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In this paper, we introduce a new condition to obtain a new compact embedding
theorem. Moreover, under this theorem, we study the existence and multiplicity
of nontrivial solutions for the following fractional Hamiltonian systems:

— D% (o D (t)) — L(t).2(t) + VW (¢, 2(t)) = 0,
{ x € H*(R,RY),

where o € (%, 1] ,teR,zeRY, _ D¢ and ;D% are left and right Liouville-
Weyl fractional derivatives of order o on the whole axis R, respectively.
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1. INTRODUCTION AND MAIN RESULTS

Fractional differential equations including both ordinary and partial ones
are applied in mathematical modeling of some processes in physics, mechan-
ics, chemistry, economics and bioengineering; see [1, 17, 22] and the references
therein. Indeed, the associated fractional-order differential operators of these
equations admit the characteristic of nonlocal behavior, which can provide
a more realistic and practical description of these processes than the usual
integer-order differential operators. Therefore, the theory of fractional differ-
ential equations is an area intensively developed during the last decades.

In recent years, fractional differential equations including both left and
right fractional derivatives are also gradually investigated. Apart from their
possible applications, the research of these equations is a relatively new and
interesting field in the theory of fractional differential equations. Some early
works on this topic can be found in papers [4, 7] and their references.

In 2012, Jiao and Zhou [20] showed the existence of solutions for the
fractional boundary value problem

D& (oD (t)) = VW (L, (1), aet e [0,T),
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710 A. Benhassine 2

x(0) = z(T) =0,

where ;D and oDf* are the right and left Riemann-Liouville fractional deriva-
tives of order o € [%, 1]. Inspired by this work, in [27], Torres considered the

fractional Hamiltonian system
- D5 (D} a(t)) + Lit)a(t) = YW (t,2(0)),
' z € H*(R,RY),

where ;DS and _Djf* are the Liouville-Weyl fractional derivatives of order

% <a <1, L e CRRYN) is a symmetric matrix-valued function, W &

CHR x RN, R), and VW (¢, u) denotes the gradient of W (t,u) with respect to
u. To be more precise, he showed that the fractional Hamiltonian system (1.1)
possesses at least one nontrivial solution under the following assumptions:

(A1) There exists an | € C(R, (0,00)) such that I(t) — +o0 as t — oo
and
(L(t)z,z) > 1(t)|z])?, VteR, z RN,
(A2) There exists a constant p > 2 such that
0 < uWi(t,z) < (VW(t,z),z), VteR, zeRV\{0}.

(A3) |[VW(t,z)| = o(|z]) as  — 0 uniformly with respect to ¢t € R.

(A4) There exists W € C(R™,R) such that
(W (t,z)| + |VW(t,z)| < [W(z)|, VYteR, ueRY.
Subsequently, the existence and multiplicity of solutions for the fractional
Hamiltonian system (1.1) have been extensively investigated in many papers,
see [8, 10, 11, 12, 15, 19, 28, 30] and the references therein. However, we note

that in almost all, L is required to satisfy either the coercivity condition (A1)
or the uniform positive-definiteness condition

(A5) there exists by > 0 such that
(L(t)z,z) > bolz|?, VteR, z RV,

Besides, some of them (see [31]) dealt with the case where W satisfies the well-
known Ambrosetti-Rabinowitz condition (A2), which is more restrictive than
the following weaker superquadratic condition

(A6) limyy oo W (t, 2)/|z|* = 400 uniformly with respect to t € R.
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Then, more papers were devoted to the case where W satisfies the weaker
superquadratic growth condition (A6) and various additional technical con-
ditions, see [8, 10, 11, 12, 15, 19, 28, 30]. For example in [11], the author
studied system (1.1) and proved it has at least one ground state solution, un-
der (A3),(A6) and the following assumptions:

(A7) L(t) is T—periodic in ¢, and it is a symmetric and positive definite
matrix for all t € R;

(A8) W(t,x) is T—periodic and, there exist constants C' > 0 and p > 2
such that
VW (t,2)| < C(jz| + [«71), V(t,z) € R x RY;

(W9) s — s 'VW(t, sx).x is strictly increasing of s > 0 for all z # 0
and ¢t € R.

In the recent paper [12], the author proved that system (1.1) possesses a
sequence of solutions (zy) satisfying

|zk|| foo — 0 as k — oo,
under the following conditions:
(A10) there exists a constant ag > 0 such that for

I(t) := i L(t)z.x,
)= iy, PO

we have [(t) +ag > 1, Vt € R and [p mdt < 005
(A11) W(t,0) = 0, W € C' (R x B,(0),R) is even, and there exists a
constant ¢ > 0 such that
VW (t,z)| < ¢, V(t,z) € R x B,(0),
where B,(0) is the open ball in RY centered at 0 with radius p.

(A12) there exist a constant § > 0, a closed interval A C R, and two
sequences of positives numbers o, — 0, M,, — oo as n — oo such that

W(t,z) > —d|z|*,V (t,z) € A x B,(0)

and
W(t,z) > 02M,,Vt € A and |z| = op,.

However, each result in the above papers implies that

(A13) There exists x > 0 such that supcp 51— W (t, ) < +o0.
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Clearly, (A13) holds when W (¢, z) is periodic in ¢. If there is no periodic
assumption, (A13) is an important requirement in many papers.
Obviously, if we take W (¢, x) of the following form

(1.2) W(t,z) = a(t)H(z),

where a : R — R* is continuous and H € C*(RY,R). Then condition (A13)
does not hold since a(t) can go to infinity as |t| — oco. On the other hand,
the assumptions on L(¢) in the previous works do not cover examples like
L(t) = (t|sin®(t) — 1)Iy.

Motivated by the works mentioned above and by this previous discus-
sion, in this paper we study the existence and infinite solutions for systems
(1.1) under new conditions which are more general than in previous works and
covers examples like the previous ones. Precisely, we introduce the following
conditions:

(Hl) W(t,x
C'(RY,R), H(0)

(H2) There exists a constants ¢ > 1 such that 0H(x) > H(sxz) for all
z € RN and s € [0, 1], where H(z) = VH(z).x — 2H(z).

) = a(t)H(z), where a : R — R" is continuous, and H €
=0and VH(x) = o(|z|) as |x| — 0;

(H3) | (|2) — 400 as |x| — oo.

ere are constants ¢ > 2 and d; > 0 such that
H4) Th 2 and d 0 h th
|H(z)| < di(|z]* + |x|°) for all 2 € RY;

(H5) There exists A > 0 such that a(t) < Al(t) for all t € R;

(L1) There exists a constant 79 > 0 such that

It
lim meas({t € (s — 19,5+ 10) : (t) > M}) =0, VM >0,

|s| 00 a(t)

where meas denotes the Lebesgue measure in R.

Now we state our main results.

THEOREM 1.1. Suppose that (H1)-(H5), (L1) and (A5) are satisfied.
Then the fractional Hamiltonian system (1.1) possesses at least one nontrivial
solution.

THEOREM 1.2. Suppose that (H1), (H3), (H5), (L1), (A5), H(z) > 0 for
any v € RN, and the following condition hold:

(H4") ggg\xﬁ — 400 as |x| = oo.
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Then the fractional Hamiltonian system (1.1) possesses at least one nontrivial
solution.

If H(z) is even in x, we can obtain the following multiplicity results.

THEOREM 1.3. Suppose that (H1)—(H5), (L1) and (A5) are satisfied and
H(—z) = H(z). Then the fractional Hamiltonian system (1.1) possesses in-
finitely many solutions.

THEOREM 1.4. Suppose that (H1), (H3), (H{’), (H5), (L1), (A5), H(z) >
0 for any x € RY, are satisfied and H(—x) = H(x). Then the fractional Hamil-
tonian system (1.1) possesses infinitely many solutions.

Here and in the following, x.y denotes the inner product of z,y € RY
and |.| denotes the associated norm. Throughout the paper, we denote by ¢, ¢;
the various positive constants which may vary from line to line and are not
essential to the problem.

The remaining part of this paper is organized as follows. Some prelimi-
nary results are presented in Section 2 and Section 3 is devoted to the proof of
Theorem 1.1.

2. PRELIMINARY RESULTS

2.1. Liouville-Weyl Fractional Calculus

Definition 2.1. The left and right Liouville-Weyl fractional integrals of
order 0 < a < 1 on the whole axis R are defined by

If(t) = F<1a> /_ (t— &) a(€)de,
% (1) = F(la) /t (e - ta(e)de,

respectively, where t € R.

Definition 2.2. The left and right Liouville-Weyl fractional derivatives of
order 0 < a < 1 on the whole axis R are defined by

a d -
(21) —Oth x(t) = %_ooltl al’(t),
« d l1—a

respectively, where ¢t € R.
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Remark 2.1. The definitions (2.1) and (2.2) may be written in an alter-
native form:

o ! Cat)—xt—¢
o a Cx(t)—zt+¢€
DS x(t) = F(l—a)/o ®) £a+(1 )df.

Recall that the Fourier transform z(z) of z(t) is defined by

F(z) = / T it t)dt.

—00
We establish the Fourier transform properties of the fractional integral and
fractional operators as follows:

ooz (t)(2) == (iz) " “Z(2),
dgz(t)(2) = (—i2) 3 (2),
,Oﬁx(t)(z = (12)7(2),
DX x(t)(2) = (—iz)*Z(2).

2.2. Fractional derivative spaces

Let us recall that for any « > 0, the semi-norm
zlre = oDzl 2,
and the norm 12
2
oo, = (Nele + 2 )
and let the space I¢__(R) denote the completion of C3°(R) with respect to the
norm ||.[[;a , ie.,

Next, we define the fractional Sobolev space H O‘(R) in terms of the Fourier
transform. For 0 < a < 1, define the semi-norm

|zla = [ll2]2] .2 ,

and the norm

1/2
2
loll, = (lela +1o12)

Y 3UALL
H*(R) := C5°(R)
We note that a function z € L? (R) belongs to IEOO(]R) if and only if

|2|1°Z € L*(R).

and let
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In particular, 2|« = [|[2|*Z]| f2(g) - Therefore H*(R) and I2(R) are equiv-
alent, with equivalent semi-norm and norm (see [27]).
Analogous to I¢_(R), we introduce IS (R). Let the semi-norm

2| = D% 2wy »
and norm

1/2
2 2
lollzg = (ll2llge +lali )

1°.(R) = C°(R )II lre

Moreover, I$ (R) and I¢_(R) are equivalent, Wlth equivalent semi-norm and
norm.

LEMMA 2.1 ([27]). If & > 1/2, then H*(R) C C(R) and there is a con-
stant ¢ = ¢, such that

(2.3) 2]l Lo = supfz(t)] < cllz],
teR

and let

where C(R) denote the space of continuous functions from R.

Remark 2.2. If x € H*(R), then z € LI(R) for all ¢ € [2, 00|, since

(2.4 [ latoea < ol i
Now we introduce a new fractional space. Set
= {z € H*[R,R"): / |—eoD§z(t)|* + L(t)z(t).z(t)dt < oo} .
The space X is a Hilbert spaceRwith the inner product

(z,y)xe =/R((—ooD?w(t)-—ooD?y(t))+L(t)$(t)-y(t))dt,

and the corresponding norm
2]l xe = v/ (2, 2)xe.
Let L2(R,R") be the weighted space of measurable functions z : R — RV

under the norm
.
el = ( / a<t>|x<t>|2dt)

Note that under condition (L1)

X*CH*CL?
for any p € [2, +o0] with the embedding being continuous, which implies that
there is a positive constant Crs > 0 such that the following inequality holds:
(2.5) maoc { ||z, [[2] oo} < Coclxo.

First, we show a compact embedding theorem.
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LEMMA 2.2. If L satisfies (L1), (A5) and (H5) then, the embedding
X < L2(R,RY) is continuous and compact.

Proof. Suppose that {z,} is a bounded sequence in X®. Then there
exists My > 0 such that ||z,|xo« < M. Hence there exists a weak conver-
gent subsequence, still denoted by {x,}, such that x,, — z¢ in X*. Assum-
ing y, = x, — xp, we obtain that {y,} is a bounded sequence in X¢. and
yn — 0 in X, Next, we show that g, — 0 in L2. It follows from the Sobolev
compact embedding theorem that 3, — 0 in L'(Bg(0),RY) for any R > 0,
where Br(0) = {t e R:0—- R <t <0+ R}. Choose {s;} C R such that R C
U, By, (s;) and each ¢ 6 R is contained by two such intervals at most. Set
A(M,R):{teBc( zM} and B(M,R):{teBl‘iz(O):%zM}.
On the one hand We have

1 Yynllxe _ 2Mo
2.6 / atynthtg/ L(t)|yn(t)|dt < < .
(2.6) BOLR) ()yn(t)] M Joonn ®)lyn(t)| U 7

On the other hand, let eg = sup,, (meas(A(M, R) N By,(s;))), we obtain

2 > )
/A(MR)a(tﬂyn(tﬂ dt < Z/ a(t)|yn(t)[2dt

A(M,R)NBy, (s:)

1
1 2
<< ( / a2<t>yn<t>|4dt)
; A(M,R)N\Byy (1)

(2.7) L o ) \
< Ak / (1) yn ()| dt
, A(M,R)NBq (5:)

<ACRY [ (OO0

D=

< AC&%IIanIXa

for some C' > 0.
It follows from (H5) that fA M.R) a(t)|yn(t)|?dt — 0 as R — oo, which
implies that

/ a(t) yn (1) 2dt < / a(t) yn (1) 2dt + / a(t) yn (t) 2t
BIC%(O) A(M,R) B(M,R)

(2.8) _ 2M,

MO + 2doC€RHyona

— 0 as min {M, R} — oo.

Then we can deduce that g, — 0 in L2(R,RY). [
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From Lemma 2.2, we can easily deduce that there is a positive constant
K > 0 such that the following inequality holds

(2.9) l2llzz < Kllz]|xe.

LEMMA 2.3. Suppose that conditions (A5), (L1), (H1) and (H3) hold,
then we have VG(zy,) — VG(x) in L2 (R, RY) if ), — x in X

Proof. The proof is similar to Lemma 2.4 in [28]. [

Define the functional I : X* — R by

I(x) = / ( DO + LL (D) ()x(t)—vv(t,xu))) dt

f||:c||Xa /W (t, a(t

Under the conditions of our Theorems, we see that I is a continuously Fréchet-
differentiable functional defined on X¢;i.e., I € C1(X% R). Moreover, we have
(2.10)

I'(x)y = /R ((coo D a(t).—co D'y (1)) + L(1)a(t).y(t) — VW (¢, x(t)).y(1)) dt,

for all x,y € X%, which yields
(2.11) I'(z)x = ||33H§(a — / VW (t,z(t)).x(t)dt.
R

According to [27], we know that in order to find solutions of system (1.1)
it is sufficient to obtain the critical points of I. For this purpose, we recall the
following definitions and results (see [32]).

LEMMA 2.4 ([25], Mountain Pass Theorem). Let E be a real Banach space
and ¢ € CH(E,R) satisfying the Palais-Smale condition. If ¢ satisfies the
following conditions:

(i) #(0) =0,

(ii) there exist constants p,y > 0 such that ®/8B,(0) = s

(iii) there exists e € E\B,(0) such that ¢(e) <0

Then ¢ possesses a critical value ¢ > v given by

— inf
c ;relrsrél[gﬁ]aﬁ(g(S)),

where

I'={g€C([0,1], E) : 9(0) = 0,9(1) = e}.
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LEMMA 2.5 ([25], Symmetric Mountain Pass Theorem). Let E be a real
Banach space and ¢ is even and € C*(E,R) satisfying the Palais-Smale con-
dition. If ¢ satisfies (i) and (i1) of Lemma 2.4 and the following conditions:
(13i") For each finite dimensional subspace E1 C E, there is v = r(Ey) such
that ¢(x) < 0 for x € E1\B,(0). Then ¢ possesses an unbounded sequence of
critical values.

Remark 2.3. As shown in [6], a deformation Lemma can be proved with
replacing the usual (PS)—condition with the (C)—condition introduced by
Cerami, and it turns out that the Mountain Pass Theorem and the Symmetric
Mountain Pass Theorem are true under the (C')—condition. Recall that a C*
functional ¢ satisfies Cerami condition at level ¢ ((C). condition for short) if
any sequence (u,) C E such that ¢(u,) — ¢ and (1 + ||u,]]) ||¢'(un)|| — O has
a convergent subsequence; such a sequence is then called a (C). sequence.

3. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is divided into several lemmas.

LEMMA 3.1. Suppose that H(z) > 0 and (H1) hold, then H(z) > 0 for
all v € R.

Proof. The proof of this lemma is similar to that of Lemma 7 in [29]. O

LEMMA 3.2. Suppose that the conditions of Theorem 1.1 hold, then I
satisfies the (C)—condition.

Proof. Assume that {z,,} C X is a sequence such that {I(x,)} is bounded
and |[I'(zp)|| (1 + ||zn||xe) — 0 as n — oo. Then, for some M; > 0, it follows

(3.1) ()| < My, [T (@n) 2] (14 ||2n]|xe) < M.

Next we show that {1‘n} is bounded in X%. Assuming ||z,||x« — +o0 as

n — 00, set z, := W’ then ||z,||xe = 1, which implies that there exists

a subsequence of {z,}, still denoted by {z,}, such that z, — 2y in X. By
(2.11) and (3.1), we get

W (t, 24 (t)) 1’:’_ I(2,) M,

(3.2) <
(AT

di — =
B lzallke 2

[EMTS
which implies that

W (t, zn(t

(3.3)
’anXa

<1,
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for n large enough. The following discussion is divided into two cases.

Case 1: zp # 0, Let Q = {t € R:|z(t)] >0}. We can see that
meas (2) > 0. Then there exists x > 0 such that, for A := QN B,(0),
meas (A) > 0. Since ||zy||xo —> +o0 for a.e. t € A.

Let a; = infycp (o) a(t) > 0. By (H1), (H3) and Lemma 3.1 and Fatou’s
lemma, we can obtain

W(t, zn(t))

lim
Hanxa

n—aoo R

H(x 2
dt > a; lim / Zn ’2 zn(t)“dt =

n—aoo

which contradicts (3.3).

Case 2: 2y = 0. Set a sequence {T,,} C [0,1] such that [(T,z,) =
maxye,1) [ (Trn). By Lemmas 2.2 and 3.1, and (H1), (H4), we obtain

0< /R (8 H (40 2 (1))t

< dy (160M, /Ra(t)zn P2t + (4+/000)° / L(0)[Cdr)

= dy(160M; + (44/0M;)CT2) /Ra(t)|zn(t)| dt — 0 as n — oo,
which implies that
(3.4) /Ra(t)H(4 OMiz,(t))dt — 0 as n — oo.
By the definition of T}, and (3.4), for n large enough, we have
> I ﬁ% xn) = I(4\/0M 2,)

= 5I4VERRz e = [ a0z ()

_ soM, — / a(£) H (400 2 (1))t
R

(T, zy)

> 40M;.
Then we obtain

HTnan%(a - / a(t)(VH(Tnxn(t)) Thwn(t))dt = I,( Tyan(t) Tnrn(t)
R

dI(Tzn(t))
dT

(3.5)

=T, l7=7, =0
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Hence, it follows from (3.5) and (H3) that

[ aOG(VH @ (0).0(0) = Han®))dt = 5 [ al®)H (w0
R R

> 20/ H (T, (t))dt
=3 / (T (8))- Toan (1)) — a(t) H(Tyzn(t)))dt

9(2HT el o — /R () H (T (1))

= EI(Tn:I:n),

which implies that
(3.6) / a(t)(%(VH(xn(t)).xn(t) — H(xzn(t))))dt > 4M; for n large enough.
R

However, we can deduce from (3.1) that

1
/ a(t)(i(VH(mn(t)).xn(t) — H(z,(t))))dt| = |2I(:cn) — I’(:L‘n).xn} < 3M;
R
for all n € N, which contradicts (3.6). Hence {z,} is bounded in X®. Going if
necessary to a subsequence, we can assume that x, — x in X%, which yields
(I'(xp) — I'(2)) (2, — ) — 0 as n — oo

and it follows from Lemma 2.2, Holder’s inequality, (2.9) and Lemma 2.3 that

/Ra(t)(VH(%’n(t)) — VH(x(t)))(wn(t) — x(t))dt
< [IVH(zn(t)) = VH(z(0))ll 22 [[2n(t) = 2(t)] 12 — 0 as n — oo
Hence, we conclude that
len = @l[ke = ('(zn) = I'(x)) (0 — )
+ /Ra(t)(VH(xn(t)) — VH(x(t)))(xn(t) — x(t))dt — 0 as n — oo.
O]

LEMMA 3.3. Suppose that (A5), (L1), (H1), (H2) and (H5) hold, then
there exist constants p,v > 0 such that I|8B ) =

Proof. By (H1), for any € > 0, there is ¢ > 0 such that
(3.7) |H(z)| < e|z|? for all |z| < o.
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Fore; = ﬁ, there exists 91 > 0 such that (3.7) holds. Set p := C 191, := in.
By (H1), (H2), (H5) and (3.7), for any [[z[|xa = p, we obtain

I(@) = glelfe = [ ol an(0)at
> glielfe = 15 [ atoletoPar

(3.8) ; 1
> gllellke = 5 [ 10l(0)Pat

1
> el o
By the definition of p and v, (3.8) implies I|yp,0) > . O

LEMMA 3.4. Suppose that (A5), (L1) and (H1)-(H3) hold, then there
exists e € X such that |le||S% > p and I(e) < 0.

Proof. Set eg € Cg°(—1,1) with ||e]|§ = 1. Let

= i t), = t).
S U T
For B > ——1—— it follows from (H3) that there exists £ > 0 such that

2az [, leo(t)[2dt’
H(z) > Bl|x|*for all |z| > &.
By Lemma 3.1, we have
(3.9) H(x) > B(|z]* — 3)for all z € RY.

By (H1) and (3.9), for every n € R\ {0}, we have
1

2
Tneo) = - lleal e = [ a0} Gnealt))a

3

2 1
=5 azﬂﬁQ/ leo(t)[*dt + 2a38¢>
—1

1 1
3 - ansi? [ lealat) o+ 20562
-1

which implies that
I(neg) — —o0 as n — +00.

Then there exists 9 € R\ {0} such that ||[noeo|| > p and I(noep) < 0.
Letting e(t) := noeo(t), we finish the proof. [

From the above proofs and the mountain pass theorem, I possesses a
critical point z¢ such that I(xp) = ¢, which means system (1.1) has at least
one nontrivial solution.
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4. PROOF OF THEOREM 1.2

LEMMA 4.1. Suppose that the conditions of Theorem 1.2 hold, then I
satisfies the (C)—condition.

Proof. Assume that {z,,} C X is a sequence such that {I(x,)} is bounded
and |[I'(zy)]| (1 + ||zn||xe) = 0 as n — oo. Then, for some M; > 0, it follows

(4.1) [L(zn)| < Ma, [[I'(zn)2n|] (1 + ||l2n]|xe) < Mo.

Next we show that {mn} is bounded in X%. Assuming ||z,||x« — +00 as
n — 00, set zy, : W’ then ||z,||xe = 1, which implies that there exists a

subsequence of {z,}, still denoted by {z,}, such that z, — zp in X“. Similar
to the proof of Lemma 3.2, we have

W(t, 1
(xn())dt' —,as n — oQ.
R lznllke 2
The following discussion is divided into two cases.

Case 1: zg # 0. The proof is similar to the proof of Case 1 in Lemma

(4.2)

3.2.

Case 2: zp = 0. Let £ := 1, then there exists op > 0 such that (3.7) holds
for all |z| < o¢. By (H4’), we obtain that for any B > 0, there exists roc > 0
such that, for all |x| > 7, we have

ﬁ(x) 2
. > B.
(43) gl = B
It follows from (4.3), (H2) and H(z) > 0 that
(4.4) 0< W (t, zn(t
|$n|\xa
t an(t t,an(t
{teR]jzn|>rec}  |1Tnl {teR]jen|<o0}  Znll%a
ta(t
N / Wit (1),
{teRjoo<|on|<re}  Tnll5a

< |ZnH2Loo/ a(t)G(z)dtJr/ a(t)|x,|?dt
(teR|[zn|>roc}  |Tn] {t€R||zn| <00}
2
- TOLCAONENGIN
{teR|oo<|zn|<reo} UOHxnuxa

2
< HanLw/ a(t)(VH (xy).0 — 2H (2))dt + ||20] |72
{teR||zn|>T00 } ¢

B



15 New compact embedding theorem and fractional Hamiltonian systems 723

max00§|x‘<p

H
_200\ (:c)|/ o(t) ]2 Pt
99 {teR|oo<|z|<poo}
2
< Nenllzee / a(t)(VH (zp).x, — 2H (2,,))
B Jer|jon|>ro}

MaX,<|z|<poo | H ()]

F (1 == )IzallZ2
90
2
e MAaX ) <|5|<po. | H (Z)]
SH"gL@I(:nn)—I'(xn).xn)-i-(l‘i‘ Tk MIzallzz
0

JBMCEL sy, [H ()

2
Z = Mzl 25-

By the arbitraries of B and Lemma 3.1, we have

W (t 1
, n(t dt < — for n large enough,

(4.5)
|2n e 4

which contradicts (4.2). Hence ||z, || xo is bounded in X®. Similar to the proof
of Lemma 3.2, we see that I satisfies the (C')—condition.

5. PROOF OF THEOREMS 1.3 AND 1.4

LEMMA 5.1. Suppose that (H1), (H3), (H5), (L1) and (A5) hold, then I
satisfies (iii’) of Lemma 2.5.

_ Proof. Let X® C X® be a finite dimensional subspace. For any =z €
X\ {0} and v > 0, set

Ly(z) :={t e R:|z(t)| > I||z||xe}
Similar to Lemma 6.2 in [29], there exists vy > 0 such that
(5.1) meas (I'yy(x)) > vo

for all z € X\ {0}. It is easy to see that there exists p > 0 such that
meas (I, () N B,(0)) > 1vg, for any € X*\ {0} . Set a4 := infy<,a(t) > 0.
By (H3), there exists v > 0 such that

1
t 2>7 204
=P 2 el

(5.2) Hz(t)) >
a4svo
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for all z € X* and ¢ € Ty (z) N B,(0) with |[z(t)||%« > 7. Then, for any
x € X*\B,, it follows from (H1), (H2 ) and (5.2) that

I(@) = glelfe = [ (o)
—lxz — a x
= S llal%e téﬂﬂ@m&wﬁ (1) H (a(0)) 1

— a(t)H (z(t))dt
AWMWWM()<W

1
— llelfee —as | H(e(1))dt
{Tw (@)NB,(0) }
1

1
< Sllallka - o meas (Tug(2) 0 By (0)) 2]

1 2
< —= a-
> 2H=7CHX

Then there exists r > v such that I\XQ\B' <0. 0O

Obviously that, under H(—x) = H(x), I is even. By Lemmas 3.2 and
4.1, I satisfies the (C')—condition. Lemma 3.3 holds under the conditions
of Theorems 1.3 and 1.4, respectively. Moreover, if we take V' = {0} and
X = X° we can see there are constants pj,a; > 0 such that I|xnp, > ai.
From Lemma 5.1, I satisfies the condition (iii’). Hence, by Lemma 2.5, I
possesses an unbounded sequence of critical values.
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