A NEW INVARIANT DERIVED FROM LOCAL COHOMOLOGY
MODULES

YASIN SADEGH, JAFAR A’ZAMI*, and SAEED YAZDANI

Communicated by Lucian Beznea

Let (R,m) be a commutative Noetherian local ring of dimension d and M a
non-zero finitely generated R-module. In this paper, we introduce a new useful
invariant for M, denoted by Ar(M). We study some properties of Ag(M) and,
especially in case that M is the m-adic completion of M, we find an interval for
)\R(M). It is seen that this invariant inherits some of the properties of Krull
dimension on exact sequences. Also, as a nice application of this invariant, it is
shown that the set Asshr(R) has only one element in case that Ag(R) = 0 and
therefore (0 : HE(R)) is a primary ideal of R when in addition d > 1.
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1. INTRODUCTION

Throughout this paper, R denotes a non-trivial commutative Noetherian
ring with identity. For an R-module M, the i*" local cohomology module of
M with respect to an ideal I is defined as

H}(M) = liny Extiy(R/I", M).
n>1

For each R module L, we denote the set {p € Assgr(L) : diml;z = dimL},

by Asshpr(L). For any ideal b of R, we denote {p € Spec(R) : p D b} by V(b)
and the radical of b, denoted by v/b, is defined to be the set {reR:a2"€cb
for some n € N}. Recall that, for an R-module M, the set Min Assp(M) is
defined as
{p € Assp(M) : Pq € Assp(M),q S p}.
Also, the cohomological dimension of M with respect to I is defined as
Cd(I,M):=Sup{i€Z : Hj(M)#0}.

It is easy to see that Cd(I, M) < dimg(M). For any proper ideal I of R,
the arithmetic rank of I, denoted by ara(I), is the least number of elements of
R required to generate an ideal which has the same radical as 1.
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Let (R, m, k) be a Noetherian local ring of dimension d and M a non-zero
finitely generated R-module of dimension n. As a first part of our investigations
in this paper, we employ a well-known result on local cohomology modules, see
to introduce a new invariant for M. We denote the supremum of the set
{dim% : I is an ideal of Rand H?(M) # 0}, by Agr(M) and study some of
its properties, in addition to giving examples. It is seen that Ag(M) > d — n;
however, this inequality can turn into an equality in case R is a Noetherian
complete regular local ring, see ﬁ and It turns out, in case that R is the
m-adic completion of R, then Ag(M) < Az(M ®pg R) < 1+ dimpym/m? —n,
see As another interesting property, it is seen Ag(M) = Agr(N) for every
finitely generated R-module N with Suppr(M) = Suppp(N), see In
Theorem [2.12] we obtain a useful relation for A (M) on exact sequences. Also,
in Theorem we show that Ar(M) can be obtained in the following way:

Ap(M) = sup{AR<f> . p € Asshp(M)}.

Our main goal in Section 3 is to find the number of elements in the
set Asshr(R), which we denote by | Asshi(R)|. In a nice result, see we
show that | Asshr(R)| = 1 whenever Ar(R) = 0. In this case, it is seen that
the annihilator of d*" local cohomology module of R with respect to m, (0 :r
HZ(R)), is a primary ideal. Finally, we try to give some results and related
contents to | Asshr(R)|. For more details about local cohomology modules and
any unexplained notation and terminology, we refer the readers to [2] and [6].

2. DEFINITION AND SOME PROPERTIES

We begin this section with the following two preliminary Theorems.

THEOREM 2.1 (Grothendieck’s Vanishing Theorem). Let R be a Noethe-
rian ring, I an ideal of R and M an R-module. Then HY(M) = 0 for all
1> dimpM.

Proof. See [2, Theorem 6.1.2]. [

THEOREM 2.2 (Non-Vanishing Theorem). Assume that (R,m) is a local
ring and let M be a non-zero finitely generated R-module of dimension n. Then

H (M) # 0.

Proof. See [2, Theorem 6.1.4]. [
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The set {I : I is an ideal of Rand H} (M) # 0} is not empty, as an
application of Theorem We discuss the set

{dim? : I'is an ideal of Rand H}' (M) # 0}

in the following definition and introduce an invariant, denoted by Ag(M ), which
is the main object of our investigations.

Definition 2.3. Let (R, m) be a Noetherian local ring and M a non-zero
finitely generated R-module of dimension n. We define the invariant Agr(M)
by

Ar(M) = sup{dim? : I'is an ideal of Rand H' (M) # 0 }.
In particular, when (R, m) is a local ring of dimension d, we define
Ar(R) = sup{dim? : I'is an ideal of Rand H}(R) #0 }.

Note that, in the above set for every ideal I with HY(R) # 0, it is clear
that I automatically is a proper ideal. So by view of Lichtenbaum-Hartshorne
Theorem [2, Theorem 8.2.1], H}(R) # 0 is equivalent to say that there exists

o~

~ R ~ ~
a prime ideal 8 of R such that dimE = d and IR+ 3 is m-primary. Therefore,

one may write

~

R R ~ ~ ~
Ar(R) = sup{dimT : dimg =d, IR+ ( is m -primary for some € Spec(R)}.
This observation shows that Ar(R) is a commutative algebra invariant which
may be indicated without referring to local cohomology.

Ezample 2.4. (i) Let (R, m) be a Noetherian regular local ring of dimen-
sion 2n such that n > 2. Then there exists a regular system of parameters for

R such as @1, ..., zon. Let p = (21, ...,2), ¢ = (Tpi1, ..., T2n), and R = lil
Clearly p and q are prime ideals and (R,m) is a Noetherian local ring. We

show that Az(R) = n. Since dim(lj) = dim(?) = n, it follows that dimR < n

because dim R(ijb P ?) =n. Also, dimR > n by the epimorphism

R—>§—>O.
p

These lead to dimR = n. Now let p = P and q = pq?q It follows

pMg _
from the Mayer-Vietoris Sequence [2, Theorem 3.2.3], that H{(R) # 0 or
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Hgll(]:?) # 0 because pNq = 0 and /p + g = m. Since A\z(R) < dimR, it follows
that Az(R) = n.

(74) Let (R, m) be a Noetherian Complete regular local ring of dimension
d > 0. Then dim? = 0 for every ideal I with H¢(R) # 0. This is clear,
because by Lichtenbaum-Hartshorne Theorem, there exists p € Spec(R) such
that dunf = d and dlm[fp = 0. But p = 0 since R is integral domain.
These conclude that Ap(R) = 0.

LEMMA 2.5. Let (R,m) be a Noetherian local ring of dimension d and M
a non-zero finitely generated R-module of dimension n. Then Ar(M) > d —n.

R
Proof. Since dim——————— = n, it follows that Anng(M) contains a part
Anng(M)
of system of parameters for R such as x1,...,Z4_,. Assume that the elements
Yl,---,Yn € m be such that x1,...,2q_n,y1,--.,Yn is a system of parameters

of R. Then

m= \/xl,.. ZTd—n) + (Y1, ey Yn) C \/AnnR(M)—I—(yl,...,yn) Cm

and so \/Anng(M) + (y1, ..., yn) = m. Consequently, in view of [2, Theorem
4.2.1], we have the following isomorphisms:

(M) = Hiyy,.oopmyeannne (M) = H? w (M) = Hy(M).

.....

Ann M Ann M

g,

yla---vyn)

Now, by Theoremwe get H@l yn)(M) # 0. That is

R
Ap(M) > dim——.
R( )_ (y17"'ayn)
L]

THEOREM 2.6. Let (R,m) be a Noetherian complete local ring, which is
a homomorphic image of a complete reqular local ring (S,n), with dimS = d.
Let M be a non-zero finitely generated R-module such that dimM = n. Then

H} (M) =0 for all ideals I of R such that dim? >d—n.

Proof. See [0, Proposition 2.12]. O

THEOREM 2.7. Let (R,m) be a Noetherian complete regular local ring of
dimension d and M a non-zero finitely generated R-module of dimension n.

Then A\gr(M) = d —n.
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Proof. Suppose that Ar(M) = t. By Definition there exists an ideal
R
I of R such that dimT =tand H} (M) #0. Thus, d—n >t by Theorem

The assertion follows from Lemma (25 O
Let R denotes the m-adic completion of local ring (R, m). Then, we have
the following results.

LEMMA 2.8. Let (R, m) be a Noetherian local ring of dimension d and M
be a non-zero finitely generated R-module of dimensionn. Then Ap(M®grR) >

Ar(M).

Proof. Suppose that Ar(M) = t. Then there exists an ideal I of R such
that dim? =t and Hj (M) # 0. Since R is faithfully flat over R, it follows
that H} (M) ®r R # 0 and so H?R(M ®r R) # 0 by [2, Theorem 4.3.2].

R R N
Furthermore, one has dimIR = dim— = t. Therefore, A\y(M ®g R) >t. [

1

THEOREM 2.9. Let (R, m, k) be a Noetherian local ring and M a non-zero
finitely generated R-module of dimension n. Then

Ar(M) < A3(M ®g R) < 1+ dimgm/m? — n.

Proof. Tt is clear that dimzm/m? = dimymR/(mR)2. Now, by Cohen’s
structure Theorem [6l, Theorem 29.4], R is a homomorphic image of a complete
regular local ring of dimension d = 1 + dimym/m? such as (S,n). On the
other hand, according to the definition there exists an ideal J of R such that
dimR/J = A3(M ®r R) and H}(M ®g R) # 0. According to Theorem

Ap(M ®p R) = dimR/J < d —n =1+ dimm/m? — n.
Therefore, the assertion follows from Lemma 2.8 [

LEMMA 2.10. Let (R,m) be a Noetherian local ring and M, N be two
finitely generated R-modules with Suppr M = Suppr N. Then Ap(M) =

Ar(N).
Proof. Let dimM = dimN = n and Ag(M) = t. Thus, there exists an
R
ideal I of R with dimT = t which leads to H}'(M) # 0. This implies that

Cd(I,M) > n and by Theorem it follows that Cd(I, M) = n. Now by
[4, Theorem 1.2] we find that Cd(I,N) = n. Therefore, H}(N) # 0 and

dim— = ¢. That is Ag(N) > t. A similar argument as above shows that
Ar(M) > Ar(N). O
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The following example shows that the converse of Lemma [2.10]is not true.

Ezample 2.11. Let R = K [[z,y]] be the formal power series ring of vari-
ables z,y over field K. Then R is a Noetherian complete regular local ring

and N = i Clearly, M and N
<xz> <y>

are two finitely generated R-modules and dimM = dimN = 1. Therefore,
it follows from Theorem that Agp(M) = Ar(IN) = 1. At the same time,
< x >€ Suppr(M) but < x >¢ Suppr(N). Hence, Suppr(M) # Suppr(N)

of dimension 2. Now let M =

THEOREM 2.12. Let (R, m) be a Noetherian local ring and
0O—-L—-M-—=N-=0
be an exact sequence of non-zero finitely generated R-modules. Then
Ar(M) < Max {Ar(L), Ar(N)}.
Proof. Let dimL = ny, dimN = ng, dimM = n, and
Max{Ar(L),Ar(N)} = t.
Suppose that Ag(M) >t + 1 and look for a contradiction. By Definition

there exists an ideal I of R such that dim? >t+1and H(M) # 0. The

exact sequence
0—+L—->M-—>N-—=0
induces a long exact sequence

.= HP(L) —» H}(M) — HP(N) — HPPN (L) — -+ .
By Theorem we have Hyt1(L) = 0. We distinguish three cases, as follows:

Case 1: If ny = ng = n, it follows that H}'(L) = 0 because Ar(L) < t.
Hence, we get H}'(M) =2 H}(N). Since Ar(N) < t it follows that H}(N) =0
and so H'(M) = 0 which is a contradiction.

CASE 2: If n; < ng, then n = ny. By Theorem 2.1, H}(L) = 0 and
therefore Hf(M) = Hj(N). Similar as above, this leads to contradiction
because Ar(N) < t.

CASE 3: If ng < nq, then n = n; and this time H}(N) = 0. Similarly,
Ar(L) < tleadsto H} (L) = 0 and so H} (M) = 0 which is a contradiction. [

Now we want to describe Ag(M) for an R-module M in another way. But
before, we need to present the following auxiliary lemma.

LEMMA 2.13. Let R be a Noetherian ring and M a non-zero finitely gen-
k
erated R-module. Let Min Assg(M) = {p1,...,px} and put N := @(E)
i=1 P

SUPPR(M) = SUPPR(N)-

. Then
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Proof. Clearly, Suppr(N) C Suppp(M). Hence, it is enough to show
that Suppgr(M) C Suppr(NV). Let q be an arbitrary element of Suppr(M). So
there exists p € Assg(M) such that p C q. Without loss of generality, we may
assume that there exists 1 < j < k such that p = p; € {p1,...,p;}. Therefore,

R R, R
No= =G DB )

i=1

Since p; C q and qRy # Ry, it follows that pP;% # 0. This leads to q €
Jjiq
Suppgr(N). O

THEOREM 2.14. Let (R,m) be a Noetherian local ring and M a non-zero
finitely generated R-module of dimension n. Then

A(M) = sup{)\R(f)  p € Asshg(M)}.

Proof. Let sup{Ar(—) : p € Asshr(M)} = t. Therefore, there exists p €

Asshr(M) such that Ag(—) = t and by view of definition there exists an ideal

T |mE =

I of R with dim? =t and H?(f) # 0. This concludes Cd({, ]j) = n. Hence,
it follows from [4, Theorem 1.2] together with Theorem [2.1] that Cd(I, M) = n.
This leads to Hj' (M) # 0 and Ar(M) > t.

Now suppose that Ar(M) = ¢t. Then there exists an ideal I of R with
dim? = t and H}(M) # 0. Consequently, we find Cd(/,M) = n. Let

k
Min Assp(M) = {p1,....,px} and put N := @(E), p; € Min Assp(M). Hence,
i=1 Pi

H}(N) # 0 because by view of Lemma and [4, Theorem 1.2], Cd(I, M) =
R
Cd(I,N). Thus, there exists p; € Min Assg(M) such that H}‘(p—) # 0. This

R
guarantees that dim— = n. Hence, we have found p; € Asshr(M) with

)

AR(E) > 1, i‘e'7

(2

sup{)\R(f) :p € Asshp(M)} >t
0

At the end of this section, we present the following proposition which is
derived from the previous topics.
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PROPOSITION 2.15. Let (R, m) be a Noetherian local ring of dimension
one and p a prime ideal in Asshr(R). Let x be an R/p-reqular element in
m\ p. Then the following hold.

(i) — 4s a mazimal Cohen-Macaulay R-module.

. R,
(i) Cd(< = >, E) =1.

R
< Ar(—
R

< ) < Ar(R).

o oo R
(iii) d1m< a}%
() Ca(p, (7)) =0,

Proof. Since p € Asshgr(R), it follows that p # m. So there exists an
element x € m \ p such that x is a regular element on R/p as an R-module.

(i) It follows from the above statement that 1 < depth(f) < dim(f) =
dimR = 1. R
(ii) Since z is a regular sequence on r as an R-module, Rz +p = m.

Therefore,
R R R
Now the clair]r% follows from Theorem R
(iii) Hg, (=) # 0 by part (ii). Thus, dim< =
D x
Theorem the assertion is completed.
R

R R , . R
(iv) The facts that Fp(g) = " and H}%IJFP(E) = H}%x(g) for all i > 0,

< )\R(E) and, in view of

together with [2, Proposition 8.1.2], induce the following long exact sequence

R R R R
0— FRx(E) — E — Fp((g)x) — Hz%zx(g) —

1@ — i) — ) —

It is easy to see that HJ((—),) = O for all i > 1. Moreover, since z is a

non-zerodivisor on E as an R-module, it follows from [2, Lemma 2.1.1] that

R
I'ry(—) = 0. Therefore, we have the following exact sequence

00— f — Fp((f)x) — H}“(f) — 0.

&

By part (ii), H},, p) # 0. This leads to Cd(p, (f)x) =0. O
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3. ON THE NUMBER OF PRIMES IN Asshgr(R)

In this section, we are going to discuss the relation between Ar(R) and
the number of elements in the set Asshr(R). We denote this number by
| Asshr(R)|.

LEMMA 3.1. Let (R,m) be a Noetherian local ring of dimension zero.
Then Ar(R) =0 and |Asshr(R)| = 1.

Proof. For every ideal I of R, dim? = 0. This implies that Ag(R) = 0.
Also, it is clear that Asshr(R) = {m}. O

THEOREM 3.2. Let (R,m) be a Noetherian local ring of dimension d and
Ar(R) = 0. Then |Asshr(R)| = 1.

Proof. When R is an integral domain, there is nothing to prove. More-
over, if d = 0 the assertion follows from Lemma [3.1] Therefore, we may assume
that R is not an integral domain and that d > 1. Clearly, the set Asshr(R)
is a non-empty set. Suppose that Asshr(R) = {p1,...,pr}, where k > 2 and

k
pi # p; for each i # j. Then () p; € p1 and so there exists an element

=2
k R
x1 € ) pi\p1. Because z; is a regular element on — as an R-module, we can
i=2 P1 R
extend it to a system of parameters such as z1,...,zg for the R-module —.

P1
Therefore, in case that d = 1, we have /< x; > +p; = m. Now by [2, Theorem

4.2.1] and Theorem we can write

R R R R
le(pg) = H< T >+ Pp1 (p2) = H<zn7‘1>(p2) = Hm<p2) # 0.
< x>
On the other hand, the exact sequence
O—>p2—>R—>E—>0, (%)

P2

induces a long exact sequence
R
.= Hy (p2) — H, (R) — lel(p—Q) — H} (p2) = ...

Since dimpg(p2) < 1, it follows that Hgl (p2) = 0 by Theorem and so

H, (R) # 0. This shows that Ag(R) > dimf = 1 which is a contradiction.
1
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In case that d > 1, in view of |7, Lemma 2.6], there exists a prime ideal

R
9 ¢ Min ((332, d) +p1> such that dim— = 1 and height(i) =d-1.
p1 p1 q P1

The latter yields x1 € q. This follows that x; is a regular element on — as an

R-module and consequently, /< x1 > +q = m. Therefore,
R d R) R 4, R

HY{(=)=H Y= HY, (=)= HY(=
q(p2) <1 >+q(p2 <T>(p2) m(p2
<z >

By a similar argument as in the case d = 1, one can find from the exact sequence
R
(%) that Héi(R) # 0. That is Ar(R) > dima = 1 which is a contradiction. [

I

) #0.

COROLLARY 3.3. Let (R, m) be a Noetherian local ring of dimension d > 1
and Ag(R) = 0. Then (0 :zr HL(R)) is a primary ideal of R.

Proof. 1t follows from Theorem [3.2)that |Asshr(R)| = 1. Let Asshgr(R) =
{p}. Therefore, in view of [I, Theorem 2.8] and [2, Lemma 7.3.1], we find

that Assp(————==) = {p}. Now the proof is completed by [6, Theorem
(0: HY(R))
6.6. O
THEOREM 3.4. Let (R,m) be a Noetherian local ring of dimension d. Let
_ R
x1,-..,2q be a system of parameters for R and R = —— . Then the

< X1yeeey g >
following conditions hold;

() Ag(R) =0,

(il) Ar(R) =d.
Proof. (i) It is clear by Theorem
(ii) Since dimgrR = 0, we have Ag(R) = sup{dim? : T7(R) # 0}. Thus,
Ar(R) = d because T'g(R) #0. O
LEMMA 3.5. Let (R,m) be a Noetherian local ring of dimension d and I
be an ideal of R with Cd(I,R) = d. Then ara(J) = d for every ideal J of R
such that I C J Cm.
Proof. By [3, Theorem 2.5], we have the following epimorphism
HY(R) — H{(R) — 0.

Since HY(R) # 0 it follows that H4(R) # 0, which implies Cd(.J, R) = d. Now,
in view of [2] Definition 3.3.4], we have ara(J) > d. Therefore, the proof is
completed by [7, Corollary 2.8]. [
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THEOREM 3.6. Let (R,m) be a Noetherian local ring of dimension d.
Suppose that ara(p) < d for all p € Spec(R) \ {m}. Then Ar(R) = 0.

Proof. Let Ar(R) = t > 1. Then there exists an ideal I of R with
H%(R) # 0 and dim? = t. These yield that Cd(I,R) = d and that there

exists an ideal p € V(I) \ {m} such that dimE = t. Now, in view of Lemma

ara(p) = d which is a contradiction. Therefore, Ag(R) =0. [

COROLLARY 3.7. Let (R,m) be a Noetherian local ring of dimension d.
Let ara(p) < d for all p € Spec(R) \ {m}. Then |Asshr(R)| =1

Proof. Follows from Theorem [3.2] and Theorem [3.6, O
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