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The purpose of this paper is to investigate an ¢-ring structure of algebraic integers
from an arithmetic point of view. We endow the algebra D of hyperbolic numbers
with its standard f-algebra structure [7]. We introduce the ring of hyperbolic

integers Z5, as a sub f-ring of the ring 7" of integers of . Next, we prove
that Zj, is the unique, up to ring isomorphism, Archimedean f-ring of quadratic
integers. Our study focuses on arithmetic properties of Z}, related to its lattice-
ordered structure. We show that many basic properties of the ring of integers Z
such as primes, unique factorization theorem and the notions of floor and ceiling
functions can be extended to Zj. A surprising fact is that prime numbers seen as
hyperbolic integers are semiprimes. We also obtain some properties of hyperbolic
Gaussian integers. As an application, we discuss the Dirichlet divisor problem
using hyperbolic intervals.
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1. INTRODUCTION

In order to solve problems concerning certain classes of integers, number
theorists of the XIX century are led to study generalizations of the usual arith-
metic of the natural numbers in more general settings. In these analogous of
Z, concepts like unique factorization into prime elements, Euclidean division
and modular arithmetic are developed. One can cite, for instance, Gaussian
integers Z[i] and Kummer’s cyclotomic integers Z[exp(2mi/n)] whose interest
came about little by little.

In a process of generalization of the above constructions, Dedekind [3]
introduced the notion of ring of integers Ok of a number field K. The ring of
integers Z is the simplest ring of integers. Namely, Z = Og where Q is the field
of rational numbers. The ring of Gaussian integers Z[i] is the ring of integers
of the number field Q(7). Also, the ring of cyclotomic integers Zlexp(2mi/n)]
is the ring of integers of the cyclotomic field Q(exp(27i/n)).
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Another structure of the ring of integers Z is useful as it corresponds to
its order structure. It is clear that one has to take into account the relation
between its divisibility and its order properties as the existence of a unique
positive ged and the existence of unique factorization into product of positive
primes. In this paper, Z is seen as an Archimedean f-ring. Indeed, the general
notion of f-algebra is simultaneously a Riesz space (or vector lattice) and an
associative real algebra that fulfills certain “positivity” conditions. A typical
example of f-algebras is the linear space of real valued continuous functions
on a topological space. Obviously, the fundamental example of Archimedean
f-algebras is the field of real numbers.

The purpose of this paper is to answer the following general question:
can we extend the order structure of Z to some of its generalizations in a way
compatible with its arithmetic characteristics?

The first part of the answer is given by Theorem We prove that there
is no analogous of positivity in the ring Ok . Actually, we prove a more general
result concerning ring extensions of Q.

This leads us to consider non division extension of real numbers. More
precisely, we consider the ring of hyperbolic numbers

(1.1) D:{z:a:+jy: x,yGR,j%R;f:l}.

Hyperbolic numbers (also called duplex numbers) are an extension of real num-
bers defined in the same way as complex numbers C but with an imaginary
unit j satisfying j2 = 1 (instead of i> = —1). It is clear that D is not a division
algebra. However, it enjoys an important order structure which makes it into
the unique (up to an isomorphism) two-dimensional Archimedean f-algebra.
Therefore, basic notions of real analysis as sign, absolute value, Archimedean
and Dedekind completeness are extended to hyperbolic numbers [7]. Note
that complex numbers and hyperbolic numbers are the only real commutative
Clifford algebras:

D = Clg(1,0) and C = Clg(0,1).

The notion of partial order on I stimulates many authors and leads to
interesting applications in different areas of mathematics. Alpay et al. [I]
investigated the D-normed bicomplex modulus. In probability theory, it is
shown in [2] that Kolmogrov’s axioms and Bays’ theorems hold in the context
of D-valued probabilities. Kumar et al. [I5] introduced the notion of D-valued
measure on a sigma algebra. As an application to fractal geometry, a concept
of Cantor sets in hyperbolic numbers was developed by Balankin et al. [4] and
Téllez-Sénchez et al. [24]. Recently, the authors of the present paper used in
[8] lattice-theoretical results to go further in the development of the theory of
bicomplex zeta function. Further applications are found in [13} 14} 17, 18] 20].
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The aim of this paper is to investigate a lattice-ordered ring (¢-ring) of
algebraic integers where we are able to generalize many of the basic divisibility
and order properties of Z. Our main result (Theorem is the existence of
a unique, up to ring isomorphism, Archimedean f-ring of quadratic integers
called the ring of hyperbolic integers denoted Z;. Namely, Z; is the ring of
integers of the extension Q(j) = {a+js ; o, € Q}.

The present paper is organized in the following way: in Section 2, we re-
call some notions and terminology concerning ¢-groups, f-rings and f-algebras
and present basic notions and properties of hyperbolic numbers that are used
throughout this article. Section 3 introduces the lattice-ordered ring Zj of
hyperbolic algebraic integers, and various of its properties are established. We
introduce the notions of hyperbolic floor and ceiling functions which generalize
that of real numbers. Sections 4 and 5 are devoted to the divisibility in Zj,.
Many of the basic concepts of the arithmetic of Z are extended to Zj: the
Euclidean division, the existence of a unique positive gcd, the existence of a
unique factorization into a product of positive primes. In Section 6, we estab-
lish some properties of the hyperbolic Gaussian integers as a subring of Zj.
As an application, we discuss the Dirichlet divisor problem using hyperbolic
intervals.

2. PRELIMINARIES

In this section, we recall basic facts which we use throughout this paper.

2.1. Basic lattice concepts

We recall some notions and terminology about ¢-groups, f-rings [5, 23]
and f-algebras [25].

Let G be a group which is also a partially ordered set. The group opera-
tion is denoted additively even if G is not assumed abelian, and so the identity
element and the inverse of a € G are denoted by 0 and —a, respectively. G is
called a partially ordered group if the partial order < satisfies: for any a,b € G,

a<b=a+c<b+candct+a<c+bforallced.

In the partially ordered group G, an element a is called positive if a > 0.
The set GT of all positive elements is called the positive cone of G. The
partially ordered group G is said to be Archimedean if for each nonzero a in
G the set {na:n € Z} has no upper bound in G; equivalently, a,b € Gt and
na <bforalln e N=a=0.
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The partially ordered group G is a lattice-ordered group (an ¢-group) if
the partial order is a lattice order (i.e., the supremum a V b and the infimum
a Ab exist in G for all a,b € G). Every element a in an ¢-group G can be
written as @ = a™ — a~, where a™ = aV 0 and a— = —a vV 0. The absolute
value of a is defined as |a] = a V (—a) = a* +a~. Any Archimedean ¢-group
is abelian.

A real vectorial space V is said to be a vector lattice or Riesz space if V' as
a group is an /-group satisfying the property: for any a,b € V,a < b= aa < ab
for all &« € RT. A ring R is called an f-ring if R is an ¢-group and for any
a,b€ RT,

abe RmandaAb=0=acAb=caAb=0forallce RT.

An f-ring is Archimedean if its underlying group is Archimedean. For
each element a in an f-ring, we have a*a~ = 0. Two f-rings R and S are
called f-isomorphic if there exists a ring isomorphism ¢ from R to .S satisfying
w(aVb) = ¢(a)Vep(a) and p(aAb) = p(a) A¢(a) for all a,b € R. An associative
real algebra is an f-algebra if it is an f-ring and its underlying group is a vector
lattice.

We give some examples of partially order groups, ¢-groups and f-rings.

1. The additive group G = Z, Q, or R is an Archimedean totally ¢-group
with the usual order between real numbers, and |z| = 2 V (—x) = max{z, —x}
for all x € G.

2. Let (G, P) be the partially order group R x R with positive cone P.

o If P={(z,y): x> 00orx=0andy > 0}, then (G, P) is a totally ordered
group which is not Archimedean since for any n € N, n(0,1) < (1,0).
The absolute value in (G, P) is given by |(z,y)| = max{(z,y), (—z, —y)}.

o If P={(z,y) :x>0and y >0 or (z,y) = (0,0)}, then (G, P) is an
Archimedean partially ordered group but not an ¢-group.

o If P={(z,y) : x > 0and y > 0}, then (G, P) is an Archimedean ¢-group,

and |(z,y)| = (|, [y)-

3. Let Z[e] = {z = 2+ ey : z,y € Z,e ¢ R;e> = 0} be the ring of
dual Gaussian integers. Let z € Z[e] belong to the positive cone P of Zle] if
Re(z) > 0 or Re(z) = 0 and Im(z) > 0. Then (Z[e], P) is a totally f-ring but
not Archimedean, and the absolute value is given by.

z ifz>0
|z| = max{z, —z} = { . ifs<o0

4. The ring Z[i] of Gaussian integers cannot be made into an f-ring since
i? = —1 (the squares in any f-ring are positive). Nevertheless, there is a partial
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order on Z[i] that makes it into an Archimedean f-group; namely, z < w in
Z[i] if and only if Re(z) < Re(w) and Im(z) < Im(w). Thus, for any z € Z[i],
the absolute value is
|z| = |Re(2)| 4 i|/Im(z)].

It is worth noticing that both |z| and the modulus v/2Z are generalizations of the
usual absolute value in the sens that they coincide on real numbers. However,
the first one belongs to Z[i] as an ¢-group, and the second is a positive real
number which represents the euclidean distance from z to the origin 0 as a
lattice point.

2.2. Hyperbolic numbers

We recall basic properties of hyperbolic numbers equipped by their natu-
ral Archimedean f-algebra structure (see [7]). Hyperbolic numbers defined by
(1.1) are commutative ring with group of units defined by

D, = {z eD: |zl £ o},

where |||, := 2Z = 2% — y? denotes the hyperbolic square-norm of z = = + jy,
(z,y € R) and z is the conjugate of z given by exchanging y <— —y. The
hyperbolic plane has an important basis {e1, ez} where

1+ 1]

T2 T2

e; and ey are mutually complementary idempotent zero divisors, i.e.,

€1 €2

(2.1) e% =eq; e% =ey; e te =1, eey;=0.
In this basis, each hyperbolic number z can be written as
(2.2) z =mi(z)e; + ma(z)es,

where the maps 71,7 : D — R are a pair of surjective ring homomorphisms
defined by

m(z+jy) =z +y and m(z+jy) =z —y.

From representation , called the spectral decomposition [22], algebraic op-
erations correspond to coordinate-wise operations, the square norm of z is the
product 71 (2)m2(2z) and its conjugation is given by exchanging 71 (2) <> ma(2).
Moreover, we can define a partial order < on ID that makes it into Archimedean
f-algebra, where

(2.3) z,w € D; z < w if and only if m(2) < mp(w), k=1,2.
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From this ordering, the lattice operations are
z Vw = max{m(z), m(z) }e1 + max{m(2), m2(z) }es,

z Aw = min{m(2), m2(2) }e1 + min{m (2), m2(z) }ea.
Moreover, z V w and z A w can be expressed as an I(D)-combination of z and
w, where I(ID) means the set of all idempotent elements of . More precisely,
this property is formulated in the following result.

PROPOSITION 2.1 (Proposition 3.1 in [7]). For any z,w € D there exist
unique u,v € I(D) satisfying uv =0 and uw+ v =1 such that

zVw=uz+ovw and z N w = vz + uw.

The Riesz space D is Dedekind complete, i.e., every nonempty subset A
that is bounded above (resp., below), has a supremum sup A (resp., infimum
inf A), and

(2.4) sup A = sup 7 (A)e; +supma(A)es,

(2.5) inf A = inf 7y (A)e; + inf ma(A)es.

In the ring of hyperbolic numbers there is a multiplicative group & called group
of signs given by

(2.6) S = {1,—1,j,—j} > 7,/97 x 7.)2Z.

THEOREM 2.1 (Theorem 5.1 in [7]). Let z € D, then there exists an

element € € G such that
ez > 0.
If |z||n, # O then e is unique, called sign of z, denoted sgn(z) and given by
z
sgn(z) = =k
The f-algebra D under the norm
Izl R = min{a eERT:a> |z|} =|z| V2| forall z€D,

is a unital Banach lattice algebra, i.e., the norm ||.||g satisfies the properties:
(i) |2 < w] implies [|z||r < |w]r; (i) [lzw][r < [[z][r]lw]r and |[1]|z = 1.
As |z] V |z| = max{|m1(z)],|m2(z)|}, then using the standard basis {1,j} an
explicit expression of ||z r is given by the formula

|z + jyllr = max{|z + y|, |x — y|} for all z,y € R.

The Banach algebra structure allows us to define the exponential of z, for any
hyperbolic number z, as

ef = Z % = eﬂl(z)el 4 67"2(2),32_
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The hyperbolic exponential function exp is a group homomorphism from
the additive group D to the multiplicative group D,. But unlike complex
numbers, the hyperbolic exponential function is one-to-one with the group
exp(D) = Df = {z = z1e1 + 22€2 : 21,22 € R }. Therefore, exp : D — D is
a group isomorphism, and this leads to define the hyperbolic logarithm function
as the inverse isomorphism In = exp~!.

Given z € D and o € D, we define the hyperbolic exponentiation z% as

S . ealn(z) — ewl(a) ln(Trl(z))el + 6Trg(oz) ln(ﬂg(z))e2'

We write z = z1€1 + 29€2, & = a1e1 + ases. Then, from the above formula,
we obtain

(2.7) 2% = z{"er + 25%es.

Finally, let us mention that we use the following notation: for any z,w € D,
we write

z <w if and only if w — 2z € D}.
Therefore, if z,w € R then z < w in R if and only if z < w in D.

3. HYPERBOLIC INTEGERS
3.1. Basic definitions and properties

Let R be a ring extension of Q with degree n, i.e., a unital commutative
ring in which its underling group is a Q-vector space with dimension n. There-
fore, each @ € R is an algebraic number (i.e., a root of a polynomial P € Z[X])
since it satisfies the equation

an@™ + ap_10" V- +ay=0, a; € Z.

If, in addition, a,, = 1, « is said to be an algebraic integer. The set Og of all
algebraic integers of R is a ring [2I Chapter 2| called the ring of integers of
R. In particular, a finite field extension K of Q is usually refereed as a number
field. The ring O of its integers is Notherian but in general is not a unique
factorization domain see [10, Chapter 12]. In lattice-ordered rings framework,
we obtain the following result.

THEOREM 3.1. Let R be a ring extension of Q with degree # 1. If R is an
integral domain, then its ring of integers Or cannot be made into Archimedean

f-ring.

Proof. Let R be an integral ring extension of Q with degree d > 1. Sup-
pose that O can be made into Archimedean f-ring. Let 2 € Og then ™ = 0
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or x~ = 0 since 72~ = 0 and Op is an integral domain. This means that
x > 0 or z <0, since  can be written as x = 7 — 2~ with 27,2~ > 0. It
follows that for any u,v € Og, either u — v > 0 or u — v < 0, and hence u > v
or u < w; that is, Og is a totally ordered group. Therefore, from Holder’s
theorem [5, Theorem 2.6.3], Og is isomorphic to a subgroup of R. This yields
a contradiction since dimgR # 1. This completes the proof. [

The aim of this paper is the characterization of all Archimedean f-rings
of quadratic integers. From Theorem these rings must be non integral
domains. In fact, we show that, up to an f-isomorphism, there is only one
Archimedean f-ring of quadratic integers, namely the ring of integers of the
extension Q(j) = {a +jB ; o, 5 € Q}.

THEOREM 3.2 (Hyperbolic integers). The ring of integers of Q(j) is given
by

Zh = Zel + ZEQ,
and it is the unique, up to order and ring isomorphism, Archimedean f-ring of
quadratic integers called the ring of hyperbolic integers.

Proof. The Z-module Z;, = Ze; + Zes is a subring and sublattice (closed
under V and A) of the Archimedean f-algebra D. So, it is an Archimedean
f-ring under the partial order induced from D, and for any v = ne; + mes and
v = pej + ges, we have

(3.1) uVv=max{n,p}e;+max{m,q}es and uAv=min{n, p}e;+min{m, q}es.

We prove now that Zj, is the ring of integers of Q(j). To do this, we use the
decomposition Q(j) = Qe; + Qez that follows from the identities: e; + ey =1
and e; — ez = j. Let v = ae; + fBe; € Qe; + Qey then v € Ogy;) if and
only if there exists (a,b) € Z? such that v?> 4+ av +b = 0, i.e., from
(a® 4+ aa+b)es + (8% + aB + b)ey = 0. This means that a and 3 are the roots
of 22 + ax + b. Then, up to a permutation of the roots one has

—a++Va?—4b —a—+Va?—4b
(3.2) a:m_—a:ﬁandﬁzizﬂ’
2 2 2 2
where n,m, o + 8 and af are integers, so that ”‘;m, “7* € Z. This holds only

if n and m are even, i.e., from o, € Z. Hence Z5 = Ogyj)-

Let Or be the ring of integers of a quadratic ring extension R of Q.
Suppose that Og is an Archimeadean f-ring. Then, it contains an element
b having u; = bt # 0 and uy = b~ # 0. Otherwise, v© = 0 or v~ = 0
for every v € Op, and so it is a totally ordered Archimedean group which
implies (by Holder’s theorem [5, Theorem 2.6.3]), that Op is isomorphic to a
subgroup of R, which is a contradiction. As Opg is an f-ring, we must have
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uyug = bTh~ = 0 which implies that {u1,us} are linearly independent over Q.
Indeed, auy + Buz = 0 implies cu? = 0 and Bu3 = 0 and so a = 3 = 0 since any
unital Archimedean f-ring is semiprime (i.e., 0 is the only nilpotent element).
Let a1, ag € Q be such that 1 = ajug + agug. Thus, (v1,v2) := (aqu1, aguse) is
a basis of R satisfying the properties

(33) 1:U1—|—1)2, U1v2:0:v%:’l}17v%:v2‘

Let now v = avi + Bvy € R = Qui +Qus. Then, from , a similar reasoning
to that of Q(j) = Qe; + Qes shows that v € O if and only «, 5 € Z, that is,
ORr = Zv1 + Zvo. We claim that it is an Archimedean f-ring under the partial
order (nvy +muvy) < (pv1 +que) if and only if n < p and m < ¢ in Z. It is clear
that the positive cone is closed under multiplication. Also, O is an ¢-group
and for any two elements u = nvy + mve and v = pvy + que,

(3.4) uVv=max{n, plvi+max{m, q}ve and uAv=min{n, p}vi+min{m, q}vs.

The Archimedean property follows from that of Z with the usual order. For
the f-ring property, we prove that for any positive elements u, v and w we have
wu A v = 0 whenever u A v = 0. Write u = niv; + nove, v = mivy + move and
w = p1v1 + pavy with ny,ne,my, mse, p1,p2 € Z*. Let ¢; = min{py,p2,1} and
¢ = max{p1,p2, 1}. Thus, from B.4)), we get c1(uAv) < wuAv < ca(uAv),
and hence u A v = 0 implies wu A v = 0.

It remains to prove that the f-rings Or and 2 are ¢-isomorphic. Define
the mapping

@ :nvp + mug — nejp + mes.

Clearly ¢ is bijective and (by , ), it preserves V and A. Moreover, it
follows from and that ¢ is also a ring homomorphism. Therefore, ¢
is an f-isomorphism between the two f-rings. [

Remark 3.3. Using notations of [21l Chapter 2] one can define the set
7" as the integral closure of Z in D, i.e., the ring of algebraic integers of .
From Proposition it is clear that Z" is a sublattice of D, under the induced
partial order , and then an Archimedean f-ring. One can easily check that
70 = elzR &) EQZR. Indeed, an hyperbolic number « is an algebraic integer if
and only if a; = m1(«) and ag = ma(«) are real algebraic integers. From this
point of view, the ring of hyperbolic integers Z; can be seen as the smallest

(with respect to inclusion) sub f-ring of z0 containing {ej,es}.

As for integers of a quadratic field Q(v/d), every hyperbolic integer a is
the root of a monic polynomial P € Z[X] given by

P(X) = X? - 2Re(a)X + ||al|n,
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where ||a||, = aa and Re(a) is the real part of a. However, Zj, has zero divisors
which are the multiples ne of e € {e1,e2} with n € Z\ {0}. For the units of
2, we have

ProposSITION 3.1. The units of Zy, coincide with the group of signs of D

(2.6); that is
{17 _17j7 _j}

Proof. The units of Zj, are characterized by all v € Z}, such that ||v[,==+1
since the square norm ||.||;, is multiplicative and v satisfies: v2 + av +b = 0,
where a,b € Z with a = 2Re(v) and b = ||v||. Write v = ne; + mes, then
|v]|p = nm = 1 if and only if (n,m) € {£(1,1),+(1,-1)}. Ase; +ex =1
and e; — ey =j, we get v =+£1,£j. [

U(Z) =6

In the hyperbolic plane D = R2, 2, is a “square” full lattice [19] with the
fundamental parallelepiped P = {z € D : 0 < z < 1} and minimal elements
+e, +ey (see Figure [1f).

Q

5
S
RS
SRKS
IRK

e
XL

%
S

S
S

& :z&

S

<
KX

0
Q0

Figure 1 — Hyperbolic integers with fundamental parallelepiped P.

PROPOSITION 3.2. Let A be a nonempty subset of Z,. Then, the following
hold.

(i) If A is bounded from above and closed under V, then it has a largest
element.

(ii) If A is bounded from below and closed under A, then it has a smallest
element.
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Proof. (i) If A is finite, it is clear that max A = \/ .4 a. Otherwise,
A is a countable set which means that A can be viewed as a sequence
(an). Let z, = agV ---Va, for n = 0,1,---. Then, (2z,)p>0 is an
increasing sequence of A which is bounded above. It follows that (z,)
become constant, i.e., there exists an integer N € N such that z, = zn
for all n > N. Hence max A = zy.

(ii) We apply (i) for —A and use the duality formula inf A = —sup(—A4). O

3.2. Ideals of Z,

In this subsection, we establish some properties involving ideals of Zj,.

PROPOSITION 3.3. For every ideal I in the ring Z there exists a unique
positive element gr such that I = grZ,. Moreover, I is a sublattice of Zj,.

Proof. Let I be an ideal of the ring Z;. Since for every k = 1,2 the map
T is a surjective ring homomorphism from Zj, to Z, then 7w ([) is an ideal of
the principal ideal domain Z. Therefore, there is a unique positive integer ny
such that 7 (I) = niZ. Thus, the element g; = nje; + nges generates I and it
is the only positive one. It follows from Proposition that I is a sublattice
of Zh. ]

Recall that an ¢-subgroup C' (i.e., subgroup and sublattice) of an ¢-group
G is said to be convex if 0 < a < bin G and b € C imply a € C. An (-ideal
of an f-ring R is a convex f-subgroup of R that is also an ideal of R. The
following characterizes ¢-ideals of the f-ring Zj,.

PROPOSITION 3.4. An ideal of Zy, is an £-ideal if and only if it is generated
by an idempotent element.

Proof. Let I be an ideal of Z; with positive generator g;. We see by
Proposition that I is an £-subgroup of Z,. So, I is an f-ideal if and only if
I is convex. Suppose that g; is an idempotent element, i.e., g;r € {0,1,e1,e2}.
It is obvious that I is convex if gy = 0 or gy = 1. Assume that g; = e € {e1, ez}
that means I = eZ;, = eZ. Let a,b € Zj be such that 0 < a < b and b € I.
Then a = «e for some real «, since eR is an order ideal of D (see Theorem
3.5 in [7]). We must also have o € Z, because a € Zj. Hence, a € I and this
proves that I is convex. Conversely, assume that I is convex. We have to prove
that the generator g7 of I is an idempotent element. We distinguish two cases:
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(1) if ||lgrlln = O the case g;r = 0 is trivial. Suppose that gr = ne for some
e € {ej, ez} and some integer n > 1. Then, we have 0 < e < ne with
ne € I which implies that e € I = neZ. Thus, nk = 1 for some k € Z.
This yields that n = 1, and hence g; = e.

(ii) if ||gr]|n # 0, then 0 < 1 < gy with g7 € I which means that 1 € I, i.e.,
I = Z;,. Therefore, gy =1. O

PRrOPOSITION 3.5. Let I be an ideal of Z with the positive generator
gr = nie1 + nges. Then,

Zh/f ~ Z/mZ X Z/TLQZ.
In particular, Z,/I ~ 7 if and only if I is a nontrivial (-ideal.

Proof. Let us consider next I as an ideal in Z;, with the positive generator
gr = niej + nees. One can easily see that the mapping

2y a s ({(?)7?;(?)) € Z/mZ x Z/naZ,

establishes an isomorphism of Zj, /I with Z/n1Z x Z/neZ. In particular, from
Proposition [3.4] 2,/I ~ Z if and only if I is a nontrivial f-ideal. [

3.3. Hyperbolic floor and ceiling functions

Let us consider z € D. Then the sets ET(z) := {k € Z;, : k < z}
and E~(z) := {k € Z}, : k > z} are two nonempty sublattices of Zj,. Thus
from Proposition the notions of floor |.| and ceiling [.] functions on real
numbers can be extended to the hyperbolic numbers in the following way.

Definition 3.4. The functions |.|p and [.]p from D to Zj defined by
|zlp = max{kezh : kgz},
[z]p = min {k: €eZy: k> z}

are called, respectively, hyperbolic floor function and hyperbolic ceiling func-
tion.

By and , we derive that
(3.5) |2|p = |m1(2)]e1 + |m2(2)] ez and [2]p = [m1(2)]e1 + [m2(z)]e2.
Therefore,

(3.6) z—1<|zlp<z<Jzlp<z+1 forall zeD.
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Let us consider a hyperbolic closed interval (see [4] and [24]) defined by
[, Blp :={z€D: a<z<p}

Geometrically, [, 8]y is a rectangle (Figure [2) when |ja — ||, # 0 called
nondegenerate interval, otherwise it is a line segment [«, ] parallel to one of the
two bisector axis. The open interval (o, §)p, and half-open intervals (o, ] and

Y

Res
Figure 2 — Nondegenerate hyperbolic closed interval [a, £].

[a, B)p are defined in a similar way replacing < by < in left-right and left /right,
respectively. However, all these intervals are empty if ||o — 3||p = 0. One has
(0475)]1) = [O‘HB]]D) \ (aa U aﬁ)? (O‘HB]]D) = [av B]IDJ \ 801 and [O‘7B)]D) = [a75]]1]) \ 8/5
where 0, and Jg are the two edges that meet, respectively, at o and 3. As on
real numbers, the functions |.|p and [.]p allow one to determine the number
Nz, (I) of hyperbolic integers in a hyperbolic interval I by considering the four
types below.

PROPOSITION 3.6. Let o, B € D be such that o < 3 then

Nz, ([, 8lp) = |18lo—Talo+1| .
Nz, ((o.8)p) = |I8loTals,,
Nz, (@ flp) = |[1Bo— lalo] .
Nz, ((@.8)p) = |[[81p~ lalo —1||,

Proof. Let us denote by I1 = [o,Blp, I2 = [, B)p, I3 = (o, f]p and
Iy = (a, B)p- Then the sets 25 N I, are bijectively mapped onto Z? N (I} via
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the map from D to R? defined by ¢(2) = (71(2), m2(z)). Thus, for k =1,...,4,
Nz, (Ix) = #7Z° N Ry, where Ry, = ¢(I) are the rectangles

Ry = [mi(a), m(B)] x [m2(e), m2(B)],  Re = [m(a), m(B)) x [r2(a), m2(B)),
Ry = (m(@), m(B)] x (m2(a), ()], Ra = (m(a),m(B)) x (ma(a), m2(B))-

Therefore,

Nz, (L) = ([mB)] = [m(a)]+1) ([m2(8)] = [m2(a)] + 1),
Nz, (I2) = (Im(B)] = [m()]) ([m2(B)] = [ma()]),
Nz, (I3) = (Im(B)] = [m()]) ([m2(B)] = [m(0)]),
Nz, (Is) = (ImB)] = [m(@)] = 1) ([mB)] - [m(@)] 1)

Finally, the results follow from (3.5 and the propriety ||z||, = m1(2)m2(2). O

4. DIVISIBILITY
4.1. First properties

Divisibility in Z}, is defined naturally: we say b divides a, or a is a multiple
of b (and write b|a) if a = be for some ¢ € Zj,. In this case, we call b a divisor
of a.

PROPOSITION 4.1. For a,b € Z;, we have
(i) alb in Z), implies ||al|n | [[b]ln € Z;
(ii) alb and ||b||p # O implies |a| < |b];
(iii) alb and bla if and only if |a| = |b|.

Proof. (i) If a|b then b = ac which implies, by multiplicativity of |||,
that [|b]ln = [lal|n[lc][». Hence, [[alln | (6]l € Z.
(ii) If a|b and ||b||p, # 0, then b = ca for some ¢ € 2, with ||c||;, # 0 that means
lc| > 1. Therefore,
[b] = lal = (l¢] = 1)]af = 0.
(iii) a|b and b|a if and only if a = €b for some unit ¢, i.e., (by Proposition 5.1
in [7]) if and only if |a| = |b]. O
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4.2. Hyperbolic euclidean division and congruence

THEOREM 4.1. Let a,b € 25, with ||b||n, # 0, then there exist unique
q,r € Zp, such that
a=bg+r, 0<r=<|bl.
The hyperbolic integers q and r are called, respectively, the quotient and the
remainder of the division of a by b.

Proof. We consider first the uniqueness. Assume that
a=>bq+ri=>bga+rs, 0<ryre<|bl.

Then,
[r1 — 7

< 1.
0]

0<|g1 —q| =

Hence, q¢; = g2 which implies 1 = r.
Consider now the existence. Put

qzs{éd and r = a — bg,
D

where € = sgn(b) = LZ‘ and |.|p is the hyperbolic floor function || Then,
we have ¢,7 € Z}, and a = bq + r. It remains to prove that 0 < r < |b|. From

(3.6) one has

a a a
(4.1) ——1< {J < o3
0] bl ~ 0]

Multiply (4.1)) by —eb = —|b| and use r = a — bq to get the desired inequality.
O

As for integers, congruences in Zj, are defined using divisibility.

Definition 4.2. Let a,b,v € Zj. We further write a = b mod v if and
only if v|(a — b).

Since congruence modulo 0 means equality and a|b if and only if |a||b, we
usually assume the modulus is a nonzero positive element of Zj,.

PrROPOSITION 4.2. For a,b,c,v € Zp one has
(i) a=b mod v and c=d mod v imply a+c=b+d mod v and ac=bd mod v;
(ii) if also a,b,v € Z then a=b mod v in Z, if and only if a=b mod v in Z;

(iii) @ = bmod v in Zy if and only if mx(a) = mr(b) mod mx(v) in Z for
k=1,2;
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(iv) a = b mod v if and only if @ = b mod v.
Proof. The proof is straightforward. [

Let v € Z,, v > 0. Then (by Proposition [3.5)), the number of the residue
classes modulo v is its square norm ||[v||,. For instance, the four binary classes
are the set

(4.2) 2,/22, = {0,1,6,6}.

4.3. Positive gcd and positive lem

According to Proposition for every a,b € Z, the ideals aZ), + bZ),
and aZ, N bZy are generated by a unique positive element. This justifies the
following result.

THEOREM 4.3. Fvery a,b € Z, have a unique positive greatest common
divisor gedg, (a,b) and a unique positive latest common multiple lemz, (a,b).
Moreover,

gedz, (a,b) = ged(mi(a), mi(b))er + ged(ma(a), m2(b))ez ,
lemz, (a,b) = lem(mi(a), m1(b))er + lem(ma(a), m2(b))es .
As an immediate consequence of Theorem [4.3] we have the following

properties of gedz, and lemg, which are extension of the corresponding ones
in Z.

PROPOSITION 4.3. For a,b € Z;, we have
(i) gedz, (|al, [b]) = gedz, (a,b) and lemg, (lal, [b]) = lemz, (a,b);

(ii) gedz, (a,b)lemz, (a,b) = |abl;

(i) gedg, (a,b) = gedz, (a,b) and lemgz,(a,b) = lemz, (a,b);
(iv) gedg, (aVb,aAb) =gedg (a,b) and lemz,(aVb,aAb)=lemg,(a,b).

Remark 4.4. In view of Proposition the quazi-order on Z}J{ defined
by
a < b if and only if a|b,
is a partial order, and under such order, Z,j is a lattice ordered multiplicative
monoid with a A b= gedz, (a,b) and a Vb = lemg, (a,b) for all a,b € Z;F.
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5. PRIMES AND IRREDUCIBLES IN Z,

In this section, we characterize all prime and irreducible elements of Zj,.
We also extend the unique factorization theorem of Z to Z;,. The set of all prime
numbers: 2,3,5,7,11,--- is denoted by P. For basic notions and terminology
about prime and irreducible elements we refer to [16, Chapter II].

5.1. Characterization

THEOREM 5.1 (Hyperbolic primes). The following statements are satis-

fied.

(i) Prime elements of Zj, are u = v where € is a unit and
v € {e1,e2,pe1 +ez,€1 +pey: p€ P}

(ii) Irreducible elements of Zj, are u = ev where € is a unit and v is in
Pn = {pe1 + ez, e1 +pey : p € P}

where Py, is defined as the set of hyperbolic prime numbers (or hyperbolic
primes),

Proof. Let v =ne;+mes be a nonzero and nonunit positive element of
the ring Zj,.
(i) By Proposition v is prime if and only if Z/nZ x Z/mZ is an integral
domain, i.e, if and only if one of Z/nZ or Z/m Z is an integral domain and the
other one is zero. It follows that (n,m) € {(1,0),(0,1),(p,1),(1,p) : p € P}.
Which means that

v € {e1,e3,pe1 + ez,e; + pes : p € P}.

(ii) If v is irreducible, then vZ}, is a maximal ideal, since by Proposition
every ideal in the ring Z, is principal. Therefore, vZ; is a prime ideal which
means that v is prime. So from (i), either v = e; or v = ey or v = pe; + e
or v = e + pes for some prime number p. We prove that each nonzero-divisor
prime element v is irreducible, since the atoms e; and ey are not. Let a,b € Z},
be such that v = ab. Then, taking the norm ||.||5, we obtain p = ||als]|b]|x-
Since p is irreducible in Z it follows that ||a||, = £1 or ||b]|, = +1. Hence,
eitherac Gorbe . O

Remark 5.2. (i) Theorem (5.1)) shows that hyperbolic primes are pos-
itive nonzero-divisor prime elements of Z; and they are the hyperbolic
integers of the form pe; +es or e; + pes with p € P. Write p = pe; + pes,



162 H. Gargoubi and S. Kossentini 18

then using the hyperbolic exponentiation (2.7]), we have pe; + e; = p®
and e; + pes = p®2. Thus, hyperbolic primes are the set

Pr:={p®: (p,e) € P x {e,es}}.

(ii) It is well known that Gaussian primes are, up to units, prime numbers p
with p=3 mod 4 or Gaussian integers z =a-+ib with the norm 2z =a?+b,
being a prime number. Similarly, (nonzero-divisor) hyperbolic primes
are, up to units, hyperbolic integers v with square norm ||v||, = vo = p,
where p is a prime number. However, for each prime number p one has
the decomposition p = p®'p®2. It is quite remarkable to see that p viewed
as a hyperbolic integer is in fact “semiprime”.

5.2. Unique factorization theorem

The fundamental theorem of arithmetic states that every nonzero integers
n can be written uniquely in the form

n=c¢ H p"-’n(p)’
peP

where € is a unit (¢ = sgn(n)) and v, : P — N with v,(p) # 0 for a finite
number of p.

Using the hyperbolic exponentiation , the following statements show
that this property can be generalized to hyperbolic integers.

THEOREM 5.3. Every a € Z5, with ||a||p # 0 can be written uniquely in

the form
a =& Hpvll(p)’

peP
where € is a unit and vq : P —> Z;Lr with va(p) # 0 for a finite number of p.

Proof. Let a € 2 with ||l # 0. By Theorem [2.1] there is a unique unit
e € G such that a = ¢|a|. Let ni,ny € N be such that |a| = nye; +ngey. Then,
ni,ns # 0. By the fundamental theorem of arithmetic, for every n € N there
is a unique application p, : P — N with p,(n) = 0 for almost all p such that

n = Hpun(p).

peP

Let vo : P — Z;| be the function defined by v4(p) = n, (p)e1 + fin,(p)e2.
Therefore,

ja| = [[p*®. O

peP
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THEOREM 5.4 (Unique factorization theorem). Every a € Zj, with ||al|;,#0
can be written uniquely in the form

where € is a unit and vy : Py, — N with ve(u) = 0 for almost all u.

Proof. The proof follows immediately from Theorem by observing
that hyperbolic primes are p®' and p®? with p € P (Theorem [5.1). [

6. HYPERBOLIC GAUSSIAN INTEGERS

By analogy to complex numbers, the hyperbolic Gaussian integers or,
more simply, the h-Gaussian integers (also called split Gaussian integers [11])
are the set

gy = Zl[j] == {l‘ +jy: x,y€ Z}.

We see next that it is a subring of Zj with zero divisors that are the
multiples n(1 +j), n € Z\ {0}, and units that are 1, —1,j, and —j. From the
four binary classes of hyperbolic integers, we have the following charac-
terization of h-Gaussian integers.

THEOREM 6.1. Let a € 2y, then a € Gy, if and only if either a = 0 mod 2
or a =1 mod 2.

Proof. Let a = ne; + mey = (”Zm) +j (%) € Zy, with n,m € Z. So,
a € Gp if and only if n = m mod 2, i.e., if and only if either ¢ = 0 mod 2 or
a=1mod?2. [O

In view of Theorem and by the units of G; being the set &, one can
see that Gy, is closed under absolute value. But it is not an ¢-subgroup of Zj,
since 0V j = e; ¢ G. However, the next result gives under which condition
the supremum of two incomparable (with respect to the order induced by Z},)
h-Gaussian integers exists in Gp,.

PROPOSITION 6.1. Let a,b € Gy, be incomparable, then

aVbe gy, if and only if a = b mod 2.

Proof. Let a,b € Gy be incomparable. Then, from Proposition [2.1] we
can write
aV b= ua+ vb,
for some u,v € {ej, ez} with u + v = 1. Therefore, Theorem implies that
aVbegG,ifandonly ifa=bmod 2. O
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PROPOSITION 6.2. Every a € G, with ||al|s, # 0 can be written uniquely

in the form
a=¢g,2" Hpv"(p),
P72
where 4 1s a unit, vg : P — Z;' with v (p) = 0 for almost all p and v € Z}T
s such that v =0 ifa =1 mod 2 and v > 0 if a = 0 mod 2.

Proof. From Theorem a can be uniquely expressed in the form

a=e, Hpva(p) =g,2" l_Ipva(p)7
P pF#2

where g, is a unit and P % Z} with v,(p) = 0 for almost all p and any
v=v,42) € Z;Lr. Therefore, a = 2¥ mod 2 since, p¥*® =1 mod 2 for p # 2.
It follows that v =0ifa=1mod 2 and v > 0 if a =0 mod 2. O

7. DIRICHLET DIVISOR PROBLEM

The Dirichlet divisor problem, arises from estimating D(p) := >_,, -, d(n),
where d(n) is the number of positive divisors of n. A well-known result is
D(p) = plnp+ (27 — 1)p + A(p), where v is Euler’s constant and A(p) is
the error term. The Dirichlet divisor problem asks for the correct order of
magnitude of A(p) as p — oo (see e.g., [12, Chapter 5]). From a geometrical
point of view D(p) is equal to the number of lattice points in the first quadrant
under the hyperbola xy = p. Thus, this is equivalent to determine the number
of hyperbolic integers a > 0 with ||a||;, < p, i.e.,

(71)  D(p) = #Z,ND*(p), Dlp):={z €D |z]n < p}.

Define

Du(p) =D(p) N [=p:plp-
Geometrically, D,(p) is the square [—p, plp if p < 1, and Di(p) C [—p, plp if
p > 1 as represented in Figure

PROPOSITION 7.1. We have D(p) = #Z, N D} (p).

Proof. Tt suffices, from (7.1)), to prove that Z, N DT (p) = Z, N DS (p).
Then, suppose that

(7.2) 21 ([=p. 0l N D* () £ 0.

Observing that [—p, p]p is the closed ball Bg(0,p) in (D,|.||r) where |.||g is
the lattice norm ([2.2)), then equation ([7.2)) yields that there exists a hyperbolic
integer a=ne;+mes > 0 such that ||a| g =max{n, m} > p and ||a||,=nm < p.
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Figure 3 — A representation of D, (p) for p > 1 with 7 = \/ﬁe%j np,

So, from the identity nm = max{n, m} min{n, m} one has that p > nm > p,
which is a contraction. Hence,

Z,NDY(p) = Z, N DS (p). O
Let n be an integer > 2. Define &, Ap, ur and n such that

& = e A= Ayp, fork=0,---,m

e = gk\/gk—la Mkzgk/\gk—h fOI'kZ].,"' , 1.
Thus, and referring to Figure ] Proposition [7.1] yields that
(7.3) D, (p) < D(p) < D} (p),
where
k=n
(7'4) D,: (p) = NZh ((07 \/ﬁ]]])) + 2NZh ((Oz, T]]D)) +2 Z NZh (()\Im gk—l]D) )
k=2
k=n
(7'5) Dg_(p) = NZh ((0’ \/ﬁ]]D)) + QNZh ((aa T]]D)) +2 Z Nzh (()‘ka nk]]D)) .
k=1

Let A, (p) and A;f(p) be such that
Ay(p) = Dy(p)—(plnp+(2y—1)p),
Av(p) = Dy(p)—(plnp+(2y —1)p).

Next, let 6(p) be a function defined for p > 1 by d(p) = 0 if p ¢ N and
d(p) = d(p) + xn(y/p), otherwise.
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Figure 4 — .

PROPOSITION 7.2. One has limsup(A;:(p) — A, (p)) < 6(p).

n—oo

Proof. We have
k=n
AT (p) = Ay (p) = D (p) = Dy (p) =2 Nz, (1 milp) -
k=1
We further denote by J = 2, N (Ds«(p) \ 7,) where 75 is the image of
Yp(t) = ﬁejt defined in [0 1ln p} Since J is a nonempty finite set, one
obtains d,» = mind(h,v,) = mm inf ||h —&|| > 0. Let N be an integer such

heJ J e
that
2ﬁsmh \/cosh lnp < dys
Then, for every n > N and for every k=1,---,n we have

diam [pg, k] = 1€k — Ek—1]|
., np
< 2\/ﬁs1nh(ﬂ) cosh(In p)

Inp
< i -
< 2,/psinh( 4N) cosh(In p)
< dW;
Thus, if Z5 N (pg, k] # 0 then for every h € Z, N (g, ni], we have
d(h,vg) < diam [pg, i) < dys
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where 75 =7, ([(kgl) In p, gln p} ) Therefore, Zp, N (pk, Mklp C ZnN7;,- Hence

n
U 20 0 (s il € 2001
k=1

It follows from the inclusion above that

A(p) — AL (p) < 2#Z, N7y, foralln > N.

Therefore,
limsup(A; (p) — Ay (p) < sup (AL (p) = A (p) < 2#21,0 7,
n—oo n>

Thus, it follows from Z, Ny, = {h € 2+, Im(h) > 0: ||h||, = p} that
242, Ny =24{(z,y) € Z°,0 <z <y:ay=p}=0d(p).
This completes the proof. [
PROPOSITION 7.3. We have 0 < A(p) — A~ (p) < §(p) where

(k—1) 1 17(k—1)

A~ (p) = w<p>+2hminf<l§(tp%+ ] = 1ot]) (125 1= L sz)),
k=2

N

n—oo

() = 12 +2(lo) - LoF]) = (pp+ (27 = 1)p).

Proof. We have
0< A(p) = Ay (p) < Dy (p) = Dy (p)-

Put A= (p) = hnnig.}f A, (p). Thus, from Proposition [7.2| one has
0 < limsup(A(p) — A, (p)) = Alp) = A7 (p) < 0(p).
From the above inequality, we have

k=n

AL(p) = ¥(p)+2) Nz, (A &-1lp)

k=2
v(p) = Nz, ((0.v/plp) + 2Nz, (e, 7]p) = (plnp — (2v = 1)p).

Straightforward calculations give

1
T =pe; +e, «=p2ep,

1 n—k ntk n—k ntk n=(k=1)
)\k:P291+P2”02, gk:p2nel—|—p2neQ7 N, =pme +p 2n ey.
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Therefore, from Proposition [3.6] we have
Nz, (0,v/7lp) = Lp2),
Nz, (v7lp) = lo) = Lp2],
e !

Hence

Finally,

ol
3=

n—o0

A~ (p) =w<p>+2hminf(%(Lp%“’%nﬂ ~ o) (L - b))

THEOREM 7.1. For every real € > 0, we have

n—oo

A(p)=1(p)+2lim inf ( %(tp5+<k2nl)J - LP%D (Lp%‘ ) Lpé‘f"J))JrO(pe)-

Proof. From Proposition A(p) is given by A~ (p) and the error is the
order of §(p). Thus, the proof follows from the definition of & by observing
that d(n) = O(n®) for every ¢ > 0. [
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