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Let f and g be two distinct primitive holomorphic cusp forms of even integral
weights k1 and k2 for the full modular group I' = SL(2,Z), respectively. De-
note by As(n) and Ag(n) the nth normalized Fourier coefficients of f and g,
respectively. In this paper, we consider the summatory function

Z >‘f (n)lAq (n)j7
n=a?+b2<x
for x > 2, where a,b € Z and i,j > 1 are positive integers.
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1. INTRODUCTION

The Fourier coefficients of modular forms are interesting and impor-
tant number-theoretic functions. Let Hj be the set of normalized primitive
holomorphic cusp forms of even integral weight k£ for the full modular group
I'=SL(2,7), which consists of the eigenfunctions for the all Hecke operators
T,.. The Fourier coefficients of f € Hj at the cusp infinity admits the Fourier
expansion

J) =3 A7 emz),  $(z) >0,
n=1

where e(z) = €™, and we normalize A\¢(1) = 1 and Af(n) € R is the nth
normalized Fourier coefficient (Hecke eigenvalue) of f. It is well-known that
the Hecke eigenvalues A¢(n) satisfies the Hecke relation

) Mo = 3 (%)

d|(m,n)
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for all integers m,n > 1. In 1974, Deligne [5] proved the celebrated Ramanujan-
Petersson conjecture which asserts that

(2) [As(n)] < d(n),
where d(n) denotes the classical divisor function.

Then the result implies that for any prime number p, there exist two
complex numbers af(p), B¢(p) such that

(3) Ar(p) = afp(p) +B(p), oy = [Br(p)| = ap(p)Br(p) =1

The distribution of the Fourier coefficients of cusp forms are interesting
and has been investigated by lots of authors. In 1927, Hecke [9] proved that

= Z )\f(n) <y x%

n<x

Subsequent improvements on S(z) were made by a number of authors (see e.g.,
[5, 10, 27, [32]).
In the 1930’s, Rankin [26] and Selberg [29] independently proved that

3
D Ni(n) = cpz+ Op(a5),
n<x
where ¢y is some suitable constant depending on f. Later, other authors con-
sidered the higher moments of the Fourier coefficients of cusp forms (see c.f.,
[18, [7, 22]). In particular, Lau and Li [19] established a general formula for

the summatory function
z)=> M(n)l, 1>3
n<x
for the normalized Fourier coefficients of both holomorphic cusp forms and
Maass cusp forms under suitable conditions.

Let f € Hy, and g € Hy, be Hecke eigenforms, and denote by A¢(n) and
Ag(n) the nth normalized Fourier coefficients of f and g, respectively. Based
on the work of Gelbart and Jacquet [§], we know that the automorphy of sym-
metric power lifting symj7rf attached to f is proved for j = 2, and similarly
for g. Fomenko [7] considered the average behaviour of second moment of nor-
malized Fourier coefficients involving two distinct cusp forms. More precisely,
he proved that

Z)\Q <<fg€ 116+
n<x
and

(4) Z )‘2 = ¢t + Opge(a w0+ )

n<x
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for any € > 0, here ¢y, > 0 is some positive constant depending on f,g. The
result in require the condition that sym27rf 2 symzwg.
In 2013, Lii [20] established the following formula

Z)‘5 <<fg€x32+
n<x

which can be regarded that the sequences {Af(n)°} and {\;(n)} are asymp-
totically orthogonal as z — oo. Later, Lii and Sankaranarayanan [21] further
proved that

(5) Z/\5 n) Lf.g.e 30187+‘E Z)\f n) Ky g.e woite,
n<x n<x

They also established some other similar formulae analogue to .
On the other hand, Zhai [33] considered the asymptotic behaviour of the
following sum

(6) Sifir)i= 3 Ap(a®+ b7
a?+b2 <z
where 2 <[ <8 and a,b,l € Z. In fact, he established the asymptotics for @
by showing that
S f50) = £Rlog) + O ),

where the Py(t), Py(t), Ps(t), Ps(t) are polynomials of degree 0,1,4, 13, respec-
tively. And deg P; =0 for [ = 3,5,7. Here

8 17 43 83
02_ﬁ7 03_%7 94_4767 95_%7
g, — 184 _ 395 _ 752
TV T 358’ 8~ 755

Let f € Hy, and g € Hy, be two distinct Hecke eigenforms. Inspired by
the above results, in this paper, we are interested in the asymptotic behaviour
of the following sum

Sii(frgix) =" > Ap(n)Ag(n)!
n=a2+b2<zx
where a,b € Z and ,j > 1 are positive integers. More precisely, we will prove

the following theorems.

THEOREM 1.1. Let f € Hy, and g € Hy, be two distinct Hecke eigen-
forms. Set i1, 51 > 1 be positive integers. Then for any € > 0 we have

1= o1 42 +e
Saiy 2, (f: g3 w) = xPa, 4y 1(logm) + Opgc(x 27171 23040+ )
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where Pj(t) is a polynomial of t with degree j, and Aj; is defined by
_ ()
TG+
THEOREM 1.2. Let f € Hy, and g € Hy, be two distinct Hecke eigen-
forms. Let io, jo > 1 be positive integers with at least one of them odd. Then,
for any € > 0, we have

1—
Sizga([,9:7) <pge 212+12 +e

2. AUXILIARY RESULTS

In this section, we review some relevant facts about the automorphic L-
functions and collect some important lemmas which play an important role in
the proof of the main results in this paper.

Let f € Hy, and g € Hy, be two distinct Hecke eigenforms. We can
define the jth symmetric power L-function attached to f by

) Lisyndf, ) HH( pﬁf” ) B

p m=0

for R(s) > 1. We can rewrite it as a Dirichlet series

. Asymd Asmj
L(sym’ f,s) = H(l—kW—l—...%—W—i—...)
» p p
(8) = ZYH;LJ”(”) R(s) > 1.
n=1

It is well-known that Ay, r(n) is a real multiplicative function. In particular,
L(sym®f, s) and L(sym'f, s) correspond to the Riemann zeta-function ¢(s) and
the Hecke L-function L(f,s). And from (3)), (7), and the theory of Hecke
operators, we have

J
(9) Z af m = )‘symjf(p)a ,7 > 1.
m=0

The Rankin-Selberg L-function attached to sym’f and sym’g is defined
by
L(sym'f x sym’g, s)

10) = JITI I (01— ) magpy=2'p==)~", R(s) > 1.

p m=0m’'=0
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Similarly, for R(s) > 1, we have

L(sym'f x sym’g, s)

> )‘symif Xsymjg( sym’f ><sym]g (pk>
(s ,

n=1 k>1
where Agyifxsymig() is real and multiplicative. Similarly, by @ 1)), for

1,7 > 1, we have

Aymi frsymig®) = Y ap(p)  ag(p) 2™ (p)

m=0m’=0

(12) = )‘symif(p)Asymjg(p)'

Let m; be a automorphic cuspidal automorphic representation of
GLy(Ag). It is well-known that an automorphic cuspidal representation 7 of
GLy(Ag) is associated to a primitive form f, hence an automorphic function
L(ms, s) which coincides with L(f,s). Denote by sym/7 the jth symmetric
power lift of my. For 2 < j < 8, the automorphy of syijf were proved
by a series of important works of Gelbart and Jacquet [§], Kim and Shahidi
[14, [15] [16], Dieulefait [6], and Clozel and Thorne [2, [3| 4]. Very recently,
Newton and Thorne [23] 24] showed that there exists a cuspidal automorphy
representation of GL;1(Ag) whose L-function equals L(sym? f, s) for all j > 1.
Hence for j > 1, the L-function L(sym’f,s) can be extended to the whole
complex plane as an entire function and satisfies a functional equation of degree
j + 1. Furthermore, based on the works of Jacquet-Shalika [12] [13], Shahidi
[30, 31], Rudnick-Sarnak [28], Lau-Wu [17], the L-function L(sym'f xsym?g, s)
can be analytically continued to the whole complex plane as an entire function
and satisfies a certain functional equation of degree (i + 1)(j + 1).

We state some basic definitions and analytic properties of general L-
functions. Let L(¢, s) be a Dirichlet series (associated with the object ¢) that
admits an Euler product of degree m>1, namely

L(6.5) :; }l ﬂ< )

where ag(p,j),j = 1,2,--- ,m are the local parameters of L(¢,s) at a finite
prime p. Suppose that this series and its Fuler product are absolutely conver-
gent for R(s) > 1. We denote the gamma factor by

)

Jj=1
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with local parameters ji4(j),j = 1,2,--- ,m of L(¢,s) at co. The complete
L-function A(¢, s) is defined by

A(¢,s) = q(6)2 Loo(, ) L(, 9),
where ¢(¢) is the conductor of L(¢,s). We assume that A(¢,s) admits an
analytic continuation to the the whole complex plane C and is holomorphic
everywhere except for possible poles of finite order at s = 0,1. Furthermore,
it satisfies a functional equation of the type

A(¢a S) = 6¢A(§57 1- S)
where e is the root number with |eg| = 1 and ¢ is dual of ¢ such that Ag(n) =

Ao(n), Loo(,8) = Loo(d,5) and q(¢) = q(¢). We call ¢ € S¥ if it satisfies
the above conditions. We say the L-function L(¢,s) satisfies the Ramanujan
conjecture if A\y(n) < n® for any e.

Here, we state a very general theorem due to Lau and Lii [19].

LeEMMA 2.1 ([19]). Let L(f, s) is a product of two L-functions L1, Ly € S¥
with both deg L; > 2,1 = 1,2 and L(f,s) satisfies the Ramanujan conjecture.
Then for any € > 0, we have

Z)\f )+O( 1= E—HS)

n<x

where M (z) = Ress=1{L(f,s)z*/s} and m = deg L.

We define
ro(n) = #{(n1,n2) € Z* | n = n} +nj3}.
It is well-known that r2(n) is a multiplicative function and satisfies the relation
n) =4y xa(d)
d|n

where x4 is the non-trivial Dirichlet character modulo 4. We denote r(n) :=
>_djn X4(d) and x := x4. In particular, one has

=> x(d) =1+ x(p).

dlp
It is not difficult to find that

Sij(f,9;2) Z/\f Z 1

n<z n=a2+b?

= 4) M) Ag(n)r(n),

n<x



7 Estimate for higher moments of cusp form coefficients over sum of two squares 7

where a,b € Z are integers.
Define

L@j(f7g;8):=:j£: Ap () Ag(n)’r(n)

nS

n=1
for R(s) > 1, where 7,7 > 1 are positive integers.
Now, we establish some lemmas concerning the decomposition of the L-
function L; ;(f, g; s).

LEMMA 2.2. Let f € Hy, and g € Hy, be distinct Hecke eigenforms. Let
11,71 => 1 be positive integers. Then, we have

L2i172j1 (f7 g; S) = C(S)AilAh Hilvjl (f7g7 S, X)U’ihjl (f7 g; 8)7

where the constant A; is given by

(25)!
G+
here H;, j (f,g;s) is an L-function which can be represented as the product
of some automorphic L-functions L(sym™ f,s), L(sym™g,s) and L(sym!'2f x
sym'g,s) with li,r1,la,r2 > 1 and its twisted L-functions, and the function
Ui, . (f,g;8) for which the associated Dirichlet series converges uniformly and
absolutely in the half-plane R(s) > % + ¢ for any e > 0.

(13) Aj =

Proof. In view of and the multiplicative property of r(n), we know
that A¢(n)'Ag(n)?r(n) is multiplicative and satisfies the trivial bound O(n?)
for any € > 0. Hence, we can write Lo, 25, (f, g;5) as

i1 14 (pF
W Ll H<1+2Af )2 >\ )23 (p))

k>1

s

for R(s) > 1. In the half-plane R(s) > 1, the corresponding coefficients of p~
determine the analytic properties of Laj, 2j, (f, g5 5).
By the result of Lau and Lii [19, Lemma 7.1], then we know that

)‘f<p)2j = Aj + Z Cj (T))‘sym%f(p) + )‘smeJf(p)7
1<r<j—1

where A; is defined as in , and Cj(r) are some suitable constants. By
relation , we can rewrite in the following

Laiy 2, (f, 95 5)
= ((s)Aun HL(symlf, $)M L(sym"g, s)* L(sym! f x sym"g, )

Lr
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x L(sym'f x x,s)™ L(sym"g x x, ) L(sym' f x sym"g x x, s)/
XUilvjl (fa g; S)’

where 1 < [ < 241,01 < r < 27, are some suitable constants, and di, e, f1
are some constants which need not be specified in this occurrence, the func-
tion U, j,(f,g;s) is some Dirichlet series for which converges uniformly and
absolutely for R(s) > 1. This completes the proof of Lemma 2.2. [

LEMMA 2.3. Let f € Hy, and g € Hy, be distinct Hecke eigenforms. Let
19, jo > 1 be positive integers with at least one of them odd. Then, we have

Li2,j2 (fa g; 3) = Hiz,jz (fa 95 S, X)Ui2,j2 (f: g; 3)7

where Hj, j,(f,g;s) is an L-function which can be represented as the product
of some automorphic L-functions L(symh f,s), L(sym™g,s) and L(sym'f x
sym'2g,s) with Iy, vt 15,7y > 1 and its twisted L-functions, and the function

Ui, i, (f, g5 8) for which the associated Dirichlet series converges uniformly and
absolutely in the half-plane R(s) > % + ¢ for any e > 0.

Proof. The proof follows essentially the same argument as Lemma 2.2.
O

LEMMA 2.4. We have

T 1 2
(15) / C<2 + it) dt < T
1
uniformly for T > 2. Furthermore,
131 _g
(16) Clo+it) < (1 4|ttt 0dte

uniformly for % +e<2andlt]| > 1.

Proof. The first result is a classical result, and second one is the
new breakthrough of Bourgain [I]. [

From the above, we observe that L(sym’ f,s), L(sym’f x sym’g, s) and its
twisted L-functions for all ¢, j > 1 are general L-functions in the sense of Perelli
[25]. For the general functions, we have the following averaged or individual
convexity bounds.
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LEMMA 2.5. Suppose that £(s) is a general function of degree m. Then
for any € > 0, we have

T
(17) / |80 + it)|"dt < T+,
1

uniformly for % <oc<landT >1, and

(18) Lo +it) < (1+ |t|)ma"{%(1—ff)70}+e
uniformly for 3 <o <1+¢ and |t > 1.

Proof. This follows the results of Perelli’s mean value theorem and con-
vexity bound for general L-function in [25]. [

3. PROOF OF THEOREM 1.1

Recalling Lemma 2.2, and then applying Perron’s formula (see [11, Propo-
sition 5.54]) to the generating function Lo;, 25, (f, g; s), then we can obtain

0 o 1 n+iT’ e plte
D o Arm)* Ay (n) (n)z./ L2i1,2j1(f79§5)3d3+0( 7 >,

271 n—iT

n<x

where n =14+ ¢ and 1 <7T < z is a parameter to be chosen later.
By shifting the line of integration to the parallel segment with R(s) = %—l—a
and invoking Cauchy’s residue theorem, then we have

> A (n)* 1 Ag(n) %1 r(n)

n<x

xS
= Ress—1 {inl,zjl (f, 9 S)s}

1 K+iT n+iT k—iT » x1+5
+27Ti{ /H—iT +/fi+iT / } 211,231(f,g,8) 5 s+ < T >

CUH_E
(19):: .I‘PAilAjl_l(lOgl')—i-Jl+J2+J3+O< >,

T

where & : 2 + ¢ and Pj(t) is a polynomial of ¢ with degree j.

Now, we begin to handle the three terms Jp, J2 and J3. For Ji, using the
Cauchy-Schwarz inequality, and Lemma 2.4 for ((s) along with , we have
Ay Ay -1

Ji < " max T;' max ’C K+ it)
1<Ty <T T <t<2T

2Ty 5 \2/ (20 . \?
><</ |C(k +it)| dt) </ |Hiy g, (f, 955 +it)| dt)
Ty T1
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& pFTs(An Ay =D —Lps pax g x (@24 Aj) ) e
7 — 55
(20) < TP l_ﬁAnAh—@“.
The estimates for the integrals over the horizontal segments are similar.

From and , we have
n
Jo+J3 < / 27|¢(o + ity A H, 5 (f, 950 + it)!Tﬁlda
K

221'14-2]'1-‘-171411 A

1 }(1—0’)+8T—1

13
< max 2°T{mAadn+
k<o<n
1+e ) .
X 21 2j1—1 2 . .
(21) < 7T +.’BKT2 1 _ﬁA'L1AJ1_1+E'

Therefore, from (|19} E and , we have

N A2 A ()21 () = 2P, 4, -1 (log x)

n<x
1+¢

(22) +0 (x

1 i1+2j1—1_ 2 55
T > +O(:L'5+ET22“+2]1 1_ﬁAi1A11_@+8).

42
On taking T = g2 1 721840 45,429 ) , we can get
> M)Ay (m)* ()

n<zx

42
€
T2 +21+T o1 _ga, A +29+

= xPAilAjl—l(IOg $) + O( i1 %1 )7
which completes the proof of Theorem 1.1.

4. PROOF OF THEOREM 1.2

As we know, Li, j,(f, g;s) is a general L-function of degree 2272+1 in the
sense of Lemma 2.1 by noting Lemma 2.3. From Lemma 2.3 and the assumption
on i, j2, we can derive that L;, j,(f, g;s) can be analytically continued to the
half-plane R(s) > % without any poles, thus, by Lemma 2.1, we can obtain

Z Af (n)w Ag (n)j2r(n) Lfge 2" T2z +e

n<x
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