SINGULARITIES OF QUOTIENT SURFACES OF K3 SURFACES
WITH AN AUTOMORPHISM OF MAXIMUM ORDER
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We study cyclic quotient singularities given by automorphisms of maximum order
on K3 surfaces. In particular, we describe fixed loci of such automorphisms, and
provide types of these singularities.
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1. INTRODUCTION

We will work over C, the field of complex numbers, throughout this pa-
per. Let G be a finite cyclic group acting on an algebraic surface S as an
automorphism and ¢ a fixed generator of G. It is well known that singularities
of S/G relates to properties of ¢ in this case. On the other hand, properties
of automorphisms gives not only local properties (e.g., singularities) but also
global properties of quotients surfaces S/G. For instance, a quotient surface of
a K3 surface by an automorphism which satisfies certain conditions (see also
[13]) gives an example of a log Enriques surface. Then the index of the log
Enriques surface relates to the order of the automorphism ([5], [I5], [16]).

This paper is devoted to a study of singularities of quotient surfaces given
by automorphisms of K3 surfaces. The main result is the following.

MAIN THEOREM. Let X be a K3 surface with an automorphism g of
mazimum order 66. Then the following hold:

(1) The fized loci of g, g* and g® consist of evactly 3 points, 5 points and 6
points, respectively.

(2) Each quotient surfaces X/{g), X/{g?) and X/(g3) have one point of type
ﬁ(1,5) and one point of type 1—11(1,8) as singularities. In particular,
these surfaces are log Enriques surfaces of index 11.
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The proof of Main Theorem is given by Section ] and Section [l

Remark 1.1. Remaining automorphisms ¢°, ¢!, ¢?2 and ¢3 are not the
subject of this paper, but are mentioned in Proposition B and Lemma [Z11

For an algebraic surface S, if its canonical line bundle Kg is trivial and
H'(S,0g) = 0 then it is called a K3 surface. Since Kg is trivial, there exists a
nowhere vanishing holomorphic 2-form on .S which is unique up to constants.
Let ¢ be an automorphism on S of finite order I. It is called symplectic,
respectively, (purely) non-symplectic, if and only if it satisfies p*wgs = wg,
respectively, p*wg = (jws where (; is a (primitive) I-th root of unity.

Let (x,y) be a local coordinate centered at a point of a K3 surface S. If
an automorphism ¢ acts on the points as mapping (z,y) to (az, fy) then the
action of ¢ for wg(= dz A dy) is multiplication by a/3, hence p*wg = afwsg.
Thus if ¢ is symplectic (resp., non-symplectic) then a group generated by ¢
is a subgroup of SL(2,C) (resp., GL(2,C)). (See also Lemma 2] (2).) This
implies that it is important to focus on (non-)symplecticity in the study of
singularities.

Automorphisms of K3 surfaces were widely studied in the last years. In
this paper, we study cyclic quotient singularities given by automorphisms of
maximum order on K3 surfaces. The following results are known for such
automorphisms.

THEOREM 1.2 ([7, Main Theorem and Lemma 4.2], [9, Theorem], [10,
Main Theorem 1 (1)]). The following hold:
(1) The mazimum finite order of an automorphism on K3 surfaces is 66.

(2) An automorphism of order 66 is non-symplectic.

(3) A pair of a K3 surface and a non-symplectic automorphism of order 66
is isomorphic to Example[1.3.

Ezample 1.3 ([9), (3.0.1)]). Put

X y2 = x3 + t(tll - 1)7 g(fl?,y,t) = (Cng7 Cgﬁya Cgﬁit)

Then X is a K3 surface and ¢ is a non-symplectic automorphism of order 66.
Note that the Jacobian elliptic fibration 7 : X — P! has 12 singular fibers of
type II over t = 0 and t!! = 1.

The Example suggests that we may study the fixed locus directly, by
using the elliptic fibration and the action of the automorphism. We will give
two methods: one using Lefschetz’s formulas and the other by using the elliptic
fibration.
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2. PRELIMINARIES

In this section, we collect some basic results which will be frequently
applied in this article. For the details, see e.g. [11] and [2]. For a K3 surface
X, we denote by Sx and Tx the Néron-Severi lattice and the transcendental
lattice, respectively.

LEMMA 2.1. Let f be a non-symplectic automorphism of order I on X.
Then

(1) The eigenvalues of f* | Tx are the primitive I-th roots of unity, hence
1 Tx ® C can be diagonalized as:

GE;, 0 o e .l 0
TE, : :
: - 0
0 o0 e 0 C}_lEq
where Ey is the identity matriz of size ¢ and 1 < n < I —1 is co-prime

with I.

(2) Let P" be an isolated fized point of f on X. Then f* can be written as

(%} %) (i+j=1 modI)

under some appropriate local coordinates around P*J.

(3) Let C be an irreducible curve in Xf and Q a point on C. Then f* can

be written as
1 0

0

under some appropriate local coordinates around Q. In particular, fired
curves are non-singular.

Lemma 2.1 (1) implies that ®(I) divides rkTx, where ® is the Euler
function. Hence if I = 66 then rkTx = 20 and rk Sx = 2. Lemma 2] (2)
and (3) imply that the fixed locus of f is either empty or the disjoint union of
non-singular curves and isolated points:

xf = {]:>1i17j17 o 7pﬁ»@j1\4} MG, II---11 Cy,
where P]i’“’j’“ is an isolated fixed point and Cj is a non-singular curve.

A fixed locus plays an essential role for studying singularities given by f.
In particular, local actions for isolated fixed points are very important.
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PROPOSITION 2.2 (Lefschetz formulae). Let f be a non-symplectic auto-
morphism of order I on X. The fixed locus of f satisfies the following:

(1) oo~ tr(f* | HE (X, R)) = x(XT),
(2) Yhoo tr(f*[HM(X, 0x)) = X34 sy alP) + 2305, 0(C),

where x(X7) is the Euler characteristic of X/, a(P%) = 1/((1 — ¢4)(1 — C}))
and b(Cy) = (1 = g(C1))/(1 = ¢1) = GCF /(1 = 1)

(1) and (2) are called the topological Lefschetz formula and the holomor-
phic Lefschetz formula, respectively. See also [3, page 542] and [4, page 567]
for details. We frequently study the local action of a non-symplectic automor-
phism by using Proposition The following Remark is important too.

Remark 2.3. For positive integers m and n, let f be an automorphism
of order mn and P*# be an isolated fixed point of f. If f7(P®Pf) = po'f'
hence P is an isolated fixed point of f”, then we have a = o and 8 = 3/
mod m.

3. FIXED LOCI OF AUTOMORPHISMS

Put f; = ¢%/!, so f; is an automorphism of order I on X. First, we
shall study fixed loci of fa2, f33 and g via Proposition 2:2] (Lefschetz formulae).
Next, we check over the fixed locus of g by a direct calculation of Example [[.3]

We remark that f; acts trivially on the Néron-Severi lattice Sx because
g acts trivially on Sx by [10, Lemma (2.4)]. Cases I =2, 3, 6 and 11 then are
well- known. We refer to [12, Theorem 4.2.2], [1, Theorem 2.2], [I4, Theorem
1.1}, [2, Theorem 7.3] and [6, Theorem 4.1].

PROPOSITION 3.1. The following hold:

(1) The fized locus of fa consists of one smooth curve of genus 10 and one
rational curve.

(2) The fized locus of f3 consists of one smooth curve of genus 5 and one
rational curve.

(3) The fized locus of fg consists of 12 isolated points and one rational curve,
hence it is of the form Xfo = {P3% x 12} I P!,

(4) The fized locus of f11 consists of 2 isolated points and one smooth curve
of genus 1, hence it is of the form X711 = {P2%10 p>T 11 C(),
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3.1. The case of I =22
LEMMA 3.2. The fixed locus of foo consists of 6 isolated points.

Proof. If X/22 contains a smooth curve then it belongs to both X/2 and
X /1. But it contradicts Proposition B (1) and (4). Thus, the Euler charac-
teristic of X722 is equal to the number of isolated fixed points.

By Proposition (1) and Lemma [21] (1), we have

4

X(XF2) =3 (=D f5|HY (X, R))
k=0

=1—0+tr(foe|Sx) +tr(foe|Tx) —0+1
=4+ tr(fy|Tx)
=4+ (G + G+ G+ o+ (o + G + G5 + a3 + G +(B) X 2
=4 ((1+ ¢+ G+ + () + () x 2
=4—-(0+(-1)) x2
=6.
O
To study details of local actions on isolated fixed points, we apply Propo-
sition (2) for X722,
ProproSITION 3.3. The fized locus of fas is of the form
xf2 — (P18 plois plli2 plll2 plli2 plli2)y

Proof. Let m; ; be the number of isolated fixed points of type P, Since
X722 does not have a smooth curve by Lemma 3.2, we have

2 M
tr(f*|H* (X, Ox)) = Mg
kzzor( X Ox) H;g(l—cagm—c;g

Using the Serre duality H?(X,0x) ~ H°(X,Ox(Kx))", we calculate
the left-hand side as 14 (2. Since isolated points contained in X7/ are only
P%10 and P%7, we have mao1 + mio13 < 1, msig + mrie < 1...(¢) and
M3,20 = My4,19 = Me,17 = Mg 15 = Mg,14 = 0.

Thus Proposition 22 (2) implies

ma 21 ms518 mr.i6
1+ = : + : + ’
Z2T(1-G)0-3) " - -¢8)  (1-¢G)(1 -
i m10,13 n mi1,12

(1= =65 (1=¢)(1-G3)
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It induces the following equations:

4mg 21 — ms 18 + m7.16 + 2mM10,13 =1,
5ma 21 + ms 18 + 3m7.16 + M10,13 =2,
6ma 21 + 2ms 18 + 2my7 16 — 2mio13 +mire = 4.

We have m7 16 = mio,13 = 1 and mq 12 = 4 from these and (). O

3.2. The case of I =33
LEMMA 3.4. The fized locus of f33 consists of 5 isolated points.

Proof. If Xf33 contains a smooth curve then it belongs to both X7/ and
X/11. But it contradicts Proposition 1] (2) and (4). Thus, the Euler charac-
teristic of X733 is equal to the number of isolated fixed points.

By Proposition 221 (1) and Lemma 211 (1), we have

4

X(XF) =3 (=D)Fu(f5HY (X, R))
k=0

=44 tr(f33|Tx)
=44 (C33+ Gy + Cog + (o + (s + (5 + G35 + G35 + G5 + G
+ 33 + G35 + G35 + G35 + G35 + G35 + (35 + (33 + (33 + (53
=4 (14 (33 + (5 +- - +C38) + (G335 + G33))
= 5.
O

PROPOSITION 3.5. The fized locus of fs3 is of the form
XT3 = (pT27 pl222 pl222 pl222 pl32ly

Proof. 1t is essentially the same as Proposition Let m; ; be the num-
ber of isolated fixed points of type P*/. Note that X/ does not have iso-
lated fixed points, and X /11 has just one P> and one P*>7. Then we have
mio0,24 +mi321 < 1, mra7 + migis < 1 and other m;; are 0 except mi220.
Thus these and Proposition [Z2] (2):

mz 27 m10,24 mi2.22
1+ ¢35 = : + ’ + :
(1-C)A -GG (1-GHA-3G5)  (1-GHA -G
m m
n 13,21 + 16,18

I-GHa-¢3)  1-GH-¢h)
indicates m7,27 = m13,21 = 1, m12722 =3 and m10724 = m16718 =0. OJ
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3.3. The case of I = 66

This is the case we want to know. We study the fixed locus of g = fes.
But techniques are same as above.

LEMMA 3.6. The fixed locus of g consists of & isolated points.

Proof. Tt follows from Proposition and Proposition 3.4] that X9 does
not contain a smooth curve. Thus, the Euler characteristic of X9 is equal to
the number of isolated fixed points.

By Lemma 2] (1), we have

tr(g*|Tx) = Co6 + Cgs + Cas + Coo + Co6 + Coo + Cae + Cee + Co6 + (65

+ o6 + o6 + oo + Coo + Coe + Coo + Coe + Cos + ¢8s + Gee

= —((14 GGs + Cig -+ Co5) + (G + G ++ -+ C6) + (Cag + G3R))

=0— (G4 Gt +Gh) — (G +E))

= —1.

We apply Proposition (1) for X9:
4
X(X9) = (~D)Ftr(g* [ H(X,R)) = 4 + tr(g"|Tx) =4 — 1 = 3.
k=0

Therefore, X9 consists of 3 isolated points. [

PROPOSITION 3.7. The fized locus of g is of the form
Xg — {P12,55 P13,54 P27’40}.

Proof. Let m; j be the number of isolated fixed points of type P™. It is
easy to see that mias5 < 3, mizs4 < 1, margo < 1 and other m; ; are 0 by
Proposition B3 and Proposition

Then Proposition (2):

12,55 i 13,54
=G —¢g)  1=¢)—¢)
gives mig 55 = M1z 54 = moga0 = 1. U

M27.40
(1 =G5 —¢e)

1+ (8% = +

3.4. Another observation

We treat Example [[L3] directly. We consider elliptic fibration 7 : X — P!
By replacing a primitive 66-th root of unity (we take (33 instead of (g6), we
may assume g(x,y,t) = (¢, Xy, Gdt).
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0 00 P

Figure 1 — The elliptic fiberation of Example [[.3l

Since the automorphism g acts on the base of m with order 11, g induces
an automorphism of order 6 on fibers 771(0) and 7—!(cc). Hence g has fixed
points on these fibers.

Since ¢ also acts on the 0-section (the dotted line of Figure []) of 7, two
fixed points of g are contained in it. Note that an automorphism of order 6
on an elliptic curve has exactly one fixed point. Thus 7~ !(c0) has just one
fixed point of g, since it is a smooth elliptic curve. On the other hand, 7—1(0)
has two fixed points of g. Because ¢ induces an automorphism on P! which is
obtained by blow-ups of the cuspidal curve 7—1(0), it has exactly two isolated
fixed points.

Thus there exist three fixed points of g, hence the cusp of 7=1(0) and
intersection points of the 0-section of m and 7~1(0) and 7! (00).

PROPOSITION 3.8. Fized points P35 and P?"0 lie on 771(0), and
P1255 s on w1 (00).

Proof. First we see a fixed point at the cusp of 771(0), hence (z,y,t) =
(0,0,0). Since (z,y) is a local coordinate centered at the point and the auto-
morphism g maps (z,y) to ((§dz, (3y), the fixed point of g is P2740.

Next, we study the intersection point of the O-section of m and 7~*(0), that
is the infinite point of 771(0). We may take a local coordinate (x/y,t) centered
at the point. Since the automorphism g maps (z/y,t) to ((§ez/y, (5ét), the
point is P13:54,

Finally, we study the intersection point of the 0-section of 7 and 7~ (c0).
Set x/t* = x1,y/t® = y1,t = t7* (See also [9, §3]). Then we may take a local
coordinate (x1/y1,t1) centered at the point and the automorphism g maps
(z1/y1,t1) to ((5ax1/y1,(3et1). This implies the point is P125°. [

Remark 3.9. Let [z : y : 2] be a homogeneous coordinate of P2, Then X
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is given by the following equations in P? x C:
zy? =23+ttt — 1)23,
{zly% =7+ (1 - 1117,

Note that the action of g at t = oo (t1 = 0) is

([e1 21 2] ta) = (G551 = Gogwn : 1. Git)-
It is easy to see
X9 ={([z:y:2],¢)=([0:0:1],0),([0:1:0],0)}
O{([z1:y1:21],t1) =([0:1:0],0),([0:1:1],0),([0:1:—1],0)}
and
X9 ={([z:y:z],t)=([0:0:1],0),([0:1:0],0)}
I {([z1:y1:21],t1) = ([0:1: 0],0), ([1:0:¢6],0), ([1:0: —1],0), ([1:0:¢Z],0)}.

In the same way as above, we can recheck Proposition 3.3l and Proposition 3.5

4. QUOTIENT SINGULARITIES

Let Ggg be an abelian group generated by g. Similarly, we put Gag :=
(f22) and Gs3 := (fs3). Then Ggg, G22 and G33 which are abelian groups
of order 66, of order 22 and of order 33 act on X as automorphism groups,
respectively. In this section, we study quotient surfaces X/Ggg, X/G22 and
X/G33. For the details about general theory of quotient singularities, see e.g.
[8, Chapter 2].

LEMMA 4.1. Set G := (f2),Gs := (f3) and Gg = (fs). The quotient
surfaces X/Ga, X/Gs and X/G¢ are smooth.

Proof. Note that fixed loci of fo and f3 do not include isolated points by
Proposition BJ] (1) and (2). This means that G2 and G3 are quasi-reflection
groups, hence X/G9 and X /G35 are smooth.

By Proposition 31 (3), fixed locus X /¢ has 12 isolated fixed points of type
P34, Tt is sufficient for us to see the action on neighborhoods of such points.
Since G2 and G3 are quasi-reflection subgroups of Gg, quotient singularity
C?/Gs = (C?/G2)/(Gg/G2) is isomorphic to C2/G3 which is smooth. Thus
X/Gg is smooth. [

PROPOSITION 4.2. Each quotient surfaces X/Geggs, X/Gaoa and X/Gss
have one point of type 1—11(1, 5) and one point of type ﬁ(l, 8) as singularities.
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Proof. Put G11 := (f11). Since Gg is quasi-reflection subgroup of G,
C?/Ges = (C?/Gg)/(Ges/Ge) is isomorphic to C2/G11. Hence X/Ges has the
same singularities as X/G1i.

By Proposition B1] (4), X/G11 has one singular point of ;(2,10) and
one singular point of type ﬁ(S, 7). We remark that a singular point of type
+(2,10) can be identified with - (1,5) and a singular point of type (5,7)
can be identified with 7 (1,8) by by replacing a primitive 11-th root of unity.

Similarly, since G2 and G5 are also quasi-reflection subgroups of G2y and
G33 respectively, singularities of X/Goo and X/G33 are same as X/Gq11. 0O

Let Z be a normal algebraic surface with at worst log terminal singu-
larities, Z is called log Enriques if the irregularity dim H'(Z,0z) = 0 and a
positive multiple K7 of a canonical Weil divisor Kz is linearly equivalent to
zero. The smallest integer I > 0 satisfying I Kz ~ 0 is called the index of Z.

COROLLARY 4.3. Quotient surfaces X/Gegg, X/Gao and X/Gs3 are log
Enriques surfaces of index 11.

Proof. By Proposition2] it is enough to see that X/G1; is a log Enriques
surface of index 11. It follows from Lemma 1.7 and its proof of [13].

O]
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