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We consider an overdetermined eigenvalue problem related to the MEMS oper-
ator given by L, := A2 — 7A on a smooth bounded domain Q@ c RY, N > 2.
We give radial solutions on balls. Moreover, we establish a symmetry result
with respect to operator L., that is, under some hypotheses, we show that if a
solution does exist to the overdetermined eigenvalue problem, then the domain
Q must be a ball.
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1. INTRODUCTION

In his speech delivered in 1959 and entitled “There’s Plenty of Room at
the Bottom”, Feynman described the technology of the future as a “small-scale”
technology, which will concern, among other things, condensed information
storage, miniature computers, infinitesimal machines, powerful microscopes,
etc. Later on, he described the mechanisms of miniature machines using ideas
and techniques ranging from electrostatic actuation to quantum computation
at the atomic-electron levels. Feynman was, thus, the precursor of a con-
temporary technology known as the so-called microelectromechanical systems
(MEMS) and the so-called nanoelectromechanical systems (NEMS), and this
constitutes a major advance since the resonant gate transistor produced by
Nathanson et al. in 1967.

The modelling, optimization and design of MEMS and NEMS machines
suggest an intensive use of mathematical analysis and numerical simulation
(see [9] and the references therein).

In almost every kind of MEMS and NEMS systems, there are electrostatic
actuation-based devices in routine operation. The electrostatic actuation is
based on an electrostatic-controlled tunable capacitor and is widely used in
micromirrors, accelerometers, switches, microresonators, etc.
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Physically speaking, consider two thin parallel plates electrically charged
and imagine one of the plates stretches a small vertical distance. By continuum
mechanics, the simplest elastic force depends on the Laplace or bi-Laplace of
the deformation variable. If we set u(z) (z €  a bounded domain in R?) is
the plate deformation variable, then in presence of elastic deformation charac-
terized by u # 0, it is well-known that the elastic energy collects contributions
from two sectors, i.e. the stretching energy sector given by

T
P= / = |Vu|*de,
Q 2
where T' > 0 is the tension constant, and the bending energy sector given by
D
Q= / —|Aul’dz,
Q 2

where D = 2h3Y/3(1 — v?), with h is the plate thickness, Y is the Young
modulus and v is the Poisson ratio.

Therefore, the total energy E = P + Q + W, where W = [, G(u)dz is
the electric potential (see, for example, [9] for more details about W), can be
represented as

D T
E(u) = / {|Au\2 + = |Vul? + G(u)} dz,
ol 2 2
so that its Euler-Lagrange equation is
DA%y — TAu = —G'(u), x €.

We see then that the modelling of the electrostatic actuation for MEMS and
NEMS devices involves the fourth order operator of the form

L, :=A?—7A
(with 7 = % > 0 when avoiding the zero plate thickness limit D = 0).

Now, considering the MEMS operator (or NEMS operator) L., our inter-
est in this paper is to study the overdetermined eigenvalue problem related to
L., given by

Lyu=A%u—7Au= M+ p in €,
P
P) u=a, @:b, Au=c on 0f),
ov

where € is a bounded open connected domain in the Euclidean space RV and

0
— is the outward normal derivative operator on the boundary 0f).

ov
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Let us recall some basic known results concerning overdetermined eigen-
value problems.

For the problem
A%y =—1 in Q,
(1) _ Ou

u

=—=0, Au=c on 0f2,
ov
Bennett [2] showed that if (1)) admits a solution u € C*(£2) and Q is a bounded
domain in RY with C%*¢ boundary 02, then  must be an open ball of radius
R = [|¢|(N? 4 2N)]'/2 and u is radially symmetric given by
S (b S § 75 E N g I S 4 O
“ QN{ NS Ny
Actually, Bennett’s result is analogous to that of Serrin [13] and Wein-
berger [14] for the overdetermined torsion problem, namely,

Ay = -1 in Q,
2
@) u =0, @ =b on 0.
ov
Serrin [13] proved that for a bounded domain € whose boundary is of class
C?, if there exists a function u € C?() satisfying problem ({2)) with b < 0, then

Q must be a ball of radius R = N|b| and u is radially symmetric given by
(Nb)? — 12
2N ’
Serrin used the Alexandrov [I] moving plane technique and the Hopf max-
imum principles [7), 8], while Weinberger’s argument is much more elementary.

It also uses the maximum principle but relies on Green’s theorem to establish
certain identities allowing to solve problem .

Bennett [2] used Weinberger’s argument, by modifying it, to establish his
result announced above for the fourth order problem . Precisely, he used a
maximum principle for fourth order elliptic equations and several applications
of Green’s theorem. Unfortunately, Bennet’s argument does not extend to
more general equations. Using the method of moving planes of Serrin and
assuming in addition that v > 0 in ©, Dalmasso [4, 5] was able to treat more
general biharmonic equations and systems.

Consider now the problem
A%u = u+ p in Q,
3) w9

U—a—o, ﬁzc on 89
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When p # 0, Dalmasso [6] gives a symmetry result for the problem in
dimension N = 2 : let  be a smooth bounded domain in R?, with 9Q € C%7
for some v € (0,1] and such that € is ¢ close in C* sense to unit open ball B
in R2. Suppose 0 < A < e < g¢. If there exits a solution u € C*7(Q) satisfying
then Q is a ball.

When g = 0, Dalmasso [6] gives again a symmetry result for the problem
in dimension N = 2 : let Q be a smooth bounded domain in R?, with
00 € C% for some 7 € (0,1] and such that Q is € close in C* sense to unit
open ball B in R2, then there is a positive eigenfunction u for the first Dirichlet
eigenvalue )\gz) of A% in Q, which is simple. It is then proved that the domain

Q must be a ball in R? and u is radially symmetric, when A = )\§2).

For more results on this issue, we can also see [3], [I2] and the references
therein. In [I2], we find a survey on the three main methods (Serrin’s method,
Weinberger’s method and the duality method) used in this field.

Coming back to the MEMS operator L, = A? — 7A (with 7 > 0) and
to the overdetermined problem (P), our aim in this paper is to carry on the
previous results.

Our first result deals with radial solutions of the problem (P) when the
domain Q is a ball in RY. Those radial solutions are expressed by the mean of
Bessel functions.

We assume that 7 > 0 and A > 0, and we set

VTR -7

(4) n::f>0 and 0 :=./n>0.

THEOREM 1.1. Let N > 2 and Q = B(0,1) the unit ball in RY. Let
b= % and consider the Bessel function of the first kind of order 8 denoted
by Jg. Let n and 0 given by . Then, we have the following.

(i) Suppose 1 =0, a =c =0, b# 0 and 0 satisfies Jg(0) = 0. Then, there
exists a radial solution to problem (P), given by

b _
u(z) =v(r) = 9!];3(9) =P J5(0r), Vr =|z| € (0,1].

Moreover, we have a(aAVu) = —nb on 0B.

(ii) Suppose p = 0, a # 0, b = 0, ¢ = —na and 0 satisfies HJA(O) —
BJs(0) = 0. Then, there exists a radial solution to problem (P), given by

riﬁjg(er), Vr = |x| € (0,1].

u(z) =v(r) =

Jp(0)

Moreover, we have a(aAU“) =0 on 0B.
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(iii) Suppose pp #0,a =b =0, c = =% and 0 satisfies GJ[;(H) —BJg(0) =
0. Then, there exists a radial solution to problem (P), given by

H 1 -B

u(x) =v(r) == r PJg(0r)—1], vr = |z| € (0,1].

(@) = o) =5 | gy 700 2l € (0,1]
Moreover, we have 8(8Af) =0 on 0B.

Our second result is a symmetry result for problem (P), that is, existence
of solution to problem (P) implies that necessarily the domain €2 must be a ball
in RY. We establish such a result under conditions required for the boundary
parameters a, b and ¢, in both cases p =0 and pu # 0.

We set

(5) Ari=mi(m+71) >0,

where 77 is the first eigenvalue of the Laplacian under Dirichlet boundary
condition. We have the following theorem.

THEOREM 1.2. Let Q C RN (N > 2) be a smooth bounded domain with
00 € O for some~y € (0,1]. Suppose that there exists a solution u in C+7 ()
to problem (P). Then, we have the following.

(i) If u =10, ¢c = —na, % = —nb on 02 and either A = \; or ab > 0,
then Q0 must be a ball.

(i) If p#0,a=b=0, c=—", a(ﬁyu) =0 on 9Q and X = \,, then Q
must be a ball.

In Section 2, we prove Theorem In Section 3, we prove Theorem

using results due to Dalmasso [6] and to Chamberland, Gladwell and Willms
[3], which we recall in the Appendix at the end of the paper.

2. RADIAL SOLUTIONS OF (P) ON BALLS

In this section, we prove Theorem We assume that the domain €2 is
a ball in RV with N > 2 and for sake of simplicity, we consider the unit ball
B(0,1). As mentioned in the Introduction, radial solutions for problem (P) are
constructed with the use of Bessel functions.

We recall that the Bessel functions are canonical solutions y(r) of the
differential Bessel equation

() 29 (r) + 1/ () + (72 = a)y(r) =0,
for any real or complex number «.
For B = =2 (N > 2) (is an integer or half-integer), we consider the

Bessel functions of the first kind Jg.
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Now, writing y(r) = Jg(fr) and taking o = 8 in the equation @, we
have that Jg(fr) satisfies the equation
1 B2

(7) Ty (0r) +

Proof of Theorem[I.1l Let 8 > 0 given by and consider the Bessel
function Jg(0r) satisfying equation ([7]).

Proof of (i) : Let b # 0 and suppose that 6 satisfies J3(6) = 0. Consider
the radial function

(8) uw(z) =v(r) = riﬁjg(ﬁr), Vr = |z| € (0,1].

We have

/ b —fB— _ /
v'(r) = _HJ;(Q) rh LT5(0r) + r ’BJB(QT).

T5(0)
Using , we have

" bﬁ —B-1

v (r) = (28+1)r ! GJA(H) r r_ﬁJ%(Hr)

b
Jz(0r) — m
= 28+ 1)r W (r) — 0%u(r) = —(N — D)r 1/ (r) — 6%0(r).
Then N_1
Au(z) = V'(r) +0"(r) = —0%u(r) = —0%u(x),

r

Au(z) = A(Au) = —0?Au(z) = 0*u(z).
Therefore, we obtain

Lyu(z) = A%u(z) — 7Au(z) = (0* + 76%)u(z).
As by , we have A = 0* 4+ 702, then u(z) = v(r) given by (8] is a solution of

and so

the equation
Lyuw=Mu on B(0,1).
Moreover, on 0B, we have

b

u(@) =v(r)| _ = WJB(H) =0,
Oy = 2 _1?.1/7‘51733 ___ by =
)= Vu(a) 70) = VOV T =~ 00+ 0 =0
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b b

Au(z) = —0%u(z) = —6%> —— 1B J5(0r =—0—+-J3(0) =0,
0 B ou(z) B
ey (Au(z)) = —? 5y = 6%b = —nb.

Proof of (ii) : Let a # 0 and suppose that 6 satisfies 9,];5(9) —pJs(0) = 0.
Consider the radial function

(9) u(z) =v(r) = J;EG) r=PJs(0r), Vr=l|z| € (0,1].
We have 5 p
’ _ a —B—1 a -8 ’
v(r)= 75(0) r Jz(0r) + 7500) 7 Jg(0r).
Using , we obtain
neoo 1| Ba 5 ba g 02ar=F
v (r)=028+1)r 7Jﬂ(9) r J3(0r) 7J5(9) " Jg(0r) 75(0) J3(6r)

= —(28+ 1)r W (r) — 0%u(r) = —(N — D)r 1/ (r) — 6%0(r).
Therefore,
Au(z) = Nl V'(r) + 0" (r) = —0%0(r) = —6%u(x),

r

and we have
A?u(z) = —0?Au(z) = 0'u(z),
then
Lyu(z) = A%u(z) — 7Au(z) = (0* + 76%)u(x).

As by , we have A = 6* + 702, then u(z) = v(r) given by @ is a solution of
the equation
Lyuw= M on B(0,1).

Moreover, on dB, we have

u(w) =o0)| _ = 5@ =

%(x) = Vu(z)-#(z) = %v’(r) #v@)| = Jﬁ‘z 9)) (075(0)- 85(0)) =0,
Au(z) = —0%u(z) = —0% — =B J5(0r) “92J(9)——9——

u\xr) = u\xr) = 5(9)7“ B r 1 JIB(Q) B a arn,
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0 _ ou(x) B
gy (Bule) =—0° =5 = =0.

Proof of (iii): Let u # 0 and 0 satisfies GJé(H) — BJ3(0) = 0. Consider
the radial function

M

We have

! rP r)— r=|x
7@ " Teen) 1}, Vr = |z| € (0,1].

v (r Sy 5 At T o r=P J5(6r
=5 |5 7907+ 570

Using , we obtain

v'(r) = (28 + 1)7“_1% [wa)r_ﬁ_lt]gwr) - J;@T_BJA(OT)]

- 02§ Jﬂl(e)rﬁjﬁ(er)

= —(28+1)r 1/ (r) — 62 [v(r)—i—ﬂ = —(N-1)r1/(r) — 6 [v(r)+§} :
Thus

Mufa) = 1) 40 () = 7 [or) + 2] = 07 [ula) + 4]
so we have

A2y(z) = —02Au(z) = 6* [u(x) n H] _
We are then led to
Lou(w) = A%u(w) - rdu(w) = (¢ + 76%) (u(z) + 2.
As by , we have A\ = 6* + 762, then u(x) = v(r) given by is a solution
of the equation
L:u=M+p on B(0,1).
Moreover, on 0B, we have
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3. A SYMMETRY RESULT FOR PROBLEM (P)

In this section, we prove Theorem We start by some technical lem-
mas.

LEMMA 3.1. Let Q be a smooth bounded domain in RN (N > 2) with

a smooth boundary 0. Let u € C*(Q) be a solution of problem (P) with
O(Au)
ov

(11)

=d on 0N). We have the following Pohozaev-type identity

N+2 N|Q
/(Au)de—H\/ qux+(+)u/ udz = L[Aa%ﬂ)?—c2+2ua—2bd}
Q Q 2 ) 2
0
+éZWN@—UV—%@—Tw4
N
+CZ/ xiumile/jda.

If b =0, then

) /Q(Au)2da:+/\/9u2daz+

N +2 1
( ;_ )u/gzud$:2[Aa2+02+2,ua]N|Q|

+ % [(2 - N)ad} Es}

where || is the N -dimensional volume of Q, and |09 is the (N —1)-dimensional
surface area of OS2.

Proof. We multiply equation L,u = A%?u — 7Au = Mu by z - Vu and
integrate over {2,

(13) /QA2u(x~Vu)d:c—7-/QAu(ac-Vu)dw: )\/Q(a:-Vu)uda?—l—u/Q(m-Vu)dx.

Using integrations by parts and the boundary conditions, we have

(14) / (x - Vu)dx = Na|Q| — N/ udz,
Q Q
Na*Q| N
(15) /(z -Vu)udr = Y _N u?de,
Q 2 2 Jo

Nb* Q| N —2
(16) / Au(z - Vu)dz = it + / |Vu|?dz,
Q 2 2 Ja
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and
(17)
N
/Azu(:c-Vu)dx = Z / Tty (AU) gz AT
Q G/
N N
= Z/ Ty, (Au)y,vjdo — Z/ Tilye; Auvido
1709 ii—17/09Q
17]_ Z?]_
ou N
- Auda+2/ Au)’dz + /wiuz.zmiAud:ﬁ
/asz v Q( ) Z Q o

i,j=1

N
(4—N)/ 2 / N
- Auw)dz—e 3 [ it vid
2 Q( urd ci,jzl V300 T

+ bdN Q] — bc|09|.
On the other hand, multiplying equation L,u = lu by u, integrating by
parts and using the boundary conditions, we obtain

(18) /(Au)2dx+7/ |Vu|*dz = (bc—ad+7’ab)|8Q|+)\/ u2dx—i—,u/udx.
Q Q Q Q

Finally, combining equalities —, we obtain .

Suppose that b = 0.
Furthermore, thanks to the Dirichlet boundary conditions, we know that

(see, for example, [11])
0%u 0%u
Freal v AR

We have

N
19 /miuwix.u-dazc/ r-vdo =cN|Q|.
(19) Z o9 7 P! .

1,j=1

Then from and , we deduce that . O

We recall the following result (see, for example, Miranda [10]).

Remark 3.1 (JI0]). Let Q be a bounded smooth domain in RY (N > 2),
with 0 of class C2%7 for some k > 0, v € (0, 1]. If u € C?*(Q)NC(R) satisfies

—Au=du+p in
u=0 on 0,
then u € C**k7(Q).
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Using a result due to Dalmasso [6], Lemma [3.1| and Remark we have
the following lemma.

LEMMA 3.2. Let Q be a bounded smooth domain in RN (N > 2), with
0Q of class C*7 for some v € (0,1]. Let A > 0, 7 > 0 and n given by . The
following statements are equivalent.

(i) There exists u # 0 in C+7(Q) satisfying

(20) Lu=MXu in £,
B B ou 0(Au)
(21) u=Au=0, e b, 5 —bn on 0N
(ii) There exists u # 0 in C%(Q) N C(Q) satisfying
(22) —Au=nu in £,
ou
(23) u =0, Y b on 0N.

Proof. (ii) = (i): Let u # 0 in C?(Q) N C(Q) satisfying — with
1 given by . Using Remark we deduce that u in C*7(Q2). We have u
satisfies —Awu = nu in €, then

Lyu=A%u—7Au=n(n+7)u=>  inQ.

As u =0 and 87u = b on 012, then Au =0 and O(Au)
ov ov

(i) == (ii): Suppose that there exists u # 0 in C*7(Q) satisfying —
([21). In order to prove (i), in view of Theorem [4.2] we just need to prove that
for all w € C?7(Q) satisfying

(24) —Aw=nw in €,

/ wdo = 0.
o0

Let w € C?7(Q) satisfying . Multiplying by w, integrating by
parts over §2 and using the boundary conditions , we have

= —nb on 0N.

we have

)\/ uwdzr = / wLyudx = /(AQw)ud:r +b Awdo — nb wdo
Q Q Q o0 19)

(25)
—7'/ qud:c—bT/ wdo.
Q o0
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On the other hand, we have
(26) Lyw=A%w—7Aw=nn+7)w=>I in Q,

(27) Aw=—nw on IS
Using , and , we finally get

)\/uwd:c:/uLdex—b(T+2n)/ wdxz)\/uwdx—b(7+2n)/ wdz,
Q Q o0 Q o0N

then
(28) b(T + 2n) / wdz = 0.
onN

On the other hand, as u satisfies -, then using the Pohozaev identity
(11) given by Lemma with 4 =a =c¢ =0 and d = —nb, we obtain

N
(29) /umﬁm+A/u%x=2wv+mmm.

Q Q
Aswehaveu;é()inQ,>\>0,77>0,T>O,W6deducefromthatb;é(],
and so gives

/ wdzx = 0.
o0

Using a result due to Dalmasso [6] and Remark we have the following
lemma.

O]

LEMMA 3.3. Let Q be a bounded smooth domain in RN (N > 2), with 0N
of class C*Y for some v € (0,1]. Let a # 0, b € R, A > 0, 7 > 0 and 1 given
by . The following statements are equivalent.

(i) There exists u in C+7(Q) satisfying

(30) Lru=MXu in 9,
ou I(Au)
1 = = =— =— :
(31) u=a, o b, Au an, 5 bn on 0N
(ii) There exists u in C%(Q) N C(Q) satisfying
(32) —Au=nu in K,
(33) w=a, Py oon o0

=
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Proof. (ii) = (i): Let u in C%(Q)NC(Q) satisfying (32} . with 7 given
by (4). Using Remark [3.1] . we deduce that u in C*7(Q). We have u satisfies
—Au =nu in €, then

Lyu=A%u—7Au=n(n+7)u=>Iu inQ.

0 J(A
As u:aanda—:j:bon%), then Au = —an and(&/w:—bn on 0f).

(i) = (ii): Suppose that there exists u in C*7(Q) satisfying (30} .
In order to prove (ii), in view of Theorem [4.1] . we just need to prove that
there exists a constant d such that [, wdz = d [, wdo, for all w € C*7(Q)
satisfying

(34) —Aw=nw in Q.

Let w € C?7(Q) satisfying . Multiplying by w, integrating by parts
over ) and using the boundary conditions , we have

)\/ uwdx—/wLTudx—/(AQw)uda:—i—b Awdo
Q Q Q 69

0Aw
35 —a da—bn/ w+a7]/ %40
(35) o Ov 20 o0 Ov

—T/ qudasz—Tb/ wda+7a/ —da
Q 20 o0 Ov

Using w € C?7(Q) satisfying (3 , we have

(36) Lyw=Aw—7Aw=nn+7)w=w in Q,
(37) Aw=—nw on IS
On the other hand, using the divergence theorem, and , we have
(38) / a—wda = [ Awdz = —77/ wdz.

o0 Ov Q Q

A
(39) / 9( w)da = / Awdz = 772/ wdz.
on Ov Q Q
(40) Awdo = —77/ wdz.
o0 o0

Using — and ——, we finally get

)\/ uwdz = )\/ uwdz — b(2n + 7')/ wdo — an(2n + T)/ wdz.
Q Q o0 Q
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Then
(41) —b(2n+7) / wdo = an(2n +7) / wdz.
o0N Q
As (2n+ 1) # 0. Then there exists a constant d = —% such that

(42) /wdx = d/ wdo,
Q [2/9]

for all w € C?7(Q) satisfying —Aw =nw in Q. O

Proof of Theorem[1.4 completed. (i) By Lemma and Lemma we
know that there exists u in C?(Q) N C(Q) satisfying
—Au=nu in £,
ou

u=a, Ezb on 0f,

with n given by (). As A = Ay = ni(m + 7), then n = 71 and using Propo-
sition in the Appendix, we deduce that € is a ball. As ab > 0 and using
Proposition we deduce that  is a ball.
(ii) Suppose there exists u € C*7(Q) solution of (P) with a =b=0, ¢ =
—&! and 8(8Auu) =0 on 00 Then v =u+ & # 0 is in C*7(Q) and satisfies
Lv=Xv in
o Ov wo O0(Au)
= — _— = A = —Nn—
=N o 0 AuETy
Then by Lemma we know that there exists v in C%(Q) N C(f) satisfying
—Av=nv in €,

=0 on ON.

_p v
vf/\, 8V70 on 0f,

with 7 given by . If A=A =ni(m +7), then n = n; and using Proposition
we deduce that Q is a ball. [

4. APPENDIX

Let @ ¢ RY, N > 2, be a smooth bounded domain with sufficiently
smooth boundary 0€2. Consider the following overdetermined boundary value
problem for the Laplacian

— Au=nu in Q,
(Pl) u=a on 89,

ou
v b (const.) on 01},
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where n > 0, a,b € R and 6% is the outward normal derivative.
PROPOSITION 4.1 ([3, Proposition 1]). Suppose u € C?(Q)NCH(Q) is a

non-constant solution of the overdetermined problem (P1), and that either

(i) ab >0, or

(i) 7 =m.
Then the domain Q, must be an N-dimensional ball.
THEOREM 4.1 ([6l, Theorem 1.1]). Letn > 0, a # 0. Assume that
0Q € C37 for some v € (0,1]. Then the following statements are equivalent
(i) There exists u in C*7(Q) satisfying (P1).
(ii) There exists a constant d such that

/wd:c = d/ wdo,
Q o0

for all w € C*Y(Q) satisfying —Aw = nw in 2.
Moreover, b =0 if and only if d = 0.

THEOREM 4.2 ([0, Theorem 1.2]). Let n > 0, a = 0. Assume that 0Q €
C37, for some v € (0,1]. Then the following statements are equivalent

(i) There exists u # 0 in C?7(QQ) satisfying (P1).

(ii)
/ wdo = 0,
o0

for all w € C?*7(Q) satisfying —Aw = nw in ).
LeMMA 4.1 ([6]). Let 0 € C* for some k > 1. If u € C*(Q) is such that

u = const on 0f),

ou  9%*u oF 1y

5 = B2 ST 0 ond), if k>2,
then ok oFu

= vi ..v;.  on 0f)
4 , % Vii-Vik
O0xj,..0x;, ~ Ov

fO’f’ j17 7]k‘ € {L 7N}

Acknowledgments. The authors wish to express their gratitude to Professor Sami
Baraket, Chair of the Research Unit Nonlinear Analysis and Geometry (UR13ES32) at the
Faculty of Mathematical, Physical and Natural Sciences of Tunis (Tunis El Manar University),
for his support to carry out this work. The first author wishes to thank Professor Dong Ye
of the University of Lorraine Metz for suggesting to her the overdetermined problems and for

the very useful discussions around these subjects, when visiting him in Metz.



380 S. Khenissy and I. Zouhir 16

REFERENCES

[1] A.D. Alexandrov, A characteristic property of spheres. Ann. Mat. Pura Appl. 58 (1962),
303-315.

[2] A. Bennett, Symmetry in an overdetermined fourth order elliptic boundary value problem.
Siam J. Math. Anal. 17 (1986), 1354-1358.

[3] M. Chamberland, G.M. Gladwell, and N.B. Willms, A duality theorem for an overdeter-
mined eigenvalue problem. Z. Angew. Math. Phys. 46 (1995), 623-629.

[4] R. Dalmasso, Un probléme de symétrie pour une équation biharmonique. Ann. Fac. Sci.
Toulouse Math. 11 (1990), 45-53.

[5] R. Dalmasso, Symmetry problems for elliptic systems. Hokkaido Math. J. 25 (1996), 107-
117.

[6] R. Dalmasso, On Overdetermined Eigenvalue Problems for the Polyharmonic Operator.
J. Math. Anal. Appl. 221 (1998), 384-404.

[7] E. Hopf, Elementare Bemerkungen iiber die Losungun partieller Differentialgleichungen
zweiter Ordnung elliptischen Typus. Sitzungsberichte Akad. Berlin 1927 (1927), 147-152.

[8] E. Hopf, A remark on elliptic differential equations of second order. Proc. Amer. Math.
Soc. 3 (1952), 791-793.

[9] F.H. Lin and Y.S. Yang, Nonlinear non-local elliptic equation modelling electrostatic
actuation. Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 463 (2007), 1323-1337.

[10] C. Miranda, Partial Differential Equations of Elliptic Type. Springer-Verlag, Berlin-
Heidelberg-New York, 1970.

[11] P. Pucci and J. Serri, A general variational identity. Indiana Univ. Math. J. 35 (1986),
681-703.

[12] P.W. Schaefer, On nonstandard overdetermined boundary value problems. Nonlinear
Anal. 47 (2001), 2203-2012.

[13] J. Serrin, A symmetry problem in potential theory. Arch. Ration. Mech. Anal. 43 (1971),
304-318.

[14] H.F. Weinberger, Remark on the preceding paper of Serrin. Arch. Ration. Mech. Anal
43 (1971), 319-320.

Received March 3, 2020 Saima Khenissy
University of Manouba, ISBST, Tunisia
saima.khentssti@isbst.uma. tn

Ibrahim Zouhir
University of Tunis El Manar, Faculty of Sciences of
Tunis, Tunisia
tbrahim. zouhir@fst.utm. tn



	Introduction
	Radial solutions of (P) on balls
	A Symmetry result for problem (P)
	Appendix

