CHARACTERIZATIONS OF COMMUTATORS OF SINGULAR
INTEGRAL OPERATORS ON MORREY TRIEBEL-LIZORKIN
SPACES

CHENGLONG FANG

Communicated by Dan Timotin

In this paper, we obtain the characterizations of Morrey Triebel-Lizorkin spaces
by two families of operators. Applying the characterizations of Morrey Triebel-
Lizorkin spaces, it is proved that b is a Lipschitz function if and only if the
commutator [b,T] is bounded from Morrey spaces to Morrey Triebel-Lizorkin
spaces, where T is singular integral operator or Riesz potential operator.
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1. INTRODUCTION

In this paper, for 8 > 0, the Lipschitz space Ag is the space of functions

f such that £ B — f(@)
T+ h)—flz
flli. = sup < 0.
H HA5 @,h€R™, h#0 |h|? )
For a linear operator 7' and a locally integrable function b € Ag, define a

commutator operator by

0, T]f(x) = b(x)T f(x) — T(bf) ().

In 1978, Janson [9] proved that b € Ag if and only if the commutator
of Calderén-Zygmund singular integral operator 7" is bounded from LP(R"™) to
L%Y(R™), where 1 < p < qg<ooand 1/p—1/¢ = /n. In 1995, for 0 < f < 1
and 1 < p < oo, Paluszynski [I3] showed that

beAg e [b,T]: LP(R") — FP°(R"). (1)
It is worth noting that the result of Paluszynski depends on the following
characterization of the Triebel-Lizorkin space Fj,**°(R"),

1
Iz ey = || 500 sz 1 = el @)

LpP(R")’
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where () denotes a cube with sides parallel to the axes and fg is the mean
value of f on cube Q). The equivalent relation of (2) is proved by Seeger in [20]
Theorem 1].

In this paper, replacing Triebel-Lizorkin spaces by Morrey Triebel-Lizorkin
spaces in (1) and (2), we prove that b belongs to Lipschitz space if and only if
the commutator [b, T of singular integral operator 7" is bounded from Morrey
spaces to Morrey Triebel-Lizorkin spaces. Meanwhile, we show that the com-
mutator of Riesz potential operator has corresponding result as well. To this
end, let us recall the definitions of Morrey spaces and Morrey Triebel-Lizorkin
spaces as follows.

The classical Morrey space was originally introduced by Morrey [12] in
1938 to study the local behavior of solutions to second order elliptic partial
differential equations. Now, we give the definition of Morrey spaces on R”.

Definition 1.1. Let 1 < p < oo and 0 < A < n. Define Morrey spaces

M, » to be the collection of all locally integrable functions f on R" such that
_2A
1 fllar, xn)y = sup 2| fllLe(B,(2)) < o0,
z€R™,r>0

where B, (z) = B(z,r) ={y € R" : |z —y| < r} for x € R" and r > 0.

Let’s review the Fourier analytical approach to Triebel-Lizorkin spaces.
The set S denotes the usual Schwartz class of infinitely differentiable rapidly
decreasing complex-valued functions, S’ is the dual of S. The Fourier transform
of a tempered distribution f is denoted by f while its inverse transform is
denoted by f. Let g, ¢ € S(R") with g > 0 and satisfying

1, |z|<1;
900(55):{ =

0, |z|>2.

For any z € R", if ¢(z) = ¢o(x) — po(2z) and @;(z) = p(277z) with j € N,
then we call {¢;};cn, a smooth dyadic resolution of unity. It follows that

> _eilr) =1
=0

Definition 1.2. Let {¢;};en, be a smooth dyadic resolution of unity, 0 <
B,q9 < 00,0 < p<oo. The set

(reser (St )", <)

Jj=0

is called the Morrey Triebel-Lizorkin spaces and denoted by Equ(R”). The
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quasi-norm of f in this space is denoted by

Sl ~ 1/q
- 298 % £V q) H )
1£llgs, gy = | (; (i DY) 7,
For more research on Morrey spaces and Triebel-Lizorkin spaces, see [2] [6] [8]
12], 16l [17, [18], 20}, 24, 25].

Remark 1.3. (i) For 1 < p < oo and 0 < A < n, Mazzucato proves
51?/\2(]1%”) = M, »(R") in [11, Proposition 4.1].

(ii) By [8, Theorem 3.1], for any 5; € R, 0 < ¢; < oo and 0 < \; < p; < o0

(i=1,2), if
Mo < Ay and 22 < PO
n ! n/\o
/BO - > /61 -3
n Ao n A1
Orﬂo—)\*zﬁl—/\* and Ao # A1,
0 1
or Bo = B1, 0 = A1 and qo < q1,
then 5 5
gpoo)\otm (Rn) - gpll)qfh (Rn)
Thus, when ¢p = 00, 81 = 0 and ¢; = 2, it is obvious that 55§A000(Rn) —
Eg vo2(R™) = M, 5, (R™). This fact will be used in Section 3.
0O ’

Based on Definition 1.1 and Definition 1.2, we can now give the following
characterization of Morrey Triebel-Lizorkin space 55)\ (R™).

THEOREM 1.4. Let 0 < <1 and 1 < A <p < o0, then

11t oo = |00 oz [V = Sell, ey

The above theorem will be proved in next section.
From now on, it is assumed that the singular integral operator we are
working with

Tfa)=p-o- | K=y
is regular, which means that the kernel satisfies
|K ()] SC‘xr”, x#0 (3)

and

|z — a'|\¢ _
) @

whenever 0 < e <1 and 2|z — 2'| < |z — y|. Note that Difazio and Ragusa [T]
studied the boundedness of the singular integral operator in Morrey spaces.

|K(x—y)— K(z' —y)| + |K(y—z) — K(y —2')] Scl(
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THEOREM 1.5. Let 0 < 8 <1 and 1 < XA <p < oo. Then, the following
conditions are equivalent:

(i) be Aﬁ;
(ii) [b,T] is a bounded operator from M, »(R") to SfAOO(R”).

For 0 < a < n, the Riesz potential operator I, is defined by

I f(z) = /]R @)y,

n |z —y|nme

Spanne (published by Peetre [14]) and Adams [1] studied the boundedness of
Riesz potential operator in Morrey spaces. In 2006, Shirai [21I] showed that
b € Ag(R™) if and only if the commutator [b, I,] is bounded from M, y(R™) to
M, A(R™) or from M, y(R™) to M, ,(R™) for some appropriate indices p, ¢, A, p,
and (8. Inspired by the above conclusions, we give the following theorem for
Riesz potential operator.

THEOREM 1.6. Let 0 < a, 0 < B8 <landl <p < g < oco. Then, the
following conditions are equivalent:

(i) be A/B;

(ii) [b,1a] is a bounded operator from M, \(R™) to 8§#OO(R”) with 1/p—1/q =
a/n<1,0<A<n—apand \/p=pu/q;

(ili) [b, 1] is a bounded operator from M, \(R™) to Eqﬁ)\oo(R”) with1 < A < 0o
and 1/p—1/q=a/(n—X) <n/(n—A\).

Note that the proofs of Theorem 1.5 and Theorem 1.6 are postponed until
Section 3.

Throughout the whole article, we denote by R™ the n-dimensional real
Euclidean space, N = {1,2,---} and Ny = NU{0}. Use C as a generic positive
constant, and denote simply by A < B if there exists a constant C' > 0 such
that A < CB. Further, A ~ B means that A < B and B < A.

2. THE CHARACTERIZATIONS OF MORREY
TRIEBEL-LIZORKIN SPACES

In this section, using two families of operators, we discuss the charac-
terizations of Morrey Triebel-Lizorkin spaces 85/\ ,(R") in Theorem 2.5, which
implies Theorem 1.4.
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To show the characterizations of ng q(]R"), we need the property of Pee-

tre maximal operator on 55/\ q (R™) and the boundedness of Hardy-Littlewood
maximal operator on sequences function spaces. To this end, let us recall the
following Peetre maximal operator, introduced in [15].

Definition 2.1. Given a sequence of functions {¥;}; C S(R"), a tempered
distribution f € S’ (R™) and a positive number a > 0, the Peetre’s maximal
functions are defined as

o 0, + £y)]
(W5 F)al@) = Sup 1 o — e

for all x € R™ and j € Np.

The proof of the following lemma may be found in [19, Theorem 4.1].

LEMMA 2.2. Let 0 < A<p<o0,0<g< o andBeR.Iffe p/\q(R”)
then

- 1/q
. . q
Hf”gg)\q(Rn) ~ Z <2jﬁ(quf)a)
=0 M, 5 (R")
o 1/q
~ S (220w )
=0 M, A (R")

For the case ¢ = oo, the above facts have the usual modification and replace
integrations by sup-norms.

For any f € L}, .(R"), the standard Hardy-Littlewood maximal operator
is defined by

r>0
Chiarenza and Frasca [3] showed that the operator M is bounded on M, y(R")
with 1 <p<ooand 0 <\ <n.
The boundedness of Hardy-Littlewood maximal operator on vector-valued
function spaces is given as follows.

Mf(z) = supr™™" /B Wl

LEMMA 23. If 1< A<p< oo andl < q < oo, then there is a constant
C' such that for all sequences {fj}f’io of locally integrable functions,

15500 =N e

Now, we recall two families of operators.
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Definition 2.4. Let 8> 0,1 < q¢g<o00,1 <7r < oo and m € N. Assume
that Q. (t) = Q(x,t) denotes a cube centered at x, with side length ¢, sides
parallel to the axes.

(i) Consider the family of operators 867 r.m, defined by

o 1 m , rodt \1/a
Sg,r,mf(x) = (/0 (|QO( )| Qo () |Ah f(x)’ dh)q/ t1+3q> )

where A}" is difference operator, that is

Apf(@) = Anf(@) = f@+h) = f(@),
APt f(z) = AR f(z +h) — Af f(2), m>1.
(ii) For a fixed cube Q = Q4(t), we define the oscillation

o (1,@) = osc (1) = int (7 [ 1) - P)I)

where P, denotes the space of all polynomials on R™ of degree up to
order m. Further, we define the family of operators

[e%¢} d y
Dg,r,mf(x) = (/0 (Oscin_l(f’x’t))qwitﬁq) q.

For ¢ = oo or r = oo, we have the usual modifications and replace inte-
grations by sup-norms. Some properties of the above two families of operators
can be found in [4] and [5].

From now on, we assume that v is the trace of a matrix (see [20, p. 391]).
Note that the following theorem implies Theorem 1.4 in the case ¢ = oo

THEOREM 2.5. Letl < A<p<oo,1<g<oo,r>1, meNandv € R.
If there exists a positive constant ay such that m > /ag and

1 1 1 1
6 > O'p7q’7- = maX{O,l/(E — ;),l/(g — ;)},
then
1712, gy ~ 15201ty @) ~ D5ty e

Proof. The proof follows the ideas in [20] Firstly, by Sq rmf S D rmfs
we can deduce that HSqrmeM AR S HDq,TmeM (R~ In addition, accord-
ing to the argument of Triebel [23] it is obvious that

”fHEf)\q(R” H qrmeMp’A(Rn)'
Thus, we only need to verify

&)
HDq,r,meMp,A(R") SJ Hngf)\q(Rn)'
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By the proof of [20 Theorem 1], for 0 < 7 < min(1, g, p), it follows that
DG 121, 5 @) S | Dgirim Sl 5 (ny- Now we decompose

f=for+ fiy and fo;= Z Uy f,

2kt>1

where Uy, is as in Definition 2.1. Then
Dy f (@)
oo dt \1/q
_ m—1 q
- (/0 (oscT (f,x,t)) tH—ﬁq)

o dt \1/a © dt \a
S (A (OSCT l(fo,taivvt))q?fl_i_ilgq) + (/0 (OSCT l(fl,t,xat))qt1+lgq)
=14+1I.

To estimate I, based on osc™ !(fo ¢, x,t) < (M(f&t))l/T with 7 < ¢, we
use Lemma 2.3 and Lemma 2.2 to derive

HIHMM(R”) < H(/OOO( Z \Ilk*f)qtldfﬁq)l/qHMM(Rn)

2k¢>1
1/
(2w )|
k

< Hf”gﬁ)\q(Rn)-

AN

Mp,)\(Rn)

To estimate I1, for a > 0, we have
i 1/7
s om0 5 ([ 130 Coreipaere)
=) gkpcy

where Q,(t) is a cube with z as its center and ¢ as its edge. Due to m > (3/ay,
it follows that

e 5 (715 oo owineE) "

2k1<1 b (B7)

s J(Z20wing) ™, e
S My, oy

where the last estimate follows by choosing a > vmin{p, ¢} in Lemma 2.2.
This ends the proof of Theorem 2.5. [
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3. PROOFS OF THEOREM 1.5 AND THEOREM 1.6

In this section, by means of some lemmas, we give the proofs of Theorem
1.5 and Theorem 1.6.

LEMMA 3.1. Let 0 < <1 and 1< qg<oo. Then

1 1 1 1/q
||f”Aﬁ SUP ]QHW"/ |f = fql %SICIQPW(M/Q|f_fQ‘q)

For g = 0o, the formula should be interpreted appropriately.
The proof of the Lemma 3.1 may be found in [5, p. 14, p. 38] and [10].

Proof of Theorem 1.5. Let 0 < 8 < 1 and % — % = g Fix a cube

Q = Q(zq,t) and assume that x € Q. For f € LP(R"), we write fO = fxa0
and f> = f — fO.
(i)=(ii): According to [b,T]f = [b—bg,T]f, we have

g 1715 = (719
:W/Q\[b_bQ,T]f—([b—ijT}f)Q)
SW /Q [b= 6o, T)f = T((6 = b@) /) (wq)|
< W/Q](b—b@w(

+ T /Q IT((b—b0) ) = T((b— b)) (z0)
< W/Q](b—bcm’f(

+|Q|f+ﬁ/n | |r=va)s)

g R 70— ba) 1)) = T (b~ b)) o)
=: D1+ Dy + Ds.

Firstly, to estimate D1, we utilize Lemma 3.1 to derive

_ — < - _
IQIW/"/Q‘(I) QTS| S o S ) bQ|<‘Q|/Q\Tf\)
< blly, M (TF) (@),
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which allows us to obtain that D; < Hb”ABM(Tf) (x).
To estimate Do, for 0 < t < p, the boundedness of T" implies that

D = g [, [Tt
|Q|1+ﬂ/n</‘T b bq) fO ) ‘Q‘I_I/t
@[ 10 ba)ser)

/
< —B/n _ - t
< 1@ sup oty) ~bal (15 | 1Y)
< Il (M(F19) M (@)-

In view of D3, we need the following well-known fact:

Ibg- — bol £ Cllbll,|QIP" for @ € Q.

AN

N

From this and Lemma 3.1, it follows that

‘T ((b=00)f>)(y) = T((b— bQ)foo)(xQ)‘

—| [ (-2~ Kwg - ) 0() - bo)r™(2)d]

<o M'b(z) ~ bollf(2)1d
< g Lo 2@ 4) bl + s — bl Sl
< iz mm QI bl M(F)(r) + 222 mam QI b, M) )
< bl 1@l izm”mM(f)(m)

< lollg, QP M (1) @),

which implies that D3 < ||b||ABM(f)(a:)
Summarizing all the estimates of D; through D3, we obtain that

g L 17 = (0119
< Wells, (M(T1) @) + (1(71) " @) + Mf(@)).
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Further, taking the supremum over all () such that x € @), and the norm of
M, »(R™) on the both sides of the inequality above. By Theorem 1.4 and the
boundedness of M, we conclude that

[CEFj PP

< Wl (1270 g sy IOTOAN Y g sy + 1M g, i)
< bl 1 Ly -

(ii)=(i): Note that K(y — z) is a homogeneous kernel of degree —n on
some ball. Choose z9 € R™, Q(z0,6y/n) C R™ and take [29| > y/n, § <1
small such that Q({0} = @. Thus, we can express m as an absolutely
convergent Fourier series on the ball, of the form

o
= Z P (5)
m=0
where above and in what follows, for the specific vectors v, € R™,
o
Z lam| < oo.
m=0
For 29 € R" and ¢ > 1, define Q = Q(x,t) and Q° = Q(z¢ + 20t,t). Let

z€Q, yeQ with (y — )/t € Q(20,0y/n). Take on s(x) = sgn(b(x) — bgo).
By (5) and Remark 1.3, we see that

< W/Q\bm—bm\dw
<o o (-0
. 7527L1+6/Qs(m)</0 (b(x)—b(y))mdy>dx

< tniﬁ mzz:o |am | /Rn ([b, T] (XQoei<”m"/t>)(m)> (XQ(x)efm’m’x/t)s(x))dx

1 = (U,
T W
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N

1 > W VUm
’wmzzzo [aml | [6:T] (xqoei®/?) Hgg)\oo(Rn)HXQHMQI’,\(R")

AN

1 o
n+B Z |am![| [b, 7] HMp’A(R")%SEAOO(R”)”XQOHMPYA(RH)HXQHMq/A(R”)
m=0

AN

H [0,T] HM,,,A(Rn)—wEM(R")’

which implies that (ii)=(i) holds. This ends the proof of Theorem 1.5. [
We now turn to the commutator of Riesz potential operator for the

above problem. Referring to the proof in [B, pp. 71-72], replacing LP(R")
by M, »(R™), we can obtain the following lemma.

LEMMA 3.2. Let 1l < A<p<qg<ooand1l/p—1/q= a/n. Suppose that,
for each cube Q, there exists a function h? defined on Q. Then, for 0 < -,

[ p|@1+v/n/’ U, e CHS“memﬁ | I

where the constant C' depends only on p,q,a and n.

LeEMMA 3.3 (Adams [T]). Let0<a<n,1<p< 2, 0<A<n—apand
= 2. Then the operator I, is bounded from My x(R™) to My \(R™).

1
q

S

LEMMA 3.4 (Spanne, but published by Peetre [14]). Let 0 < a < n,
1<p<gand0 <X <n-—ap. Assume that];fE:% and%:%. Then the
operator Ia is bounded from My x(R™) to M, ,(R™).

Proof of Theorem 1.6. Let 0 < 8 < 1, f—a:%and%—%:anﬂ
with ; O‘:B. Fix xzg as the center of a cube Q. Let g € LP(R™). Define
9° = gx2q and g =g — ¢".

(i)=(ii): From Theorem 1.4 and Lemma 3.2, it follows that

106,220, _ g

<

~ o2 |Q\1+5/n/ 0. La](9) = (b Lol (g Q‘HMW (™)

< - 0o

<[l su g [ 1P~ b telo) ~Lal0 b)) e,

<

~ Sup |Q‘1+[3/n/ ’ (b— bQ ‘H (R

+H5up sup|I (b bg)g ‘H

1
|Q|L+(t+B)/ (B
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1 o0 (o]
+|sup — g sup Ta (b= b@)g™) (4) — L ((b — bg)g™) (zq)|
> [Q T veQ My, u(R")
=: By + E2 + Es.

Firstly, we estimate F;. For each x € @), by Lemma 3.1, it follows that

1 1 / 1 1
oo | 10 =ba] £ s ) - b0l (5 [ 1alo
QA 1Q) Q| N | QP yeq N <\Q! Q

< bl M (Ia(9)) (@)
Thus, the boundedness of M and Lemma 3.4 imply that

By S 103, 1o (@, gy S 1815, 19001 0 -

To estimate Fs, choose r (1 < r < p) and 7 such that 1/r — 1/7 = a/n.
Such 7 exists, by r < p < n/a, we deduce that

_— I,((b—0bo)g
Q|1+ (tB)/n Q| (( Q) )l

1 0 17
S W“Ia((b_ bQ)g )‘ LF(Rn)‘Q’ /

< 1QI DM (b — b))
1/r
< (bl (M(lg1))

which implies Bz < (b3, 91, .y S 110114, 1191101, 5 7

To estimate Ej3, referring to the estimates of D3, we see that

W 1o ((0 = bq)g™) (y) — Ta((b— bQ)gOO)(xQ)\

1 ly — 2qllb(2) — ballg(2)l
feo d

<
~ |Q|o¢/n+ﬂ/n |$Q _ Z|n+1*a

1 3 - - a/n
s Wz/m\zk_lcf k2R Q|1 g(2)]|b(2) — bgld=
k=2

1 1
126Q18/™ [2FQ) Jarg

o
< Z o—k+ka+kp 6(2) — bargl|g(2)]dz

k=2

—k+ka ok B/n
# 3 2 mO l py  Io

S lIbll5, M (g)(x)-

)|dz
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So,
E3 S 10ll4 19101, mey S 1011411910, 5 (R7)-

This allows us to obtain that (i)=-(ii) holds.

(ii)=-(iii): According to Remark 1.3, we have the following inequality
”[bv Ia]f”‘quAoo(Rn) g H[b7 Ia]f“gguoo(ﬂgn S Hf”M ART):

(lll):>(l) We know that W
—n + a. Choose 2o € R™,t > 0, let Q = Q(z0,t) and Q° = Q(z¢ + z1t,t). By
(5), we can get that for any x € Q and y € Q°,

‘ ‘n a Z amel e y
l’ —_—

Applying the above formula and Remark 1.3, we deduce that

T 0 -tk
. !Q\“B/" Q7] / (/ (b - b@))dy) d
e go’” /Q s(@) ( /Q (b@) ~ b))l - yl”_ae“”m’(y_’”)/”dy) da

1 > . .
< szz:o || /R" <[b, Ia] (XQ061<Vm"/t>)(x)> (XQ(x)e*“”’"’x/ws(x))dx

is a homogeneous kernel of degree

Q

Q

1 L
S e 2 lan| [ ] (xne )| Il ey

[e.9]

1 )
S mtBra Z |am|H [57 Ia] (XQ0€Z<Vm"/t>)H£B HXQHMT/ 5 (RR)
=0 quo(Rn) ’
1 (o]
=S mtBra Z |am|H [b, Ia} HMPVA(Rn)ﬁquAOO(Rn)||XQO||MP’A(]R")HXQHMT/YA(R”)
m=0

SN La]llag, sy es, ny:

Thus, by the fact that [ ) ] is a bounded operator from M,, (R") to 55,\00( R
we conclude that (iii)=-(i) holds. This ends the proof of Theorem 1.6. [
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