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We study the existence of solutions having singular limits for some four-dimen-
sional semilinear elliptic problems involving exponential nonlinearity with non-
linear terms with Navier boundary condition. In particular, we extend the result
of [2].
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1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper, we will use the method of domain decomposition to study
the following problem

(1) APu+ 2 (u) = p'la[* f(|a])e" in Q
u=Au=20 on 012,

where Q = B; C R* the unit ball centered at the origin, p is a parameter
that tends to 0, § is a positive function defined in a neighborhood of 0 in R,
f:]0, +00) — R is a smooth positive function satisfying f(0) > 0 and 2, is
the nonlinear operator given by

2y(u) == X [(Au)Q + A(|VYl?) + 2V - V(Au)}
2) 2 2 2 3 4
+2A [Au IVul? + Vu - V(|Vul )] + 23|Vt
Using the following transformation
w = (Apte)?,
the function w satisfies the following equation

A+1

(3) A*w = V(z)w > in Q,
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with V(z) = |z|* f(|z|). Problem with V' = 1 has been studied by Ben
Ayed, El Mehdi and Grossi in [5], since the exponent p = % tends to infinity
as A tends to 0.

We denote by e the smallest positive number satisfying

384e?
4 i T
(4) P = At e
We will suppose in the following
(Ap) BHgs_‘s/(BH) —0 as e—0, forany ¢ € (0,1).
In particular, if we take 8 = O(c?/3), then the condition (Ag) is satisfied. We
also suppose that
(Ax) A0/ 0 as e 0, for any 6 € (0,1).
In particular, if we take A = O(2/3), then the condition (Ay) is satisfied.
Let G be the Green’s function, solution of the problem

) A%G = 647%5; in Q
G = AG=0 on 09,

and we denote by H(x) = G(x)+8logr its regular part function. Here, r = |z|.

Our main result reads as follows.

THEOREM 1. Let Q = By be the unit ball in R*. Suppose that the assump-
tions (Ay) and (Ag) are satisfied. Then there exist po > 0, Ao > 0 and a family
{uprs} o < 0 < po.0< X< Of solutions of , such that

lim Up, \,B = G in Cfo.oc(Bl\{O}) .

p—0
A—=0

In case A = 0, we get the following problem

o A%u = e f(Jz)er in ©
Au = u=0 on 0N.

The authors in [I1] gave a sufficient condition for problem () to have a weak so-
lution in €2 which is singular in 0 as p a small parameter satisfying the condition

(Ap)-

Problem @ is a generalisation of

(7) A%y = ple® — 327285y in Q
Au = u=0 on 0},



3 Singular limiting radial solutions for 4-dimensional elliptic problem 25

1
since, setting v = u + 3 BG, it is clear that u solves if and only if v solves
the following problem

{ A%y = p4]x|4'867%BH6” in Q

(8) Av = v=0 on 0f).

Semilinear equations involving fourth order elliptic operator and exponen-
tial nonlinearity appear naturally in conformal geometry and, in particular, in
the prescription of the so-called Q-curvature in four-dimensional Riemannian
manifolds [8, 9]

1 2 2
Qg = - (—AgSg + Sg — 3 |Ricy| ) ,

where Ric, denotes the Ricci tensor and Sy is the scalar curvature of the metric
g. Recall that the Q-curvature changes under a conformal change of metric

guw =€ g,
according to
9) Pgw+2Qg:2ng64w7

where

2
Pyi=A2+56 (35g1—2Ricg> d

is the Paneitz operator, which is an elliptic 4-th order partial differential oper-
ator [9] and which transforms according to

4w _
e _P€2wg—‘F)g7

under a conformal change of metric g, := e?¥ g.

There are two reasons that make this Q-curvature equation @ attractive
to study. The first consideration comes from the analytic point of view, namely
that the generic singularities of the @Q)-curvature equation are isolated points.
The second consideration comes from geometry: the ()-curvature prescribed
by the Paneitz operator can be viewed as part of the integrand in the Chern-
Gauss-Bonnet formula:

1 _
82y (M) = /M(4|Wg\2 1 20,0)dv,

where x (M) is the Euler characteristic of M and W denotes the Weyl tensor.
Note that |[W,|?dv is a pointwise conformal invariant, thus the integration of
ng is conformally invariant. Since the Q)-curvature contains information about
the Ricci tensor, it influences the geometry of the underlying manifold directly.
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In the special case where the manifold is the Euclidean space and g is the
Fuclidean metric, the Paneitz operator is simply given by

P

Geucl

A2
= A ,
in which case @ can be written as
2 A 4w
Aw = ng € -,

the solutions of which give rise to the conformal metric g, = €2 geye Whose
Q-curvature is given by (Q4,,. There is by now an extensive literature about this
problem and we refer to [9] and [16] for references and recent developments.

In dimension two, the analogue of the Q-curvature is the Gauss curvature
and the corresponding problem is

N

—Au = p2€“—47r2ﬁi5pi in D
i=1

u = 0 on 0D,

(10)

where D C R? is a regular bounded domain, p is a parameter tending to
0,A :={p1,--- ,pn} C D is the set of singular sources and where J,, denotes
the Dirac mass at p;.

Esposito in [I3] has proved the existence of solutions to the problem
having a prescribed singular set S for the limits. To describe his result, we
need to introduce some notation. Let I'(xz, z’) be the Green’s function defined
on D x D, the solution of

. / — / 3
(11) { Al'(z, 2') = 8mdy—yp inD

and let

I(z, 2') =0 on 9D

h(z, 2') =T(x, 2) + 4log |z — 2’|
be the regular part of I'. Problem is equivalent to solving for

1 N
1=

the equation

N
=1
v =20 on 0D.

(12)
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For a given smooth function f : D — (0, +00) consider the following “general
model” problem

N
_ — — m. |28 v
(13) Av p 1:[ |z — pi|*7" f(z)e’ in D
v =20 on 0D,
where A = {p1,--- ,pn} C D and B; are positive numbers. For 1 < s < N and

m € N, we denote

m
]:(:L‘la'” , gjm) :Zh(l‘j, l'j)“‘zr(xw l’j)
j=1 i#]
+4ZZleog |2j = pil +2210g
=1 j=1

which is well defined for z; # x; when ¢ # j. Let

G(m1, ) Ty wi,ee, we) =YY (L4 BT (g, wi) -

G is well defined for z; # w; with z; € D,w; € D. Esposito in [13] has proved
the following.

THEOREM 2 ([13]). Let D C R? be a smooth open set, f a smooth positive

function and {B1,---, Bn} C (0, +00)\N be a set of real numbers. We have
the following.

1. Let S = {pj,, -+ ,pj.} CA. Then there exist pg > 0 small and a family
(Vp)o<p<po Of solutions for the problem @) such that

Vp — Z(l + /Bji)r('7pji)7

i=1
as p— 0, in Cloc (D\S) for a € (0,1).
2. Let S = {qi,--, gn} C D\A and (q1, -, qm) be a nondegenerate

critical point of F such that Alog f(q1) = = Alog f(qgm) = 0. Then
there exist pg > 0 small and a family (v )0<p<p0 of solutions for the

problem (@ such that
vp — Zr(aqb)v

as p— 0, in C’l *(D\S) foraG(O 1)
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3. Let S be such that SNA = {pj,, - ,pj.}, S\A = {aq1,---, gn} and
(g1, , gm) a nondegenerate critical point of the function
f((ha Tty qm) + g(Qh oty 9ms Phpy ?pjs)

such that Alog f(q1) = -+ = Alog f(qm) = 0, then there exist pg > 0

small and a family (v,)o<p<p, of solutions for the problem @ such that

S

k=1 i=1
as p— 0, in C2*(D\S) for a € (0,1).

loc

In order to prove our result, we will use a matching argument inspired
from [3].

2. ROTATIONALLY SYMMETRIC APPROXIMATE SOLUTIONS

Letting 5 > 0, we first describe the rotationally symmetric approximate
solutions of

(14) A%y — pHz[*P et =0

in R*, which will be crucial in the construction of the approximate solution.
Note that equation is invariant under dilation but not under translation.

Given € > 0, we define
ue () = 4log(1 +£2) — 4 log(<* + (|a)2),

which is a solution of

(15) A%y —pt et =0,
when
. 384ct
=0+

For 7 > 0, we remark that equation is invariant under some dilation
in the following sense: if u is solution of ([15]), then

T u(r-) + 4 log T,
is also solution of . So, for § > 0 and 7 > 0 we define the function

(14 e2)4r4(48% + 88+ 6)(B + 1)?
6(e2 + 72|z[20+H))4

(16) ue r 3(z) = log
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Easy computations show that u. g satisfies the equation
(17)

64 ) 1)27222|,]2(8-1)
A2u57775*p4|1:!46 plemf — _ B(B+2)(B +1)*r%|z| (54+7_4|x‘4(1+5))

(52 +7'2|m|2(1+5))4

in R*. We will use it as an approximate solution of . We notice that in
dimension two the equation Au+ p?|x|?? e* = 0 has an explicit solution on R2,
see [13]. Here we do not have an explicit solution of but we will construct
a solution by perturbing the approximate solution given by .

We also define the following linear fourth order elliptic operator
384
(1 + [=?)*

which corresponds to the linearization of about the solution u1 1 9.

L:=A%—

2.1. Construction of solutions without boundary conditions

For all e, 7,8, A > 0, we set

B

Reyp = (g) Te 85

where
(18) TeNB = max(\ﬁ)\, \/B,Eﬁ).

Definition 1. Given k € N, a € (0,1) and 0 € R, we introduce the Holder
weighted spaces Ck **(R*) as the space of functions w € Clk;f‘ (R*) for which the
following norm

el sy 2= el sy +sup (L) w(r era(s,-5,)
is finite.
We also define
Cha S(RY) = {f € Cy*(RY); such that f(z) = f(jz]),¥ = € R'}.
We recall the surjectivity result of L given in [3].

ProrosITION 1 (|3]). Assume that 6 > 0 and § € Z, then
L: Crad 6( ) — Crad6 4(R4)

w — Lw

18 surjective.
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We set Bf = By — {0}. Then, we define the subspace of radial functions
. k,« %
in C5°(B}) by

cfagd(Bl) = {f € CY*(R"); such thatf(z) = f(|z|),¥ = € B}.

Our aim is the construction of a radial solution u of
(19) A%+ 2\(u) — pYz[* e =0 in B

TeNB*

Thanks to the following transformation
(20) v(x) =u ((;)ﬁq;) +8loge — 4log (T(1 +¢2)/2),
the equation can be written as
(21) A% + 2)\(v) — 24|z[*e? =0 in Bp
Now, we look for a solution of of the form
v(z) = u11p(x) + h(x).

e,\,B"

This amounts to solve
Dgla[*~D
(14 |z[2(B+1)4

Lh = Gl _oh _p_1)4

4 1)
(1+‘x|2(ﬂ+1))4 (|‘T| ﬁJr +1)

(22)
—Va(z)h — 2\(u1 + h)
in Bg_, ,, where Cg = 64(43% 4+ 88+ 6)(8+1)%, Dg = 643(8+2)(8+1)? and

384 Cplz|*?
23 V = — .
(23) 6(90) (1+ |x\2)4 (1+ |$|2(5+1))4
Observe that, for 8 > 0 small enough, there exists ¢ > 0 such that
1+ [log |z||
24 Va(z)| < c——5—+p0.
(24 Vs(e)| < eyt

We will need the following definition.

Deﬁmtwn 2. Given 7 > 1/2, k € N, a € (0,1) and ¢ € R, the weighted

space CP %(Br) is defined to be the space of functions w € C*%(B;) endowed
with the norm

-4
Il = Iwllereoyn + s (7= Tt ko, -,) -

2<r<r

For all o > 1, we denote by
& - CY*(B,) — CI™(RY),
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the extension operator defined by

&o(f)(x) = flz) for [z <o
(25) &E(f)(z) = X(’i‘) f(g’%) for || > o,

where t — x(t) is a smooth nonnegative cutoff function identically equal to
1 for ¢t < 1 and identically equal to O for ¢ > 2. It is easy to check that there
exists a constant ¢ = ¢(J) > 0, independent of o > 1, such that

(26) 166 (w)llo.(gay < ellwlloa s,y

We fix
d€(0,1)
and let %5 to be a right inverse of L assured by Proposition [I] Now, we use the
result of Proposition |1/ to rephrase the nonlinear equation ([22)) as a fixed point
problem. Hence, to obtain a solution of , it is enough to find a fixed point
h in a small ball of Cfaﬁl, 6(R4) for the mapping

(27) hos N (h) = Gy G, , 0 B(h),
where
2(8—1
oy 70w o - el 1)
—Via(x)h — 2x(u11,8 + h).
We have
R(0) = =A|(Aurp) + A Vi) + 2V, V(Aun,1,6)]

*2)\2 [Aumﬁ |VU17175|2 + VULL/B . V(|V’LL17175|2)}

Dﬁ|w,2(ﬁfl)

4(8+1
@ opr (171

*)\3|VU1’1”3 4 +

Recall that

ui,1, = 4log(2) — 4 log(1 + r*PT)) 4+ log((45% + 88 + 6) (8 + 1)?) — log(6).
Then

rAh+2 (2 4 B)r2f 4 p46+2

5 Auyy g = —16(1+73) (14 r26+1)2 7

2 __ 2
]Vul,lﬁl —64(,8+1) (1—|—7’2(6+1))

(1+2B)(1 + B)r*? — (2 + 38 + 2)ro7+
(14 r2(8+1))4 ’

A(|Vuy 1.5%) = 512(1 + B)?
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282+ B)r'P — (3425 + §2)r6PT2 — pt85
(14 r2(B+1))4

1+ 23)r08+2 _ 86+4
(1 4 r2(B+1))4

Vulylﬁ . VAuLl’g = 256(1 + B)

and

V- v|VU1,17,3|2 = —1024(1 + 5)3(
Hence

s s
(1 + 7“2)275 ’(Auljl’ﬂ)Z + A(|VU1,1”3|2) + 2Vu1,175 . V(AuLlﬂg” < C(l + 7"2)75,

_9d _9d
(1+7%)*72 |Auy 1 g |Vura g + Vg - V(I Vur1g)?)] < o1+ %) 72

and 5 5
1+r)272 |[Vup g <e(1+rH) 72,
1,8

then 5
sSup (1 + 7‘2)2_53)\(1“7175) < cA.
r<R: A\ g
Besides,
s Dgla?71) 4(B+1
29 su 1+T222—ZL‘(’6+)—|—1 < CpB.
( ) rgR:?)\’ﬁ( ) (1 + |x’2('8+1))4(| | ) /8

This implies that given x > 0, there exists ¢,; > 0 (which can depend only on
) such that for § € (0,1) and |z| = r, we have

sup (1+72)2°3 |2(0)] < en(B+ ).

r<Re a8

Therefore,

(30) A Oty ) < ex2as0

Making use of Proposition [1| together with , we deduce that
(31) Bl qay < 2 72

Now let hi, he in B(0,2¢, r?/\ﬂ) of Cfﬁl s(RY) and for § € (0,1), then

Cplz|* ha _ h
—(1 n ’x‘2(5+1))4’e 2—e"4+h; — h2’

+ |Q)\(U1’175 + hg) — "@A(ul,lﬂ + h1)| + VB(ZE) |h2 — h1| .

|%(h2) — %(h1)| <

Furthermore,

C ]:):\4/3

4-6 B ‘ ho h1
e sup r — "™ — "+ hy —h ‘
r<R£,5 (1 + [z2(B+D)4 1— he

<c sup 7“7475746%2 — hil||he + hi|
r<R:a
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<cx sup EABHhQ—thCAQ

R4
r<R: a8 )y

o P70 [(A(urag + h1)) = (A(urs + h2))?|

=17 |(A(hy — h2))(A(2u1,1,5 + h1 + ho))]
< Cg (1 + 7"5 T527>\75> Hh2 — h]_”cﬁ;‘ad 6(R4).

oyt |AIV(u1,1,5 + ho)[> — AV (u1,1,5 + k1) ?|
= 40 A(V(hy — he).V(2u1 16 + hi + ho))]

< Cy (1 + ’]"6 T§7>\76) ”h2 — hl”cf(,zc(yl 6(R4)-

o 70 |V(A (u1 15+h2) V(ui1+he) — V(A(ur1,5+h1)).V(uy 1 s+ht)|
=10 [V(A(hy — h2)).V(2u11,5 + ha + ho)
V(hg — h1).V(A(2u1,1,8 + h1 + ha))]
0 v(A (u171,ﬁ+h2)) V(up1p+he) — V(A(uy 1 s+h1)).V(ur i g+hi)l
<on (147712,5) I = llgra sy
e Since
IV (u115+h1)PA(ur 1 s+ h1) — [V(ui1p + he)|*Aury g + ha)
= A(h1 — ho) [|V (w11, + hi)]* + |V (ur1,6 + ho)|?]
+ A(2ui1,8 + h1 + ho) [|V(u171,5 + hy)|? — |V(ui1,8+ h2)|2] ,
then
P 1V (0,5 B PA (18 + Pr) = [V (1,5 + ) A, + o)
< e (1 40 ri/\,ﬁ + 20 7‘?»\,5) ||he — hl”cﬁ(f{i S(RY)"
e Its easy to see that

V(IV(u1,1,8 + h2)[?)V(ur1,s + ha) = V(IV(u1,1,8 + h1)[*)V(ur,1,8 + h1)
= V(hg — hl)V (‘V(ULLB + hQ)‘2 + ‘V(ulylﬁ + h1)|2)
+ V(2u1,1”3 + h1 + hg)v (|V(U171,5 + h2)|2 — |V(U1,175 + h1)|2) ,

hence

V(I V(ur,1,8 + h2) P)V (ur1,6 + h2) = V(IV(ui,1,6 + )PV (u1,1,8 + hl)‘

< cp <1 49 7“?7)\”3 ey 7’?7)\’5) lho — h1||c4 o 5(RY)
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e Finally, since
IV (u1,1,8 4+ ho)|* = |V (ur,1, + ha)|*
=V(hy — h1)V(2u11,5 + ha + h1) (|V(u11,5 + ho)|* + |V (w115 + h1)]?),
then
r4*5\\v<u1,w he)|! = V(a5 + o)l

(l—l—’l“ 1”8/\/3—%—7“25 4 5+7‘ 57)\75> HhQ_thCi’f; 5(R4)'
Which gives
(32)

Sup 72 (g + o) = 2a(ur s+ )| < il gllhe — Bl (1)
T<Ren 8

Besides
. Cpl|*?
4-5 B ho hiy
sup <e — e + hy — ha| + V3(2) |he — hq|

(33) r<Fons (14]2[2B+1))4

< Cf-cri)\,ﬁHhZ - thCi‘[’;; S(RY)
Thanks to the conditions (Ag) and (Ay), we deduce that

sup ri=o |Z(ha) — % (h1)| < cury )\,,BHh2 hl”cﬁ(’l‘; sRY”

TgRs,/\,ﬁ
Similarly, making use of Proposition (1| together with , we conclude
that given x > 0, there exist ¢, > 0 (independent of € and \), A\, and &, such
that

(34) ||JV(h2) — </V(h1)||c4,a 5(R4) < EI{ T527)\’/6’ ||h2 - h1||c4,a (R4)'

Reducing A, > 0 and ¢, > 0 if necessary, we can assume that, ¢, r 6 A8 S 1 for

all A € (0,\;) and € € (0,e,). Then and are enough to show that
h —s A (h) is a contraction from {h € C.)5, 5(R4) [|A]] 4.0 &) S 20k e/\ﬂ}
’ rad,(S [
into itself and hencg has a unique fixed point A in this set. This fixed point is
solution of || in Bp,_, ,- We summarize this in the following proposition.

PROPOSITION 2. Given 6 € (0,1) and k > 0, there ezist €, > 0, A\, > 0
and ¢, > 0 (depending on k) such that for all X € (0, ) and for e € (0,e4),
there exists a unique solution hg € Cmd s(RY) solution of (2 ) such that

v(x) = ur,8(x) + hs(z)
solves n BRM’B. In addition

2
||hBch;2’6(R4) S 26672 )\ -
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3. A LINEARIZED OPERATOR

We define the linear fourth-order elliptic operator Lg by

Cplz[*
(1+ o D)
which corresponds to the linearization of A%u — 24|z|*¥e* = 0 about the ap-
proximate solution u; 1 g defined above. This operator can be written as

Lﬁ =L+ Vg(x),

where V3 (z) is given by satisfying the inequality . Using a perturbation
argument one obtains the following.

Lg := A? —

PROPOSITION 3. There exists Sy > 0 such that for all 0 < B < By and

forall 6 >0, €N,
4, 0,
LB : CraZ,J(RLL) — Cra?l,674(R4)
w — Lgw
is surjective. Moreover, if we denote by Gs g a right inverse of Lg we have that
1G5, — %5(1)”0;110‘(11{4) < Cnﬁ||q)||c§f4(R4)a

for every ® € C’ng s_q(RY).

We define B} := By — {0}. With this notation, we have the following.

Definition 3. Given k € R,a € (0,1) and v € R, we introduce the Holder
weighted space Ci®(B}) as the space of functions w € CIIZ:(B:"{) such that the
norm

R —v i _
lwllggeqsy = sup (7Tl leres,—s,0)

is finite.

When k > 2, we denote by [C,lf’a(Bf)]o the subspace of functions w €
C],f’a(Bi‘) satisfying w = Aw = 0 on 0Bj. We recall the analysis of the Bi-
Laplace operator in weighted spaces performed in [3].

PROPOSITION 4 ([3]). Assume that v < 0 and v € Z, then

AP [Cp (Bl — €Sy (BY)
- w — Aw
is surjective. Denote by G, a right inverse of A2.

Finally, we study the properties of interior and exterior Bi-harmonic ex-
tensions. Indeed, for a given real number 7, we define in B; the Bi-harmonic
function H%(a:) = ~|x|%. This function satisfies H'Zy = on 0B; and AH@ = 8y
on OBj. Similarly, for a given real number 7, we define in R* — By the Bi-
harmonic function HE(x) = F|z|~2. This function satisfies Hg =+ on 0B, and
AH &6 =0 on 0B;.



36 S. Baraket, R. Chetouane, F. Mtiri, M. Trabelsi 14

4. THE NONLINEAR INTERIOR PROBLEM

We are interested in studying equations of the type
(35) A2+ Dy (w) — 24|z[*8 f ((a/r)l/<ﬁ+1>|x\) v =0

in BRM,E.
Given a real number ~, we define
v = uy,1,8 — log(f(0)) + H'iy('/Rs,)\,ﬁ> + hg,

then we look for a solution of of the form w = v + v and using the fact
that H is biharmonic, this amounts to solve

(36)
Lyw= — Bl imenpyingso (LMD
(1 + |z[20+2))4 f(0)
C 11,'45 if. v
(1 n ‘i"2(|1+6))4€hﬂ (eH’y( /Rexp)tv _ v — 1)
Cplz|*’

_l’_

hg _
(v ey €
+ 2, (Ul,l,/:? + h,B) -2, (U1,1,,8 —log(f(0)) + Hi('/Re,A,,B) + hg + U)a

where Cz = 64(458% + 88 + 6)(58 + 1)°.
We fix
0 €(0,1).
By Proposition (3, to obtain a solution of it is sufficient to find v €

Cf(’lo‘d’ s(RY), a solution of

(37) v=Gspo&R. 40 (v),
where
(38)
(U) = C%eH}y(’/RE,A,B)-ﬁ-h,B—M f ((5/7)1(/(f+1)| ) |) -1
1+ [o9) 70
Cplz|*? Cpla|*?

ehs (eHz/('/RE’*’B)'”— v—1)+ (e — 1)

(15 o053 (15 o205}
+ 2 (ul,lﬂ + hg) — 9, (Ul,l,ﬁ —log(f(0)) + H,Z'Y(-/Re)\’ﬁ) + hg + U).

We denote by A (= ;) 3,) the nonlinear operator appearing on the right-
hand side of equation (37). Given x > 0 (whose value will be fixed later) and
taking v so that

(39) | < K25,
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we have the following result.

LEMMA 1. Given 6 € (0,1) and k > 0, then there exist A\, > 0, €,, > 0,
¢x > 0 and ¢, > 0 (depending on k) such that for all A € (0, ;) and € € (0,¢&,)

(40) H,/V(O)Hch,a(w) S Gk Tz)\,ﬁ‘
Moreover,
(41) 1A (v2) = A (V1)llgto ay < C 725 g llv2 = v1ll gt gy

provided that vi,va € C?’O‘(R‘l), satisfy Hvi|]c4,a(R4) <2c,12y g, fori=1,2.
6 7 7

Proof. The proof of the first estimate follows from the asymptotic behavior
of ny Indeed, letting c, be a constant depending only on k (provided € is
chosen small enough) it follows from the expression of H’ that

HH;('/RE’/\’M”CQL’O‘(BRE,A,L;) < C“Rs_,i,gm < e, e/ BH) < cﬂri)\ﬁ.
Let By > 0, then for 5 € (0, fp) and for |z] < R, ) g/2, we have

5 0
S AMT2e7F 1 — 0  ase tends to 0 using A,
-9 )
|h(z)] < 7"?3?55 A < ﬁl+%€_ﬁ — 0 as e tends to 0 using Ag
2
gh+1 —0 as ¢ tends to 0,

provided € is small enough, we then get

H(1 | P AL A8 hs (HY (/R g) _ 1)) s <oy g
5,4(BRE,>\75)
and
(42)
H(l 4| - PO L 48 H ( Ren ) +hs (f((g/T)l/(BH)') 3 1)‘ )
f(O) CES)LQ4(BR5,A,5)

< ¢, el/(BH) < crr? 5
On the other hand, using the conditions (Ay) and (Ag), we get also

sup (1+ 7’2)27% 2, <u1,175 + hg)

r<Re a8

= 2 (w15 — 10g(F(0)) + H(/Repp) + B ) | < cxri
Making use of Proposition |1| together with , we get for § € (0, 1)

|”/V(O)”c§va(R4) S Gk TE,A,B’
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To derive the second estimate, let v; € Cg"a(]R‘l) satisty ||'Ui||c4,a(R4) <2412y 5
6 7N
1 = 1,2, we have that

1+ 1 D)) 1R R ar e

o (Hlm o)
70)

- 1) (e"2—e")

< cpe/P lug—v ,
e, S vl

H(l + [ PO ke (‘BH%('/RM»BH“ — H5(/Rex ) Fv2

+ (vg — vl))

< cpr? Vo — U ’
C?;aLL(BRE’A’B) X Ck g,)\,ﬁ” 2 1HC§C‘(R4)7

2B =4 4B (phs — _
oo PO 0 0=l
and

|23 (11.0,5 = 108(£(0)) + HL(/ Re ) + s+ 1) =

23 (w15~ 108(F(0) + Hy (/B ) + b +2) | o

5—4 RE,A,B)

< Cx TS,A,B HU2 - Uchg"“(Rﬂ'

So,

_9
sup (147773 |#(02) = # ()] < cur?gllvn —villgan -
TgRE,)\ﬁ rad,

Similarly, making use of Proposition |1| together with , we conclude
that there exists ¢, > 0 such that

|4 (v2) — '/V(Ul)”c(‘;va(Rzl) < Cx Tg,k,ﬁ vz — Ul|’c§va(R4)-
O

Reducing A\, > 0 and &, > 0, if necessary, we can assume that

E,.;rg)\’ﬁ < % , for all A € (0,\;) and € € (0,e,). Then and in
Lemma |l are enough to show that v — .4"(v) is a contraction from

{U S CSL’O‘(RZL) : ‘|UHC§’Q(R4) < QCH 7“37)\’6}

into itself and hence has a unique fixed point v = v(e, 7,7, -) in this set. This
fixed point is a solution of in R*. We summarize this in the following
proposition.
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PROPOSITION 5. Given k > 0, there exist €, > 0 (depending on k) and
Bo > 0 such that for all € € (0, &), for all 0 < 8 < By and for all T in some
fized compact subset [T_, 7] C (0, 00), there exists a unique vg(= vg(e, 7,7, "))

solution of such that

HUBHC(‘;&(RAL) < 20&7"?,/\,6'

As a conclusion,
(43) V+Uﬂ(€, T, 7, ) = ul,l,ﬁ—'_hﬂ _10g(f(0)) +Hz/(/R6,>\,,8) +U6(57 T, 7, )

solves in B R.. - Since the function vg is being obtained as a fixed point for
a contraction mapping, it depends smoothly on the parameter 7. Moreover, we
claim that the mapping 7 — vg(e, 7, 7, -)|p, s € C**(Bg., ;) is compact.

This follows from the fact that the equation we solve is semilinear and in

the right-hand side belongs to C**(Bg_, ,) -

5. THE NONLINEAR EXTERIOR PROBLEM

Let # € R and 4 € R be close to 0. We define
V(z) = (1+ 8+ 0)G(x) + x(z)H5 (/e 78),

where x is a cutoff function identically equal to 1 in By, and identically equal
to 0 outside By ;. We would like to find a solution of the equation

(44) A% + 2, (v) — p*lz|*P f(|z|)e’ =0,

in By — B, , ; which is a perturbation of v. Writing v = v + @, this amounts
to solving

(45) A5 = pHa|P f(jx])eve” — 2a(V +T) — A%V

We need to define auxiliary weighted spaces.

Definition 4. Given 7 € (0,1/2),k € R and v € R, we define the Holder
weighted space Cf’a(Bl — B;) as the space of functions w € C**(B; — By)
endowed with the norm

— _ -V _
kuclgva(gl_BF) = HwHCkva(Bl—Bl/g) +F§ST}£/27" Hw(r-)Hckva(Bl—Bl/Q)-

For o € (0,1/2), we denote by
& : C)*(B1 — By) — C)(BY)
the extension operator defined by &,(f) = f in By — By,
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; ||

&(N(@) = X(2) f(0-=) in By — By

o
and &,(f) =0 in B, /2, where t — X(t) is a cutoff function identically equal to
1 for ¢t > 1 and identically equal to 0 for ¢ < 1/2. It is easy to check that there

exists a constant ¢ = ¢(v) > 0 only depending on v such that
(46) Hga(w)Hcha(Bf) < CHchgva(Bl_Ba)-

Fix v € (—1,0). Making use of Proposition {4} for solving equation it
suffices to find a solution o € Cy® (B7) of the following fixed point problem
(47)

=G0y (P2l S (D) e = 23 +5) — A%) =G, 0 &, , 0 S(5).

We denote by /\7(: /\~/'5,,\75,9ﬁ) the nonlinear operator appearing on the right
hand side of this equation.

Given k > 0 (whose value will be fixed later on), suppose that the param-
eters 0 and 4 satisfy

(48) 6] < k12 g
and
(49) 9] < K2 4.

Then the following result holds.

LEMMA 2. Under the above assumptions, there exists a constant c, > 0
such that 3
HN(O)Hcﬁva(B;) < CRTS,A,B
and ~ R
|V (32) _N@l)Hcﬁwﬂ(Bf) < cnr?,A,BH{’Z - 171”03*“(]3;)7
provided U1,V € Cﬁ’a(f}i‘) and satisfy ”ﬁiHoﬁ’a(B;) < 26,{/‘3,)\75, fori=1,2.

PT‘OOf. In Bl/2 —_— BTE,)\,B7
15(0)] < (A 0-5049) 4 ).
In By — Bl/2, we have |Hf~;(a:/r€’>\,ﬁ)| < "“”27,\,57’_1, thus

<cu(et+r7E 5+ A).
Here, we use the notation
[A2, Y|w = 2AxAw+wA%x+4Vx-V(Aw)+4Vw-V(Ax)+4V23x - V3w.
It follow that

we have y = 1 and A%V = 0, thus

& 2
[15(0)] |Cgf4(31_3r5’)\,ﬁ) < ChTE g
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Then the proof of the first estimate follows from .

For the proof of the second estimate, letting 01,02 € C',%’a(Bf) satisfying
Hﬁi”c;‘*“(éf) < 2CHT?,A,B for i = 1,2, we have

[5(T2) =S ()| < e |pfa]*|f(12])]e” (€™ — ™) = (2a(T+T2) — QA(VHH))’ -
This clearly implies

15(02) — S(1)| < c(e*r™ 478040 L \) |5y — 4.
For v € (—1,0) and 6 small enough, we get

HS(@Z) - S(ﬁl)||03f¥4(B1_B A,,B) < C,‘{T?7>\7ﬁ||7}2 - ﬁl”cv;l,a(gf).

Te,

Using also equation (46| we obtain the second estimate. [J

Applying a fixed point theorem for contraction mappings we obtain the
following result.

PROPOSITION 6. Given k > 0, there exist €, > 0 and By > 0 such that
for all e € (0, &), for all B € (0, Bo), for 8 satisfying {{8) and a boundary
constant 4 satisfying @), there exists a unique solution vg(= vg(e, 7,7,.)) of
such that

||7~},6’HC;1»‘1(B;) < 2057“?,)\75.

As in the previous section, since the function vg is being obtained as a

fixed point for a contraction mapping, it depends smoothly on the parameter

0. Again this follows from the fact that the equation we solve is semilinear and
in the right-hand side belongs to C%%(Bj) .

6. THE NONLINEAR CAUCHY-DATA MATCHING

We gather the results of the previous sections, keeping the notation and
applying the result of Section [4] as well as the results of Section

Assume that 7 € [7—, 74| C (0, 00) is given (the values of 7- and 74 will
be fixed later) and consider some set of boundary data v satisfying . Given
k > 0, according to the result of Proposition [f] there exist ¢, > 0 such that,

provided ¢ € (0, &), we can find in B a solution of

Te, N\, B
(50) A0+ 25(v) = pa|* f(Jz])e’ = 0,
which can be decomposed, by , as

Vint () = Ve 7. 8(x) + hg(Re y g2 /12 2,8) — 1og(f(0))

+H§ (x/ra,)\,,b’) +vg (57 77, R&,/\,Bx/rs,)\,ﬁ)a
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where the function vg(= vg(e, 7,7, *)) € Cf,‘fj M(R‘L) satisfies

(51) HUﬂHcﬁ’a(Rﬂ < 2057'3,/\,&-

Similarly, given any constant boundary data 74 satisfying and a parameter
0 in R satisfying , we can use the result of Proposition |§| to find a solution
Vext in By — By, ; (provided € € (0, &;)), of 1' which can be decomposed as

vert(2) = (14 B+ 0)G(x) + x(2)H5(x/re 0,8) + U(e, 7,7, ),
where the function 05(= vg(e, 7,7, -)) € Cr(By) satisfies
(52) ||17,8H03»a(3;) < QCHTS,A,ﬁ'

It remains to choose the parameters 7,7, # and 7 in such a way that the function
which is equal to v, in By, 5 and vey: in B — B
This amounts to finding these parameters so that

) is a smooth function.
e,\.B

(53) Vint = Vext, 87"272'7115 = arveazty AUint - Avext and 87‘Avint - 87"A'Uexta

near 0B;_, ;-

Assuming we have already done so, this provides for each £ and 8 small
enough a function v,y 3 € CH%(B;) (which is obtained by patching together
the functions v;n; and vey) which is a solution of our equation, and elliptic
regularity theory implies that this solution is in fact smooth. This will complete
the proof of our result since, as € tends to 0, the sequence of solutions we have
obtained satisfies the required properties, namely, away from the 0 the sequence
Ve, ), converges to G.

Before we proceed, the following remarks are due. First, it will be conve-
nient to notice that the function v, r g can be expanded as

£2,-2
(54) U5’7—75(.’1§') = —410g7' - 8(1 + ﬁ) 10g ‘$| + O (|x|2(5+1)>
near 0B, , ;. Similarly, we can write the function (1 + 8+ 6)G(x) (which

appear in the expression of vey) as

1+B8+0)G(x) =-8(1+B+0)log|z|+ (1+5+0)H(x)

(55) = —8(1+ B+ 0)log|z| + H(0) —l—(’)(?ﬁ’/\ﬂ)
near 9B;_, ,. Then one gets
(56) (Vint — Vext)(x) = —4logT + 80 log || + H,iy(x/r&,\,g)

It will be convenient to solve instead of the following set of equations

(Uint - 'Uea:t)(ra,/\,ﬂ') =0, A(Uint - Uemt)(ra,)\,/j') =0,
(57)
Or(Vint — Veat)(rep5-) =0 and OrA(Vint — Vext)(renp7) = 0,
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on S3.

Here we assume that our functions are defined on S2 using simply the
change of variables x = r. ) gy to parameterize 0B Then the set of equa-
tions yields the system

—4logT — H(0) — log(f(0)) +~v—4+80logr.r 5+ (’)(rg,)\ﬁ)
80 +27+27+ 02,5 =0
160 +8y+ 012, 5) =0
—320+O(r2, 5) =0.
Here and below the terms (’)(ri/\ B) depend nonlinearly on 3,0, and 4
but are bounded (in the appropriate norm) by a constant (independent of € and

B) times 7“?»\7 5 Let us comment briefly on how these equations are obtained.

These equations simply come from when expansions and are
used, together with the expression of H; and H§ and also the estimates
and . This system can be readily simplified into

T8
=0

(58)

(59)
m[‘l log 7+ H (0)+log(f(0))] = O(Tg,)\,ﬂ)a 0= O(Tg,/\,ﬁ)a V= O(T?,)\,B)
E,A,
(60) and 7 = O(rZ, 4).

We are now in a position to define 7_ and 7 since, according to the above, as
e tends to 0 we expect that 7 will converge to 7* satisfying

—4log 7 = H(0) + log(f(0))
and hence it is enough to choose 7_ and 7 so that
4logT_ < —[H(0) +log(f(0))] < 4log 7.

If we define
t=——1\4logT+ H(0) + 1o 0))],
logra,w[ g (0) + log(f(0))]
then our system reads
(61) (tu B) 95 77:)/) = O(T&?,A,ﬁ)‘

The nonlinear term which appears on the right-hand side of is continuous
and compact. In addition, this nonlinear term sends the ball of radius m“i A3
into itself, provided k is large enough. Applying Schauder’s fixed point theorem
in the ball of radius m“i/\ﬂ in the product space, can then be solved and
the proof of Theorem [I] follows at once.

Acknowledgments. The authors extend their appreciation to the Deanship of Sci-
entific Research at King Khalid University for funding this work through the Large Groups
Project under grant number (RGP2/56/44).



44

S. Baraket, R. Chetouane, F. Mtiri, M. Trabelsi 22

(1
2]

3l

(4]
5]

[6]
7]
18]

[

[10]

[11]

12
113]
[14]
[15]
[16]

(17]

REFERENCES

G. Arioli, F. Gazzola, H.C. Grunau, and E. Mitidieri, A semilinear fourth order elliptic
problem with exponential nonlinearity. SIAM J. Math. Anal. 36 (2005), 4, 1226-1258.

S. Baraket, I. Bazarbacha, and M. Trabelsi, Singular limiting solutions to 4-dimensional
elliptic problems involving exponentially dominated nonlinearity and nonlinear terms.
Electron. J. Differ. Equ. Conf. 2015 (2015), 289, 1-19.

S. Baraket, M. Dammak, T. Ouni, and F. Pacard, Singular limits for a 4-dimensional
semilinear elliptic problem with exponential nonlinearity. Ann. Inst. H. Poincaré C Anal.
Non Linéaire 24 (2007), 875-895.

S. Baraket and F. Pacard, Construction of singular limits for a semilinear elliptic equa-
tion in dimension. Calc. Var. Partial Differential Equations 6 (1998), 1-38.

M. Ben Ayed, K. El Mehdi, and Massimo Grossi, Asymptotic behavior of least energy
solutions of biharmonic equation in dimension four. Indiana Univ. Math. J. 5 (2006),
1723-1750.

T. Branson, Group representations arising from Lorentz conformal geometry. J. Func.
Anal. 74 (1987), 199-293.

T. Branson, Shap inequality, the functional determinant and the complementary series.
Trans. Amer. Math. Soc. 347 (1995), 3671-3742.

S.Y.A. Chang, On a fourth order differential operator-the Paneitz operator in confor-
mal geometry. In: M. Christ et al. (Eds.), Harmonic analysis and partial differential
equations. Chicago Lectures in Mathematics, 1999, 127-150.

S.Y.A. Chang and P. Yang, On a fourth order curvature invariant. In: T. Branson
(Ed.), Spectral problems in geometry and arithmetic. Contemp. Math. 237, American
Mathematical Society, Providence, RI, 1999, 9-28.

M. Clapp, C. Munoz, and M. Musso, Singular limits for the bi-Laplacian operator with
exponential nonlinearity in R*. Ann. Inst. H. Poincaré C Anal. Non Linéaire 25 (2008),
1015-1041.

M. Dammak and T. Ouni, Singular limits for a 4-dimensional semilinear elliptic prob-
lem with exponential nonlinearity adding a singular source term given by Dirac masses.
Differential Integral Equations 21 (2008), 11-12, 1019-1036.

M. Del Pino, M. Kowalczyk, and M. Musso, Singular limits in Liouville type equations
Calc. Var. Partial Differential Equations 24 (2005), 1, 47-81.

P. Esposito, Blow up solutions for a Liouville equation with singular data. STAM J. Math.
Anal. 36 (2005), 4, 1310-1345.

P. Esposito, M. Grossi, and A. Pistoia, On the existence of Blowing-up solutions for a
mean field equation. Ann. Inst. H. Poincaré C Anal. Non Linéaire 22 (2005), 2, 227-257.

J. Liouville, Sur I’équation auz différences partielles 0 log au)\au + ﬁ = 0. J. de Math.
18 (1853), 17-72.

A. Malchiodi and Z. Djadli, Existence of conformal metrics with constant Q-curvature.
Ann. of Math. 168 (2008), 3, 813-858.

R. Mazzeo, Elliptic theory of edge operators I. Comm. Partial Differential Equations 10
(1991), 16, 1616-1664.



23 Singular limiting radial solutions for 4-dimensional elliptic problem 45

[18] R. Melrose, The Atiyah-Patodi-Singer Index Theorem. Res. Notes Math. 4, Wellesley,
MA, 1993.

[19] F. Pacard and T. Riviére, Linear and nonlinear aspects of vortices: the Ginzburg Lan-
dau model. Progress in Nonlinear Differential Equations and Their Applications 39,
Birkhauser, Boston, MA, 2000.

[20] S. Santra and J. Wei, Asymptotic Behavior of solutions of a biharmonic Dirichlet problem
with large exponents. J. Anal. Math. 115 (2011), 1-31.

[21] J. Wei, Asymptotic behavior of a nonlinear fourth order eigenvalue problem. Comm.
Partial Differential Equations 21 (1996), 9-10, 1451-1467.

[22] H.C. Wente, Counter example to a conjecture of H. Hopf. Pacific J. Math. 121 (1986),
193-243.

Received July 10, 2019 Sami Baraket
Imam Mohammad Ibn Saud Islamic University (IMSIU)
Department of Mathematics and Statistics, College of Science
Riyadh, Saudi Arabia

SMBaraket@imamu. edu. sa

Rima Chetouane
Fréres Mentouri Constantine 1 University
Department of Mathematics, Faculty of Exact Sciences,
Algeria
rima.chetouane@umc. edu.dz

Foued Mtiri
King Khalid University
Mathematics Department, Faculty of Sciences and Arts
Muhayil Asir, Saudi Arabia
mtirifoued@yahoo.com

Maryem Trabelst
University of Tunis El Manar
Faculty of Sciences of Tunis, Department of Mathematics
Campus University 2092 Tunis, Tunisia
trabelsi.maryem@gmail.com



	Introduction and statement of results
	Rotationally symmetric approximate solutions
	Construction of solutions without boundary conditions

	 A linearized operator
	The nonlinear interior problem
	The nonlinear exterior problem
	The nonlinear Cauchy-data matching

