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Almost poised 2¢1-series extended with two integer parameters are investigated
by means of the linearization method. Four analytical formulae are established
and fourteen closed formulae are presented as examples.
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1. INTRODUCTION AND MOTIVATION

Let Z and N be the sets of integers and natural numbers with Ny :=
N U {0}. For two indeterminates = and ¢, define the shifted factorials by

(739)0 = (;q)o = 1 and
(@50)n =(1 = 2)(1 = qz) --- (1 - ¢" ')
(@:0)0 =(1 —2)(1 —x/q)--- (1 — ¢' ")
The rising factorial of negative order can be expressed as
(1) = — = =9/
(¢ "z q)n (q/2;4)n
The product and fraction of shifted factorials are abbreviated respectively to

} for neN.

where n € N.

[a, B, s vial, = (), (B590), - (:0),,
[04, By ‘q] (@9, Bi0)n (139,
AB,--,C17] (A:q),, (Bsq), - (Csq),

Following Bailey [2] and Gasper-Rahman [§], the basic hypergeometric series
(shortly as g-series) is defined by

o
ap, ai, =+, ap A - ap, ai, -+, dp n
1+p¢P|: bl b q;z - Z q bl b q Z.
) s Up ) ) » Up
n=0 n
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This series is well-poised if the linear condition gag = aiby = --- = apb, is
satisfied by its parameters. When this condition is disturbed by integer powers
of the base g, we say that the series is “almost poised”.

Among the numerous identities, the following one (cf. Gasper-Rahman [8|
I1-20]) for the nonterminating well-poised g¢s-series plays a fundamental role:

a, ¢v/a, —q\/a, b, ¢, a,qa/bc,qa/bd, qa/cd
6¢5[ q\f q\f qa/b, qa/c, qa/d‘q’bcd} [qqa/l?qa/cqqa/d (ja/bcd ]

When b, d = ++/a, the above identity recovers the g-Kummer formula es-
tablished independently by Bailey [3] and Daum [7] (see also Gasper—-Rahman [8,
I1-9]):

(1.1) 201 [qa/c ) a —Q/C] = m [qqaa//cc’i;/qc (I]Oo

For the g-Kummer theorem, we find that there is a positive series coun-
terpart

201 [qa/c ’ qq 1/2/0] —% [ql/gl//:’;/c ‘ QLO
><{(\/CTCL/C; 7"?) o L vaa/e ql/z)oo}
(Va;¢'?) (—v;¢"/?)o0

which resembles the following one discovered by Andrews and Askey [I}, eq. 3.25]

201 {Z/s q;qm/C] :% [ lelﬁ Z/C ‘ q]
e ql/2 e ql/2
X{(f/,q?ml “J/,q?ml }

Letting a = ¢7™ with m € Ny in the above two identities, we derive, under the
base replacement g — ¢2, their terminating forms

(1.2)

(1.3)

—9m .
¢ e oo (e —
201 - ‘QSQ C] =79 4
[q2 e / (¢ a®)m
—2m . m
q ,C‘ 2 [e,—¢;qlm 1—q™c
iq/c| = : .
201 [q_zm/c el ] (¢¢*)m 1—g¢*mc
When ¢ — 0 further, the last two identities reduce to the same amazing bino-
mial formula (cf. Andrews—Askey [Il, eq. 3.26]:

i [7:] quk = (¢ Dm

k=0
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Following Andrews—Askey [I], we can provide, for completeness, an el-
ementary proof of (1.2)). Recalling the first Heine transformation (Gasper—

Rahman [8] ITI-1])
cla, z
CJ] 201 [ / bz‘q;a]

a,b a,bz
2¢1[ C‘Q,Z] = [C’Z
we can first express the o¢1-series in question as another o¢1-series

1/2 1/2
a, € . 1/2 :|_|: q , @ ’:| [q/c,q /C‘ :|
201 :q' el = q| 201 gal.
[qa/c / ¢'%/c.qafc|”] q/?
Then the last o¢1-series can be evaluated, in turn, by means of the g-binomial
series (Gasper—Rahman [8], 11-3])

oo | @ || = 20

in the following closed form:

¢, /2 /c 1 /2, 1/2/,
201 {Q/ qq1/é )q;a =5 160 |1 _/ ¢*va| + 190 |1 _/
_1{ (vaa/eia'?)ee | (—/0/c: q1/2)oo}
21 (V&4 (—va; ¢1/?) oo
Motivated by these two identities (1.2) and (|1.3]), this paper will examine,
for any given pair of integers A and p, the following general series
a, c¢

(1.4) Qf = 0f(a,¢) = 201 |:q1-;-pa/c Q;quﬂ/C] .

By applying the linearization method employed in [5] 6 [4, 9], we shall
prove (see Theorem 6) that the Qf (a, ¢)-series for A, p € Z is always explicitly
evaluable in the Q)(a/, ¢’)-series with the number of terms at most (1 + |p|) x
(L+ X[+ Iol)-

The rest of the paper will be organized as follows. In the next section,
we prove by means of the g-binomial theorem two formulae that transform the
Of-series into the Q(/J\—series. Then the Qg—series will be explicitly evaluated
in Section 3 through the linearization method. Finally, the paper will end up
with fourteen further examples as applications.

g% —\/&] }

2. REDUCTION FORMULAE FROM Qf TO o9

By applying the series rearrangement and the g-binomial theorem

(@ 0)m = kfoq@ o
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we shall derive, in this section, two transformation formulae that express the
Qf\’—series in terms of the Qg—series.

§2.1. p>0

By inserting the binomial relation in the Qf\-series

P k
(0" Pcq)p =) (—) " m g(">")+=e)o=h)

k=0
we can reformulate the following double series

Qf\(a’c) :i ( (CL§ Q)n(c; Q)n ) (q/\+§ )n i ﬂ |:p:| q(p;k)Jr(nfp)(pfk)
n—o \d c

s @n(g'tPa/c;q)n — (4" Pcq), [k

o0 _ Yy S S
:i G m g('3")olo=h) 3 (a; O)n(g~"¢; O)n ((J”” e )"
= (aPcq)p [k = (G D)nlg"*ra/c;q)n c
Writing the last sum as Q3 _, (a,¢™"¢), we derive the following reduction for-
mula.

THEOREM 1 (A, p € Z with p > 0).

0.0 - 5] UL 8 0

— (g/c;q)

§22. p <0

Instead, by putting another binomial relation inside the Qf{—series

(@' Paje;q)-p = i (j)k [,ﬂ gz ) Hhohn

c
k=0
we can analogously manipulate the following double series

A3 FEN) +kothn

> a;q)n(c;q)n " (—a\ k- (
Qg(a’c):;(q;q()n(qglfpa(j)c;q)n (qc ) kzzf)(‘i)k[’fp] (qﬂ"“a/@q)—p

S (*5h)+k < (@ q)n(c: On Mk+3 o,
:kz;)(c)k[kp] (ql(ipa/c;qp)_pnzz: ( Q)( Q)) (q c ) '

¢ (¢ )n(qa/c;q)n

Writing the last sum as Y +x(a,c), we derive another reduction formula.
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THEOREM 2 (A, p € Z with p <0).

2 e [— —qtPa/c
N (a,c) = ZQ(Q) [ kp} MQAH%(@ c).

k=0

3. REDUCTION FORMULAE FROM Qg TO Q9

By making use of the second Heine transformation (Gasper—-Rahman [8|

111-2])
201 [a’ i ‘ q; Z} = [C/b’ bz ‘CJ} 201 [abz/a bbz ’q; C/b]

C,z

we can express the 9 (a, c)-series as

A+1/2
0 _|a/eaq a/c
O P

0. oM 1/20
:| X 201 |: >\_€1/2a/0 q; Q/C] .

Therefore, in order to evaluate Q?\(a, ¢), it suffices to find explicit formulae
for the rightmost nonterminating s¢1-series. For that purpose, we have to
invoke the following linearization lemma.

LeEMMA 3 (Linear representation). Let x be a variable and m a natural
number. Then for three indeterminates {u, v, w}, the following linear represen-
tation formula holds

m
(3.2) (wz; q)m Z UL Q) p— 1 (VT; q)kS (u,v,w),
k=0

where the connection coefficients {EX (u,v,w)} are independent of x and given
by

9 - ey

Proof. Recall the following three relations
m (@™ Dk k(%)
= —1 kiq 2
[k] =y (¢ 9w
(j)k (U O (5)-m
ux/ (¢ "/ uz; q)k ’

(vz; @), =(—v:v)k(1/vx;q)kq*(§),

)

(s q)m—k =
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Substituting (3.3]) into (3.2]), we confirm the lemma by simplifying the finite

sum

NE

m] (e (wfu, Qr(w/v; m [ uyh
. k] . <w/v;§>Z<u/v;§>m< )

_ (uz;q)m w/vq Z [ml/vxw/u

(u/v;q)m ¢, ¢\ " Jux, w/v

(u; @)1k (V25 @)k [

e
Il

—~

‘ 'k q] o (wz; @)m

where the last sum has been evaluated by means of the following ¢-Saalschiitz
summation formula (cf. [8, II-12])

g™ a, b | | lc/a,c/b
302 { =mab/c ‘ d q] - [c,c/ab q]m

§3.1. A >0

When A > 0, specifying in Lemma [3] by

u—a
m —A
n} and v— ¢ V2a/c
T —q
w — q_l/gc
we get the equation
A
(" Pen =D (@4 k(g a/c; q)a- k€3 (0, ¥V Pa e, g7 ).
k=0

By inserting this relation in the 9¢;-series displayed in (3.1)), we can reformulate
the double sum below

A-1/2,,

201 [ )‘El/2a/ ’q,q C] - i (%)n [qaqgjl/;/j/c ‘ }n

n+A—1/2
(q"a; Q) a/c;q) a—k
XZ g 1/2¢; q)/ 5)\ k( a,q A 1/QCZ/C q 1/20)

A—1/2

ale,q %)

_(ql/za/C;CI)AZA: (@) oo
(

- (@Peoh Z (@ Pafeg (@
1/2

o k —
A" q"a, q c
X Z (*) [ k+1/2 q]
N q,q afel ]
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In view of (3.1), evaluating explicitly the last series

2] = ouidtae < |7 1

dFa, ¢ 2¢

1/2 c, 4k, /e
(3-4> 2¢1[ k+1/2 / 1 /

k+1/2a/c

|

a/c
we establish the following expression

(¢2a/c;q)x [q1? /e, qa/c
‘q a/ ] (q 1/2c,qq) [Z/c,/ql/gajc‘ }

A
<308 a0 B (gt

A-1/2,,

a, q
201 [ Pt 2)c

Replacing the E-coefficient by (3.3) and then simplifying the result, we find the
following theorem.

THEOREM 4 (A € Z with A > 0).

_1 by Y 9

(g 2¢/a;q) vl a7 a, qa/c N

Qg(a, c) = N q / 35 / ‘ q Qg(q a,c).
(q 20;q>)\ k=0 q,4qa/c,q aj/c &

§3.2.A<0

When A > 0, specifying in Lemma [3| by

U — q’\_l/ZC
m——A
n } and v—1
T —q
w— q>‘+1/2a/c
we get the equation
-2
(@ 2afe;q) =D (¢ Peq) amkld kN (e, 1, Pa o).
k=0

By putting this relation inside the 2¢-series displayed in (3.1)), we can
manipulate the double sum below

A 1/2 (9] n )\—1/2

» ([ ag

201 [ P2 ’q q/c} - nz:() (c) [q,q“lﬁa/c ’ q]
n+)\—1/2 .

-\

(4" Dk G q)-A—k ok A—1/2 A+1/2

X kz n+)\+1/2a/c q) g)\ (q ¢, ]-a q a/c)
0
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—A >\1/2

—A— kg/\( A-1/2, 1,q)‘+1/2a/c)

kz_o A+1/Qa/c q)-
e 1 (/o)
* Z [ 1/QG/C ‘ qL (@ Dn—k

1/2, /. —A k .
_ (q a/c, )N Z <g> 7( (CL’q)k g;\c(q)\_l/chlan+1/2a/c)

(@ Pags N (¢ Rajciql
1/ 20

X[l €

where the last passage has been justified by the replacement n — n + k on the
summation index n. Evaluating the last series by (3.4]), we have the following

expression

5 a, ¢ ‘ _ (@"%a/c;q) qa/aql/?/C’
27 +1/ZG/C za/c (¢ q)n La/e,dPafc

A A—1/2 A-1/2 (a; @)k k
X <7> Ex(q c,1l,q a/c)——————Q(q¢"a,c).
kzo o) & [ aate g 00
Replacing the E-coefficient by (3.3) and then simplifying the resulting expres-
sion, we get another theorem.
THEOREM 5 (A € Z with A <0).

1 - A 2

(q2/c;a)x [ ¢ a,qa/c k

Qg(a,c) = T ’ 2 a/c )\+%a/c ‘ q Qg(q a, C).
(q2a/C; Q))\ k=0 q,q >, q k

4. CONCLUSIVE THEOREM AND EXAMPLES

Summing up the results shown in the previous two sections, we can eval-
uate the Qi—series, for any given pair of integers A and p, by carrying out the
following procedure:

e STEP A. If p # 0, we first transform the Qf-series into the Qg,—series by

making use of Theorems [I] and [2] and then go to STEP B.

e STEP B. If p = 0, we evaluate the 23-series by means of Theorems || and

Bl

Therefore, we have confirmed the following conclusive theorem.
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THEOREM 6. For any given pair of integers A and p, the Qﬁ—sem’es can
be explicitly expressed as a linear combination of the Qg -series with the number

of terms at most (1 + [p])(1 + |A| + |p]).

The afore-described procedure is realized by appropriately devised Math-
ematica commands, that are executed to produce several closed formulae of the
Qf\’—series for small integers A and p. In order to avoid complicated expressions,
we shall write the identities under the replacements ¢ — ¢ and a — a®. As a
showcase, the first two examples in and can be reformulated as

@) o [ g e = [ e ] (s )

2 2 ) :
_ a=, € q,a 2 (CL/C, q)oo (—CL/C, Q)oo
e 2¢>1[ ‘qZ;QC]Z[ ‘q] { + :
() 200 gzye |59 = gge, a2fe 7] \2aig T 2w
Fourteen remarkable examples are recorded as further applications. They
do not seem to have appeared previously in the mathematical literature.

Ezample 1 (A=1 and p = 0).

201 [ 2/0 ] [q/cfl;yg;/c ‘ qQLO y {Q(a) N 9(—a)}
where 0(a) = m

Ezample 2 (A=1and p=1).
2
o0 [ g | 31| = | o || {000+ o)}
(¢°a/c; 0o
2a(1 = ¢%/¢)(a; @)oo
Ezxample 3 (A =0 and p =1).

CL2, & 2. o q,CL2 2
201 [q4a2/6 ‘ q 7(1/0} = [q/c gta?/c ‘ q } X {H(a) +0(—a)}
(¢*a/c; @)oo ><q—chqa—qa
2(a’q) q —C
Ezample 4 (A=1and p = —1).

261 [222/5 ‘ q2;q3/€] = [q/? Zi/c ‘ QQ} X {9(a) +9(*a)}
(a/¢;q)o0  q+a—qa—qc
2(a; q) o a(l —qc)

where 0(a) =

where 6(a) =

where 6(a) =
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Ezample 5 (A= —1 and p = —1).

son [ [t = | ] for+ oo}

(a/c;q)oo " a+c—ac—qc

h 0
where 0(a) = 3 0)m T

Ezample 6 (A =0 and p = —2).

2o | 5o [ sate] = e 5 2] fo@) + o)
where 0(a) = (¢'a/ci)e  g+a—ga—gq’c

2(a; q)oo q(1 — gc)
Ezample 7 (A =1 and p = 2).
201 [q 60/c ‘ 74’/ } [ 3/cq;]6a2/c ‘ 2] X {Q(a) + 9(—a)}

(®a/c; q)o y - ¢ —¢*a+a

where 6(a) = e e -

Ezample 8 (A= —1 and p = —2).

o | g s = | 2| @] x (o oo
(¢ ta/c;q)0e @+ qc— qac — g*c
where 8(a) = q2(a Q)q - qu(lgq0) :

Ezample 9 (A=2and p=1).

son [ oo | 31| = | i || {000+ -0}

(40 9)eo , 4= c+ac— ¢

where 6(a) = 2(a; @)oo qade(l —¢%/c)

Ezample 10 (A =2 and p = 2).

o0 [ g | 1] = | e || {00+ o)}

(¢®a/c; @)oo " clac+ gc — ¢ — ¢a)
2(a;q)0  qa¥(g® —c)(¢* — )

where 6(a) =
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Ezample 11 (A =2 and p = 0).

o | g | sete| = | s | @] < (o + o)
(qa/c; q)oo XaQ—an—ac—l—qa+c—qc
2(a; ¢)oo a3(1 — qc) '

where 0(a) =

Ezample 12 (A =2 and p = 3).

o | oo | 5| = | o] < (ot + 00}
(¢*a/c; @)oo ac + qc — ¢ — ¢?a® — ¢*a + ¢*a?
2(a;q)00 ~ qate(l—g*/c)(1 —q*/c)(1 —¢b/c)

where 6(a) =

Ezample 13 (A = —1 and p = 0).

o | gl e = s || x (o + o)
(ga/c; q)oo XaQ—an—ac—an%—c—qc.

h
where Ola) = 2(a; q)oo 1—qc

Ezample 14 (A = —1 and p = —3).

oon [t ] = | o e || {00+ o)
(¢ 'a/c;q)oo Xa + qa — qa? +qc—qc—qac
2(a;q) o0 @3 (1 —qce)

where 60(a) =
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