the sequence {x,} will be larger than the indices of y1,y2, ..., yn—1 and for each
J, the sequence yyj-1,Ygj-13, Yaj—15, ... is made of "blocks” of terms of the form
1,1,2,1,2,3,1,2,3,4, ... so that each block ”1” consists of distinct members of
{@n,.1,5}, each block ”2” consists of members of {z,, 2} (not used before), ...,
each block ”i” consists of distinct members of {zy, ;;} (not used before) and
also that each block has length equal to the sum of the lengths of all previous
blocks combined. As mentioned at the same time, when constructing {y,} we
also make sure that its indices in terms of x are increasing. Now we will check
that A\,({yn}) = M. First we check A\,({yn}) 2 M. Suppose a € M. Then
a € Mj for some j. Let ¢ > 0 be arbitrary. Then we can fix some a;; such that
laij — a| < §. Then all but finitely many z,, ; ; must be inside (a —¢,a +¢).
So all but finitely many members of ”i” blocks inside of {y2j-1(2—1) }p=1 are
inside of (@ — ¢,a + €). But from our construction the members of ”i” blocks
have upper uniform density 1 inside of {y9j-1(2m—1)}, (since the lengths of ”i”
blocks go to oo) while {y9;-1(2mm—1)} has uniform density 2% in {y,}. There-
fore, w({n : yn € (a —€,a+¢)}) > 55. Since ¢ is arbitrary, by our lemma
we get a € A\y({yn}). Hence, A\,({yn}) 2 M. Now we check \,({yn}) C M.
Suppose a ¢ M. Since M = U]Oil M;, for each j there exists €; > 0 such that
la —ej,a+¢&;][M1UMyU...UM;] = 0. Now for each j, (a —¢j,a+ ¢;) can
contain finitely many elements from

Y1 Y3 Ys Yom+1

Y2 Ye Y10 Y2(2m+1)

Y4 Y12 Y20 o Ysem+1)
Yoi—1  Yzi-13 Y2i-15 -+ Y2i-1(2m+1)

since if not, (a—¢j, a+¢;) would contain infinitely many from some {yar (2, —1) }
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for some k,0 < k < j —1 and then [a — ¢j,a + ¢;] would intersect M}, which
is a contradiction. Since (a — ¢j,a + €;) contains only finitely many elements
from

Y1 Y3 Ys Yom+1

Y2 Y6 Y10 Y2(2m+1)

Y4 Y12 Y20 - Yaem+1)
Yoi-1  Y2i-13 Y2i-15 o Y2i-1(2m+1)

we can conclude that @({n : y, € (a —&j,a +¢;)}) < 5, for each j. But then

from Lemma 1, we get that a is not a uniform statistical limit point of {y,},
e, ad¢ N\({yn}). Hence, \,({yn}) C M. O

Remark 1. An obvious corollary of the above theorem is that given any
F, set A, there exists a sequence x, A\, (x) = A.

But the analogous lemma and theorem hold also if uniform density and
uniform statistical limit points are replaced by just asymptotic density and
statistical limit points. The lemma is easy to prove and also:

THEOREM 2. Suppose x = {zy} is a bounded sequence, L the set of its

limit points and A\ C L is a nonempty F, set. Then there exists a subsequence

Proof. The construction of the sequence is identical to the one in the
proof of the previous theorem. For the y = {y,} constructed in the proof,
clearly A(y) € Ay(y) = A. Also, from the sequence construction the ”i” blocks
have upper asymptotic density > % inside of {y2j71(2m_1)} (since each block has
length equal to the sum of lengths of the previous blocks) and {y2j_1(2m,1)} has
uniform and asymptotic density 2% in {y, } so we get that the upper asymptotic
density of {n : y, € (a —¢j,a+¢;)} > 2]% (for arbitrary £ and a as in the
previous proof) and hence, we obtain that A C A(y). So in the case of this
sequence A\, (y) = ANy) =A. O

However in general, for sequences x, A\(z) C Ay ().

Subsequences of a sequence x can be naturally identified with numbers
t € (0,1] written by a binary expansion with infinitely many 1’s. Thus, we
can denote by {x(t)} the subsequence of x corresponding to t. Next, similar
to earlier results about the set of subsequences of a given sequence with the
same set of statistical cluster or limit points ([18]) or the same set of uniform
statistical cluster points ([22]), we have proved the following result:
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THEOREM 3. If v = {x,} is a bounded sequence, the set of t € (0,1] for
which A\y(x) = Ay (2(t)) has Lebesgue measure 1 or 0 (both may occur).

Proof. Let T denote the set of all ¢ € (0, 1] for which A\, (z) = Ay (z(t)).
Clearly T is a tail set. Next, we will show T is measurable. First, we show
that Ay (z) C A\y(z(t)) for almost all ¢ € (0,1]. As previously defined A\, (x) =
Uj Au(z, %) Suppose j € IN is fixed. Since A,(z, %) is closed and separable,
there exists a set {l;; : ¢ € IN} such that its closure is A, (z, %) Fix any [;;. Since
lij € )\u(x,%), there exist positive integers N1 < Ny < N3 < ... < Nggp_1 <
Ny, < ... such that (Ngg_1 — Nai) — oo and a subsequence {n,} C [J,{n :
Najp—1 < n < Ny} such that lim, o0 2, = l;; and

lim [{r: Nop1 < np < Nopj| 1

k00 Noj — Nog—1 3
Now due to the Law of Large Numbers, for almost all ¢t € (0, 1], d({r : t(n,) =
1}) = & where t(n,) is the n, digit of ¢ after the decimal point (ie. t =

0.£(1)t(2)...t(n)...) and d is the asymptotic density. Then it is easy to check
that

: = 1 < <
limsup |{’I" t(nr) 1, Ngk 1SNy S Ngk}| > 1

k00 Noj, — Nog—1 ~ 45
for almost all ¢ € (0,1] which means that for all ¢ € (0,1], x(¢) has a sub-

sequence of upper uniform density at least 4% that converges to [;;. Thus

lij € Au(x(t), %) for almost all ¢ € (0,1]. Hence, we can conclude that for al-
most all t € (0,1], l;; € Ay (z(2), %) foralli =1,2,3,.... Now since A, (z(t), %)
is closed for each ¢ we have

Mo, 5) = Ty 7€ N € Aulal), 1) € Aula(t)

for almost all £. The above holds for each j so

M@ = e, ) € Nale0)
; J

for almost all ¢ € (0,1]. In the second part, we will see that the set of ¢ € (0, 1]
where A\, (z(t)) € Ay(z) is measurable (may have measure 0 or 1).

Now, let L denote the set of limit points of z, L C [liminf x, lim sup z].
The following is easy to verify: For a € [liminfz,limsupz], the set A\, =
{t €(0,1]:a € A\y(z(t))} is a tail set and is measurable so it has Lebesgue
measure 0 or 1 (if a ¢ L, of course A, =0 ).

There are two possibilities:

1. There exists a. a € L\A,(z) such that A\, has Lebesgue measure 1 or

2. For every a € L\\,(z), A, has Lebesgue measure 0.



7 A note on uniform statistical limit points 783

In case 1, it is clear that {t : A\, (z(t)) € A\y(z)} must have measure 0,
since it is disjoint from A,.
Suppose the second case holds. We know that

A(@) = | Fn
n=1

where F,, are closed subsets of L. Let G,, = [liminf z, lim sup z]\F},. Then for
each n, we can write GG,, = Uﬁl I,,; where I,,; are open (or half open, in case
liminf z, lim sup « are endpoints) and have length less than or equal to % (the
intervals do not have to be disjoint). For each n, i, let

dp; = max [{t:u({x(t)} NI,) > d} has measure 1]
0<d<1

(the set {t:u({x(t)} N1I,) > d} is easily a tail set and measurable, so has

o0 o0
measure 0 or 1). Now if a € [liminfx,limsup 1:]\UF = ﬂGn we have

n=1 n=1

[o.¢]
a € ﬂlm-n for some i,, n = 1,2,3,.... Then it is easy to see that d,;, — O,

n=1
since otherwise, as the lengths of I,,;, go to 0, a would be a uniform statistical

limit point for almost all ¢. This is a contradiction, since A, has Lebesgue
measure 0. Now, for n,i, let d, = min(2dy;,1). Then whenever d,; < 1,
{t ra({z(t)} N In;) > d;,} has measure 0. Hence, for either d,,; < 1 or d,; =1
the set Xy = {t : au({x(t)} N Iy;) < d¥,} has measure 1. Then X = N; N, Xy
has measure 1. Suppose a € L\, (z). We know that a € N, I,;, and d;, — 0,
and consequently dy,; — 0. For t € X we have u({z(t)} N In;) < d;;; — 0 and
the lengths of I,;, go to 0, so t ¢ A, i.e., a ¢ A\, (z(t)). Hence, a € L\\,(x)
implies a ¢ A\, (z(t)) for every t € X, i.e., for every t € X, A\ (z(t)) C Ay (2).
Since X has Lebesgue measure 1, then {t : A\, (z(¢t)) € A\y(z)} has measure 1
in this case. This completes the proof. [

By the above theorem, the following corollary is apparent.

COROLLARY 1. Suppose x is a bounded sequence, L the set of its limit
points. The Lebesque measure of the set {t € (0,1] : Ay (z(t)) = Au(z)} is 0 if
and only if there exists a € L\ (x) such that {t € (0,1] : a € Ay(x(t))} has
Lebesgue measure 1.

Remark 2. Examples of both cases can be easily given. For measure 1,
any convergent sequence is an example, for measure 0 we can refer to the earlier
example of [16]. This example is also in accord with the corollary.
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