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1. INTRODUCTION

Throughout this paper, all rings considered are integral domains, the
dimension of a ring R, denoted dim R, means its Krull dimension, and all
module are unital. Let R be a ring and M be an R-module. A submodule
N of M is called prime if N # M and whenever r € R and m € M are such
that rm € N, then rM C N or m € N. Let R be a subring of a ring S. It
is clear that the set of prime ideals of S is included in the set of ideals which
are R-prime submodules of S and there are many examples of rings in which
this inclusion is strict (see Section 2). In this article, we investigate rings in
which there is equality between these two sets. We call each ideal of S that is
R-prime submodule of S an R-prime ideal of S. We say that R C S is a prime
submodule ideal extension (for short PSI-extension) if each R-prime ideal of
S is prime. We say that R C S is a PSI-pair if for each intermediate ring T’
between R and S, R C T is a PSI-extension.

In the second section, we investigate elementary properties of PSI-exten-
sions and PSI-pairs. We compare them with extensions that are incomparable
(under inclusion) (for short, INC), INC-pair and residually algebraic pair.

The third section is devoted to study polynomial/power series PSI-ex-
tensions. We show that if R is a quasi-local integrally closed domain, then
R[[X]] C T[[X]] is a PSI-extension for each overring T of R if and only if R
is a valuation domain. Also, we show that if R is an integrally closed domain,
then R[X] C T[X] is a PSI-extension for each overring T of R if and only if R
is a Priifer domain.
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2. PSI-EXTENSION

Let S be an integral domain, R a subring of S and M an R-module.
Recall that a proper submodule N of M is called a prime submodule of M if
whenever r € R and m € M such that rm € N, we have rM C N or m € N.

We call an R-prime ideal of S every ideal of S which is a prime R-
submodule of S. In other words, a subset I of S is called R-prime ideal of S
if:

1. I is a proper ideal of S.
2. Forallre Rand s€ S: [rsel=relorsell

We have the following implications:

I is a prime ideal of S = I is an R-prime ideal of S = [ is a prime
R-submodule of S.

None of these implications is reversible: for the first one, an R-prime ideal
of S may be not a prime ideal of S. For example, take X an indeterminate
over an integral domain R, and let S = R[X]. Then the ideal X2S of S is not
prime but it is an R-prime ideal of S.

For the second one, a prime R-submodule of S may be not an R-prime
ideal of S. For example, if K C L is a field extension, then every proper subfield
F of L containing K is a prime K-submodule of L but it is not an ideal of
L. Another example: let R be an integral domain and X an indeterminate
over R. Then RX := {rX,r € R} is a prime R-submodule of R[X] but it
is not an ideal of R[X]. Indeed: clearly, RX is a subgroup of the additive
group R[X]. Since X € R[X] and X € RX but XX = X? ¢ RX, RX is not
an ideal of R[X]. Clearly, RX is a proper R-submodule of R[X]. Let r € R
and f =rg+mX + ..+ r, X" € R[X]| such that rf € RX. Thus rf = aX
for some @ € R and so rr; = a and rr; = 0 for each ¢ # 1. If r = 0, then
rRIX]=0C RX. If r #0, then r; =0 for each i # 1 and so f =r; X € RX.
Hence, RX is a prime R-submodule of R[X].

In order to study when the first implication is reversible, we give the
following definitions:

Definitions 2.1. We say that R C S is a prime submodule ideal ring
extension (for short, PSI-extension) if each ideal that is a prime R-submodule
of S is a prime ideal of S. We say that (R, S) is a PSI-pair if for each T" € [R, S|
(i.e., the set of intermediate rings between R and S), R C T is a PSI-extension.

For each ideal I of R or of S and each multiplicative set N of R, the
ideal of S denoted Qg(I,N) = {x € S such that ro € IS for some r € N}
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plays an important role in PSI-extension. If P is a prime ideal of R, we denote
Qg(P) :==Qg(P,R— P).

It is well known that in a ring, the intersection and union of elements of
a chain (ordered by inclusion) of prime ideals are also prime ideals and every
proper ideal has a minimal prime ideal ([5, Theorem 9 and Theorem 10]). With
a similar proof, it is easy to see that if (I))aeca is a chain of R-prime ideals of
S, then both Uycaly and Nyecaly are R-prime ideals of S. Indeed: since each
I is proper ideal of S, so is Uyxealy and Nyealy. Let 7 € R and s € S such
that rs € Uyealy. Thus rs € I, for some v € A and so r or s € I,,. Then r or
5 € Uxepaly. Hence Uyeply is an R-prime ideal of S. Let r € R and s € .S such
that rs € Nyxealn. Thus rs € I for each A € A. Assume that r ¢ Nyeal).
Thus r ¢ I, for some v € A. Thus s € I,. Let A € A. If I, C I, then r ¢ I,
and so s € I. If I, C Iy, then s € I. So s € Nyealrn. Hence, Nyealy is an
R-prime ideal of S.

Consequently by Zorn Lemma, every proper ideal of S has a minimal
R-prime ideal of S. Indeed: let J be a proper ideal of S and F be the set of
R-prime ideals of S containing J. Since J is contained (at least) in a maximal
(so prime) ideal of S, the set F is non-empty. Thus (F, D) is a partially ordered
set. If (Ix)xea is a chain of elements of (F,2D), then F 3> Nyeal) C I). Zorn
Lemma completes the proof.

We start with elementary results.

LEMMA 2.2. Let S be an integral domain, R a subring of S and P a prime
ideal of R.
1. Every R-prime ideal of S lies over a prime ideal of R.

2. An intersection of a family of R-prime ideals of S that lies over the same
prime ideal of R is also an R-prime ideal of S.

3. Let T € [R,S]. If R C S is a PSI-extension, then so is T C S.
4. For every multiplicative set N of R, R C Ry is a PSI-extension.

5. If R C S is a PSI-extension, then so is R/(QNR) C S/Q for each prime
ideal Q) of S.

6. Qs(P) =S or Qg(P) is an R-prime ideal of S that lies over P.

7. If I is an R-prime ideal of S and P is a minimal prime over I, then
PNR=INR.

8. If I is an ideal of S that lies over P, then Qg(I, R — P) is an R-prime
ideal of S that lies over P.

9. If I is an ideal of S that lies over a maximal ideal of R, then I is an

R-prime ideal of S.
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Proof. 1) By [4, Lemma 1].

2) Straightforward.

3) Because every T-prime ideal of S is an R-prime ideal of S.

4) If T is an ideal of R such that IRy is an R-prime ideal of Ry, then
Qr(I,N) is a prime ideal of R and IRy = Qgr(I,N)Rx.

5) R/(Q N R)-prime ideals of S/Q are exactly J/Q where J ranges over
R-prime ideals of S containing Q).

6) Straightforward.

7) Let z € PNR. Thus 2™y € I for some positive integer n and y € S—P.
Then z" or y € I. Sincey ¢ I, x € I.

8) Straightforward.

9) [4, Corollary 2]. [

PSI is a local property as the following proposition shows.

PROPOSITION 2.3. The following statements are equivalent:
1. For every multiplicative set N of R, Ry C Sy is a PSI-extension.
2. For every prime ideal P of R, Rp C Sp is a PSI-extension.
3. For every mazimal ideal M of R, Ryr C Sy is a PSI-extension.
4. R C S is a PSI-extension.

Proof. 1) = 2) = 3) are trivial.

3) = 4) If I is an R-prime ideal of S and M is a maximal ideal of R such
that I "R C M, then ISy is an Rp/-prime ideal of Sps. So 1Sy = QS for
some prime ideal ) of S such that QN R C M. If a € I, then sa € @ for
some s € R— M and so a € Q. Thus I C Q. If a € @, then sa € I for some
s € R— M. Since I is an R-prime ideal of S and s ¢ I, a € I. Then I = Q.

4) = 1) follows from the fact that Ry-prime ideals of Sy have the form
JSn where J is an R-prime ideal of S such that J N N is empty. O

Recall that R C S is said to be an INC-extension (i.e., satisfy incom-
parability) if whenever two distinct prime ideals Qq1,Q2 of S are such that
Q1N R=CQsNR, then @ and Q)2 are incomparable.

THEOREM 2.4. The following statements are equivalent:
1. RC S is a PSI-extension.

2. R C S is an INC-extension and Qg(P) is prime in S or Qg(P) = S for
every prime ideal P of R.

3. Qs(P) =S or Qg(P) is the unique prime ideal of S that lies over P for
every prime ideal P of R.
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Proof. 1) = 2) The second fact follows from Lemma 2.2. For the first
one: if not, then there exist two prime ideals P C P’ of S such that PN R =
P'NR=:P. Let x € P' —P. Note that Qg(P + 225, R — P) is a proper ideal
of S containing P + 225 (and so containing P). Since (P + 22S)N R = P,
Qg(P + 225, R — P) is an R-prime ideal of S that lies over P in R by Lemma
2.2-(8). Thus = € Qg(P + x2S, R— P) and so rz — 2%y € P for some r € R— P
and y € S. Hence r € P, a contradiction.

2) = 3) A prime ideal of S that lies over P in R contains Qg(P).

3) = 1) Let I be an R-prime ideal of S, P = 1N R and P be a minimal
prime ideal of S over I. By Lemma 2.2-(1), P is a prime ideal of R. Then
Qg(P) C I CP. Thus Qg(P) # S and so Qg(P) is the unique R-prime ideal
of S that lies over P by assumption. By Lemma 2.2-(7), P N R = P and so
Qg(P) =P. Hence I =P is a prime ideal of S. [

COROLLARY 2.5. If R C S is a PSI-extension and M is a mazximal ideal
of R such that MS #£ S, then MS is a mazximal ideal of S.

Proof. One can check easily that M S = Qg(M). By Lemma 2.2-(6), M S
is an R-prime ideal of S and so M S is a prime ideal of S. By Theorem 2.4,
R C S is an INC-extension. Then M S is a maximal ideal of S. [

The following is an example of an INC-extension (in fact, an integral
extension) which is not a PSI-extension.

Example 2.6. Let K C L be a field extension and X an indeterminate
over L. It is well known that K[X] C L[X] is an INC-extension if and only if
L is algebraic (so integral) over K. So R[X] C C[X] is an INC-extension. The
ideal of C[X] generated by X2+ 1 is not prime but it is an R[X]-prime ideal of
C[X] (by Lemma 2.2-(9)) because it lies over the maximal ideal (X2 + 1)R[X]
of R[X]. Then R[X]| C C[X] is not a PSI-extension. Later, we will show that
K[X] C L[X] is a PSl-extension if and only if K = L (Lemma 3.1).

COROLLARY 2.7. If R C S have the same prime ideals, then R C S is a
PSI-extension.

Proof. If the ideal of S, Qg(P) is proper, then it is included properly in
R and so is a prime ideal of R. [

Examples of PSl-extensions:

Example 2.8. 1t is well known that if R is a pseudo-valuation domain
(for short, PVD) with associated valuation domain V', then R and V have the
same prime spectrum and so R C V is a PSl-extension. If R is an almost
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pseudo-valuation domain (for short, APVD) with associated valuation domain
V, then R C V is a PSl-extension if and only if R is a PVD (see [6, Lemma
2.1]).

COROLLARY 2.9. If R C T is an integral PSI-extension and T C S is a
PSI-extension, then R C S is a PSI-extension.

Proof. By Theorem 2.4, R C T and T' C S are INC-extensions and so is
R C S by [3, Proposition 6.53]. Let I be an R-prime ideal of S, J =1NT and
P =1NR. Since J is an R-prime ideal of T, J is a prime ideal of T'.

Cram. Qg(J) C I. Assume that there exists x € Qg(J) — I. Thus tx €
JS for some t € T—J. Since T is integral over R, t"4r,_1t" ' +...4rit+rog =0
for some positive integer n and r,_1,...,79 € R. Thus rqx € JS C I and so
1o € I. Then t(t" 1+ ...+ 1) = —rg € J and so t"" ! + ... + r1 € J because J
is a prime ideal of T'. Since tx € JS C I, rijxz € I and so r; € I. We repeat the
sketch: we will have each r; € I. Thus t" € J and so t € J, a contradiction.
Therefore Qg(J) C 1.

Let P be a minimal prime ideal (of S) over I. By Lemma 2.2-(7), PNR =
P. Since J C PNT are prime ideals of T" and each of them lies over P in R,
J =PNT because R C T is an INC-extension by Theorem 2.4. Since T' C S
is a PSI-extension and Qg(J) # S, Qg(J) is the unique prime ideal of S that
lies over J in T' by Theorem 2.4. Then Qg(J) = P. Since Qg(J) C I C P,
I =P is a prime ideal of §. [

The converse is false as the following shows:

Ezamples 2.10. 1. Let Z be the ring of integers, Z[i] the ring of Gaussian
integers and C the field of complex numbers. Since zero is the only proper
ideal of C, Z C C and Z[i] C C are PSl-extensions. The ring Z[i] is integral
over Z but the extension Z C Z[i] is not PSI. Indeed: easily one can show
that Qy;(2Z) = 2Z[i] which is a proper ideal of Z[i] but is not prime because:
(14+4)(1 —1i) =2 € 2Z[] but 1 £ ¢ 2Z[i]. Then Z C Z[i] is not PSI by
Theorem 2.4.

2. Let K C L be a proper field extension with finite degree (for instance,
take R and C) and let X,Y be two indeterminates over L. Take R = K[X] +
YL(X)[Y]yy, T = LIX] + YL(X)[Y]y) and S = L(X)[Y]y). Thus R C S
and T' C S are PSl-extensions (see Proposition 2.13) and it is clear that T is
integral over R. By Lemma 3.1, K[X] C L[X] is not PSI and nor is R C T' by
Lemma 2.2-(5).

We say that R C S is residually algebraic if for every prime ideal @ of
S, S/Q is algebraic over R/(Q N R) [3, page 213]. We say that (R,S) is an
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INC-pair (respectively, residually algebraic pair) if for each ring T € [R, 5],
R C T is an INC-extension (respectively, residually algebraic). We say that
(R, S) is a normal pair if each ring T € [R, S] is integrally closed in S.
COROLLARY 2.11. Suppose that R is integrally closed in S. The following

statements are equivalent:

1. (R,S) is a PSI-pair.
. R C R[s] is a PSI-extension for all s € S.
. (R, S) is an INC-pair.
. (R, S) is a residually algebraic pair.

[ B SO \V]

. (R, S) is a normal pair.
6. The prime ideals of each T € [R,S] are extensions of prime ideals of R.
If moreover S is the quotient field of R, then each of (1)-(6) is equivalent to:

7. R is a Prifer domain.

Proof. 1) = 2) Trivial.

2) = 3) By Theorem 2.4 and [1, Theorem 2.3].

3) = 4) = 5) = 6) By [1, Theorem 2.3 and Theorem 2.10].

6) = 1) Let T' € [R,S] and I be an R-prime ideal of 7. Let @ be a
minimal prime ideal of T over I and P = QN R. Thus IN R = P and so
I = PT = ( is prime.

7) < 1) By [1, Corollary 2.8]. O

Remarks 2.12. 1. R C S is a PSI-pair if and only if R C R[s,s] is a
PSl-extension for all s,s’ € S. Indeed: let T € [R,S], I be an R-prime ideal
of T that is not prime and s,s’ € T'— I such that ss’ € I. Then I N R[s, s'] is
an R-prime ideal of R[s, s'| that is not prime.

2. There exists an intermediate ring 7" between R and S such that T is
maximal (under inclusion) with respect to the following property: (R,T) is a
PSI-pair. Indeed: let F = {T € [R, S] such that (R, T) is a PSI-pair}. Then
R € F. Let (T))xea be a chain of elements of F and T' = UycpTy. For all
s,s €T, s, s €Ty for some A € A. Thus (R,T) is a PSI-pair by (1) and so
T € F. Hence, we may apply Zorn Lemma.

PROPOSITION 2.13. Let S be a quasi-local domain with maximal ideal M,

residue field K, ¢ : S — K the natural surjection, and R = ¢~ (D) where D
1s a subring of K. Then:

1. RC S is a PSI-extension.
2. (R,S) is a PSI-pair if and only if (D, K) is a PSI-pair.
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Proof. 1) If I is an R-prime ideal of S, then I C M and so I is an R-prime
ideal of R. Let a,b € S such that ab € I and a ¢ I. If a € R, then b € I
because I is an R-prime ideal of S. If a ¢ R, then a ¢ M (because M C R)
and so a is an invertible element of S. Thus b = a~'ab € I.

2) Assume that (R, S) is a PSI-pair. Let A € [D,K] and T = ¢~ 1(A) €
[R,S]. If J is a D-prime ideal of A, then J = I /M for some R-prime ideal I of
T. By assumption, [ is a prime ideal of T" and hence J is a prime ideal of A.
For the converse, let T' € [R, S] and I be an R-prime ideal of T'. Suppose that
M ¢ Iandletr € M —1. If t,t' € T such that t¢' € I and ¢’ ¢ I, then rtt’ € I
and so rt € I (because rt € M C R). Thus ¢t € I. Suppose that M C I. Then
I/M is an R/M-prime ideal of T'/M and so I is a prime ideal of T. [

Ezxample 2.14. If D is a Priifer domain with quotient field K and X an in-
determinate over K, then (D+X K[[X]], K[[X]]) and (D+X K[X]x), K[X](x))
are PSl-pairs.

3. POLYNOMIAL/POWER SERIES PSI-EXTENSION

LEMMA 3.1. Suppose that R is a field. Then R[X] C S[X] is a PSI-
extension if and only if R = S.

Proof. Let a € S. By Theorem 2.4 and [3, Lemma 6.6.1], S is algebraic
over R and so S is a field. Thus (X —a)S[X]|N R[X] = 7R[X] for some monic
irreducible element 7 of R[X]. Since mR[X] is a maximal ideal of R[X], 7S[X]
is a maximal ideal of S[X] by Corollary 2.5. Thus 7S[X] = (X — a)S[X] and
som=X —a. Henceae R. 0O

If Ais a ring and P is a prime ideal of A, then set K4(P) to be the
quotient field of A/P. Let « be a monic irreducible element of K4(P)[X].
Following McAdam [8], we will write < P,a > to denote the set {h € A[X]
such that « divides h} where h is the result of reducing h modulo P.

THEOREM 3.2. The following statements are equivalent:
1. R[X] C S[X] is a PSI-extension.

2. R C S is a PSI-extension and Kg(P) = Kg(P') for all P' € Spec(S) and
P=PNR.

3. For any prime ideal P of R such that Qg(P) survives in S, S/Qg(P) is
an overring of R/P.



9 When prime submodules are prime ideals? 175

Proof. 1) = 2) The first one follows from the fact that for any R-prime
ideal I of S, IX] is a R[X]-prime ideal of S[X]. The second one follows from
Lemma 3.1 and the fact that Ry C Sy and R/(JNR) C S/J are PSI-extensions
for each multiplicative set NV of R and each prime ideal J of S.

2) = 3) By Theorem 2.4.

3) = 1) We will apply Theorem 2.4-(3). Let @ be a nonzero prime ideal
of R[X] such that Qgx)(Q) # S[X]. Let P = QN R. Since Qg(P) C Qgx1(Q),
Qg(P) # S. Thus S/Qg(P) is an overring of R/P by assumption (so, in
particular, Qg(P) is a prime ideal of S because S/Qg(P) is a domain).

CrAIM: There exists a unique prime ideal @’ of S[X] that lies over @ in
R[X]. Indeed: Denote A = R/P, B = S/Qg(P), Q = Q/P[X] which a prime
ideal of R[X]/P[X] = (R/P)[X] = A[X]. Since @ N A = 0, there exists a
unique prime ideal of B[X] that lies over Q by [7, Lemma 4] (the case Q = 0
is trivial because B is an overring of (so algebraic over) A). Thus there exists
a unique prime ideal " of S[X] that lies over @ in R[X].

Then Qgx)(Q) € Q" and so it suffices to show that Qgx)(Q) = Q"
Set P/ = @' NS. Since Qg(P) C P’ and S/Qg(P) is algebraic over R/P,
P" = Qg(P) because P'N R = P. Since Qgx(P[X]) = Qs(P)[X], we can
assume that Q =< P, f > for some monic irreducible element f in Kg(P)
by [8, Theorem 1]. Thus Q" =< P’,g > for some monic irreducible element
g in Kg(P') = Kg(P) and ¢ divides f by [8, Theorem 2]. So g = f. Thus
Q' =Q /P [X]CQa_(p and Q' € Qr-p. Hence Q' C Qgx1(Q). O

COROLLARY 3.3. If R is integrally closed in S such that (R[X], S[X]) is
a PSI-pair, then R =S.

Proof. S is integral over R by [2, Theorem 2.5]. [

COROLLARY 3.4. Let R be an integrally closed domain with quotient field
K. The following statements are equivalent:

1. R[X] C T[X] is a PSI-extension for each overring T' of R.

2. R is a Priifer domain.

Proof. 1) = 2) Let I be an R-prime ideal of T". Thus I[X] is a R[X]-
prime ideal of T'[X] and so it is prime. Then I is a prime ideal of T. Hence
(R, K) is a PSI-pair and so R is a Priifer domain.

2) = 1) Let T be an overring of R. By Corollary 2.11, R C T is a PSI-
extension. By Theorem 3.2, it suffices to show that Kr(P) = Ky (PT') for all
prime ideal P of R such that PT # T. But this follows from the fact that I =
(INR)T for each ideal I of T' (also from the fact that Rp = Tpr for each prime
ideal P of R such that PT # T and the fact that Kg(P) = (Rp)/PRp). O
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THEOREM 3.5. Let R be a quasi-local integrally closed domain with quo-
tient field K. The following statements are equivalent:

1. R[[X]] C T[[X]] is a PSI-extension for each overring T' of R.

2. R is a valuation domain.

Proof. 1) = 2) Let T be an overring of R, I be an R-prime ideal of T" and
P =1nNR. Thus I[[X]] is a R[[X]]-prime ideal of T[[X]]. Then I is a prime
ideal of T'. Hence (R, K) is a PSI-pair and so R is a valuation domain.

2) = 1) Let Q be a R[[X]]-prime ideal of T[[X]]. If X € @, then Q =
(QNT)+ XT[[X]] is a prime ideal of T[[X]]. Let P be the maximal ideal of T'.
Suppose that @ C P[[X]] and let f,g € T[[X]] such that fg € Q. Since f or
g € P[[X]] C R[[X]], f or g € Q and so @ is a prime ideal of T[[X]]. Assume
that X ¢ Q and Q € P[[X]].

CramM: P ¢ Q. If not: P C Q. Let P be a minimal prime ideal of T[[X]]
over Q. Thus P C P ¢ P[[X]] and so X € P (in fact P = P + XT[[X]] which
is the maximal ideal of T'[[X]]). Then X"u € @ for some positive integer n
and some unit v of T'[[X]]. Thus X" € Q and so X € @, a contradiction.

Let a € P — Q. Note that aT[[X]] C P[[X]] C R[[X]]. Let f,g € T[[X]]
such that fg € Q and g ¢ Q. Since af € R[[X]] and afg € Q, af € Q and so
f € Q (because a € R). Hence, @ is a prime ideal of T[[X]]. O
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