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In this work, we extend two modular identities due to Cooper and Ye [4] in
weight aspect, and obtain two new Ramanujan–Mordell type formulas, which
can be viewed as analogues of work of Chan and Cooper [2] in level aspect.
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1. INTRODUCTION

More than 100 years ago, in his seminal work [9, 10], Ramanujan recorded
with no proofs an explicit decomposition of an even power of the modular theta
function θ(τ)2k, where

θ(τ) =
∞∑

n=−∞
qn

2
with q = e2πiτ for τ ∈ H,

as a sum of (a linear combination of) Eisenstein series and some particular func-
tion whose Fourier coefficients were claimed to have lower growth order than
that of Eisenstein series. More precisely, Ramanujan explicitly constructed a
linear combination Ek(τ) of Eisenstein series and a function x(τ) for which

(1) θ(τ)2k = Ek(τ) + θ(τ)2k
∑

1≤j≤(k−1)/4

ck,jx(τ)
j

for some rational coefficients ck,j . Such a mysterious decomposition was later
proved by Mordell [8] using the classical theory of modular forms. It can be
interpreted by a well-known theorem stating that a holomorphic modular form
(viewed as a vector over C) of positive integral weight for some Fuchsian group
Γ of the first kind can be written as a direct sum of a linear combination
of Eisenstein series and a holomorphic modular form with a positive cuspidal
divisor on X(Γ), i.e., a cusp form. From this point of view, one may expect
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and verify that the non-Eisenstein-series component of the decomposition of
θ(τ)2k given by Ramanujan is indeed a cusp form. In addition, by some closer
observations, one may note that θ(τ)2k is exactly the generating function of
the numbers of representations of an integer by a sum of 2k squares, one
of the most important arithmetic counting functions in number theory, and
thereby, one of the novelties of Ramanujan’s work is the implication of an
“explicit” formula for this arithmetic counting function. These connections
to arithmetic draw attention on Ramanujan’s work and turn the findings of
an explicit decomposition (now called Ramanujan–Mordell type formula) for
a power of a (generalized) modular theta function into an interesting topic in
relevant areas.

In [3], Cooper, Kane and the third author extended Ramanujan’s work to
the case for the theta product θ(τ)θ(pτ) for p ∈ {3, 7, 11, 23} and established
a decomposition for (θ(τ)θ(pτ))k similarly. In [14, 11], the third author of the
present work (with Singh in [11]) respectively established Ramanujan–Mordell
type formulas for the cases for (θ(τ)θ(pτ))k for p ∈ {2, 4} and p ∈ {5, 8}. While
one may note that all cases treated in these previous works are related to the
unary quadratic form Q(x) = x2, non-unary cases are first treated in [2] by
Chan and Cooper, in which they explicitly decomposed powers of the theta
functions

∞∑
m,n=−∞

qm
2+mn+an2

for a ∈ {1, 2, 3, 6}.

Following the previous papers mentioned above, it shall be interesting to con-
sider theta products associated to non-unary quadratic form. For example, in
[4], Cooper and the third author showed that( ∞∑

m,n=−∞
qm

2+mn+2n2

)( ∞∑
m,n=−∞

q2(m
2+mn+2n2)

)

= − 1

18
E2(τ)−

1

9
E2(2τ) +

7

18
E2(7τ) +

7

9
E2(14τ)(2)

+ η(τ)η(2τ)η(7τ)η(14τ)

and ( ∞∑
m,n=−∞

qm
2+mn+n2

)( ∞∑
m,n=−∞

q5(m
2+mn+n2)

)

= − 1

16
E2(τ)−

3

16
E2(3τ) +

5

16
E2(5τ) +

15

16
E2(15τ)(3)

+ η(τ)η(3τ)η(5τ)η(15τ),
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where E2(τ) denotes the normalized Eisenstein series of weight 2 for SL2(Z)
defined by

E2(τ) = 1− 24

∞∑
n=1

σ1(n)q
n,

and η(τ) denotes the Dedekind eta function defined by

η(τ) = q
1
24

∞∏
n=1

(1− qn).

One can verify that both η(τ)η(2τ)η(7τ)η(14τ) and η(τ)η(3τ)η(5τ)η(15τ) are
cusp forms. In this work, we extend (2) and (3) in weight aspect and establish
Ramanujan–Mordell type decompositions for{( ∞∑

m,n=−∞
qm

2+mn+2n2

)( ∞∑
m,n=−∞

q2(m
2+mn+2n2)

)}k

and {( ∞∑
m,n=−∞

qm
2+mn+n2

)( ∞∑
m,n=−∞

q5(m
2+mn+n2)

)}k

.

We now summarize the main results of this work in the following theorem as
a closing for the present section.

Theorem 1.1. For N = 14 or 15, let zN = zN (τ) be a theta product
defined by
(4)

zN (τ) =



( ∞∑
m,n=−∞

qm
2+mn+2n2

)( ∞∑
m,n=−∞

q2(m
2+mn+2n2)

)
if N = 14,

( ∞∑
m,n=−∞

qm
2+mn+n2

)( ∞∑
m,n=−∞

q5(m
2+mn+n2)

)
if N = 15.

Let xN = xN (τ) and EN = EN (τ) be defined by

xN (τ) =


η(τ)η(2τ)η (7τ) η (14τ)

z14(τ)
if N = 14,

η(τ)η(3τ)η (5τ) η (15τ)

z15(τ)
if N = 15
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and

Ek,N (τ) =



(−1)kE2k(τ)+(−2)kE2k(2τ)

+7kE2k(7τ)+14kE2k(14τ)

(−1)k + (−2)k + 7k + 14k
if N = 14,

(−1)kE2k(τ)+(−3)kE2k(3τ)

+5kE2k(5τ)+15kE2k(15τ)

(−1)k + (−3)k + 5k + 15k
if N = 15,

where

E2k(τ) = 1− 4k

B2k

∞∑
n=1

σ2k−1(n)q
n

with B2k the 2k-th Bernoulli number and σ2k−1(n) =
∑

d|n d
2k−1 is the nor-

malized Eisenstein series of weight 2k for SL2(Z). Then there are rational
constants ck,j depending only on k and j such that

(5) zkN = Ek,N + zkN

k∑
j=1

ck,jx
j
N .

2. PRELIMINARIES AND OBSERVATIONS

In this section, we first recall some well-known conclusions on modular
theta functions as preliminaries. We then outline the key observations that
lead us to realize the existence of Theorem 1.1 and help us construct Ek,N (τ).

2.1. Review of theta functions

Let Q(x⃗) be a positive definite quadratic form over Z of dimension 2k
with k a positive integer for x⃗ = (x1, · · · , x2k) ∈ R2k. The modular theta
function θ(τ ;Q) associated to Q(x) is defined by

θ(τ ;Q) =
∑

x⃗∈Z2k

qQ(x⃗) =
∑

x⃗∈Z2k

q
1
2
x⃗Ax⃗t

with q = e2πiτ for τ ∈ H. It is well known that the theta function θ(τ ;Q)
possesses the following modular transformations. See, e.g., [12, 13].

Theorem 2.1. Let θ(τ ;Q) be defined as above, and let A be the matrix
associated to Q(x⃗) defined by

A =

(
∂2Q

∂xi∂xj

)
1≤i,j≤2k

.

Then the following transformation formulas hold.
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1. Suppose that N is the least positive integer such that NA−1 is integral and

all the diagonal entries of NA−1 are even. For any

(
a b
c d

)
∈ Γ0(N),

θ

(
aτ + b

cτ + d
;Q

)
=

(
(−1)k detA

d

)
(cτ + d)kθ(τ ;Q).

2.

θ(−1/τ ;Q) = (detA)−1/2 (−iτ)k
∑

x⃗∈Z2k

e2πiτ
1
2
x⃗A−1x⃗t

,

Setting Q = x2 + xy + y2 or x2 + xy + 2y2, one can easily deduce the
following from Theorem 2.1.

Corollary 2.1. Let Q3 = x21 + x1x2 + x22 and Q7 = x21 + x2y2 + 2y22.
Then for p ∈ {3, 7},

1. θ(τ ;Qp) is a holomorphic modular form of weight 1 for Γ0(p) with the
quadratic character

(−p
·
)
;

2.

θ

(
− 1

pτ
;Qp

)
= p

1
2 (−iτ)θ(τ ;Qp).

Moreover, recall zN (τ) for N ∈ {14, 15} be defined by (4). Then

1. z14(τ) = θ(τ ;Q7)θ(2τ ;Q7) and z15(τ) = θ(τ ;Q3)θ(5τ ;Q3);

2. zN (τ) is a holomorphic modular form of weight 2 for Γ0(N);

3. the following transformation formula holds

zN

(
− 1

Nτ

)
= −Nτ2zN (τ).

2.2. Observations

In this subsection, we discuss some simple observations that lead us to
construct an appropriate linear combination Ek,N (τ) of Eisenstein series and
sequentially establish Theorem 1.1.

A careful study of the Ramanujan–Mordell formula and all the previous
related work motivates us to look at (2) and (3) in the following way:

z14(τ) = − 1

18
E2(τ)−

1

9
E2(2τ) +

7

18
E2(7τ) +

7

9
E2(14τ)
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+ z14(τ)
η(τ)η(2τ)η(7τ)η(14τ)

z14(τ)
,

z15(τ) = − 1

16
E2(τ)−

3

16
E2(3τ) +

5

16
E2(5τ) +

15

16
E2(15τ)

+ z15(τ)
η(τ)η(3τ)η(5τ)η(15τ)

z15(τ)

which give us a hint that if Ramanujan–Mordell type decompositions exist for
z14(τ)

k and z15(τ)
k, then, respectively,

x14(τ) =
η(τ)η(2τ)η(7τ)η(14τ)

z14(τ)
and x15(τ) =

η(τ)η(3τ)η(5τ)η(15τ)

z15(τ)

might be the ones fitting into the polynomial part like (1). In addition, it has
been observed and discussed in [14] that a Ramanujan–Mordell type formula
may be induced by a genus zero modular curve whose uniformizer over P1(C)
yields its polynomial part by some means. As such, if one may realize xN (τ)
as an uniformizer of some genus zero modular curve, through the associated
modularity, one may construct the desired linear combination of Eisenstein
series.

Following these thoughts, now let us first examine the behaviors of x14(τ).
Clearly, by Corollary 2.1 and well-known properties of the Dedekind eta func-
tion [6], the function x14(τ) is a modular function of level Γ0(14) with simple
zeros supported only at the four cusps {0, 12 ,

1
7 , i∞} of Γ0(14), each of which

is simple. To realize x14(τ) as a uniformizer for some modular curve under
X(Γ0(14)) of finite degree, one can notice that all the four cusps mentioned
above must be equivalent since an uniformizer serves as a degree one map.
Since 14 is square free, the cusps 0, 1

2 and 1
7 are all equivalent to i∞ via the

Atkin–Lehner involutions of discriminants 14, 7 and 2, respectively, i.e.,

w14 =

(
0 −1
14 0

)
, w7 =

(
7 3
14 7

)
and w2 =

(
2 1
14 8

)
.

Also, by Corollary 2.1, one can easily check that the modular function x14(τ)
is invariant under w14, w7 and w2, and thus, x14(τ) can be viewed as a mod-
ular function for ⟨Γ0(14), w14, w7, w2⟩. The involutionality of w14, w7 and w2

indicates that modding out the action of them, X(Γ0(14)) yields a modular
curve X0(14)/⟨w2, w7, w14⟩ of finite degree, on which x14(τ) has a simple zero
only at the cusp i∞. This shows that x14(τ) is indeed an uniformizer for
X0(14)/⟨w2, w7, w14⟩ over P1(C), whose genus-zeroness can also be directly
computed using the Riemann–Hurwitz formula [5]. Up to this point, we may
be convinced that one may establish a Ramanujan–Mordell type formula for
z14(τ)

k induced by X0(14)/⟨w2, w7, w14⟩ as long as one is able to find a linear
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combination Ek,14(τ) of Eisenstein series so that
Ek,14(τ)
z14(τ)k

is a modular func-

tion on X0(14)/⟨w2, w7, w14⟩. Similar arguments indicate that a Ramanujan–
Mordell type formula for z15(τ)

k should be induced by X0(15)/⟨w3, w5, w15⟩,
where

w15 =

(
0 −1
15 0

)
, w3 =

(
3 1
15 6

)
, w5 =

(
5 −2
15 −5

)
.

2.3. Construction of Ek,14(τ)

In this subsection, we discuss how Ek,14(τ) is constructed as an illustra-
tion. For k ≥ 2, it is known that the space of Eisenstein series of weight 2k for
Γ0(14) is spanned by

{E2k(τ), E2k(2τ), E2k(7τ), E2k(14τ)}.

Since X(Γ0(14)) is a covering of X0(14)/⟨w2, w7, w14⟩, we may suppose that

Ek,14(τ) = a1E2k(τ) + a2E2k(2τ) + a3E2k(7τ) + a4E2k(14τ).

Then to have
Ek,14(τ)
z14(τ)k

to be a meromorphic function on X0(14)/⟨w2, w7, w14⟩,
one must have

Ek,14(τ)
z14(τ)k

∣∣∣∣w14 =
Ek,14(τ)
z14(τ)k

∣∣∣∣w7 =
Ek,14(τ)
z14(τ)k

∣∣∣∣w2 =
Ek,14(τ)
z14(τ)k

,

where

f(τ)|
(
a b
c d

)
= f

(
aτ + b

cτ + d

)
for a modular function f(τ) and(

a b
c d

)
∈ SL2(R).

By the linear independence and modularity of E2k(τ), E2k(2τ), E2k(7τ),
E2k(14τ), and Corollary 2.1, some routine computations show that

a2 = 2ka1, a3 = (−7)ka1, a4 = (−14)ka1.

Finally, we take

a1 =
(−1)k

(−1)k + (−2)k + 7k + 14k

in order to normalize Ek,14(τ) to have a constant term of 1.
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Proof of Theorem 1.1. In the course of discussing x14(τ) and constructing

Ek,14(τ), one has already seen that
Ek,14(τ)
z14(τ)k

is a modular function on

X0(14)/⟨w2, w7, w14⟩
with poles only supported at location of the zero of z14(τ) of order at most k.
Since x14(τ) has a simple zero only at the cusp i∞, x14(τ) has a simple pole
only at the location of the zero of z14(τ) in X0(14)/⟨w2, w7, w14⟩. Therefore,
Ek,14(τ)
z14(τ)k

must be a polynomial of degree at most k with constant term of 1 in

x14(τ) since
Ek,14(τ)
z14(τ)k

is 1 at i∞.

Finally, the rationality of the coefficients of such a polynomial follows

from that of
Ek,14(τ)
z14(τ)k

and x14(τ). This completes the proof for the case N = 14.

The treatment of the case N = 15 is essentially the same, and we omit the
details.

Example 2.1. When k = 2, Theorem 1.1 yields that( ∞∑
m,n=−∞

qm
2+mn+2n2

)2( ∞∑
m,n=−∞

q2(m
2+mn+2n2)

)2

=
1

250
E4(τ) +

2

125
E4(2τ) +

49

250
E4(7τ) +

98

125
E4(14τ)

+
76

25

( ∞∑
m,n=−∞

qm
2+mn+2n2

)( ∞∑
m,n=−∞

q2(m
2+mn+2n2)

)
η(τ)η(2τ)η(7τ)η(14τ)

+
12

25
(η(τ)η(2τ)η(7τ)η(14τ))2

and( ∞∑
m,n=−∞

qm
2+mn+n2

)2( ∞∑
m,n=−∞

q5(m
2+mn+n2)

)2

=
1

260
E4(τ) +

9

260
E4(3τ) +

5

52
E4(5τ) +

45

52
E4(15τ)

+
144

13

( ∞∑
m,n=−∞

qm
2+mn+n2

)( ∞∑
m,n=−∞

q5(m
2+mn+n2)

)
η(τ)η(3τ)η(5τ)η(15τ)

− 360

13
(η(τ)η(3τ)η(5τ)η(15τ))2.

To the best of our knowledge, these two identities has not appeared in
any literature.
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Corollary 2.2. For N ∈ {14, 15}, denote by r(n; k,N) the number of
representations of a positive integer n by the quadratic form

k∑
j=1

(x22j−1+ x2j−1x2j + 2x22j) + 2
2k∑

j=k+1

(
x22j−1 + x2j−1x2j + 2x22j

)
if N = 14,

k∑
j=1

(x22j−1+ x2j−1x2j + x22j) + 5
2k∑

j=k+1

(
x22j−1 + x2j−1x2j + x22j

)
if N = 15.

Then for any positive integer k, as n → ∞,

r(n; k,N)

∼ − 4k

B2k
×



(−1)kσ2k−1(n)+(−2)kσ2k−1(n/2)

+7kσ2k−1(n/7)+14kσ2k−1(n/14)

(−1)k + (−2)k + 7k + 14k
if N = 14,

(−1)kσ2k−1(n)+(−3)kσ2k−1(n/3)

+5kσ2k−1(n/5)+15kσ2k−1(n/15)

(−1)k + (−3)k + 5k + 15k
if N = 15.

Proof. Let zN and xN be defined as in Theorem 1.1. It is not hard to see
that zkN

∑k
j=1 ck,jx

j
N given in Theorem 1.1 is a cusp form of weight 2k whose

coefficients are known (see, e.g., [7]) to have growth order O(nk). Clearly,
σ2k−1(n) ≍ n2k−1. Together with these, Theorem 1.1 directly implies the
corollary.

3. REMARK

In [1], Alaca and Williams derive a formula analogous to (2) and (3) for

z6 = z6(τ) :=

( ∞∑
m=−∞

∞∑
n=−∞

qm
2+mn+n2

)2( ∞∑
m=−∞

∞∑
n=−∞

q2(m
2+mn+n2)

)2

,

namely,( ∞∑
m=−∞

∞∑
n=−∞

qm
2+mn+n2

)2( ∞∑
m=−∞

∞∑
n=−∞

q2(m
2+mn+n2)

)2

=
E4(τ) + 4E4(2τ) + 9E4(3τ) + 36E4(6τ)

50
+ η(τ)2η(2τ)2η(3τ)2η(6τ)2.
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By the discussion given in Section 2, it is very natural for one to question if a
Ramanujan–Mordell type formula exists for z6(τ)

k for k any positive integer.
The answer is positive and is given below.

Theorem 3.1. Let z6 and x6 be defined by

z6 = z6(τ) =

( ∞∑
m=−∞

∞∑
n=−∞

qm
2+mn+n2

)2( ∞∑
m=−∞

∞∑
n=−∞

q2(m
2+mn+n2)

)2

,

x6 = x6(τ) =
η(τ)2η(2τ)2η(3τ)2η(6τ)2

z6
.

Let k be a positive integer. Then there are rational numbers ck,j depending only
on k and j such that

zk6 =
E4k(τ) + 2kE4k(2τ) + 3kE4k(3τ) + 6kE4k(6τ)

1 + 2k + 3k + 6k
+ zk6

∑
1≤j≤k

ck,jx
j
6.

We leave the details of computations and proof to the reader.

Acknowledgments. The authors would like to thank the anonymous referee for

his/her useful comments, corrections and suggestions.
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