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1. INTRODUCTION

Rota-Baxter operators on associative algebras originated from Baxter’s
probability study [3] and were populated by the work of Atkinson, Cartier and
Rota [2, 10, 22, 23]. This concept is applied widely in mathematics and physics
such as combinatorics, number theory, operads, boundary value problems, Hopf
algebras and quantum field theory [16, 17, 4, 1, 14, 11, 13]. In particular, Rota-
Baxter operators on Lie algebras have been widely studied. Semenov-Tian-
Shansky’s work [24] shows that a Rota-Baxter operator of weight zero on a Lie
algebra is exactly the operator form of classical Yang-Baxter equation which
was regarded as a “classical limit” of the quantum Yang-Baxter equation [9].
Moreover, Rota-Baxter operators have close relationship with Lie bialgebras
and pre-Lie algebras [18, 21]. One can use coboundary theory to construct
Lie bialgebras by solutions of classical Yang-Baxter equation [12], and pre-Lie
algebras can be regarded as the algebraic structure behind both Rota-Baxter
operators and the classical Yang-Baxter equation in Lie algebras [5].

Rota-Baxter operators on 3-Lie algebras [7] are also important both in
theory and application. Rota-Baxter operators of weight zero on 3-Lie alge-
bras are O-operators on 3-Lie algebras associated to the adjoint representations
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and have applications in the solutions of 3-Lie classical Yang-Baxter equation,
local cocycle 3-Lie bialgebras and 3-pre-Lie algebras [6]. Therefore, explicit
classification of Rota-Baxter operators of weight zero on 3-Lie algebras is nec-
essary since many applications in the related fields depend strongly on the
explicit expression. On the one hand, a Rota-Baxter operator of weight zero
gives a skew-symmetric solution of 3-Lie classical Yang-Baxter equation in the
semi-direct product 3-Lie algebra A ⋉ad∗ A∗ from the dual representation of
the adjoint representation of 3-Lie algebra A, whereas the latter gives a local
cocycle 3-Lie bialgebra. Hence from the classification results, the induced skew-
symmetric solutions of 3-Lie classical Yang-Baxter equation in the semi-direct
product 3-Lie algebra and the corresponding local cocycle 3-Lie bialgebras can
be obtained. On the other hand, a Rota-Baxter operator of weight zero can
induce a 3-pre-Lie algebra. Hence from the classification results, the induced
3-pre-Lie algebras as well as their sub-adjacent 3-Lie algebras can be obtained.

Unfortunately, it is not easy to get Rota-Baxter operators of weight zero
on arbitrary 3-Lie algebras. Thus, in this paper, we will focus on Rota-Baxter
operators of weight zero on the 4-dimensional simple complex 3-Lie algebra A4

and give its classification. By [20] and [8], A4 is the unique finite dimensional
simple 3-Lie algebra over the complex field, and the multiplication in a basis
{e1, e2, e3, e4} is

(1) [e1, e2, e3] = e3, [e1, e2, e4] = −e4, [e1, e3, e4] = e1, [e2, e3, e4] = −e2.

As one application, from these Rota-Baxter operators of weight zero, we give
the induced skew-symmetric solutions of the 3-Lie classical Yang-Baxter equa-
tion in the semi-direct product 3-Lie algebra A4 ⋉ad∗ A∗

4 and hence the cor-
responding (8-dimensional) local cocycle 3-Lie bialgebras. We also give the
induced 3-pre-Lie algebras and their sub-adjacent 3-Lie algebras as another
application.

In Section 2, we give some basic notions. In Section 3, we discuss the
classification of Rota-Baxter operators of weight zero on A4. In Section 4,
we give the induced skew-symmetric solutions of 3-Lie classical Yang-Baxter
equation in the semi-direct product 3-Lie algebra A4⋉ad∗A

∗
4 and 8-dimensional

local cocycle 3-Lie bialgebras by means of Rota-Baxter operators obtained in
Section 3. In Section 5, we give the induced 3-pre-Lie algebras and the sub-
adjacent 3-Lie algebras.

From now on, algebras and vector spaces are over the field C of complex
numbers, and Z denotes the set of integers.
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2. PRELIMINARY

A 3-Lie algebra [15] is a vector space A over C endowed with a 3-ary multi-
linear skew-symmetric multiplication [, , ] satisfying the following identity, for
all x1, x2, x3, y2, y3 ∈ A,

[[x1, x2, x3], y2, y3] = [[x1, y2, y3], x2, x3]+[x1, [x2, y2, y3], x3]+[x1, x2, [x3, y2, y3]].

A Rota-Baxter 3-Lie algebra (A,P ) of weight λ ([7]) is a 3-Lie algebra A
and a C-linear map P : A → A satisfying, for all x1, x2, x3 ∈ A,

[P (x1), P (x2), P (x3)] = P ([P (x1), P (x2), x3] + [P (x1), x2, P (x3)]

+ [x1, P (x2), P (x3)] + λ[P (x1), x2, x3] + λ[x1, P (x2), x3]

+ λ[x1, x2, P (x3)] + λ2[x1, x2, x3]),

where λ ∈ C, and P is called a Rota-Baxter operator of weight λ on the 3-Lie
algebra A.

If λ = 0, then for all x1, x2, x3 ∈ A,

[P (x1), P (x2), P (x3)] = P ([P (x1), P (x2), x3]

+ [P (x1), x2, P (x3)] + [x1, P (x2), P (x3)]).
(2)

The notion of a representation of an n-Lie algebra was introduced in [19].
See [8] for more information. Let A be a 3-Lie algebra, V be a vector space
and ρ : ∧2A → gl(V ) be a linear map. The pair (V, ρ) is called a representation
(or A-module ) of A on V if ρ satisfies, for all x1, x2, x3, y1, y2 ∈ A,

[ρ(x1, x2), ρ(y1, y2)] = ρ([x1, x2, y1], y2) + ρ(y1, [x1, x2, y2]),

ρ([x1, x2, x3], y1) = ρ(x2, x3)ρ(x1, y1)− ρ(x1, x3)ρ(x2, y1) + ρ(x1, x2)ρ(x3, y1).
If (V, ρ) is a representation of the 3-Lie algebra A, V ∗ is the dual space

of V and for all f ∈ V ∗, x ∈ V , ⟨f, x⟩ = f(x) ∈ C. Then (V ∗, ρ∗) is also
a representation of A, which is called the dual representation of (V, ρ), where
ρ∗ : ∧2A → gl(V ∗),

⟨ρ∗(x1, x2)f, x3⟩ = −⟨f, ρ(x1, x2)x3⟩, ∀ x1, x2, x3 ∈ A, f ∈ V ∗.

A 1-cocyle [6] on a 3-Lie algebra A associated to a representation (V, ρ)
is a linear map g : A → V satisfying

g([x1, x2, x3])=ρ(x1, x2)g(x3)+ρ(x2, x3)g(x1)+ρ(x3, x1)g(x2), ∀ x1, x2, x3 ∈ A.

For a 3-Lie algebra A, the adjoint representation (A, ad) is defined by

ad : ∧2A → gl(A), adx1,x2x3 = [x1, x2, x3], ∀ x1, x2, x3 ∈ A.

Then we obtain the dual representation (A, ad∗), where ad∗ : ∧2A → gl(A∗),

⟨ad∗x1,x2
f, x3⟩ = −⟨f, adx1,x2x3⟩ = −⟨f, [x1, x2, x3]⟩, ∀ x1, x2, x3 ∈ A, f ∈ A∗.
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Lemma 2.1. [8] Let A be a 3-Lie algebra over C, V be a vector space and
ρ : ∧2A → gl(V ) be a C-linear map. Then (V, ρ) is a representation of A if and
only if (A⊕V, [, , ]∗) is a 3-Lie algebra, where for all xi ∈ A, vi ∈ V, 1 ≤ i ≤ 3,

[x1+v1, x2+v2, x3+v3]∗ = [x1, x2, x3]+ρ(x1, x2)v3+ρ(x3, x1)v2+ρ(x2, x3)v1.

The 3-Lie algebra (A⊕ V, [, , ]∗) is called the semi-direct product 3-Lie algebra,
and is denoted by A⋉ρ V .

lt is straightforward to obtain (A ⊕ A∗, [, , ]∗) = A ⋉ad∗ A∗ is a 3-Lie
algebra, for all xi ∈ A, y∗i ∈ A∗, 1 ≤ i ≤ 3,

(3) [x1+y∗1, x2+y∗2, x3+y∗3]∗ = [x1, x2, x3]+ad∗x1,x2
y∗3+ad∗x3,x1

y∗2+ad∗x2,x3
y∗1.

A 3-pre-Lie algebra [6] is a vector space A over C endowed with a C-linear
multiplication {, , } : A⊗3 → A satisfying, for all xi ∈ A, 1 ≤ i ≤ 5,

{x1, x2, x3} = −{x2, x1, x3},
{x1, x2, {x3, x4, x5}} = {[x1, x2, x3]C , x4, x5}+ {x3, [x1, x2, x4]C , x5}

+{x3, x4, {x1, x2, x5}},
{[x1, x2, x3]C , x4, x5} = {x1, x2, {x3, x4, x5}}+ {x2, x3, {x1, x4, x5}}

+{x3, x1, {x2, x4, x5}},

where

(4) [x1, x2, x3]C = {x1, x2, x3}+ {x2, x3, x1}+ {x3, x2, x1}.

Thanks to Proposition 3.21 in [6], the pair (A, [, , ]C) is a 3-Lie algebra,
which is called the sub-adjacent 3-Lie algebra of the 3-pre-Lie algebra (A, {, , }).

Let ∧3A denote the 3-th exterior power of 3-Lie algebra A. For all
xi, xj , xk ∈ A,

xi ∧ xj ∧ xk =
∑
σ∈S3

sgn(σ)xσ(i) ⊗ xσ(j) ⊗ xσ(k),

and if (i1, i2, i3) = (i, j, k), then xσ(i) ⊗ xσ(j) ⊗ xσ(k) = xiσ(1)
⊗ xiσ(2)

⊗ xiσ(3)
.

Let A be a 3-Lie algebra, A∗ be the dual space of A, and ∆ : A → ∧3A
be a linear map. The dual map of ∆ is a linear map ∆∗ : ∧3A∗ → A∗ defined
by

(5) ⟨∆∗(v1, v2, v3), x⟩ = ⟨v1 ∧ v2 ∧ v3,∆(x)⟩, ∀ v1, v2, v3 ∈ A∗, x ∈ A.

A local cocycle 3-Lie bialgebra over C [6] is a pair (A,∆), where A is a 3-
Lie algebra, ∆ = ∆1+∆2+∆3 : A → ∧3A is a C-linear map and the following
conditions are satisfied:

• (A∗,∆∗) is a 3-Lie algebra;
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• ∆1 is a 1-cocycle associated to the representation (A⊗A⊗A, ad⊗1⊗1);

• ∆2 is a 1-cocycle associated to the representation (A⊗A⊗A, 1⊗ad⊗1);

• ∆3 is a 1-cocycle associated to the representation (A⊗A⊗A, 1⊗1⊗ad).

The map ϕpq : A⊗m → A⊗m defined by, for all
∑

x1 ⊗ x2 ⊗ · · · ⊗ xp ⊗
· · · ⊗ xq ⊗ · · · ⊗ xm ∈ A⊗m,

ϕpq(
∑

x1 ⊗ · · · ⊗ xp ⊗ · · · ⊗ xq ⊗ · · · ⊗ xm) =∑
x1 ⊗ · · · ⊗ xq ⊗ · · · ⊗ xp ⊗ · · · ⊗ xm,

(6)

therefore, ϕpq exchanges the position of xp and xq.
For any r =

∑
i
xi⊗ yi ∈ A⊗A, set ∆1,∆2,∆3 : A → ∧3A, for all x ∈ A,

∆1(x) =
∑
i,j

[x, xi, xj ]⊗ yj ⊗ yi; ∆2(x) =
∑
i,j

yi ⊗ [x, xi, xj ]⊗ yj ; ∆3(x)

=
∑
i,j

yj ⊗ yi ⊗ [x, xi, xj ].
(7)

Thanks to (6), ∆2(x) = ϕ13ϕ12∆1(x), ∆3(x) = ϕ12ϕ13∆1(x). Let
∆ = ∆1 +∆2 +∆3, then

(8) ∆(x) = ∆1(x) + ϕ13ϕ12∆1(x) + ϕ12ϕ13∆1(x),∀x ∈ A.

Let A be a 3-Lie algebra, p, q ∈ Z, 1 ≤ p ̸= q ≤ 4. Define maps τpq and

[[, , ]] : A⊗2 → A⊗4
by, for any r =

∑
i
xi ⊗ yi ∈ A⊗A,

τpq(r) = rpq =
∑
i

zi1 ⊗ zi2 ⊗ zi3 ⊗ zi4, where zij =


xi, j = p,
yi, j = q,
1, i ̸= p, q,

that is, rpq puts xi at the p-th position, yi at the q-th position and 1 elsewhere
in the 4-tensor, 1 is a symbol playing a similar role of the unit, and

[[r, r, r]] =
∑
i,j,k

(
[xi, xj , xk]⊗ yi ⊗ yj ⊗ yk + xi ⊗ [yi, xj , xk]⊗ yj ⊗ yk

+ xi ⊗ xj ⊗ [yi, yj , xk]⊗ yk + xi ⊗ xj ⊗ xk ⊗ [yi, yj , yk]
)
.

The equation

(9) [[r, r, r]] = 0

is called the 3-Lie classical Yang-Baxter equation [6] in the 3-Lie algebra A,
and is abbreviated by 3-Lie CYBE.
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Lemma 2.2. [6] Let A be a 3-Lie algebra, P : A → A be a Rota-Baxter
operator of weight zero on A, P̄ ∈ A∗ ⊗A be the corresponding tensor, that is,
for all x ∈ A, f ∈ A∗, ⟨P̄ , x⊗ f⟩ = ⟨f, P (x)⟩. Then

r = P̄ − ϕ12P̄

is a skew-symmetric solution of the 3-Lie CYBE in the semi-direct product
3-Lie algebra A⋉ad∗ A

∗.

Let A be a 3-Lie algebra with a basis {e1, · · · , en}, and {e∗1, · · · , e∗n} be
the dual basis of A, that is, {e∗1, · · · , e∗n} is a basis of A∗ satisfying

(10) ⟨e∗i , ej⟩ = δij =

{
1, i = j,
0, i ̸= j, 1 ≤ i, j ≤ n.

If P : A → A is a Rota-Baxter operator of weight zero on A, by Lemma 2.2,
we have

P̄ =
n∑

i=1

e∗i ⊗ P (ei) ∈ A∗ ⊗A ⊆ (A∗ ⋉A)⊗
2
,

and

r = P̄ − ϕ12P̄ =
n∑

i=1

(e∗i ⊗ P (ei)− P (ei)⊗ e∗i )

is a skew-symmetric solution of 3-Lie CYBE.

Suppose

(11) [ei, ej , ek] =

n∑
s=1

Cs
ijkes, Cs

ijk ∈ C, 1 ≤ s, i, j, k ≤ n,

(12) P (ei) =

n∑
j=1

aijej , aij ∈ C, 1 ≤ i, j ≤ n,

(13) Aks
ij = aikajs − aisajk, 1 ≤ s, i, j, k ≤ n.

Then for all l,m, q ∈ Z, 1 ≤ l,m, q ≤ n,

[P (el), P (em), P (eq)] =
n∑

i,j,k

aliamjaqk[ei, ej , ek]

=

n∑
i<j<k

n∑
s=1

∑
σ∈S3

alσ(i)amσ(j)aqσ(k)sgn(σ)C
s
ijkes,

P ([P (el),P (em), eq] + [P (el), em, P (eq)] + [el, P (em), P (eq)])
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=
n∑

r=1

n∑
s=1

( n∑
i<j

(aliamj − aljami)C
s
ijq +

n∑
i<k

(aliaqk − alkaqi)C
s
imk

+

n∑
m<k

n∑
s=1

(amjaqk − amkaqj)C
s
ljk)asrer.

By the above notations, we have the following result.

Theorem 2.3. Let A be a 3-Lie algebra with the multiplication (11) in
the basis {e1, · · · , en}, P : A → A be a C-linear map defined as (12). Then P
is a Rota-Baxter operator of weight zero on A if and only if P satisfies, for all
l,m, q ∈ Z>0,

n∑
i<j<k

n∑
s=1

∑
σ∈S3

alσ(i)amσ(j)aqσ(k)sgn(σ)C
s
ijkes

=

n∑
r=1

n∑
s=1

( n∑
i<j

Aij
lmCs

ijq +

n∑
i<k

Aik
lqC

s
imk +

n∑
m<k

Ajk
mqC

s
ljk

)
asrer.

Proof. Apply (2) and (11), with a direct computation.

Theorem 2.3 gives us sufficient and necessary conditions for the existence
of Rota-Baxter operators of weight zero on a 3-Lie algebra A with the multi-
plication (11).

Lemma 2.4. [6] Let A be a 3-Lie algebra and r =
∑
i
xi ⊗ yi ∈ A⊗A be a

skew-symmetric solution of 3-Lie CYBE in A. Then r induces a local cocycle
3-Lie bialgebra (A,∆), where ∆ = ∆1 +∆2 +∆3 is defined by (7).

Theorem 2.5. Let A be a 3-Lie algebra with a basis {e1, · · · , en}, P :
A → A be a Rota-Baxter operator of weight zero on A defined as (12), and
{e∗1, · · · , e∗n} be the dual basis of A satisfying (10). Then r = P̄ −ϕ12P̄ induces
a local cocycle 3-Lie bialgebra (A⋉ad∗ A

∗,∆), where for all x ∈ A⋉ad∗ A
∗,

(14) ∆(x) =
n∑

i,j,k,l=1

ajkail[x, e
∗
i , ek] ∧ e∗j ∧ el +

n∑
i<j

n∑
k<l

Alk
ij [x, el, ek] ∧ e∗j ∧ e∗i .

Furthermore, if the multiplication of A is given by (11), then

∆(es) =
n∑

i,j,k,l,t=1

ajkailC
i
skte

∗
t ∧ e∗j ∧ el +

n∑
i<j

n∑
k<l

n∑
t=1

Alk
ijC

t
slket ∧ e∗j ∧ e∗i ,(15)

∆(e∗s) =

n∑
i<j

n∑
k<l

n∑
t=1

Alk
ijC

s
klte

∗
t ∧ e∗j ∧ e∗i , 1 ≤ s ≤ n.(16)
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Proof. By Lemma 2.2 and 2.4, the skew-symmetric solution r = P̄−ϕ12P̄
induces a local cocycle 3-Lie bialgebra (A⋉ad∗ A

∗,∆ = ∆1 +∆2 +∆3), where
∆1,∆2,∆3 are defined as (7), P̄ ∈ (A∗ ⋉A)⊗

2
, and

r =
n∑

i,j=1

aij(e
∗
i ⊗ ej − ej ⊗ e∗i ) =

2n∑
i=1

xi ⊗ yi ∈ (A∗ ⋉A)⊗
2
,

where xi =

{
e∗i , i ≤ n,

−P (ei−n), i > n,
yi =

{
P (ei), i ≤ n,
e∗i−n, i > n.

By (12),

xi =

 e∗i , i ≤ n,

−
n∑

k=1

a(i−n)kek, i > n,
yi =


n∑

l=1

ailel, i ≤ n,

e∗i−n, i > n.

Thanks to (7) and (8),

∆1(x) =

n∑
i,j=1

[x, xi, xj ]⊗ yj ⊗ yi

=
n∑

i,j=1

[x, e∗i , e
∗
j ]⊗

n∑
k=1

ajkek ⊗
n∑

l=1

ailel

+
n∑

i=1

2n∑
j=n+1

[x, e∗i ,−
n∑

k=1

a(j−n)kek]⊗ e∗j−n ⊗
n∑

l=1

ailel

+

2n∑
i=n+1

n∑
j=1

[x,−
n∑

l=1

a(i−n)lel, e
∗
j ]⊗

n∑
k=1

ajkek ⊗ e∗i−n

+

2n∑
i=n+1

2n∑
j=n+1

[x,−
n∑

l=1

a(i−n)lel,−
n∑

k=1

a(j−n)kek]⊗ e∗j−n ⊗ e∗i−n

=

n∑
i,j,k,l=1

ajkail[x, ek, e
∗
i ]⊗ (e∗j ∧ el)

+

n∑
i<j

n∑
l<k

(ailajk − aikajl)[x, el, ek]⊗ (e∗j ∧ e∗i ),

∆(x) = ∆1(x) + ϕ13ϕ12∆1(x) + ϕ12ϕ13∆1(x) =
n∑

i,j,k,l=1

ajkail[x, ek, e
∗
i ] ∧ e∗j ∧ el

+
n∑

i<j

n∑
l<k

(ailajk − aikajl)[x, el, ek] ∧ e∗j ∧ e∗i .
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It follows that (14) holds.

Set ad∗el,eke
∗
s =

n∑
t=1

atlkse
∗
t , atlks ∈ C, 1 ≤ l, k, s ≤ n. By (10) and (11), for

all r ∈ n,

⟨ad∗el,eke
∗
s, er⟩ = ⟨

n∑
t=1

atlkse
∗
t , er⟩ = arlks,

⟨ad∗el,eke
∗
s, er⟩ = −⟨e∗s,

n∑
m=1

Cm
lkrem⟩ = −Cs

lkr.

Therefore, arlks = −Cs
lkr, 1 ≤ l, k, s, r ≤ n, and

(17) [e∗s, el, ek] = −
n∑

t=1

Cs
lkte

∗
t , 1 ≤ l, k, s ≤ n.

Thanks to (11), (14), (17) and Cs
klt = −Cs

lkt, (15) and (16) hold.

3. CLASSIFICATION OF ROTA-BAXTER OPERATORS OF
WEIGHT ZERO ON A4

In this section, we suppose that {e1, e2, e3, e4} is a basis of A4,
{e∗1, e∗2, e∗3, e∗4} is the dual basis of A4 satisfying (10), and the multiplication
of A4 in the basis is (1).

Let P : A4 → A4 be a linear map defined as (12), and the matrix of P in
the basis {e1, e2, e3, e4} be M(P ) = (aij), 1 ≤ i, j ≤ 4, then

(P (e1), P (e2), P (e3), P (e4))
T = M(P )(e1, e2, e3, e4)

T .

Let Mij be the complement minor of the element aij in the matrix M(P ),
and Aij be the algebraic cofactor of aij , that is, Aij = (−1)i+jMij , 1 ≤ i, j ≤ 4.

Thanks to Theorem 2.3, if l,m, q, s satisfy 1 ≤ l,m, q, s ≤ 4 and (s −
q)(s− l)(s−m) ̸= 0, then

[P (el), P (em),P (eq)] = Ms1[e2, e3, e4] +Ms2[e1, e3, e4] +Ms3[e1, e2, e4](18)

+Ms4[e1, e2, e3] = −Ms1e2 +Ms2e1 −Ms3e4 +Ms4e3.

For convenience, denote

(19)



H123
1 = −A14

12 +A34
23, H123

2 = A34
13 +A24

12, H123
3 = A12

12 +A13
13 +A23

23,

H123
4 = −A14

13 −A24
23, H124

1 = A13
12 +A34

24, H124
2 = A34

14 −A23
12,

H124
3 = A13

14 +A23
24, H124

4 = −A12
12 −A14

14 −A24
24,

H134
2 = −A23

13 −A24
14, H134

3 = A23
34 −A12

14, H134
4 = −A12

13 −A24
34,

H234
1 = A13

23 +A14
24, H234

2 = −A23
23 −A24

24 −A34
34, H234

3 = −A12
24 −A13

34,

H234
4 = A14

34 −A12
23, H134

1 = A13
13 +A14

14 +A34
34,
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where Akl
ij is defined as (13). Then for all 1 ≤ l,m, q ≤ 4,

P ([P (el), P (em), eq] + [P (el), em, P (eq)] + [el, P (em), P (eq)])

=
4∑

i,j=1

aijH
lmq
i ej .

(20)

Theorem 3.1. Any linear map P : A4 → A4 with Rank(P ) = 1 is a
Rota-Baxter operator of weight zero on A4.

Proof. The result follows from a direct computation according to (18)
and (20).

Theorem 3.2. Let P be a linear map of A4 with Rank(P ) = 2 defined
as (12), P (e1) and P (e2) be linearly independent. Then P is a Rota-Baxter
operator of weight zero if and only if P satisfies

H123
3 0 H123

4 0
0 H123

3 0 H123
4

H124
3 0 H124

4 0
0 H124

3 0 H124
4




λ1

λ2

µ1

µ2

 = −


H123

1

H123
2

H124
1

H124
2

 ,

where P (e3) = λ1P (e1)+λ2P (e2), P (e4) = µ1P (e1)+µ2P (e2), λ1, µ1, λ2, µ2 ∈
C, H123

s and H124
s are defined as (21) below, 1 ≤ s ≤ 4.

Proof. Since Rank(P ) = 2, P (e1) and P (e2) are linearly independent.
Then there are λ1, µ1, λ2, µ2 ∈ C such that P (e3) = λ1P (e1) + λ2P (e2),
P (e4) = µ1P (e1) + µ2P (e2), and

[P (e1), P (e2), P (e3)] = [P (e1), P (e2), P (e4)] = 0.

Thanks to (2), (18) and (20),
(21)

H123
1 = −A14

12 − λ1A
34
12, H123

2 = A24
12 + λ2A

34
12, H123

3 = A12
12 − λ1A

23
12 + λ2A

13
12,

H123
4 = λ1A

24
12 − λ2A

14
12, H124

1 = A13
12 − µ1A

34
12, H124

2 = −A23
12 + µ2A

34
12,

H124
3 = −µ1A

23
12 + µ2A

13
12, H124

4 = −A12
12 + µ1A

24
12 − µ2A

14
12,

H134
1 = λ2A

13
12 + µ2A

14
12 + (λ1µ2 − λ2µ1)A

34
12, H134

2 = −λ2A
23
12 − µ2A

24
12,

H234
1 = −λ1A

13
12 − µ1A

14
12, H134

3 = −µ2A
12
12 + (λ1µ2 − λ2µ1)A

23
12,

H134
4 = −λ2A

12
12 − (λ1µ2 − λ2µ1)A

24
12,

H234
2 = λ1A

23
12 + µ1A

24
12 − (λ1µ2 − λ2µ1)A

34
12,

H234
3 = µ1A

12
12 − (λ1µ2 − λ2µ1)A

13
12, H234

4 = λ1A
12
12 + (λ1µ2 − λ2µ1)A

14
12,
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and P is a Rota-Baxter operator of weight zero on A4 if and only if P has
properties that

[P (e1), P (e2), P (e3)] = (H123
1 + λ1H

123
3 + µ1H

122
4 )P (e1)

+ (H123
2 + λ2H

123
3 + µ2H

123
4 )P (e2) = 0,

[P (e1), P (e2), P (e4)] = (H124
1 + λ1H

124
3 + µ1H

124
4 )P (e1)

+ (H124
2 + λ2H

124
3 + µ2H

124
4 )P (e2) = 0,

[P (e1), P (e3), P (e4)] = (H134
1 + λ1H

134
3 + µ1H

134
4 )P (e1)

+ (H134
2 + λ2H

134
3 + µ2H

134
4 )P (e2) = 0,

[P (e2), P (e3), P (e4)] = (H234
1 + λ1H

234
3 + µ1H

234
4 )P (e1)

+ (H234
2 + λ2H

234
3 + µ2H

234
4 )P (e2) = 0.

By the linear independence of P (e1) and P (e2), the result is obtained.

Corollary 3.3. If Rank(P ) = 2, P (e3) = P (e4) = 0, then P is a Rota-
Baxter operator of weight zero on A4 if and only if A14

12 = A24
12 = A13

12 = A23
12 = 0,

and A12
12 ̸= 0 or A34

12 ̸= 0.

Proof. If P (e3) = P (e4) = 0, then by Theorem 3.2, P is a Rota-Baxter
operator of weight zero on A4 if and only if P satisfies

H123
1 = H123

2 = H124
1 = H124

2 = 0.

By (21), we have H123
1 = −A14

12, H
123
2 = A24

12, H
124
1 = A13

12, H
124
2 = −A23

12.
Thanks to Rank(P ) = 2, A12

12 ̸= 0 or A34
12 ̸= 0. The result follows.

Theorem 3.4. Let P be a linear map of A4 defined as (12) with
Rank(P ) = 3, P (e1), P (e2) and P (e3) be linearly independent, P (e4) =
s1P (e1) + s2P (e2) + s3P (e3), s1, s2, s3 ∈ C. Then P is a Rota-Baxter oper-
ator of weight zero on A4 if and only if P satisfies

(22) M(P )Tαi = siβ, 1 ≤ i ≤ 4, and s4 = 1,

where

α1 = (H234
1 , H234

2 , H234
3 , H234

4 )T , α2 = (H134
1 , H134

2 , H134
3 , H134

4 )T ,

α3 = (H124
1 , H124

2 , H124
3 , H124

4 )T , α4 = (H123
1 , H123

2 , H123
3 , H123

4 )T ,

β = (A42, A41, A44, A43)
T , and H123

s ,H124
s , H134

s , H234
s

are given in (23) below, 1 ≤ s ≤ 4.

Proof. Since P (e1), P (e2), P (e3) are linearly independent,

P (e4) = s1P (e1) + s2P (e2) + s3P (e3), s1, s2, s3 ∈ C.
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Therefore, (19) can be written as
(23)

H123
1 = −A14

12 +A34
23, H123

2 = A34
13 +A24

12, H123
3 = A12

12 +A13
13 +A23

23,

H123
4 = −A14

13 −A24
23, H134

2 = −A23
13 − s2A

24
12 − s3A

24
13,

H124
1 = A13

12 − s1A
34
12 + s3A

34
23, H124

2 = s2A
34
12 + s3A

34
13 −A23

12,

H124
3 = s2A

13
12 + s3A

13
13 − s1A

23
12 + s3A

23
23, H234

1 = A13
23 − s1A

14
12 + s3A

14
23,

H134
3 = −s1A

23
13 − s2A

23
23 − s2A

12
12 − s3A

12
13, H134

4 = −A12
13 + s1A

24
13 + s2A

24
23,

H234
3 = s1A

12
12 − s3A

12
23 + s1A

13
13 + s2A

13
23, H234

4 = −s1A
14
13 − s2A

14
23 −A12

23,

H124
4 = −A12

12 − s2A
14
12 − s3A

14
13 + s1A

24
12 − s3A

24
23,

H134
1 = A13

13 + s2A
14
12 + s3A

14
13 − s1A

34
13 − s2A

34
23,

H234
2 = −A23

23 + s1A
24
12 − s3A

24
23 + s1A

34
13 + s2A

34
23.

By (2), (18), (20) and (23), and a direct computation, it can be verified
that P is a Rota-Baxter operator of weight zero if and only if P satisfies

G


H123

1

H123
2

H123
3

H123
4

 = Y, G


H123

1

H123
2

H123
3

H123
4

 = s3Y,

G


H123

1

H123
2

H123
3

H123
4

 = s2Y, G


H123

1

H123
2

H123
3

H123
4

 = s1Y,

where G =


a11 a21 a31 s1a11 + s2a21 + s3a31
a12 a22 a32 s1a12 + s2a22 + s3a32
a13 a23 a33 s1a13 + s2a23 + s3a33
a14 a24 a34 s1a14 + s2a24 + s3a34

 , Y =


M42

−M41

M44

−M43

 .

Therefore, (22) holds, and

α1 = (H234
1 , H234

2 , H234
3 , H234

4 )T , α2 = (H134
1 , H134

2 , H134
3 , H134

4 )T ,

β = (A42, A41, A44, A43)
T ,

α3 = (H124
1 , H124

2 , H124
3 , H124

4 )T , α4 = (H123
1 , H123

2 , H123
3 , H123

4 )T .

The proof is complete.

Theorem 3.5. Let P be a linear map of A4 defined as (12) with
Rank(P ) = 3 and P (e4) = 0. Then P is a Rota-Baxter operator of weight
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zero on A4 if and only if M(P ) is one of the following matrices:

M(P1) =


λa21 λ2a21 0 a14
a21 λa21 0 a24
a31 a32 0 a34
0 0 0 0

 ,(24)

λa21 ̸= 0,

∣∣∣∣ λ a14
1 a24

∣∣∣∣ = ∣∣∣∣ 1 a31
λ a32

∣∣∣∣ ̸= 0, λ ∈ C;

(25) M(P2) =


0 0 0 a14
a21 0 0 a24
a31 −a14 0 a34
0 0 0 0

 , a21a14 ̸= 0;

(26)

M(P3) =


0 a12 0 a14
0 0 0 a24

−a24 a32 0 a34
0 0 0 0

 , a12a24 ̸= 0, where aij ∈ C, 1 ≤ i, j ≤ 4.

Proof. Since P (e4) = 0, then M(P ) =


a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
0 0 0 0

.

By (19) and Theorem 3.4, P is a Rota-Baxter operator of weight zero on
A4 if and only if M(P ) satisfies

M(P )Tαi = (0, 0, 0, A43)
T , 1 ≤ i ≤ 4,

where

α1 =


A13

23

−A23
23

0
−A12

23

 , α2 =


A13

13

−A23
13

0
−A12

13

 ,

α3 =


A13

12

−A23
12

0
−A12

12

 , α4 =


−A14

12 +A34
23

A34
13 +A24

12

A12
12 +A13

13 +A23
23

−A14
13 −A24

23

 .

Thanks to (13), A13
12 = A23

12 = A13
13 = A23

13 = A13
23 = A23

23 = 0, a13 = a23 =
a33 = 0, and  a11 a21 a31

a12 a22 a32
a14 a24 a34

 −A14
12

A24
12

A12
12

 =

 0
0

−M43

 .
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Therefore,

(27) A14
12 = A12

23, A24
12 = A12

13, A12
12 = 0.

• If (a11, a21) ̸= (0, 0), then by A12
12 = 0, there is λ ∈ C such that a12 =

λa11, a22 = λa21.

Thanks to (27),

∣∣∣∣∣∣
a11 a21 a31
a12 a22 a32
a14 a24 a34

∣∣∣∣∣∣ = −
∣∣∣∣ a11 a14
a21 a24

∣∣∣∣ ∣∣∣∣ 1 λ
a31 a32

∣∣∣∣ ̸= 0, and

∣∣∣∣ a11 a14
a21 a24

∣∣∣∣ = a21

∣∣∣∣ 1 λ
a31 a32

∣∣∣∣ , λ

∣∣∣∣ a11 a14
a21 a24

∣∣∣∣ = a11

∣∣∣∣ 1 λ
a31 a32

∣∣∣∣ .
If λ = 0, then from

∣∣∣∣ 1 λ
a31 a32

∣∣∣∣ ̸= 0, we have a11 = a12 = a22 = 0,

a32 = −a14, a21a14 ̸= 0. We get M(P2).

If λ ̸= 0, then a11 = λa21,

∣∣∣∣ a11 a14
a21 a24

∣∣∣∣= a21

∣∣∣∣ λ a14
1 a24

∣∣∣∣= a21

∣∣∣∣ 1 λ
a31 a32

∣∣∣∣ .
Therefore, a21 ̸= 0,

∣∣∣∣ λ a14
1 a24

∣∣∣∣ = ∣∣∣∣ 1 λ
a31 a32

∣∣∣∣ ̸= 0, we get M(P1).

•• If (a11, a21) = (0, 0), then a13 = a23 = a33 = 0 and (a12, a22) ̸= (0, 0).
By a completely similar discussion to the above, a13 = −a24 and a12a24 ̸= 0,
we get M(P3).

It is clear that if M(P ) is the one of (24), (25) and (26), then P satisfies
(2). The proof is complete.

Example 3.6. If Rank(P ) = 3, P (e4) = 0, then by Theorem 3.5, P4 and
P5 are Rota-Baxter operators of weight zero on A4, where

M(P4) =


0 a12 0 0
0 0 0 a24

−a24 0 0 0
0 0 0 0

 , M(P5) =


0 0 0 a14
a21 0 0 0
0 −a14 0 0
0 0 0 0

 ,

and a12a24 ̸= 0, a14a21 ̸= 0.

Theorem 3.7. Let P be a linear map with Rank(P ) = 4 defined as (12).
Then P is a Rota-Baxter operator of weight zero on A4 if and only if

(28) M(P ) =


a11 0 a13 a14
0 −a11 a23 a24

−a24 −a14 a33 0
−a23 −a13 0 −a33

 , where a11a33 +A34
12 ̸= 0.
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Proof. Let D be a linear map of A4 with Rank(D) = 4, and D(ei) =
4∑

j=1
bijej , bij ∈ C, 1 ≤ i, j ≤ 4. Thanks to (1), D is a derivation of A if and

only if

M(D) =


b11 0 b13 b14
0 −b11 b23 b24

−b24 −b14 b33 0
−b23 −b13 0 −b33

 .

By Theorem 2.2 in [7], P is a Rota-Baxter operator of weight zero on A4

if and only if there is a derivation D of A4 such that P = D−1, then

M(P ) = M(D−1) = 1
b11b33+b13b24−b14b23


b33 0 −b13 b14
0 −b33 b23 −b24
b24 −b14 b11 0
−b23 b13 0 −b11

 .

It follows the result.

4. SKEW-SYMMETRIC SOLUTIONS OF 3-LIE CYBE AND
8-DIMENSIONAL LOCAL COCYCLE 3-LIE BIALGEBRAS

In this section, we study skew-symmetric solutions of 3-Lie CYBE in
the semi-direct product 3-Lie algebra A4⋉ad∗ A

∗
4, and construct 8-dimensional

local cocycle 3-Lie bialgebras by means of the Rota-Baxter operators obtained
in Section 3, where A4 is the 4-dimensional simple 3-Lie algebra with the
multiplication (1) in the basis {e1, e2, e3, e4}, and {e∗1, e∗2, e∗3, e∗4} is the dual
basis of A4 satisfying (10).

Theorem 4.1. Let P be a Rota-Baxter operator of weight zero on A4

defined as (12). Then the skew-symmetric solutions of 3-Lie CYBE in the
semi-direct product 3-Lie algebra A4 ⋉ad∗ A

∗
4 induced by P are as follows:

1) If Rank(P ) = 1 and P (e1) =
4∑

l=1

a1lel ̸= 0, then

r1 =

4∑
l=1

a1l(e
∗
1 + k1e

∗
2 + k2e

∗
3 + k3e

∗
4) ∧ el, k1, k2, k3 ∈ C.

2) If Rank(P ) = 2, P (e1) = a11e1 + a12e2, P (e2) = a21e1 + a22e2, and
P (e3) = P (e4) = 0, then

r2 = e∗1 ∧ (a11e1 + a12e2) + e∗2 ∧ (a21e1 + a22e2);

If P (e1) = a13e3 + a14e4, P (e2) = a23e3 + a24e4, and P (e3) = P (e4) = 0,
then

r3 = e∗1 ∧ (a13e3 + a14e4) + e∗2 ∧ (a23e3 + a24e4).
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3) If Rank(P ) = 3, P (e4) = 0, M(P1), M(P2) and M(P3) are defined as
(24), (25) and (26), then

r4 = e∗1 ∧ (λa21e1 + λ2a21e2 + a14e4) + e∗2 ∧ (a21e1 + λa21e2 + a24e4)

+ e∗3 ∧ (a31e1 + a32e2 + a34e4), λa21 ̸= 0,

∣∣∣∣ λ a14
1 a24

∣∣∣∣ = ∣∣∣∣ 1 a31
λ a32

∣∣∣∣ ̸= 0;

r5 = a14e
∗
1 ∧ e4 + e∗2 ∧ (a21e1 + a24e4) + e∗3 ∧ (a31e1 − a14e2 + a34e4),

a21a14 ̸= 0;

r6 = e∗1 ∧ (a12e2 + a14e4) + a24e
∗
2 ∧ e4 + e∗3 ∧ (−a24e1 + a32e2 + a34e4),

a12a24 ̸= 0.

4) If Rank(P ) = 4, then

r7 = e∗1 ∧ (a11e1 + a13e3 + a14e4) + e∗2 ∧ (−a11e2 + a23e3 + a24e4)

+ e∗3 ∧ (−a24e1 − a14e2 + a33e3) + e∗4 ∧ (−a23e1 − a13e2 − a33e4),

where aij ∈ C, 1 ≤ i, j ≤ 4.

Proof. The result can be verified by a direct computation according to
Lemma 2.2 and Theorem 3.1, 3.2, 3.4, 3.5 and 3.7. We omit the discussion
process.

By (1) and (11),

C3
123 = 1, C4

124 = −1, C1
134 = 1, C2

234 = −1.

Therefore, the multiplication of A4 ⋉ad∗ A∗
4 in the basis {e1, e2, e3, e4,

e∗1, e
∗
2, e

∗
3, e

∗
4} is given by

(29)


[e∗1, e1, e3] = −e∗4, [e∗1, e1, e4] = e∗3, [e∗1, e3, e4] = −e∗1, [e∗2, e2, e3] = e∗4,

[e∗2, e2, e4] = −e∗3, [e∗2, e3, e4] = e∗2, [e∗3, e1, e2] = −e∗3, [e∗3, e1, e3] = e∗2,

[e∗3, e2, e3] = −e∗1, [e∗4, e1, e2] = e∗4, [e∗4, e1, e4] = −e∗2, [e∗4, e2, e4] = e∗1.

Theorem 4.2. Let P be a Rota-Baxter operator of weight zero on A4

defined as (12). Then there are 8-dimensional local cocycle 3-Lie bialgebras
(A4 ⋉ad∗ A

∗
4,∆

t) and 3-Lie algebras (A4 ⊕ A∗
4,∆

t∗) induced by P , 1 ≤ t ≤ 6,
where

(30)



∆1(e1) =
4∑

l=1

(a1la13e
∗
4 ∧ el ∧ e∗1 + a1la14e

∗
3 ∧ e∗1 ∧ el),

∆1(e4) =

4∑
l=1

a1la11e
∗
3 ∧ e∗l ∧ e∗1,∆

1(e3) =

4∑
l=1

a1la11e
∗
4 ∧ e∗1 ∧ el,

∆1(e2) = ∆1(e∗s) = 0, 1 ≤ s ≤ 4;
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(31)



∆2(e∗3) = (a12a21 − a11a22)e
∗
3 ∧ e∗1 ∧ e∗2,∆

2(e∗4)

= (a11a22 − a12a21)e
∗
4 ∧ e∗1 ∧ e∗2,

∆2(e3) = (a211 − a12a21)e
∗
4 ∧ e∗1 ∧ e1 + (a11a12 − a12a22)e

∗
4 ∧ e∗1 ∧ e2

+ (a21a11 − a22a21)e
∗
4 ∧ e∗2 ∧ e1 + (a21a12 − a222)e

∗
4 ∧ e∗2 ∧ e2

+ (a11a22 − a12a21)e3 ∧ e∗1 ∧ e∗2,

∆2(e4) = (a12a21 − a211)e
∗
3 ∧ e∗1 ∧ e1 + (a12a22 − a11a12)e

∗
3 ∧ e∗1 ∧ e2

+ (a22a21 − a21a11)e
∗
3 ∧ e∗2 ∧ e1 + (a222 − a21a12)e

∗
3 ∧ e∗2 ∧ e2

+ (a12a21 − a11a22)e4 ∧ e∗1 ∧ e∗2,

∆2(e∗1) = ∆2(e∗2) = ∆2(e1) = ∆2(e2) = 0;

(32)

∆3(e∗1) = ∆3(e∗2) = ∆3(e∗3) = ∆3(e∗4) = 0,

∆3(e1) = a213e
∗
4 ∧ e3 ∧ e∗1 + a13a14e

∗
4 ∧ e4 ∧ e∗1 + a13a14e

∗
4 ∧ e3 ∧ e∗2

+ a214e
∗
4 ∧ e4 ∧ e∗2 + a24a13e

∗
3 ∧ e∗2 ∧ e3 + a24a14e

∗
3 ∧ e∗2 ∧ e4

+ a14a13e
∗
3 ∧ e∗1 ∧ e3 + a214e

∗
3 ∧ e∗1 ∧ e4 + (a13a24 − a14a23)e1 ∧ e∗1 ∧ e∗2,

∆3(e2) = a13a23e
∗
4 ∧ e∗1 ∧ e3 + a13a24e

∗
4 ∧ e∗1 ∧ e4 + a223e

∗
4 ∧ e∗2 ∧ e3

+ a23a24e
∗
4 ∧ e∗2 ∧ e4 + a14a23e

∗
3 ∧ e3 ∧ e∗1 + a24a14e

∗
3 ∧ e4 ∧ e∗1

+ a24a23e
∗
3 ∧ e3 ∧ e∗2 + a224e

∗
3 ∧ e4 ∧ e∗2 + (a14a23 − a13a24)e2 ∧ e∗1 ∧ e∗2,

∆3(e3) = a14a23e
∗
2 ∧ e∗1 ∧ e3 + a14a24e

∗
2 ∧ e∗1 ∧ e4,

∆3(e4) = 2a13a23e
∗
1 ∧ e∗2 ∧ e3 + (a23a14 + a13a24)e

∗
1 ∧ e∗2 ∧ e4;

(33)



∆4(e∗2) = −a12a24e
∗
3 ∧ e∗1 ∧ e∗2,∆

4(e∗1) = ∆4(e∗3) = ∆4(e∗4) = 0,

∆4(e1) = a12a24e
∗
3 ∧ e∗2 ∧ e2 − a12a24e

∗
3 ∧ e1 ∧ e∗1 − a12a24e4 ∧ e∗2 ∧ e∗3,

∆4(e2) = −a12a24e3 ∧ e∗1 ∧ e∗2 + a224e4 ∧ e∗2 ∧ e∗3,

∆4(e3) = a12a24e
∗
4 ∧ e4 ∧ e∗1 + a12a24e

∗
2 ∧ e∗1 ∧ e∗2 − a224e1 ∧ e∗2 ∧ e∗3,

∆4(e4) = a12a24e
∗
3 ∧ e∗1 ∧ e4 + a12a24e1 ∧ e∗1 ∧ e∗2;

(34)


∆5(e∗1) = −a14a21e

∗
3 ∧ e∗1 ∧ e∗2,∆

5(e∗4) = −a14a21e
∗
4 ∧ e∗2 ∧ e∗3,

∆5(e1) = −a214e4 ∧ e∗1 ∧ e∗3, ∆5(e4) = 2a14a21e
∗
3 ∧ e4 ∧ e∗2,

∆5(e2) = a14a21e
∗
3 ∧ e1 ∧ e∗1 − a14a21e

∗
3 ∧ e∗2 ∧ e2 − a14a21e4 ∧ e∗1 ∧ e∗2,

∆5(e3) = −a14a21e3 ∧ e∗2 ∧ e∗3 + a214e2 ∧ e∗1 ∧ e∗3,∆
5(e∗2) = ∆5(e∗3) = 0;
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(35)

∆6(e∗1) = −a11a23e
∗
4 ∧ e∗1 ∧ e∗2 − (a33a11 + a13a24)e

∗
4 ∧ e∗1 ∧ e∗3

− a23a24e
∗
4 ∧ e∗2 ∧ e∗3 + a11a24e

∗
3 ∧ e∗1 ∧ e∗2 + (a14a23 − a33a11)e

∗
3 ∧ e∗1 ∧ e∗4

+ a23a24e
∗
3 ∧ e∗2 ∧ e∗4 + a33a24e

∗
1 ∧ e∗2 ∧ e∗3 + a33a23e

∗
1 ∧ e∗2 ∧ e∗4

+ a233e
∗
1 ∧ e∗3 ∧ e∗4,

∆6(e1) = −2a14a23e
∗
1 ∧ e∗2 ∧ e1 − (a14a11 + a14a33)e

∗
1 ∧ e∗3 ∧ e1

+ (a13a11 − a13a33)e
∗
1 ∧ e∗4 ∧ e1 − 2a33a23e

∗
2 ∧ e∗4 ∧ e1

+ (−a233 + a14a23 − a24a13)e
∗
3 ∧ e∗4 ∧ e1 + (a14a11 + a14a33)e

∗
2 ∧ e∗3 ∧ e2

+ (−a13a11 − a13a33)e
∗
2 ∧ e∗4 ∧ e2 − 2a13a14e

∗
3 ∧ e∗4 ∧ e2

+ (−a13a33 + a13a11)e
∗
1 ∧ e∗2 ∧ e3 + 2a213e

∗
1 ∧ e∗4 ∧ e3

− (a233 + 2a33a11)e
∗
2 ∧ e∗3 ∧ e3 + 2a13a23e

∗
2 ∧ e∗4 ∧ e3

+ 2a33a13e
∗
3 ∧ e∗4 ∧ e3 − (a14a33 + a14a11)e

∗
1 ∧ e∗2 ∧ e4

− 2a214e
∗
1 ∧ e∗3 ∧ e4 + 2a13a14e

∗
1 ∧ e∗4 ∧ e4 − 2a14a24e

∗
2 ∧ e∗3 ∧ e4

+ (−a233 + a14a23 − 2a33a11 − a24a13)e
∗
2 ∧ e∗4 ∧ e4 − 2a14a33e

∗
3 ∧ e∗4 ∧ e4,

∆6(e2) = (a11a24 + a33a24)e
∗
1 ∧ e∗3 ∧ e1 + (−a23a11 + a23a33)e

∗
1 ∧ e∗4 ∧ e1

+ 2a23a24e
∗
3 ∧ e∗4 ∧ e1 + 2a33a14e

∗
1 ∧ e∗3 ∧ e2 − 2a33a11e

∗
1 ∧ e∗4 ∧ e2

+ (−a24a11 + a24a33)e
∗
2 ∧ e∗3 ∧ e2 + (a33a11 − a14a33)e

∗
2 ∧ e∗4 ∧ e2

+ (a14a23 + a24a13 + a233)e
∗
3 ∧ e∗4 ∧ e2 − (a23a33 − a23a11)e

∗
1 ∧ e∗2 ∧ e3

+ (−a233 + a14a23 − 2a33a11 − a13a24)e
∗
1 ∧ e∗3 ∧ e3 − 2a13a23e

∗
1 ∧ e∗4 ∧ e3

− 2a223e
∗
2 ∧ e∗4 ∧ e3 − 2a33a23e

∗
3 ∧ e∗4 ∧ e3 + (−a24a33 + a24a11)e

∗
1 ∧ e∗2 ∧ e4

+ 2a14a24e
∗
1 ∧ e∗3 ∧ e4 + (a233 − a13a24 − 2a33a11 + a14a23)e

∗
1 ∧ e∗4 ∧ e4

+ 2a224e
∗
2 ∧ e∗3 ∧ e4,

∆6(e3) = −2a24a11e
∗
1 ∧ e∗2 ∧ e1−(−a211+2a33a11+a13a24−a14a23)e

∗
1 ∧ e∗4 ∧ e1

− 2a23a24e
∗
2 ∧ e∗4 ∧ e1+(2a24a11−a33a24)e

∗
3 ∧ e∗4 ∧ e1 + 2a14a11e

∗
1 ∧ e∗2 ∧ e2

+ 2a214e
∗
1 ∧ e∗3 ∧ e2 + 2a13a14e

∗
1 ∧ e∗4 ∧ e2 + (a211 + 2a33a11)e

∗
2 ∧ e∗4 ∧ e2

+ (a14a11 + a14a33)e
∗
3 ∧ e∗4 ∧ e2 − (a211 + a14a23 + a13a24)e

∗
1 ∧ e∗2 ∧ e3

− (a14a33 − a14a11)e
∗
1 ∧ e∗3 ∧ e3 − 2a13a11e

∗
1 ∧ e∗4 ∧ e3 + (a33a24

− a11a24)e
∗
2 ∧ e∗3 ∧ e3 + (−2a11a23 − a13a11)e

∗
2 ∧ e∗4 ∧ e3

+ (2a13a24 − 2a14a23)e
∗
3 ∧ e∗4 ∧ e3 − 2a14a24e

∗
1 ∧ e∗2 ∧ e4

+ (a11a14 + a33a14)e
∗
1 ∧ e∗4 ∧ e4 + (−a11a24 − a33a24)e

∗
2 ∧ e∗4 ∧ e4,
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∆6(e4) = 2a23a11e
∗
1 ∧ e∗2 ∧ e1 + (a211 + 2a33a11 − a14a23 + a13a24)e

∗
1 ∧ e∗3 ∧ e1

+ 2a23a24e
∗
2 ∧ e∗3 ∧ e1 + 2a223e

∗
2 ∧ e∗4 ∧ e1 + (a23a11 + a23a33)e

∗
3 ∧ e∗4 ∧ e1

− 2a13a11e
∗
1 ∧ e∗2 ∧ e2 − 2− a213e

∗
1 ∧ e∗4 ∧ e2 + (−a211+2a33a11)e

∗
2 ∧ e∗3 ∧ e2

+ (a13a11 − a33a13)e
∗
3 ∧ e∗4 ∧ e2 + 2a13a23e

∗
1 ∧ e∗2 ∧ e3

+ (a13a11 + a13a33)e
∗
1 ∧ e∗3 ∧ e3 + (a11a23 − a33a23)e

∗
2 ∧ e∗3 ∧ e3

+ (a211 + a13a24 + a23a14)e
∗
1 ∧ e∗2 ∧ e4 + 2a11a14e

∗
1 ∧ e∗3 ∧ e4

+ (−a33a13 + a11a13)e
∗
1 ∧ e∗4 ∧ e4 + 2a11a24e

∗
2 ∧ e∗3 ∧ e4

+ (a23a33 + a11a23)e
∗
2 ∧ e∗4 ∧ e4 + (2a23a14 − 2a13a24)e

∗
3 ∧ e∗4 ∧ e4,

∆6(e∗2) = a13a11e
∗
4 ∧ e∗1 ∧ e∗2+a13a14e

∗
4 ∧ e∗1 ∧ e∗3+(a23a14−a33b33)e

∗
4 ∧ e∗2∧e∗3

− a14a11e
∗
3 ∧ e∗1 ∧ e∗2+a14−a13e

∗
3 ∧ e∗1 ∧ e∗4 − (a33a11 + a13a24)e

∗
3 ∧ e∗2 ∧ e∗4

− a33a14e
∗
2 ∧ e∗1 ∧ e∗3 − a33a13e

∗
2 ∧ e∗1 ∧ e∗4 − a233e

∗
2 ∧ e∗3 ∧ e∗4,

∆6(e∗3) = a211e
∗
3 ∧ e∗1 ∧ e∗2 + a13a11e

∗
3 ∧ e∗1 ∧ e∗4 + a11a23e

∗
3 ∧ e∗2 ∧ e∗4

+ (a33a11 + a13a24)e
∗
2 ∧ e∗1 ∧ e∗3 + a13a23e

∗
2 ∧ e∗1 ∧ e∗4 + a33a23e

∗
2 ∧ e∗3 ∧ e∗4

− (a23a14 − a33a11)e
∗
1 ∧ e∗2 ∧ e∗3 − a13a23e

∗
1 ∧ e∗2 ∧ e∗4 − a33a13e

∗
1 ∧ e∗3 ∧ e∗4,

∆6(e∗4) = −a211e
∗
4 ∧ e∗1 ∧ e∗2 − a14a11e

∗
4 ∧ e∗1 ∧ e∗3 − a11a24e

∗
4 ∧ e∗2 ∧ e∗3

+ a14a24e
∗
2 ∧ e∗1 ∧ e∗3 − a33a24e

∗
2 ∧ e∗3 ∧ e∗4 + a24a14e

∗
1 ∧ e∗2 ∧ e∗3

− (a23a14 − a33a11)e
∗
2 ∧ e∗1 ∧ e∗4 + (a33a11 + a13a24)e

∗
1 ∧ e∗2 ∧ e∗4

+ a33a14e
∗
1 ∧ e∗3 ∧ e∗4.

∆1∗(e4, e1, e
∗
l ) = −a1la13e

∗
1 + a1la11e

∗
3, ∆1∗(e3, e1, e

∗
l ) = a1la14e

∗
1 − a1la11e

∗
4,

1 ≤ l ≤ 4;

∆2∗(e4, e1, e
∗
1) = (a211 − a12a21)e

∗
3, ∆2∗(e4, e1, e

∗
2) = (a11a12 − a12a22)e

∗
3,

∆2∗(e4, e2, e
∗
1) = (a21a11 − a22a21)e

∗
3,

∆2∗(e4, e2, e
∗
2) = (a21a12 − a222)e

∗
3,

∆2∗(e3, e1, e
∗
1) = (a12a21 − a211)e

∗
4,

∆2∗(e3, e1, e
∗
2) = (a12a22 − a11a12)e

∗
4,

∆2∗(e3, e2, e
∗
1) = (a22a21 − a21a11)e

∗
4,

∆2∗(e3, e2, e
∗
2) = (a222 − a21a12)e

∗
4,

∆2∗(e∗3, e1, e2) = (a11a22 − a12a21)e
∗
3,

∆2∗(e∗4, e1, e2) = (a12a21 − a11a22)e
∗
4,

∆2∗(e3, e1, e2) = (a12a21 − a11a22)e3,

∆2∗(e4, e1, e2) = (a11a22 − a12a21)e4;
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∆3∗(e4, e1, e
∗
3) = −a213e

∗
1 + a13a23e

∗
2, ∆3∗(e4, e1, e

∗
4) = −a13a14e

∗
1 + a13a24e

∗
2,

∆3∗(e4, e2, e
∗
3) = −a14a13e

∗
1 + a223e

∗
2, ∆3∗(e4, e2, e

∗
4) = −a214e

∗
1 + a23a24e

∗
2,

∆3∗(e3, e2, e
∗
3) = a13a24e

∗
1 − a23a24e

∗
2, ∆3∗(e3, e2, e

∗
4) = a14a24e

∗
1 − a224e

∗
2,

∆3∗(e3, e1, e
∗
3) = a13a14e

∗
1 − a14a23e

∗
2, ∆3∗(e3, e1, e

∗
4) = a214e

∗
1 − a14a24e

∗
2,

∆3∗(e∗1, e1, e2) = (a13a24 − a14a23)e
∗
1, ∆3∗(e∗2, e1, e2) = (a14a23 − a13a24)e

∗
2,

∆3∗(e2, e1, e
∗
3) = a14a23e

∗
3 − 2a13a23e

∗
4,

∆3∗(e2, e1, e
∗
4) = a14a24e

∗
3 − (a23a14 + a13a24)e

∗
4;

∆4∗(e3, e1, e2) = −a12a24e2, ∆4∗(e3, e2, e
∗
2) = a12a24e

∗
1,

∆4∗(e3, e1, e
∗
1) = a12a24e

∗
1, ∆4∗(e∗4, e1, e2) = −a12a24e

∗
1,

∆4∗(e∗3, e1, e2) = −a12a24e
∗
1, ∆4∗(e∗4, e2, e3) = a224e

∗
2,

∆4∗(e4, e
∗
4, e1) = a12a24e

∗
3, ∆4∗(e∗2, e1, e2) = a12a24e

∗
3,

∆4∗(e∗1, e2, e3) = −a224e
∗
3, ∆4∗(e3, e1, e

∗
4) = −a12a24e

∗
4,

∆4∗(e∗1, e1, e2) = a12a24e
∗
4;

∆5∗(e3, e1, e2) = −a14a21e1, ∆5∗(e4, e2, e3) = −a14a21e4,
∆5∗(e∗4, e1, e3) = −a214e

∗
1, ∆5∗(e3, e

∗
1, e1) = a14a21e

∗
2,

∆5∗(e3, e2, e
∗
2) = −a14a21e

∗
2, ∆5∗(e∗4, e1, e2) = −a14a21e

∗
2,

∆5∗(e∗3, e2, e3) = −a14a21e
∗
3, ∆5∗(e∗2, e1, e3) = a214e

∗
3,

∆5∗(e3, e
∗
4, e2) = 2a14a21e

∗
4;

∆6∗(e1, e2, e3) = a24(a11 + a33)e1 − a14(a33 + a11)e2 + 2a14a24e4

− (−a211 + a13a24 + a14a23)e3,

∆6∗(e1, e2, e4) = −a23(a33 − a11)e1 +−a13(a11 + a33)e2 − 2a13a23e3

+ (−a211 + a14a23 + a13a24)e4,

∆6∗(e1, e3, e4) = −(−a233 + a13a24 + a23a14)e1 + 2a13a14e2

+ (−a33a13 − a13a11)e3 − (a14a11 − a33a14)e4,

∆6∗(e2, e3, e4) = −2a23a24e1 + (a14a23 + a13a24)e2 − (a23a11 − a33a23)e3

− (a24a11 + a33a24)e4,

∆6∗(e1, e2, e
∗
1) = −2a14a23e1 − 2a24a11e3 + 2a23a11e4,

∆6∗(e1, e3, e
∗
1) = (−a14a11 − a14a33)e1 + (a24a11 + a33a24)e2

+ (a211 + 2a33a11 − a14a23 + a13a24)e4,

∆6∗(e1, e4, e
∗
1) = (a13a11 − a13a33)e1 + (−a23a11 + a23a33)e2

+ (−a211 + 2a33a11 + a13a24 − a14a23)e3,

∆6∗(e2, e4, e
∗
1) = −2a33a23e1 − 2a23a24e3 + 2a223e4,
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∆6∗(e3, e4, e
∗
1) = (−a233 + a14a23 − a24a13)e1 + 2a23a24e2

+ (a24a11 − a33a24)e3 + (a23a11 + a23a33)e4,

∆6∗(e1, e2, e
∗
2) = 2a14a11e3 − 2a13a11e4,

∆6∗(e2, e3, e
∗
1) = 2a23a24e4,

∆6∗(e1, e3, e
∗
2) = 2a33a14e2 + 2a214e3,

∆6∗(e1, e4, e
∗
2) = −2a33a11e2 + 2a13a14e3 + 2a213e4,

∆6∗(e2, e3, e
∗
2) = (a14a11 + a14a33)e1 + (−a24a11

+ a24a33)e2 + (−a211 + 2a33a11)e4,

∆6∗(e2, e4, e
∗
2) = (−a13a11 − a13a33)e1 + (a33a11 − a14a33)e2

+ (a211 + 2a33a11)e3,

∆6∗(e3, e4, e
∗
2) = −2a13a14e1 + (a233 + a14a23 + a24a13)e2

+ (a14a11 + a14a33)e3 + (a13a11 − a13a33)e4,

∆6∗(e1, e2, e
∗
3) = (−a13a33 + a13a11)e1 − (a23a33 + a23a11)e2

+ (−a211 − a14a23 − a13a24)e3 + 2a13a23e4,

∆6∗(e1, e3, e
∗
3) = (−a233 + a14a23 − 2a33a11 − a13a24)e2

− (a14a33 + a14a11)e3 + (a13a11 + a13a33)e4,

∆6∗(e1, e4, e
∗
3) = 2a213e1 + 2a23a23e2 + 2− a13a11e3,

∆6∗(e2, e3, e
∗
3) = (−a233 − 2a33a11)e1 + (a33a24 − a11a24)e3

+ (a11a23 − a33a23)e4,

∆6∗(e2, e4, e
∗
3) = 2a13a23e1 − 2a223e2 − (2a11a23 + a11a13)e3,

∆6∗(e3, e4, e
∗
3) = 2a33a13e1 − 2a33a23e2 + (2a13a24 − 2a14a23)e3,

∆6∗(e1, e2, e
∗
4) = −(a14a33 + a14a11)e1 + (−a24a33 + a24a11)e2 − 2a14a24e3

+ (a211 + a13a24 + a23a14)e4,

∆6∗(e1, e3, e
∗
4) = −2a214e1 + 2a14a24e2 + 2a14a11e4,

∆6∗(e1, e4, e
∗
4) = 2a13a14e1 + (a233 − a13a24 − 2a33a11 + a14a23)e2

+ (a11a14 + a33a14)e3 + (−a33a13 + a11a13)e4,

∆6∗(e2, e3, e
∗
4) = −2a14a24e1 + 2a224e2 + 2a11a24e4,

∆6∗(e2, e4, e
∗
4) = (−a233 − a14a23 − 2a33a11 − a24a13)e1 − (a11a24 + a33a24)e3

+ (a23a33 + a11a23)e4

∆6∗(e3, e4, e
∗
4) = −2a14a33e1 + (2a23a14 − 2a13a24)e4.

Proof. According to (1), (29) and Theorem 2.5, for any Rota-Baxter op-
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erator P : A4 → A4 of weight zero defined as (12), we have
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∆(e∗1) = A13
12(−e∗4) ∧ e∗1 ∧ e∗2 +A13

13(−e∗4) ∧ e∗1 ∧ e∗3 +A14
24e

∗
3 ∧ e∗2 ∧ e∗4

+A13
23(−e∗4) ∧ e∗2 ∧ e∗3 +A14

12e
∗
3 ∧ e∗1 ∧ e∗2 +A14

14e
∗
3 ∧ e∗1 ∧ e∗4

+A34
23(−e∗1) ∧ e∗2 ∧ e∗3 +A34

24(−e∗1) ∧ e∗2 ∧ e∗4 +A34
34(−e∗1) ∧ e∗3 ∧ e∗4,

∆(e∗2) = A23
12e

∗
4 ∧ e∗1 ∧ e∗2 +A23

13e
∗
4 ∧ e∗1 ∧ e∗3 +A23

23e
∗
4 ∧ e∗2 ∧ e∗3

+A24
12(−e∗3) ∧ e∗1 ∧ e∗2 +A24

14(−e∗3) ∧ e∗1 ∧ e∗4 +A24
24(−e3)

∗ ∧ e∗2 ∧ e∗4

+A34
13e

∗
2 ∧ e∗1 ∧ e∗3 +A34

14e
∗
2 ∧ e∗1 ∧ e∗4 +A34

34e
∗
2 ∧ e∗3 ∧ e∗4,

∆(e∗3) = A12
12(−e∗3) ∧ e∗1 ∧ e∗2 +A12

14 ∧ e∗1 ∧ e∗4 +A12
24(−e∗3) ∧ e∗2 ∧ e∗4

+A13
13e

∗
2 ∧ e∗1 ∧ e∗3 +A13

14e
∗
2 ∧ e∗1 ∧ e∗4 +A13

34e
∗
2 ∧ e∗3 ∧ e∗4

+A23
23(−e∗1) ∧ e∗2 ∧ e∗3 +A23

24(−e∗1) ∧ e∗2 ∧ e∗4 +A23
34(−e∗1) ∧ e∗3 ∧ e∗4,

∆(e∗4) = A12
12e

∗
4 ∧ e∗1 ∧ e∗2 +A12

13e
∗
4 ∧ e∗1 ∧ e∗3 +A12

23e
∗
4 ∧ e∗2 ∧ e∗3

+A14
13(−e∗2) ∧ e∗1 ∧ e∗3 +A14

14(−e∗2) ∧ e∗1 ∧ e∗4 +A14
34(−e2)

∗ ∧ e∗3 ∧ e∗4

+A24
23e

∗
1 ∧ e∗2 ∧ e∗3 +A24

24e
∗
1 ∧ e∗2 ∧ e∗4 +A24

34e
∗
1 ∧ e∗3 ∧ e∗4,

∆(e1) =
∑
k,i

(ai3a1ke
∗
4 ∧ ek ∧ e∗i + ai4a1ke

∗
3 ∧ e∗i ∧ ek + ai2a3ke

∗
3 ∧ ek ∧ e∗i

+ ai3a3ke
∗
2 ∧ e∗i ∧ ek + ai2a4ke

∗
4 ∧ e∗i ∧ ek + ai4a4ke

∗
2 ∧ ek ∧ e∗i )

+A23
12e3 ∧ e∗1 ∧ e∗2 +A23

13e3 ∧ e∗1 ∧ e∗3+A23
14e3 ∧ e∗1 ∧ e∗4 +A23

23e3 ∧ e∗2 ∧ e∗3

+A23
24e3 ∧ e∗2 ∧ e∗4 +A23

34e3 ∧ e∗3 ∧ e∗4−A24
12e4 ∧ e∗1 ∧ e∗2 −A24

13e4 ∧ e∗1 ∧ e∗3

−A24
14e4 ∧ e∗1 ∧ e∗4 −A24

23e4 ∧ e∗2 ∧ e∗3−A24
24e4 ∧ e∗2 ∧ e∗4 −A24

34e4 ∧ e∗3 ∧ e∗4

+A34
12e1 ∧ e∗1 ∧ e∗2 +A34

13e1 ∧ e∗1 ∧ e∗3+A34
14e1 ∧ e∗1 ∧ e∗4 +A34

23e1 ∧ e∗2 ∧ e∗3

+A34
24e1 ∧ e∗2 ∧ e∗4 +A34

34e1 ∧ e∗3 ∧ e∗4,

∆(e2) =
∑
j,l

(aj3a2le
∗
4 ∧ e∗j ∧ el + aj4a2le

∗
3 ∧ el ∧ e∗j + aj1a3le

∗
3 ∧ e∗j ∧ el

+ aj3a3le
∗
1 ∧ el ∧ e∗j + aj1a4le

∗
4 ∧ el ∧ e∗j + aj4a4le

∗
1 ∧ e∗j ∧ el)

−A13
12e3 ∧ e∗1 ∧ e∗2 −A13

13e3 ∧ e∗1 ∧ e∗3−A13
14e3 ∧ e∗1 ∧ e∗4 −A13

23e3 ∧ e∗2 ∧ e∗3

−A13
24e3 ∧ e∗2 ∧ e∗4 −A13

34e3 ∧ e∗3 ∧ e∗4+A14
12e4 ∧ e∗1 ∧ e∗2 +A34

13e4 ∧ e∗1 ∧ e∗3

+A14
14e4 ∧ e∗1 ∧ e∗4 +A14

23e4 ∧ e∗2 ∧ e∗3+A14
14e4 ∧ e∗2 ∧ e∗4 +A14

34e4 ∧ e∗3 ∧ e∗4

−A34
12e2 ∧ e∗1 ∧ e∗2 −A34

13e2 ∧ e∗1 ∧ e∗3−A34
14e2 ∧ e∗1 ∧ e∗4 −A34

23e2 ∧ e∗2 ∧ e∗3

−A34
24e2 ∧ e∗2 ∧ e∗4 −A34

34e2 ∧ e∗3 ∧ e∗4,
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∆(e3)=
∑
j,l

(aj1a1le
∗
4 ∧ e∗j ∧ el + aj4a1le

∗
1 ∧ el ∧ e∗j + aj2a2le

∗
4 ∧ el ∧ e∗j

+ aj4a2le
∗
2 ∧ e∗j ∧ el + aj1a3le

∗
2 ∧ el ∧ e∗j + aj2a3le

∗
1 ∧ e∗j ∧ el)

+A12
12e3 ∧ e∗1 ∧ e∗2 +A12

13e3 ∧ e∗1 ∧ e∗3 +A12
14e3 ∧ e∗1 ∧ e∗4 +A12

23e3 ∧ e∗2 ∧ e∗3

+A12
24e3 ∧ e∗2 ∧ e∗4 +A12

34e3 ∧ e∗3 ∧ e∗4 −A14
12e1 ∧ e∗1 ∧ e∗2 −A14

13e1 ∧ e∗1 ∧ e∗3

−A14
14e1 ∧ e∗1 ∧ e∗4 −A14

23e1 ∧ e∗2 ∧ e∗3 −A14
24e1 ∧ e∗2 ∧ e∗4 −A14

34e1 ∧ e∗3 ∧ e∗4

+A24
12e2 ∧ e∗1 ∧ e∗2 +A24

13e2 ∧ e∗1 ∧ e∗3 +A24
14e2 ∧ e∗1 ∧ e∗4 +A24

23e2 ∧ e∗2 ∧ e∗3

+A24
24e2 ∧ e∗2 ∧ e∗4 +A24

34e2 ∧ e∗3 ∧ e∗4,

∆(e4)=
∑
j,l

(aj1a1le
∗
3 ∧ el ∧ e∗j + aj3a1le

∗
1 ∧ e∗j ∧ el + aj2a2le

∗
3 ∧ e∗j ∧ el

+ aj3a2le
∗
2 ∧ el ∧ e∗j + aj1a4le

∗
2 ∧ e∗j ∧ el + aj2a4le

∗
1 ∧ el ∧ e∗j )

−A12
12e4 ∧ e∗1 ∧ e∗2 −A12

13e4 ∧ e∗1 ∧ e∗3 −A12
14e4 ∧ e∗1 ∧ e∗4 −A12

23e4 ∧ e∗2 ∧ e∗3

−A12
24e4 ∧ e∗2 ∧ e∗4 −A12

34e4 ∧ e∗3 ∧ e∗4 +A13
12e1 ∧ e∗1 ∧ e∗2 +A13

13e1 ∧ e∗1 ∧ e∗3

+A13
14e1 ∧ e∗1 ∧ e∗4 +A13

23e1 ∧ e∗2 ∧ e∗3 +A13
14e1 ∧ e∗2 ∧ e∗4 +A13

34e1 ∧ e∗3 ∧ e∗4

−A23
12e2 ∧ e∗1 ∧ e∗2 −A23

13e2 ∧ e∗1 ∧ e∗3 −A23
14e2 ∧ e∗1 ∧ e∗4 −A23

23e2 ∧ e∗2 ∧ e∗3

−A23
24e2 ∧ e∗2 ∧ e∗4 −A23

34e2 ∧ e∗3 ∧ e∗4.

Therefore, we get that

(1) If Rank(P ) = 1, P (e1) =
4∑

l=1

a1le1 ̸= 0, and P (e2) = P (e3) = P (e4) =

0, then by submitting (a11, a12, a13, a14) ̸= (0, 0, 0, 0) and aij = 0 into (36), 2 ≤
i ≤ 4, 1 ≤ j ≤ 4, we obtain the local cocycle 3-Lie bialgebra (A4 ⋉ad∗ A

∗
4,∆

1),
which satisfies (30).

(2) If Rank(P ) = 2, P (e1) = a11e1 + a12e2, P (e2) = a21e1 + a22e2, and
P (e3) = P (e4) = 0, then the local cocycle 3-Lie bialgebra (A4 ⋉ad∗ A∗

4,∆
2)

satisfies (31).

If Rank(P ) = 2, P (e1) = a13e3 + a14e4, P (e2) = a23e3 + a24e4, P (e3) =
P (e4) = 0, and a13a24 − a14a23 ̸= 0, then (A4 ⋉ad∗ A

∗,∆3) satisfies (32).

(3) If Rank(P ) = 3, P (e1) = a12e2, P (e2) = a24e4, P (e3) = −a24e1,
P (e4) = 0, and a12a24 ̸= 0, then (A4 ⋉ad∗ A

∗
4,∆

4) satisfies (33).

If P (e1)=a14e4, P (e2)=a21e1, P (e3)=−a14e2, P (e4)=0, and a21a14 ̸= 0,
then the local cocycle 3-Lie bialgebra (A4 ⋉ad∗ A

∗
4,∆

5) satisfies (34).

(4) If Rank(P ) = 4, then (A4 ⋉ad∗ A
∗
4,∆

6) satisfies (35).
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Furthermore, set

(37) ∆1∗(ei, ej , e
∗
k) =

4∑
i=1

(λiei + µie
∗
i ), ∀ λi, µi ∈ C.

By (5) and (37),

⟨∆1∗(e4, e1, e
∗
l ), e1⟩ = ⟨e4∧e1∧e∗l ,∆e1⟩ = −a1la13 = ⟨

n∑
i=1

(λiei+µie
∗
i ), e1⟩ = µ1,

⟨∆1∗(e4, e1, e
∗
l ), e3⟩ = ⟨e4 ∧ e1 ∧ e∗l ,∆e3⟩ = a1la11 = ⟨

n∑
i=1

(λiei + µie
∗
i ), e1⟩ = µ3,

⟨∆1∗(e4, e1, e
∗
l ), e2⟩ = ⟨∆∗(e4, e1, e

∗
l ), e4⟩ = 0 = ⟨

n∑
i=1

(λiei + µie
∗
i ), e1⟩ = µ4,

⟨∆1∗(e4, e1, e
∗
l ), e

∗
s⟩ = 0 = ⟨

n∑
i=1

(λiei + µie
∗
i ), e1⟩ = λs, 1 ≤ s ≤ 4.

Therefore, µ1 = −a1la13, µ3 = a1la11, µ2 = µ4 = λs = 0, 1 ≤ s ≤ 4,
∆1∗(e4, e1, e

∗
l ) = −a1la13e

∗
1 + a1la11e

∗
3, ∆1∗(e3, e1, e

∗
l ) = a1la14e

∗
1 − a1la11e

∗
4,

and others are zero.

By a completely similar discussion to the above, if Rank(P ) ≥ 2, we get
(A4 ⊕A∗

4,∆
k∗) for 2 ≤ k ≤ 6. The proof is complete.

5. 3-PRE-LIE ALGEBRAS INDUCED BY ROTA-BAXTER
OPERATORS

A Rota-Baxter operator of weight zero on a 3-Lie algebra can induce a
3-pre-Lie algebra. Then in this section we will construct 3-pre-Lie algebras by
the Rota-Baxter operators of weight zero on A4 obtained in Section 3.

Lemma 5.1. Let A be a 3-Lie algebra with a basis {e1, · · · , en}, and P be
a Rota-Baxter operator of weight zero on A defined as (12). Then P induces
a 3-pre-Lie algebra (A, {, , }), where

(38) {el, em, eq} =

n∑
j<k

Ajk
lm[ej , ek, eq], 1 ≤ l,m, q ≤ n,

and the sub-adjacent 3-Lie algebra (A, [, , ]C) of (A, {, , }) is given by

(39) [el, em, eq]C =
n∑

j<k

Ajk
lm[ej , ek, eq] +

n∑
k<i

Aki
mq[ek, ei, el] +

n∑
i<j

Aij
ql[ei, ej , em],

where Ajk
lm, 1 ≤ l,m, j, k ≤ n, are defined as (13).
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Proof. By Proposition 3.25 in [6], for all (l,m, q) ∈ Z⊗3, 1 ≤ l,m, q ≤ n,
we have

{el, em, eq} = [P (el), P (em), eq] =

n∑
j<k

∣∣∣∣ alj alk
amj amk

∣∣∣∣ [ej , ek, eq],
it follows (38). By (4),

[el, em, eq]C = [P (el), P (em), eq] + [P (em), P (eq), el] + [P (eq), P (el), em]

=

n∑
j<k

∣∣∣∣ alj alk
amj amk

∣∣∣∣ [ej , ek, eq] + n∑
k<i

∣∣∣∣ amk ami

aqk aqi

∣∣∣∣ [ek, ei, el]
+

n∑
i<j

∣∣∣∣ aqi aqj
ali alj

∣∣∣∣ [ei, ej , em],

then (39) holds.

Theorem 5.2. Let A4 be the 4-dimensional 3-Lie algebra with the multi-
plication (1) in the basis {e1, e2, e3, e4}. Then Rota-Baxter operators of weight
zero on A4 defined by (12) induce 3-pre-Lie algebras (A4, {, , }t), 1 ≤ t ≤ 6,
and the sub-adjacent 3-Lie algebras (A4, [, , ]

t
C), where

(A4, {, , }t), 1 ≤ t ≤ 5 (A4, [, , ]
t
C), 1 ≤ t ≤ 5

{el, em, eq}1 = 0, 1 ≤ l,m, q ≤ 4 (A4, [·, ·, ·, ]1C) is abelian

{e1, e2, e3}2 = (a11a22 − a12a21)e3,

{e1, e2, e4}2 = −(a11a22 − a12a21)e4

[e1, e2, e3]
2
C

= (a11a22 − a12a21)e3,

[e1, e2, e4]
2
C

= −(a11a22 − a12a21)e4

{e1, e2, e1}3 = (a13a24 − a14a23)e1,

{e1, e2, e2}3 = −(a13a24 − a14a23)e2
(A4, [·, ·, ·]3C) is abelian

{e1,e2,e3}4 = a12a24e2, {e1,e2,e1}4 = −a12a24e4,

{e1,e3,e3}4 = a12a24e3, {e1,e3,e4}4 = −a12a24e4,

{e2, e3, e2}4 = a224e4, {e2, e3, e3}4 = a224e2

[e1, e2, e3]
4
C = a12a24e2,

[e1, e3, e4]
4
C = −a12a24e4

{e1,e4,e2}5= −a14a21e2, {e1,e4,e3}5 =−a12a24e4,

{e2,e4,e1}5= a12a24e3, {e2,e4,e3}5 = −a12a24e4,

{e1, e2, e3}5 = a224e4, {e1, e2, e4}5 = a224e2

[e1, e2, e3]
5
C = a14a21e1,

[e2, e3, e4]
5
C = a14a21e4
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(40)
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{e1, e2, e1}6 = (a13a24 − a14a23)e1 + a13a11e3 − a14a11e4,

{e1, e2, e2}6 = −(a13a24 − a14a23)e2 − a23a11e3 + a24a11e4,

{e1, e3, e2}6 = a33a14e2 − (a33a11 + a13a24)e3 + a14a24e4,

{e1, e3, e4}6 = (a33a11 + a13a24)e1 − a13a14e2 + a14a11e4,

{e1, e4, e2}6 = a33a13e2 − a13a23e3 + (−a33a11 + a14a23)e4,

{e1, e4, e3}6 = (a14a23 − a33a11)e1 + a13a14e2 − a13a11e3,

{e2, e3, e1}6 = −a33a24e1 + (a23a14 − a33a11)e3 − a14a24e4,

{e2, e3, e4}6 = a23a24e1 + (a33a11 − a14a23)e2 + a24a11e4,

{e2, e4, e1}6 = −a33a23e1 + a13a23e3 − (a33a11 + a13a24)e4,

{e2, e4, e3}6 = −a23a24e1 + (a33a11 + a13a24)e3 − a23a11e3,

{e3, e4, e3}6 = −a33a24e1 − a33a14e2 + (a13a24 − a14a23)e3,

{e3, e4, e4}6 = a33a23e1 − a33a13e2 + (a14a23 − a13a24)e4,

{e1, e2, e3}6 = −a11a24e1 + a14a11e2 − a211e3,

{e1, e2, e4}6 = a23a11e1 − a13a11e3 + a211e4,

{e2, e4, e2}6 = a33a23e2 − a223e3 + a23a24e4,

{e2, e4, e4}6 = a223e1 − a13a23e2 + a23a11e4,

{e1, e3, e1}6 = −a33a14e1 + a13a14e3 − a214e4,

{e1, e3, e3}6 = −a14a24e1 + a214e2 − a14a11e3,

{e1, e4, e1}6 = −a33a13e1 − a213e3 − a13a14e4,

{e1, e4, e4}6 = a13a23e1 − a213e2 + a13a11e4,

{e2, e3, e2}6 = a33a24e2 − a23a24e3 + a224e4,

{e2, e3, e3}6 = −a224e1 + a14a24e2 − a24a11e3,

{e3, e4, e1}6 = −a233e1 + a33a13e3 − a33a14e4,

{e3, e4, e2}6 = a233e2 − a33a23e3 + a33a24e4;

(41)



[e1, e2, e3]
6
C = (−a24a11 − a33a24)e1 + (a33a14 + a14a11)e2 − 2a14a24e4

+ (−a211 + a13a24 + a14a23)e3,

[e1, e2, e4]
6
C = (a33a23 − a23a11)e1 + (−a13a11 − a33a13)e2 + 2a13a23e3

− (−a211 + a14a23 + a13a24)e4,

[e1, e3, e4]
6
C = (−a233 + a13a24 + a23a14)e1 − 2a13a14e2

+ (a33a13 + a13a11)e3 + (a14a11 − a33a14)e4,

[e2, e3, e4]
6
C = 2a23a24e1 − (a14a23 + a13a24)e2 + (a23a11 − a33a23)e3

+ (a24a11 + a33a24)e4;

Proof. If Rank(P ) = 1, then by (38) and Theorem 3.1, (A4, {, , }1) is a
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3-pre-Lie algebra satisfies {el, em, eq}1 = 0, and the sub-adjacent 3-Lie algebra
(A4, [, , ]

1
C) is abelian.

IfRank(P ) = 2 and P (e1) = a11e1+a12e2, P (e2) = a21e1+a22e2, P (e3) =
P (e4) = 0, then by (38) and Theorem 3.2, we get 3-pre-Lie algebra (A4, {, , }2)
and the sub-adjacent 3-Lie algebra (A, [, , ]2C).

If Rank(P ) = 3, then by (38) and Theorem 3.5, we get 3-pre-Lie alge-
bras (A4, {, , }3), (A4, {, , }4), (A4, {, , }5) and the sub-adjacent 3-Lie algebras
(A4, [, , ]

3
C), (A4, [, , ]

4
C), and (A4, [, , ]

5
C), respectively.

If Rank(P ) = 4, then by (38) and Theorem 3.7, we get 3-pre-Lie algebra
(A4, {, , }6) and the sub-adjacent 3-Lie algebra (A4, [, , ]

6
C) which satisfy (40)

and (41), respectively.
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[24] M.A. Semenov-Tian-Shansky, What a classical r-matrix is. Funktsional. Anal. i
Prilozhen. 17 (1983), 4, 17–33.

Received November 4, 2018 CHUANGCHUANG KANG
Nankai University,

School of Mathematical Sciences and LPMC,
Tianjin 300071, P.R. China

and
Hebei University,

College of Mathematics and Information Science,
Baoding 071002, P.R. China
kangchuang2016@163.com

RUIPU BAI
Hebei University,

College of Mathematics and Information Science,
Baoding 071002, P.R. China

bairuipu@hbu.edu.cn

SHUAI HOU
Jilin University,

Department of Mathematics,
Changchun 130012, Jilin, P.R. China

hshuaisun@163.com


