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1. INTRODUCTION

Rota-Baxter operators on associative algebras originated from Baxter’s
probability study [3] and were populated by the work of Atkinson, Cartier and
Rota [2, 10, 22, 23]. This concept is applied widely in mathematics and physics
such as combinatorics, number theory, operads, boundary value problems, Hopf
algebras and quantum field theory [16, 17, 4, 1, 14, 11, 13]. In particular, Rota-
Baxter operators on Lie algebras have been widely studied. Semenov-Tian-
Shansky’s work [24] shows that a Rota-Baxter operator of weight zero on a Lie
algebra is exactly the operator form of classical Yang-Baxter equation which
was regarded as a “classical limit” of the quantum Yang-Baxter equation [9].
Moreover, Rota-Baxter operators have close relationship with Lie bialgebras
and pre-Lie algebras [18, 21]. One can use coboundary theory to construct
Lie bialgebras by solutions of classical Yang-Baxter equation [12], and pre-Lie
algebras can be regarded as the algebraic structure behind both Rota-Baxter
operators and the classical Yang-Baxter equation in Lie algebras [5].

Rota-Baxter operators on 3-Lie algebras [7] are also important both in
theory and application. Rota-Baxter operators of weight zero on 3-Lie alge-
bras are O-operators on 3-Lie algebras associated to the adjoint representations
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and have applications in the solutions of 3-Lie classical Yang-Baxter equation,
local cocycle 3-Lie bialgebras and 3-pre-Lie algebras [6]. Therefore, explicit
classification of Rota-Baxter operators of weight zero on 3-Lie algebras is nec-
essary since many applications in the related fields depend strongly on the
explicit expression. On the one hand, a Rota-Baxter operator of weight zero
gives a skew-symmetric solution of 3-Lie classical Yang-Baxter equation in the
semi-direct product 3-Lie algebra A x4+ A* from the dual representation of
the adjoint representation of 3-Lie algebra A, whereas the latter gives a local
cocycle 3-Lie bialgebra. Hence from the classification results, the induced skew-
symmetric solutions of 3-Lie classical Yang-Baxter equation in the semi-direct
product 3-Lie algebra and the corresponding local cocycle 3-Lie bialgebras can
be obtained. On the other hand, a Rota-Baxter operator of weight zero can
induce a 3-pre-Lie algebra. Hence from the classification results, the induced
3-pre-Lie algebras as well as their sub-adjacent 3-Lie algebras can be obtained.

Unfortunately, it is not easy to get Rota-Baxter operators of weight zero
on arbitrary 3-Lie algebras. Thus, in this paper, we will focus on Rota-Baxter
operators of weight zero on the 4-dimensional simple complex 3-Lie algebra Ay
and give its classification. By [20] and [8], A4 is the unique finite dimensional
simple 3-Lie algebra over the complex field, and the multiplication in a basis
{e1,e2,e3,€e4} is

(1) [€1a€2a€3] = €3, [61762764] = —é€y4, [61763764] = €1, [62163764] = —€a.

As one application, from these Rota-Baxter operators of weight zero, we give
the induced skew-symmetric solutions of the 3-Lie classical Yang-Baxter equa-
tion in the semi-direct product 3-Lie algebra Ay x.q+ A} and hence the cor-
responding (8-dimensional) local cocycle 3-Lie bialgebras. We also give the
induced 3-pre-Lie algebras and their sub-adjacent 3-Lie algebras as another
application.

In Section 2, we give some basic notions. In Section 3, we discuss the
classification of Rota-Baxter operators of weight zero on A4. In Section 4,
we give the induced skew-symmetric solutions of 3-Lie classical Yang-Baxter
equation in the semi-direct product 3-Lie algebra A4 x4+ A} and 8-dimensional
local cocycle 3-Lie bialgebras by means of Rota-Baxter operators obtained in
Section 3. In Section 5, we give the induced 3-pre-Lie algebras and the sub-
adjacent 3-Lie algebras.

From now on, algebras and vector spaces are over the field C of complex
numbers, and Z denotes the set of integers.
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2. PRELIMINARY

A 3-Lie algebra [15] is a vector space A over C endowed with a 3-ary multi-
linear skew-symmetric multiplication [, ,] satisfying the following identity, for
all x1,x2,x3,Y2,y3 € A,

[[71, %2, 23], Yo, y3] = [[T1, Y2, ys], ¥2, T3]+ (21, [T2, Y2, y3], w3]+[21, T2, [23, Yo, ys]]-

A Rota-Bazter 3-Lie algebra (A, P) of weight X ([7]) is a 3-Lie algebra A
and a C-linear map P: A — A satisfying, for all z1, 29,23 € A,

[P(21), P(2), P(xs)] = P([P(z1), P(x2), 23] + [P(21), v2, P(x3)]
+ [z1, P(22), P(23)] + A[P(21), 22, 23] + A[z1, P(22), 73]
+ Az1, 2, P(23)] + N?[z1, 22, 73]),

where A € C, and P is called a Rota-Baxter operator of weight A on the 3-Lie

algebra A.
If A =0, then for all 21, 29,23 € A,

[P(x1), P(x2), P(x3)] = P([P(21), P(x2), 3]
+ [P(21), 22, P(x3)] + [21, P(x2), P(23)])-
The notion of a representation of an n-Lie algebra was introduced in [19].
See [8] for more information. Let A be a 3-Lie algebra, V be a vector space

and p : A2A — gl(V) be a linear map. The pair (V, p) is called a representation
(or A-module ) of A on V if p satisfies, for all x1, z9, z3, 91,92 € A,

(2)

[p(z1,22), p(y1,y2)] = p([21, 22, Y1), ¥2) + p(y1, [21, T2, Y2)),

p([1, w2, 23}, 1) = p(x2, 23)p(T1,91) — p(T1, 23) (22, Y1) + p(1, 22) p(23, Y1)-
If (V,p) is a representation of the 3-Lie algebra A, V* is the dual space

of Vand for all f € V* o € V|, (f,z) = f(x) € C. Then (V*, p*) is also
a representation of A, which is called the dual representation of (V,p), where
p* i AZA = gl(V¥),

<p*(xlu x?)fa ‘T3> - _<f7 p(‘rlu 132)£U3>, v T1,T2,T3 S A7 f S V*

A I-cocyle [6] on a 3-Lie algebra A associated to a representation (V, p)
is a linear map g : A — V satisfying

9([w1, w2, w3]) = p(w1, 2)g(w3)+p(22, 23)g(21) +p(23, 1) g(22), V 1, 02, 73 € A
For a 3-Lie algebra A, the adjoint representation (A, ad) is defined by
ad : A2A — gl(A), ady, 4,23 = [21, 72, 73], Y 1,29, 23 € A.
Then we obtain the dual representation (A4,ad*), where ad* : A24 — gl(A*),
(ad;hmf, x3) = —(f,ady, gov3) = —(f, [r1,22,23]), V1,202,723 € A, f € A"
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LEMMA 2.1. [8] Let A be a 3-Lie algebra over C, V' be a vector space and
p:N?A — gl(V) be a C-linear map. Then (V, p) is a representation of A if and
only if (A@®V,|[,,]«) is a 3-Lie algebra, where for all z; € A, v; € V, 1 <1i <3,

[x1+v1, X2 + V2, 3+ V3]s = [x1, T2, T3] + p(x1, x2)V3 + p(T3, T1)V2 + p(T2, T3)V].

The 3-Lie algebra (A® V,[,,]«) is called the semi-direct product 3-Lie algebra,
and is denoted by A x, V.

It is straightforward to obtain (A @& A*,[,,]«) = A x,q+ A* is a 3-Lie
algebra, for all z; € A, yf € A*, 1 <14 <3,

(3) [.’El +yr7 'CEQ +y§’ 1173 +y§]* = [xl? 5527 xg] +a’d;1,zzy§ + ad;g,xly; +a‘d;2,x3yr‘

A 3-pre-Lie algebra [6] is a vector space A over C endowed with a C-linear
multiplication {,,} : A%3 — A satisfying, for all 2; € A, 1 <i <5,

{z1,29,23} = —{x9,21,23},
{z1, 29, {73, 24, 25}} = {[21, 72, 73]C, 24, 25} + {73, [21, 22, 24]C, 75}
+{wzs, x4, {x1, 22,25} },
{[x1, 2, 23]y 24,25} = {21, 29,{w3, 24,75} } + {@2, 3, {71, T4, 75} }

+{x3, 21, {x, 24, 75} },

where

(4) (21, 22, 3]0 = {x1, 22, 23} + {22, 23, 1} + {23, 22, 21 }.

Thanks to Proposition 3.21 in [6], the pair (A, [,,]c) is a 3-Lie algebra,
which is called the sub-adjacent 3-Lie algebra of the 3-pre-Lie algebra (A4, {,, }).

Let A3A denote the 3-th exterior power of 3-Lie algebra A. For all
Ti, Tj, T € A,

T ANxj A T) = Z 591(0) T (i) @ To(j) @ To (k)
o€ES3

and if (i1,12,143) = (i, 4, k), then x5y @ Ty(j) @ Ty = Tiy1y @ Tigiy @ Tigy)-

Let A be a 3-Lie algebra, A* be the dual space of A, and A : A — A3A

be a linear map. The dual map of A is a linear map A* : A3A* — A* defined
by

(5)  (A%(vi,v2,v3),x) = (v1 Ava Avs, A(z)), Y vi,vg,v3 € A", x € A.

A local cocycle 3-Lie bialgebra over C [6] is a pair (A, A), where A is a 3-
Lie algebra, A = Aj +Ag+ Az : A — A3A is a C-linear map and the following
conditions are satisfied:

o (A*,A*)is a 3-Lie algebra,
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e A is a l-cocycle associated to the representation (AR A® A,ad®@1®1);
e A is a l-cocycle associated to the representation (A AR A, 1®ad®1);
e Ajis a l-cocycle associated to the representation (AR AR A, 1®1®ad).

The map ¢pg : A¥™ — A®™ defined by, for all ) 21 @12 ® -+ @ xp ®
..®xq®...®xm€A®m7

¢pq(zl‘1®'~'®:Ep®--~®xq®--'®wm):
Y@@ Q QT ®- @ T,

therefore, ¢,, exchanges the position of x, and z,.
Forany r =Y z;®y; € A® A, set Ay, Ag, Az : A — A3A forallz € A,
i

A1(1') Z[x 'Ila'rj] QY Q Yi; AQ Zyz 33 I’ngjj ®yj,A3( )

(7) v
= Zyj ®yi ® @, zi, 2]

Thanks to (6), AQ(CB) = ¢13¢12A1($), Ag(x) = ¢12¢13A1($). Let
A=A + Ay + Ag, then

(8) A(r) = Ar(x) + ¢p1301201(7) + P12¢013A1(2), Vo € A.

Let A be a 3-Lie algebra, p,q € Z, 1 < p # q < 4. Define maps 7,, and
I[,,1] D A® 5 A by, for any r =Y x; Qy; € A® A,
i

Ty, J =D,
Tpg(T) = Tpg = Z Zi1 @ zia @ 2;3 @ 24, Where z;; = ¢ i, J=4q,
i 1, i#p,q,

that is, rpq puts x; at the p-th position, y; at the g-th position and 1 elsewhere
in the 4-tensor, 1 is a symbol playing a similar role of the unit, and

[[r,r,7]] = Z ([ws 2, 24] © i @ yj @ yp + 2 @ [yi, 25, 21] @ Y @ yi
Z'7j7k
+ 2 @ @ [Yi, Yj, Th] @ Yk + 35 © 5 @ Tk @ [Yi, Yj Yk)) -
The equation
(9) [[r,r,7]] =0

is called the 3-Lie classical Yang-Baxter equation [6] in the 3-Lie algebra A,
and is abbreviated by 3-Lie CYBE.
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LEMMA 2.2. [6] Let A be a 3-Lie algebra, P : A — A be a Rota-Baxter
operator of weight zero on A, P € A* ® A be the corresponding tensor, that is,
forallz € A, f € A*, (P,x® f) = (f, P(z)). Then

r=P—¢1oP

is a skew-symmetric solution of the 3-Lie CYBE in the semi-direct product
3-Lie algebra A X 4+ A*.

Let A be a 3-Lie algebra with a basis {e1, - ,en}, and {e],--- ,e}} be
the dual basis of A, that is, {e}, -, e’} is a basis of A* satisfying

s e 1 i=j
(10) <€i7€a>—5w—{o, i #7, 1<i,j<n.

If P: A— Ais a Rota-Baxter operator of weight zero on A, by Lemma 2.2,
we have

P= et @P(e) e A" @ AC (A" x A
=1

and
n
r=P—¢1uP=> (e ® P(e;) = Ple;) ® €])
i=1
is a skew-symmetric solution of 3-Lie CYBE.
Suppose
(11) lei, e, ex] = Z TikEss Tk €C, 1<s,4,5,k <n,
(12) Pe)) => ayej, ay €C, 1<i,j<n,
j=1
(13) Afjs = QikQjs — Qistjr, 1< 8,4,5,k < n.

Then for all I,m,q € Z, 1 <Il,m,q < n,
n

[P(er), Plem), Pleg)] =Y _ aniamjagilei, e;, ex]
'7j k

Z Z Z W (3) Umer () Qo () 9T (0) Cijes

1<j<k s=10€S3

P([P(er),P(em), eq] + [P(er), em, Pleq)] + [e1, Pem), P(eq)])
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n o n n
= Z Z (Z(aliamj - aljamz) ijq + Z alzaqk - alkaqz)clmk

r=1s=1 i<j i<k

n n
+ D D (amjagr — dmiaag;)Cljy)asrer.

m<k s=1

By the above notations, we have the following result.

THEOREM 2.3. Let A be a 3-Lie algebra with the multiplication (11) in
the basis {e1, - ,en}, P: A — A be a C-linear map defined as (12). Then P
is a Rota-Baxzter operator of weight zero on A if and only if P satisfies, for all
lym,q € Z>o,

D 2 D o) lma(i) Aoy S97() Cijes

i<j<k’ s=1 0653

- Z Z ZA” CZSJ‘I + ZA mk T Z Achl]k;)asrer

r=1s=1 i<y i<k m<k

Proof. Apply (2) and (11), with a direct computation. [

Theorem 2.3 gives us sufficient and necessary conditions for the existence
of Rota-Baxter operators of weight zero on a 3-Lie algebra A with the multi-
plication (11).

LEMMA 2.4. [6] Let A be a 3-Lie algebra andr => 2, Qy; € AR A be a
skew-symmetric solution of 3-Lie CYBE in A. Then r induces a local cocycle
3-Lie bialgebra (A, A), where A = Ay 4+ Ag + Az is defined by (7).

THEOREM 2.5. Let A be a 3-Lie algebra with a basis {e1,--- ,en}, P :
A — A be a Rota-Baxter operator of weight zero on A defined as (12), and
{ex,--- ,ex} be the dual basis of A satisfying (10). Then r = P — ¢15P induces
a local cocycle 3-Lie bialgebra (A X g4+ A*, A), where for all x € A X g+ A,

(14) Z ajragr, e, ey /\e /\el—i—ZZA x, e, ekl /\e Ne;.
’j’kl 1 Z<_] k<l

Furthermore, if the multiplication of A is given by (11), then

n n n n
(15) Ales) = > ajpaaClye; AejAer+ > > Y AFClie ne; Aef,
1,5,k,0,t=1 i<j k<l t=1

(16) A(el) = zn:zn:ZAlkaltet NejAei, 1<s<n.

i<j k<l t=1
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Proof. By Lemma 2.2 and 2.4, the skew-symmetric solution r = P — ¢ 1o P
induces a local cocycle 3-Lie bialgebra (A Xaq+ A*, A = A1 4+ Ag + Ag), where
A1, Ay, Az are defined as (7), P € (A* x A)®°, and

n 2n
Z ®ej—ej®ef):2xi®yi€(A*KA)‘X’Q
j=1 i=1
e¥, 1< ; , <
where z; :{ G, t=" yi:{ P(fl)’ L=
P(ei—p), i>n, er ,, i>n.
y (12),
* N n
r = n o tEm yi = > age, i<n,
i — o - > P = — '
= a(l n)keka ? n, e;(in’ i>n
Thanks to (7) and (8),
n
Ai(z) = ) [,z z]@y; 0y
ij=1
n
= [z,€i,€5] ® Z ajker ® Z aql€
ij=1
n 2n n n
+ Z Z [:Ca €fa - Z a(j—n)kek] ® e;f—n ® Z aie
i=1 j=n+1 k=1 =1
2n n n
DD SRERT )y
i=n+1 j=1 =1 k=1
2n 2n n n
+ Z Z [Q:7 - Z QA(i—n)I€l, — Z a(jfn)kek] ® e;fn ® e:fn
i=n+1j=n+1 =1 k=1
= Z ajrailr, e, e;] @ (e Aer)
i,4,k =1
n n
+ Z Z(ailajk — aikaji)[z, e, ex] ® (€5 A €7),
i<j I<k
A(r) = Ar(z) + ¢p13012A1(7) + P12013A1 (z Z ajraqlz, ep, €j] AN e A e

3,9,k =1

n n
+ Z Z(ailajk — agaj)lz, e, ex] Aej Aej.

i<j I<k
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It follows that (14) holds.
Set ad} Z ape€ry ae € C, 1 <1k, s <n.By (10) and (11), for

el,ek s

all r € n,

n
<ad:l eL S’ > - <Z afkser’ €T> = a;ks’

= < €s) Z Clkrem> = Clskr
Therefore, a;, = C’lkr, 1 <l,k,s,7 <mn, and

(ad?

er,er 87 >

(17) leX, er, ex] ZC’lktet, 1<lk,s<n.
t=1

Thanks to (11), (14), (17) and C};,, = —C},,;, (15) and (16) hold. [

3. CLASSIFICATION OF ROTA-BAXTER OPERATORS OF
WEIGHT ZERO ON A4

In this section, we suppose that {ej,e2,e3,eq4} is a basis of Ay,
{e],e5,€5,e4} is the dual basis of Ay satisfying (10), and the multiplication
of Ay in the basis is (1).

Let P: Ay — A4 be a linear map defined as (12), and the matrix of P in
the basis {e1, e2,e3,e4} be M(P) = (ai;), 1 <14,j <4, then

(P(e1), P(ea), Ples), Plea))” = M(P)(e1, ez, e3, ea)”.

Let M;; be the complement minor of the element a;; in the matrix M (P),
and A;; be the algebraic cofactor of a;;, that is, A;; = (—l)iﬂMij, 1<4,5 <4

Thanks to Theorem 2.3, if I,m,q, s satisfy 1 < I,m,q,s < 4 and (s —
q)(s —1)(s —m) # 0, then
(18) [P(er), P(em),P(eq)] = Msie2, e3, es] + Msaler, e3, eq] + Mis[er, ez, eq]

+ Mgyler, e2, e3] = —Miea + Mgoer — Mzeq + Mgyes.
For convenience, denote
H{* = —AQy + A33, Hy™® = Af3+ AT5, H3™ = Aj3 + Alf + A3,
H™ = —Aj; — A33, HI™ = A3+ A34, Hy™ = Al — AT,
H3* = A} + A3, H124 = —Aj3 — Af} A24,

H134 A A14, 134 _ A ‘/4147 H134 A A34,
234 A + A24, H234 — A _ A A34, 234 — —A A34,
234 A A23, H134 Al + Al + A34,
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where Aff is defined as (13). Then for all 1 <1I,m,q < 4,
P([P(e1), Pem), eq] + [P(er), em, Pleg)] + ler, Plem), Pleq)])

4
20
( ) = Z ainilmqej.

THEOREM 3.1. Any linear map P : Ay — Ay with Rank(P) =1 is a
Rota-Bazxter operator of weight zero on Ay.

Proof. The result follows from a direct computation according to (18)
and (20). 0O

THEOREM 3.2. Let P be a linear map of Ay with Rank(P) = 2 defined
s (12), P(e1) and P(e3) be linearly independent. Then P is a Rota-Baxter
operator of weight zero if and only if P satisfies

H§23 0 Hi23 0 )\1 H1123
0 H3® 0 HP® x| | B
H§24 0 Hi24 0 I - H1124 )
0 H3124 0 Hi24 12 H2124

where P(e3) = A\ P(e1) +AaP(e2), P(es) = p1P(er) + paP(e2), A1, p1, A2, o €
C, H?3 and H** are defined as (21) below, 1 < s < 4.

Proof. Since Rank(P) = 2, P(e;) and P(eg) are linearly independent.
Then there are A1, pi, Az, pue € C such that P(ez) = A P(e1) + A2P(e2),
P(es) = p1P(e1) + paP(ez), and

[P(e1), P(e2), Pes)] = [P(e1), Pez), P(es)] = 0.
Thanks to (2), (18) and (20),
(21)
(01 = —Al5 — M AT, Hy® = A%+ A, H3? = A3 — M AT + XAl

H® = M A — XA, H{? = A3 — mAf;, H. 124 — AR + p2 AT,
H124 —p1AT3 + p2 A, H124 — A3+ A — p AL,

H{* = M AT3 + paAls + (Mipg — dopn) AT, Hy™ = =X AT — 1o AT,
H234 = —MAJS — AL, H3? = —ppAjl + (>\1H2 — Ao AT,
H134 = —>\2A12 — (Apz — /\ZMl)A%%7
H3P = XN AT + 11 A3 — (Apia — Aapn) AT,
(HP = AL — (Apa — Aapn) A13,  HPP = X\ATS + (Mg — Ao ) A,
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and P is a Rota-Baxter operator of weight zero on Ay if and only if P has
properties that

[P(e1), Pe2), Ples)] = (HI* + M H3® + u Hi™) P(er)
+ (H123 + )\ H123 + pio HIQS)P(62)

[P(e1), Plea), Ples)] = (H{* + N H5™ + i Hy*') P(en)
+( 124 + )\ 124 4)P(62)

Plex). Ples). Plea)] = (HI + M + H134>P<el>
+( 134 + )\ 134 4)P(€2)

[P(e2), P(es), Ples)] = (HP + N H234 + H234)P(6’1)
(H234 +)\2H234 234)P(€2)

By the linear independence of P(e;) and P(e2), the result is obtained. [J

COROLLARY 3.3. If Rank(P) =2, P(e3) = P(es4) =0, then P is a Rota-
Bazxter operator of weight zero on A4 if and only if A12 = A%g = A3 = AB =0,
and A13 #0 or A3} #0.

Proof. 1f P(e3) = P(e4) = 0, then by Theorem 3.2, P is a Rota-Baxter
operator of weight zero on A4 if and only if P satisfies

HI% = 1% — gl — g2

By (21), we have Hi® = —Al}, HI?3 = A21 Hi{* = A3 HI?4 = — A%,
Thanks to Rank(P) = 2, Al2 # 0 or A3} # 0. The result follows. [

THEOREM 3.4. Let P be a linear map of Ay defined as (12) with
Rank(P) = 3, P(e1), P(e2) and P(e3) be linearly independent, P(es) =
s1P(e1) + saP(ea) + s3P(es), s1,52,83 € C. Then P is a Rota-Bazter oper-
ator of weight zero on A4 if and only if P satisfies

(22) M(P)Ta; =56, 1<i<4, and s4=1,

where
a1 = (HP, HP, H24 HPYT | 0 = (HI3, HI, HI3 BT,
as = (H{2, HI2, HI2 HIPYT oy = (Hi2, HI%, H1% H12)T,
ﬂ = (A42,A41,A44,A43)T, and H5123,H8124, H5134, H3234

are given in (23) below, 1 < s < 4.

Proof. Since P(eq), P(e2), P(es) are linearly independent,
P(eq) = s1P(e1) + saP(e2) + s3P(e3), s1,52,53 € C.
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Therefore, (19) can be written as
(23)
H(% = —Aly + Af;, Hy® = Ajy + Aly, H3® = A3+ ALf + A3,

HI% = Al A% H134 — A% 59 A — s3A%3,
HI? = AL — 61 A3 4 5343 H 124 = 59 AT5 + s3A}; — AT,
H3* = 59 A1) + s3A13 — 51473 + 53433, HP*' = Ag} — s1A]5 + s3Ag3,
H3? = —s1 AT} — 52433 — 52 A5 — s3A15, H{* = —Ajf + 51473 + 52433,
H3% = s1A75 — 53453 + 51415 + 50453, H 234 —s1413 = 52453 — A,
H*' = —A73 — spA15 — s3Ajs + s1A75 — s3A3s,

HPBY = A3 4 59 AlS + s3A1% — 51 A33 — 59 A33,
H234 A23 4 SlA 83A23 + 311413 + 52A23

By (2), (18), (20) and (23), and a direct computation, it can be verified
that P is a Rota-Baxter operator of weight zero if and only if P satisfies

Hi% H%
H123 H123
G H123 =Y, G H123 = s3Y,
303 303
H H)
H% H%
Fl123 23
2 _ 2 _
G H3123 — SQY, G H§23 — SIY,
123 123
H o)
a1l @21 asl S1a11 + S2a21 + S3a31 Myo
where G — | @12 @22 as2 s1012 + s2a22 + s3a32 v — — My
a13 a3 asz Si1a13 + s2a23 + s3azz |’ My
14 Q24 Q34 51014 + 52024 + S3a34 —My3
Therefore, (22) holds, and
9234 77234 17234 77234\T 134 77134 77134 77134\T
(H H2 7H3 7H4 ) (H H H3 )H4 ) )

5 = (A42,A417A44,A43)T,
_(HPAHP HP HPNT o = (H12) HI2, HOS 2T

The proof is complete. [

THEOREM 3.5. Let P be a linear map of Ay defined as (12) with
Rank(P) = 3 and P(eq) = 0. Then P is a Rota-Baxter operator of weight
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zero on Ay if and only if M(P) is one of the following matrices:
Aag1 MNagr 0 ap

a1 Aaz1 0 a
24 M(P =
(24) (P1) az1r  az2 0 az

0 0 0 0

A alg | 1 asl .
)\a21 7é 07 1 asy - ’ Y aso 7é 07 A€ Cv
0 0 0 a4
(25) M(PQ) = 21 0 0 a24 ag1ai4 75 0;
az1 —ay 0 azg |’ ’
0 0 0 0
(26)
0 a1 0 a14
0 0 0 ag4 ..
= > < < 4.
M(Ps) Cags asy O as, | 1202 # 0, where a;; € C,1 <14,j <4
0 0 0 0

ail Gz a3 a4
a1 G2 Q23 Q24
az1 az2 433 as4
0 0 0 O
By (19) and Theorem 3.4, P is a Rota-Baxter operator of weight zero on
Ay if and only if M (P) satisfies

M(P)a; =(0,0,0,443)F, 1<i<4,

Proof. Since P(e4) = 0, then M(P) =

where

13 13
Az, A,
0 0
g g
Ajéi’) jééil% * Af;?ﬁ
az=|[ | ai= 12 13—?3 "2 03
012 Ajj +1f13 +2f23
—A —Ay5 — Ajg

13 _ 423 _ A13 _ A23 _ A13 _ 423 _ _ _
Thanks tO (13)7 A12 — A12 — A13 — A13 — A23 — A23 — 0, a13 — a23 —
azs = 0, and
14
ai1 a1 asi —Aj 0
21
al2 a2 as2 A7 = 0
12
a4 G214 a34 Als —My3
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Therefore,
(27) Aly = Az, Al = A3, A =0.
o If (an,a21) 75 (0,0), then by A%% = 0, there is A € C such that a12 =

Aai1, az = Aagi.
a1 a1 asi

1 A
Thanks to (27), aip agy azz | = — @i # 0, and
a21 24 a3l as2
a14 Q24 Q34
aj; a4 1A ai] aiy I A
= ag A =an
a1 a4 asr  as32 a1 a4 asr  as2
A
If A = 0, then from # 0, we have a11 = a12 = ag = 0,
a31 as2
a3z = —ai4, 4210414 75 0. We get M(PQ)
A 1 A
It A 75 0, then a1 = Aaoy, @1 G4 = 414 = .
as1 Q4 1 asy az1  aso
A al4 1 A
Therefore, as; # 0, = # 0, we get M(P)).
1 aoy az1 ase

oo If (an,agl) = (0,0), then a13 = asg = az3 = 0 and (alg,agg) #* (0,0).
By a completely similar discussion to the above, a13 = —ao4 and aiza04 # 0,
we get M(Ps).

It is clear that if M(P) is the one of (24), (25) and (26), then P satisfies
(2). The proof is complete. [

Ezample 3.6. If Rank(P) = 3, P(e4) = 0, then by Theorem 3.5, P; and

Ps5 are Rota-Baxter operators of weight zero on Ay, where

0 a2 0 0 0 0 0 ai4

|l 0 0 0 au lan 0 0 0
M(P4)_ —asgy O 0 O ) M(P5)_ 0 —ay4 0 0 ’

0 0 0 O 0 0 0 O

and ajzagq # 0, argaz1 # 0.

THEOREM 3.7. Let P be a linear map with Rank(P) = 4 defined as (12).
Then P is a Rota-Baxter operator of weight zero on Ay if and only if

a1 0 a3 au
28) M(P)=| O TOw s aa | aag + A 20,
—agy —ais azz 0

—az3 —a13 0 —ass
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Proof. Let D be a linear map of Ay with Rank(D) = 4, and D(e;) =

4

> bijej, bij € C, 1 <1i,j < 4. Thanks to (1), D is a derivation of A if and
=1
Z)nly if

bu1 0 bz bus

0 —bix b bxu
—bagy —b1g b3z 0
—beg —biz 0 —bs3

By Theorem 2.2 in [7], P is a Rota-Baxter operator of weight zero on Ay4
if and only if there is a derivation D of A4 such that P = D!, then
bss 0  —biz bus

0 —b b —b
_ -1\ _— 1 33 23 24
M(P) = M(D™") = b11b33+b13b24—b14b23 bou —bua b1 0

—ba3 b3 0 —bn

M(D) =

It follows the result. [

4. SKEW-SYMMETRIC SOLUTIONS OF 3-LIE CYBE AND
8-DIMENSIONAL LOCAL COCYCLE 3-LIE BIALGEBRAS

In this section, we study skew-symmetric solutions of 3-Lie CYBE in
the semi-direct product 3-Lie algebra A4 X ,q+ A}, and construct 8-dimensional
local cocycle 3-Lie bialgebras by means of the Rota-Baxter operators obtained
in Section 3, where A4 is the 4-dimensional simple 3-Lie algebra with the
multiplication (1) in the basis {e1,e2,e3,e4}, and {e],e3,e3,e}} is the dual
basis of Ay satisfying (10).

THEOREM 4.1. Let P be a Rota-Bazter operator of weight zero on Ay

defined as (12). Then the skew-symmetric solutions of 3-Lie CYBE in the
semi-direct product 3-Lie algebra As X g« A} induced by P are as follows:

4
1) If Rank(P) =1 and P(e1) = > aye; # 0, then
=1

4
T = Zall(e’{ + kies + koes + ksey) ANep, ki, ko, ks € C.
=1
2) If Rank(P) = 2, P(e1) = ai1e1 + ajges, P(ea) = agie; + ages, and
P(e3) = P(esq) =0, then
ro = €] A (ar1€e1 + a12e2) + €5 A (ag1e1 + azer);
If P(e1) = aises + ajgeq, P(e2) = agges + agqeq, and P(eg) = P(eq) =0,
then
r3 = €T A (a1363 + a14e4) + 63 A (a23€3 + a24e4).
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3) If Rank(P) =3, P(e4) =0, M(P1), M(Ps) and M(P3) are defined as
(24), (25) and (26), then

r4 = e} A (Aagrer + Nagies + ageq) + €5 A (agier + Aagies + asgeq)

)\ a14
1 ag4

7 0;

+ €§ A (a31€1 + asoes + a34e4), Aagy # 0, A\
a32

_' 1 asy

r5 = ase] Aeg +e3 A (agier + aggeq) + e3 A (azier — ases + azgey),
aziaig # 0;

re = €1 A (a12€2 + a14€4) + agsaes A ey + e3 A (—azser + azaez + azses),
aizazs # 0.
4) If Rank(P) =4, then
r7 = €] A (aiie1 + aizes + aiseq) + €5 A (—ai1e2 + azzes + azeq)

+ €§ A (—CL24€1 — A14€9 + a33€3> + €Z A\ (—a23€1 — a1zeg — a33€4),
where a;; € C, 1 <14,j < 4.

Proof. The result can be verified by a direct computation according to
Lemma 2.2 and Theorem 3.1, 3.2, 3.4, 3.5 and 3.7. We omit the discussion
process. [

By (1) and (11),
0%23 =1, Cil24 = -1, 01134 =1, 0334 =-1

Therefore, the multiplication of A4 x4+ A} in the basis {e1,es,e3, €4,
e, e5,e5,e5} is given by

[€T,€17€3] = —617 [61761764] = 635,, [61‘,63,64} = —63 [63762,63] = CZ,
(29) [65762764] = _637 [63763764] = 6;, [63761762} = _ei"k)a [€§,€1,€3] = 6;,
le3, e2,e3] = —e], [ey,e1,e2] = ey, [e},e1,eq] = —e5, [e), e2,e4] = e].

THEOREM 4.2. Let P be a Rota-Bazxter operator of weight zero on Ay
defined as (12). Then there are 8-dimensional local cocycle 3-Lie bialgebras
(Ag xoq+ A%, AY) and 3-Lie algebras (Aq & A5, A™) induced by P, 1 <t <6,
where

4
Al(er) = Z(aualgez Aep N el + ayaraes A el Aeyp),
=1

4 4
Al(e4) = Z ajaie; Nej Nej, Al(eg) = Z ajjane; A ey ey,
=1 =1
Al(eg) = Al(el) =0, 1<s<4;
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A%(e3) = (a10a21 — a11a92)el A el A eh, A%(e})
= (aj1a22 — aj2a21)e; A el A €5,
A?(e3) = (a3, — arzani)el A el Aey + (ar1a12 — arpag)el A el A ey
+ (ag1a11 — agaz el A ey A ey + (az1ars — ady)el Aeb Aes
(31) + (a11a22 — a12a21)e3 A el Aes,
( 4) = (a12a91 — a%l)ezg Ael Aer+ (ajeaz — arnaiz)es A el A ez
+ (ag2a21 — az1a11)e3 N ey Aep + (a%Q —agia12)e; A ey A ez
+ (a12a21 — a11azz)es A ej A e,
(A%(e]) = A%(e3) = A%(e1) = A%(e) = 0;
(32)

A (e1) = A%(e3) = A’(e3) = A%(ef) =0,
A3(e1) = adsel Nes A el + arzaisel Aeq A el + azaisel Aes Aeh

+ a2l Neg Aey+ assaizes A ey A eg + agaarses N e; A ey

+ a14a136§ A €T Nes+ aﬂeg N QT A eq + (a13a24 — a14a23)61 N e’{ A 63,
A3(e9) = arzassel A el Aes + ajzasiel A€l Aeq + assel Aes Aes

+ aggageey Nes A ey + (114&236?; Nes Aej+ a24a14e§ NegNel

+ a240236§ Nes A 63 + 0346; Neg N\ 6; + (a14a23 - a13a24)62 AN GT AN 63,

3 * * * *
A®(e3) = ajgagzes A el Aes + ajgagaes A el A ey,

\A3(€4) = 2&13a236>{ AN 65 N es+ (a23a14 + CL136124)€1K AN e; N eq;

At(es) = —ajpags€l A€ A e, Atel) = A4(e§) =A'e}) =0,
A4(61) = a12a24e§ A\ e; N ey — a12a24e§ AIAN €>{ — a12a024€4 N\ e; A €§,
A'(e9) = —arpasges A el Aeh+ asgeq Aes Ael,

A'(e3) = apagsel A ey A e} + arpansel A el Aey —ader Aes A es,
A4(e4) = a12a24e§ A\ GT N eyq + ajgasger N CT A 6;;

A® e]) = —aisaziez N ej A es, AE’(@Z) = —ayqaze; N ey A es,

2 * 5 *
(e1) = —ajsea Nel Ney, A°(es) = 2a14a21€3 N es N €5,
A5(62) = a14a216§ AIAN GT — a14a216§ A 6; N €2 — aj14a21€4 N\ 6? VAN 6;,

= —ayqazie3 N ey Aes + aﬁeg Ael A es, A5(e§) = AS(eg) =0;
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(35)

AS(el) = —ayiagsel Aei A el — (aszayr + aizan)el A el A el
— a23a24ef1 A e; A 6;, + a11a24e§ VAN ef A 6; + (a14a23 — a33a11)e§ A ef A GZ
+ agzagaes A ey A ey + agsazae] A ey A ez + aszagze] Aey A ey
+adsel Nef Ael,

A6(€1) = —2aj4a23€] A 63 Aer — (ajga11 + a14a33)e>{ A 6§ N ey
+ (a13a11 - (1130,33)61< A BZ Nep — 2a33a2363 VAN 62 N eq
+ (—a3s + a14a23 — aggarz)es A€ A ey + (araarr + arsass)es A el A es
+ (—a13a11 — a13a33)e§ A eZ N ey — 2a13a14e§ A ez AN
+ (—aq3a33 + aizaii)e] Aes Aeg + 2a%3ei AeyAes
. (agg + 2a33a11)e§ A 6; Nes+ 2a13a2365 A BZ N e3
+ 2&33@136§ VAN ej Nes — (a14a33 + a14a11)e>{ A 6; N ey
— 2a%4e’{ Aes Aeg+ 2ai3a14e] A ey A eq — 2a14a24€5 N e A ey
+ (—a§3 + a14a23 — 2a33a11 — ag4a13)e; A ey A ey — 2aiqa33e3 A ey A ey,

A6(€2) = (a11a24 + a33a24)e>{ VAN €§ Ney+ (—a23a11 + a23a33)e>{ A eZ N eq
+ 2agzazqe3 A ej A e1 + 2agzaise] A es A e — 2aszarie] Aej A e
+ (—a24a11 + a24a33)e§ A €§ N eg + (a33a11 — a14a33)e§ A 62 N es
+ (a14a23 + agqa13 + CL§3)€§ VAN 62 N ey — (a23a33 — a23a11)e*{ A 6; N e3
+ (*a§3 + a14a03 — 2a33a11 — CL13(L24)6>{ VAN 6?; N ez — 2&130,236{ VAN ez N e3
— 2a§3e§ A ez N ez — 2(1330,236; A 61 N ez + (—CL24CL33 + a24a11)e’{ A 6; N ey
+ 2@140,2461< A €§ Neyq+ (CL%3 — a13a94 — 2a33a11 + a14a23)e>{ A €Z N ey
+ 2345 N el A ey,

A6(€3) = —2(124(11161< VAN 65 Nep— (—a%l +2assai1 +a13a24—a14a23)ei VAN GZ N e
. 2(123&246; A 62 VAN 61+(2a24a11 —a33a24)e§ N efl Ner+ 2a14(111€1< VAN 65 N ez
+2a2,e5 A€ A ey + 2a13a14ef A € Aea + (ady + 2az3a11)el A el A ea
+ (a14a11 + a14a33)e§ ANeyN ey — (a%l + a14a93 + aj3az4)e] A es A es
— (a14a33 — a14a11)e”{ A 6§ Nes — 2&13&11€T A\ ez N e+ (a33a24
— a11a24)e§ VAN 6§ Nes+ (*2&11&23 — algau)eg AN ez N e3

+ (2&13(124 — 2(114(123)6§ VAN 61 N eg — 2(1140,246T VAN 63 N ey

* * *
(| + (a11a14 + azzais)ey A ey Aeg+ (—ar1as — agzazg)es A ey A ey,
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* * *
+ agzaige; Aeg A ey.

Al*(e4, e1,er)

* *
—ayaize; + ajaies,

'AZ*(647€17€T) = (a% - a12a21)€§,
AQ*(64, €2, 6?) = (azlan - a22a21)6§,
A*(e4, €2, €3) = (ag1a12 — a3y)es,
A% (e3,e1,€}) = (a12a21 — ai;)es,
AZ*(€3, €1, 62) = (a12a22 - a11a12)€i,
A2*(€3,€2,€1) = (a22a21 - CL21011)€Z,
A% (e3, €2, €3) = (a3y — aziaia)es,
AQ*(‘%? e1,e2) = (a11a22 — a12a21 )€z,
AQ*(CLGLQ) = (a12a21 — ai1azz)ey,
AQ*(€3,€1,62) = (a12a21 - a11a22)63,

| A% (eq, €1, €2) = (a11a22 — a12a21)es;

(AS(eq) = 2as3a11€} A ey Aer + (afy + 2az3a11 — araazs + arzase)el A el Aer

+ 2ag3a24€5 N e3 Aep + 2a%3e§ Nej A el + (agzarr + aszasz)es Aey A ey
— 2a13a11€ Aes Aey — 2 — alzel Al A ey + (—ad;+2azza11)es A el A es
+ (a13a11 — a33a13)e§ A\ GZ N eg + 26L13CL2361< A 6; N e3
+ (a13a11 + a13a33)ef A 6; Nes+ (CL116L23 — a33a23)e§ A e§ N e3
+ (a3 + a13a04 + anzais)el Aeh A ey + 2a11a14€5 A€ Aey
+ (—a33a13 + a11a13)e’{ A ez Neyq+ 2(1116L24€§K A e§ N ey
+ (a23a33 + a11a23)€§ A eZ Neyq+ (2&236114 — 2a13a24)e§ A eZ N eq,

AS(e3) = arzaiiel A el Aesdaizarsel A el A es+(agzars—assbsz)el A e3Ael
— a14ane§ A GT A e§—|—a14—a136’§ A e’[ A eZ — (a33a11 + a13a24)e§ A e; A 62
— agzais€y N €} A€l — azzaizel A el A el — alzel Aes Ael,

AS(e3) = a%jel Ael Aeb + aizariel el Ael + arrassel Aes Ael
+ (aszai1 + aizagq)e; A el A ez + ajzasses A el A ey + assazse; A ez A ey
— (agza14 — agzaii)e] A ey A ez — ajzagse] A ey A ey —aszaize] Aes A ey,

AS(ed) = —atiel A el Aes — arqariel A el Ael — arragsel Aes A el
+ ajqaz4€5 N €] A e5 — aggagaes N es A ey + asqaise] Aes A e

* * * * * *
— (a23a14 — a33a11)62 Nep Ney+ (a33a11 + a13a24)el Ney Ney

1% * * *
A (e3,e1,€]) = ayaiae] — ayaney,
1 <1 <4

A (ey, e1,€5) = (a11a12 — ajpa)es,



670 C. Kang, R. Bai, and S. Hou 20

3% 2 * * 3%
A (647 €1, 63) —ajsze; + aizaqsesy, A (647 €1, 64) (113a14€1 + a13a2462,
3% * 2 % 3%
A3*(eq, e9,€5) = —aga13e} + adzes, A3 (eq, ea,€) = —a2, el + aszansel,
3% * * 3% *
A7 (e3, €2, €3) = a13a24€] — agzagae;, A (e3, ez, e)) = 014612461 a3es,
3% * * 3% * *
A% (e3,e1,€3) = aizaise} — argazely, A% (es,er,e}) = alge} — ajsanes,
3%/ % * 3%/ % *
A (e], e1,e2) = (a13a24 — araa23)e], A (e3,e1,e2) = (a14a23 — a13a24)€5,
3k * * *
A°*(eg, €1, e3) = ajsaze; — 2ai3az3ey,
3
(A% (e2, e1,€)) = araaz4esy — (a2zara + aizass)ey;
4 _ 4 _
A*(e3,e1,e2) = —aipassez,  A¥(es, ea,e5) = araase],
4 4
A% (es, e1,€]) = aiae], A% (e}, e1,e2) = —aizanue],
4 4 _ 2
A *(63761762) _a12a246>{7 A *(62762363) - CL24€;,
4 4
A*(ey4, €}, 1) = arpaes, A™(eb, e1, e2) = arpazes,
4 2 4 _
A *(GT, €2, 63) CL24€§, A *(637 €1, 64) - _a12a24€za
4 )
A™ (e}, e1,e2) = arpazey);
5x _ 5 _
A%*(e3,e1,e2) = —aisazier, A’ (eq,e2,e3) = —aisazieq,
5 2 5 _
A% (e, e1,e3) = —aj,ej, A>*(es, e}, e1) = ajsazies,
5 5 _
A%*(e3, e2,€5) = —aisazies, A’ (e},e1,e2) = —aisaz1€3,
5 _ 5 _ 2
A°* (€3, e2,e3) = —ajqazies, A°*(e3,e1,e3) = aj,es,
5
A%*(e3, e}, e2) = 2a14a21€};

A% (e, €2, e3) = asa(arr + ass)er — ara(ass + ai1)ea + 2ar4as4e4
— (—af, + a13a24 + a1aa23)es,
A% (e, e2,€4) = —ags(ass — ai1)er + —arz(arr + ass)es — 2a13a23¢€3
+ (—ai; + a14a23 + a13a4)eq,
A% (e1,e3,e4) = —(—a3; + a13a24 + aszais)er + 2a13a14€9
+ (—asza13 — aizair)es — (a14a11 — aszais)es,
AG*(€2, e3,e4) = —2agzazser + (aisa23 + a13a24)e2 — (agzary — aszzazz)es
— (agqa11 + azzazs)ey,
A% (e, e2,€}) = —2a1sa23e1 — 2az4a1163 + 2az3a11 €4,
A% (e1,e3,€}) = (—aiqa11 — araazs)er + (azaain + assazq)es
+ (a}; + 2az3a11 — araazs + arzazs)es,
A6*(61, €4, GT) = (a13a11 - a13a33)€1 + (—a23a11 + a23a33)62
+ (—ai; + 2a33a11 + a13a24 — a1aa23)es,

6% * 2
A (627 €4, 61) = —2agzazze1 — 2ag3az4€3 + 2a33€4,
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6 2
A *(63, €4, 69{) ( Q33 + a14a23 — a24a13)€1 + 2ag3a24€2

+ (agqa11 — agzagq)es + (az3a11 + agzass)eq,

A% (e, e0,€3) = 2a14a11€3 — 2a13a11€4,

A% (e, e3,€}) = 2assanseu,

AG*(G €3, € ) = 2a33ai4€2 + 2a14€3,

AG*(Q €4, € ) —2aszai1e2 + 2a13a14€3 + 2&%384,
A% (e, e3,€3) = (ar14a11 + araass)er + (—azaan

+ aggass)es + (—ai; + 2azzair)eu,

A% (e2,eq,€5) = (—arza11 — arzass)er + (azzarn — aisass)en
+ (a2, + 2as3a11)es,

A% (e3,e4,€5) = —2a13a14e1 + (a35 + a14a23 + asa13)ea

+ (a14a11 + a14a33)es + (a13a11 — ai13ass)eq,

A% (e1,e2,€5) = (— a13a33 + aizair)er — (ag3aszs + azzarn)es
+ (—aj; — a14a23 — ai3a24)e3 + 2a13a23e4,
A% (eq, e3, e3) =(—a 3 + aj4a23 — 2a33011 — A13024)€2

— (@14a33 + ar4a11)es + (a1zar1 + aizass)eq,
6
A% (e1,eq,€3) = 2a13€1 + 2a03a23€2 + 2 — azaiies,
A6*(62, es,e3)

(—a33 — 2agzaii)er + (aszags — aijiagq)es
(a11a23 - a33023)€4,

AG*(eQ, eq, eg) = 2a13a93€1 — 2a23€2 — (2a11a23 + a11a13)63,

A% (e3,e4,€3) = 2azza13e1 — 2az3asses + (2a13a24 — 2a14a23)es,

A% (e1,e9,e}) = —(araas3 + araarr)er + (—asqaszs + asqarr )es — 2a14a24€3

_l’_

(af; + a13a4 + aszais)es,
A6*(617 e3,ey) = —2a%4€1 + 2a14a24€2 + 2a14a11€4,
A%(eq, eq,€}) = 2ar3a14e1 + (a33 — a13a24 — 2a3za11 + ar4as3)es
+ (a11a14 + azzais)es + (—azzai3 + ajraiz)es,
A6*(62, es3,ey) = —2aj4az4€1 + 2a§462 + 2a11a04€4,
A% (e9, e4,€}) = (—aj; — araazs — 2a33ai1 — asaarz)er — (a11a24 + azzasa)es

+ (agzass + arnazs)eq

6
A (e3, eq,€)) = —2a14a33er + (2a23a14 — 2a13a24)€4.

Proof. According to (1), (29) and Theorem 2.5, for any Rota-Baxter op-
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erator P : Ay — Ay of weight zero defined as (12), we have

(36)
A(e’{) Al3(—e)Nef nes + Als(—el) Aet Aey+ Ables Aey Ae

A (—eb) Nes Aeh+ Algel Aet Aes + Afles et Ae
+ A2 (=€) Aesy A+ ASt(—el) Aeb Nej + ASL(—el) Ael Ael,
Aley) = AB3es Nel Neb + AB3el Nel Nel + Ael Neb Nel
+ AR (—e Net Ney + A2 (—el) Net Nl + A2d(—e3)* Neb Aej
+ A¥es Nef Aey + Adles Net Ael + Adles Aej Ael,
Aley) = AB3(—e3) net nes + Al net nef + AL (—eb) Aes nej
+ABBes ANet ANy + Aldes Aet ANe + ABes Aes Nel
+ AB(—e) Aey Neh + AB(—el) Neb Nel + AZ(—ef) Neb Nej,
A( ) A12€4 A el A 62 + A1364 A 61 A\ 63 + A23€4 A 6; AN €§
+ Al(—eb) Aet Aes + Ald(—eb) Net Al + Ald(—ex)* Neb Aej
+ ARt Aey Ney+ Adlet Aes Ael + Adler A Ael,
Aler) = Z(aigalkej Aex Aef + ajparges A e; A ek + aipagkes A ek A e;
ki
+ ajzasges N e; A eg + appagre) Ne; A eg + ajqaqpes A eg Ae;)
+ Af3es Aef Ay + Afdes Aef Aes+ATies Aet Ael + Adses Aeh A e
+ ABesANesNes+ ABes Aes Aet—A2es Net ANey — Alges A et A el
—A¥e s Net Neh — AMdes Neb Nes—Ales Nes Nel — Ales Neb Nel
+ A12€]_ /\ 61 /\ 62 + A13€1 /\ 61 /\ €3+A146]_ /\ 61 /\ 64 + A 36]_ /\ 62 /\ 63
+ Adler Nes Nep 4+ Adler Aes Ael,
Ales) = Z(ajgaglez Nej Ne +ajaazies A e A ej + ajraze; Ae; Ae
j7l
+ ajzazie] A e A e; + ajiagey Ae A e; + ajpagel Aej Aer)
—ABBesNet Neh — AlBes Nel Neb—Aldes Nel Nel — AlSes Neb N e
— Alesnes nel — Ales Aes Nej+Aldes Ael Nebs + Abes N el N el
+ A%i&; VAN eé[ VAN 64 + A2364 AN 62 VAN €3+A14€4 VAN 62 AN 64 + A34€4 A 63 AN 64

— AMes Net Neh — Addes Net Neb—Adles Nl Nel — Addes Neb N el

— Adles Neb Nef — Adles N el Nel,
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)
Ales)= g (ajravey Ae; Ae + ajaayel Aep A€ + ajaages Aep A e;
j?l
+ ajiage; N e Nep+ ajiaze; Aep Aej + ajpaze] Aej Aer)
+ Al3es Nef Aey+ Aldes Aef Al + Aldes Aet Aef + Adles Aeb N el
+ AYes Aes Aey 4+ Al2es Ael Aef — Afder Aet Aey — Afser Aet Ae
—Aller Nef Ael — Abler Aey Nelh — Abler Aeb Nel — Adler Neb Ae
+ A%es Aet Aey 4+ AZdes Aet Aes 4+ A2les Aet Ael 4+ Adges A el A e
+ A24€2 A 62 A 64 + A34€2 A\ 83 A 64,
Aeq)= g (ajranes A e Ae; + ajzayel Aej A e+ ajeages Ae; Ae
gl
+ aj3a2l€§ Ne N eyf + (Ij1(14l€y2K A\ e; N e+ aj2a4le’{ Ne N e;‘)
—AfSes Nes Neh— AlBes Nef Aelhy — Afdes Nl Nel — AY3es Neb N e
—Affes Nes Nes — AlZeg Nes Neh + AlSey Nel Aeb + AlSey Nl A e
+ASer Aet Aej+ ABer Aes Aes+ Alder Aey Ael + Alder Aes e

—ABes Nef Nehy — ABeg Nef Neh — ABea N el Nl — ABSea Neb N e

—ABes Nes Nel — ARes Neb Nel

Therefore, we get that
4
(1) If Rank(P) =1, P(e1) = > aye1 # 0, and P(e2) = P(e3) = P(eq4) =
=1
0, then by submitting (a11, ai2, a13, a14) # (0,0,0,0) and a;; = 0 into (36), 2 <
i < 4,1 < j <4, we obtain the local cocycle 3-Lie bialgebra (Ay X g+ A%, Al),
which satisfies (30).
(2) If Rank(P) = 2, P(el) = aj1e1 + (11262,]3(62) = ag1e1 + ag9€es, and

P(e3) = P(es) = 0, then the local cocycle 3-Lie bialgebra (A4 X ,q+ A}, A%)
satisfies (31).

If Rank(P) = 2, P(e1) = aizes + aiseq, P(e2) = agzes + azqeyq, Ples) =
P(e4) = 0, and a13az4 — ajgazs # 0, then (Ay X,q+ A*, A3) satisfies (32).

(3) If Rank(P) = 3, P(e1) = ajzea, P(e2) = agseq, P(e3) = —asggeq,
P(eq) =0, and ajpagy # 0, then (Ay X g+ Af, A*) satisfies (33).

If P(el) = ai14€4, P(eg) =azi1€i1, P(eg) = —Qa14€2, P(€4) :0, and ag1a14 75 0,
then the local cocycle 3-Lie bialgebra (A4 X g+ A}, A%) satisfies (34).

(4) If Rank(P) = 4, then (A4 X4+ A}, AY) satisfies (35).
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Furthermore, set

4
(37) Al*(ei, €5, 62) = Z()\zez + uief), YV i, u; € C.
i=1
By (5) and (37),
<A1*(e4,61,ef),61) = (eaNe1Nef, Aer) = —aya13 = <Z()\ ei+piel), er) = 1,

1

(Aez‘FM ) 1) = 13,

-
I

[NNgE

(A*(eq,e1,€}),e3) = (es Aer Aef, Aes) = ayary = (
74

n

(A*(eq,e1,€f), e2) = (A*(ea, €1, €}),ea) = 0= (3 (Nies + pie}), e1) = pa,

=1
n
1
(A (eq,er,€f),€e5) =0 = (D (Niei + pief),e1) = As, 1< s <4
i=1
Therefore, p3 = —aya13, p3 = ayair, po = pg = As = 0, 1 < 5 < 4,
A (eq,€1,€) = —anyaize + ayanney, A(es,er,ef) = ayaisel — ayaiie,

and others are zero.

By a completely similar discussion to the above, if Rank(P) > 2, we get
(Ay @ A5, AF*) for 2 < k < 6. The proof is complete. [

5. 3-PRE-LIE ALGEBRAS INDUCED BY ROTA-BAXTER
OPERATORS

A Rota-Baxter operator of weight zero on a 3-Lie algebra can induce a
3-pre-Lie algebra. Then in this section we will construct 3-pre-Lie algebras by
the Rota-Baxter operators of weight zero on A4 obtained in Section 3.

LEMMA 5.1. Let A be a 3-Lie algebra with a basis {e1,--- ,e,}, and P be
a Rota-Bazxter operator of weight zero on A defined as (12). Then P induces
a 3-pre-Lie algebra (A, {,,}), where

(38) {elaemveq} = ZA{Z[ejaekaeq]v 1 < l7m7q < n,
i<k
and the sub-adjacent 3-Lie algebra (A, [,,]c) of (A,{,,}) is given by
(39) [er, em,eqlc = Z A{Z[ej, ek, €q) + Z A’f,iq[ek, ei, €] + Z A;]l' e, €5, em],
i<k k<i 1<j

where A{i, 1<il,m,j,k <n, are defined as (13).
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Proof. By Proposition 3.25 in [6], for all (I,m, q) € Z®3, 1<1,m,q < n,
we have

n

{6176m,€q} = [P(el),P(em)jeq] = Z

Jj<k

ai; Gk

Amj Ak (- €k €al

it follows (38). By (4),

[elvemyeq]c = [P(el)ap(em)veq] + [P(em)ap(eq)’el] + [P(eq)vp(el)vem]

n n
ag; a a Ami
_ lj Lk [8',€k N ]+ mk mi [ek e; 61]
mi Qi |0 ok Ggi Y
j<k J o k<i! 4 q
n
Qg; QAgq
+ E ! “ [6i7€j,em]7
— | Qi aij
1<)

then (39) holds. O

THEOREM 5.2. Let Ay be the 4-dimensional 3-Lie algebra with the multi-
plication (1) in the basis {e1, e, e3,e4}. Then Rota-Baxter operators of weight
zero on Ay defined by (12) induce 3-pre-Lie algebras (A4, {,,}'), 1 <t <6,
and the sub-adjacent 3-Lie algebras (Aq,[,,]L), where

(Ag,{,,}"), 1<t<5 (Ag,[,,]6), 1<t<5b

{er,em, e}t =0, 1 <l,m,qg<4 (A4, [+, ]) is abelian
[61762763]%‘

{61, €2, 63}2 = (a11a22 - a12a21)€37 = (a11a22 - a12a21)637

{e1, e, e4}? = —(ar11a22 — ar2a21)es [e1, €2, e4]?

= —(a11a22 — a12a21)eq

{61, €2, 61}3 = (a13a24 - a14a23)el,

(Ag, [~ ]3) is abelian
{e1, €2, €2} = —(a13a21 — araazs)es e
{61,62,63}4 = a12a24€2, {61,62,61}4 = —G12G246€4, [e e e ]4 A1o0one
1,€2, €3]0 = A12a24€2
{61763763}4 = a12a24€3, {61,63764}4 = —a12a2464, [ T ]f 7
€1, €3, e4| = —Q12024€4
{ea, e3,ea}t = adjeq,  {ea,es3,e3}t = a3 es e
{e1,e4,62}° = —argan es, {e1,e4,e3}° = —aiasqey, e1, ea. el = ayaame
1,€2, €3] = a14a21€1
{62764761}5: a12a24€3, {62764,63}5 = —a12a246€4, T 50 7
le2, €3, €4 = arsazies

{e1,e2,e3}° = a3 ey, {e1,e,e4}” = a3 en
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6 __
{61, €2, 61} = (a13a24 - a14a23)€1 + a13a11€3 — A140G711€4,
6 __
{e1,e2,e2}” = —(a13a24 — a14a23)ez2 — agzaiies + agsarey,
6
{e1,€e3,€2}° = agsaiaes — (azzai1 + a13G24)e3 + a14a24€4,
6
{61,637 64} = (a33a11 + a13a24)€1 — 13014€2 + G140711€4,
6
{e1,eq,e2}° = aszaizes — ayzazzes + (—aszair + asans)ey,
6 _
{61, €4, 63} = (a14a23 - a33a11)61 + a13ai14€2 — aiszaiies,
6 __
{ea,e3,e1}° = —agzasser + (a23a14 — aszarr)es — arsao4ey,
6
{e2,e3,€4}° = aggasaer + (azzain — a14a23)es + agaaiiey,
6
{e2, e4,€1}° = —asszagzer + a13azzes — (aszair + aizas)es,
6
{e2, e4,€3}° = —agzasser + (azzarr + a13azq)es — azzaiies,
6 __
{e3,e4,€3}° = —aszagser — aszaiaes + (@13a24 — a14a23)es,
6 __
(40) {es,eq,e4}° = aszaszer — azzaizes + (a14a23 — ai3as4)ey,
6 2
{e1,e2,€e3}° = —ai1a24€1 + a14a11€2 — ai €3,
6 2
{e1,e2,e4}° = agzaiier — arzaiies + ajeq,
6 2
{e2,e4,€2}° = agsaszes — aszses + agzasaey,
6 2
{e2,e4,e4}° = a33e1 — arzaszes + agzaiiey,
6 2
{e1,e3,e1}° = —aszaiser + a13a14€3 — af eq,
6 2
{e1,e3,€e3}° = —aiaazser + af €2 — ar4a11€3,
6 2
{e1,eq,e1}° = —agzaize; — ajzes — aizaisey,
6 2
{e1,€e4,€e4}° = a13a93€1 — ajzes + aizaiiey,
6 2
{e2,€3,€2}° = aszasaes — asgasses + az eq,
6 2
{e2, e3,€3}° = —a3,e1 + ar1aa24€2 — assaqses,
6 2
{e3,eq,e1}° = —a3zzer; + aszaizes — aszayqeq,
6 2 .
{es, eq,e2}” = azzes — aszasses + aszansey;
6 = 2
[e1, ea, €3]t = (—a2qa11 — agzass)er + (assais + a14a11)e2 — 2a14a24€4
2
+ (—ai; + a13a24 + ay4a23)es,
6
[61,6’27 64](; = (a33a23 - a23a11)61 + (—(1131111 - 033013)6’2 + 2a13a23€3
2
(41) — (—ai; + a14a23 + ai3az4)ey,
6 2
le1, €3, 4] = (—a3s + ai3a04 + agza14)er — 2a13a14€2
+ (asza1s + a13a11)es + (a14a11 — agzaia)eq,
6
le2, €3, €4y = 2a23a24e1 — (a14a23 + ar3azs)es + (a23a11 — asgzags)es

+ (agaa11 + asszaza)eq;

Proof. If Rank(P) = 1, then by (38) and Theorem 3.1, (44, {,,}!) is a
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3-pre-Lie algebra satisfies {e}, em, e,}* = 0, and the sub-adjacent 3-Lie algebra
(A4, ],,]%) is abelian.

If Rank(P) = 2and P(el) = ajjei1+taises, P(ez) = ag1€e1+a92€2, P(eg) =
P(e4) = 0, then by (38) and Theorem 3.2, we get 3-pre-Lie algebra (Aq, {,, }?)
and the sub-adjacent 3-Lie algebra (4, [,,]%).

If Rank(P) = 3, then by (38) and Theorem 3.5, we get 3-pre-Lie alge-
bras (A4, {,,}?), (A4, {,,}*), (A4,{,,}°) and the sub-adjacent 3-Lie algebras
(Ag, [, ,]%), (Ag, [, ,]‘é), and (Ag, [, ,]Eé), respectively.

If Rank(P) = 4, then by (38) and Theorem 3.7, we get 3-pre-Lie algebra
(A4, {,,1}5) and the sub-adjacent 3-Lie algebra (A4, [,,]%) which satisfy (40)
and (41), respectively. [
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