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We consider the (direct sum over all n € N of the) K-theory of the semi-
nilpotent commuting variety of gl,,, and describe its convolution algebra struc-
ture in two ways: the first as an explicit shuffle algebra (i.e., a particular
ZlgE!, g5 *]-submodule of the equivariant K-theory of a point) and the second as
the Z[git, ¢F ']-algebra generated by certain elements {Hn,a}(n,ayenxz- As the
shuffle algebra over Q(q1, g2) has long been known to be isomorphic to half of
an algebra known as quantum toroidal gl;, we thus obtain a description of an
important integral form of the quantum toroidal algebra.
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1. INTRODUCTION
1.1. Commuting stacks

Moduli spaces of quiver representations and moduli spaces of sheaves are
both important settings for geometric representation theory. Moreover, they
are very closely connected, in that one can see the same phenomena occur for
both classes of moduli spaces. Arguably, nowhere is this more apparent than
in the case of the Jordan quiver (namely, the quiver with one vertex and one
loop), which corresponds to sheaves on A%. To be more specific, consider the
commuting stack

Comm, = {(X,Y) € Mat

nxn

st. [X,Y]=0}/GL,

where the action of GL, is by simultaneous conjugation of the matrices X, Y.
From the point of view of quivers, Comm,, is the cotangent bundle of the stack
Maty, xn /G Ly, of n-dimensional representations of the Jordan quiver. From the
point of view of sheaves, a point of Comm,, describes a length n sheaf on A2,
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as the commuting endomorphisms X and Y encode an action of Oy2. Let us
consider

oo
(1) K = P Kc- xc+(Commy,)

n=0
the (0-th) equivariant algebraic K-theory groups of all commuting stacks con-
sidered together. The torus C* x C* acts by rescaling the matrices X and
Y independently, and thus K is a Z[qfcl, qgﬂ]—module7 where ¢, ¢o denote the
standard characters of C* x C*. As explained in [I3], there is a convolution
algebra structure on K which is additive in n (we do not need to review the con-
struction in the present paper, but the interested reader may find an overview
in [I1, Section 2.3]).

1.2. K-theoretic Hall algebras

Upon localization with respect to the fraction field of Z[qfﬁl,qgﬂ], the
algebra

(2) Koe=K () Qa1,q)

+1 +1
Zlqi a5 "]

is a well-known object in representation theory: it was shown in [13] to match
the elliptic Hall algebra of [1], in [3, [12] to match half of quantum toroidal gl;
(also known as the Ding—Tohara—Miki algebra, see [16] for an overview of this
important algebra), and in [7] to match the shuffle algebra of [2]. However,
if one has derived categories (or any other categorification) in mind, knowing
Kjoc is not good enough. Instead, one would hope to solve the following.

Problem 1.1. Describe K as a Z[qlﬂ, q%l]—algebra.

Although certain aspects of Problem have been studied ([I8, [19]), the bad
news is that we do not yet know a complete solution. The good news is that
in Theorem |1.2| we provide a complete solution to a closely related problem,
which is relevant to the setting of categorified knot invariants and affine Hecke
algebras studied in [4, 5]. To set up this closely related problem, let us note
that the commuting stack has three variants of interest to us, namely

(3) Comm™™P ¢ Comm®**™P ¢ Comm,,

where the stack on the left consists of pairs of nilpotent commuting matrices
(X,Y), while the stack in the middle allows X to be arbitrary but requires Y’
to be nilpotent. The (direct sums over all n € Ny of the) C* x C* equivariant
algebraic K-theory groups of the stacks above are denoted by

(4) Knilp N Ksemi—nilp K.
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The maps above are simply the direct image maps induced by , and they
are actually algebra homomorphisms with respect to the convolution product
(indeed, K™P and K*™-ilP are algebras by the exact same construction as K
of ) All three algebras in have the same localization, i.e., are isomorphic
upon tensoring with Q(q1, g2), but the middle one is described explicitly before
localization.

~

THEOREM 1.2. We have an isomorphism (Se™inilp . frseminilp =, g
where

+1 :I:l +17sym
SC@Z ,q2 N ]

n

s the Z[qfﬁl,qécl]—submodule determined by the conditions of Definition
and made into an algebra via the shuffle product .

1.3. Connection with the elliptic Hall algebra
Our starting point in the analysis of K™i™ilP ig the fact (proved in [14])
that it is generated as an algebra by the K-theory groups of the closed substacks
(5) (Matyxp x {0}) /GL, C Commse™inilp

as n ranges over Nyg. The isomorphism (5™ of Theorem maps the
K-theory group of the substack ( @ ) to

(6) Z[qli,q2 ][il,...,sz]sym F,cS

where

(7) F, = H (1 _ QZZZ'>‘
1<i,j<n &

The elements F;, were first studied in [2], and we prove the surjectivity of the
map (S™P by showing that the elements of @ also generate S, as n ranges
over No. As the injectivity of /5™IP wags established in [I7], this proves
Theorem [1.2]

Inspired by the elliptic Hall algebra of [I], it was shown in [7] that we
have the following equality of Q(q, ¢2)-vector spaces

®) Swe:=S8 (X) Qla1,0) P Qa.q) Hug - Hopa,

Zlat 4t

for certain elements {I:In,d}(n,d)eNxZ of Sioc, that we recall in Section 4l We
then prove the following stronger version of the decomposition .
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LEMMA 1.3. We have the following equality of Z[qlﬂ, qéﬁl}—modules
(9) S= @ Z[qiﬂa qa:l] . I:Inl,dl s I:Ink,dk
dq ...<d7k

2. THE (SEMI-NILPOTENT) K-THEORETIC HALL ALGEBRA
2.1. Commuting stacks revisited

Let us consider the commuting variety
(10) Comm, <% A2
E] consisting of pairs of commuting n x n matrices X, Y. We consider the action

Gn = C* X C* x GL, ~ A
given by
(t1,t2,9) - (X,Y) = (tlnggl, éngl)

which preserves Comm,,. Thus, induces a map on equivariant K-theory
(11) Ke, (Comm,) 5 K¢, (A%").

The commuting stack is Comm,, = Comm,,/GL,, and its K-theory is given
by

(12) Kcexc+ (Comm,,) = K¢, (Commy,,)
which explains our interest in the map .

2.2. The shuffle algebra

If we let o € A2 denote the origin, then the following restriction map

o

2 o
(13) Kg, (A2" ) >~ K¢, (pt) = Z[qlﬂ, qQﬂ] [zfd, el zfl]bym
is an isomorphism, where ¢i, g2 denote the standard characters of C* x C*,
z1,...,2, denote the standard characters of a maximal torus of GL,, and
“sym” denotes symmetric Laurent polynomials in z1,..., 2,. Composing
with yields
Kg, (Comn) oy Z[qfl, qéﬂ] [zfﬂ, .. ,szl]sym

!Strictly speaking, one should think of Comm,, as the derived subscheme of A2 cut out
by the Koszul complex of the system of n? equations [X,Y] = 0, but we do not need this
subtlety.
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as a map of Zlq il, qéﬂ]—modules. We abuse the notation ¢, by also using it for
the composition of the map above with the equality

(14) Kcxxcx (Commn) Lny Z[ ,q2 ] [ il, ey zil]sym

n

Definition 2.1 ([2]). Consider the rational function

(1 —qu)(l —xqz) (1 _ %)
11—z

() =

The vector space
(15) V= @Z qfﬂl,q2 il,...,szl]sym

is made into an algebra via the following shuffle product

(16) R(z1,...,20) % R'(21,...,20)
[R(zl,...,zn)R’(zn+1,...,zn+n/) H C(Zl):|

nln'!

= Sym
. . Zj
1<i<n<j<n+n’

(above, “Sym” refers to symmetrization with respect to z1,..., zZp1n/).

The K-theoretic Hall algebra is defined as

oo
K= @ K(C* x C* (Commn)
n=0

It is endowed with a certain convolution product ([13], [1I, Section 2.3] for
the construction in notation closer to ours), which has the property that the
maps combine to an algebra homomorphism

(17) K5V,

Unfortunately, we do not know how to effectively describe the image of ¢.

2.3. The semi-nilpotent commuting stack

In the present paper, we study a variant of the K-theoretic Hall algebra,
which we are able to describe completely in terms of (the natural analogue of)
the homomorphism (17). Consider the semi-nilpotent commuting variety

emi-nilp

Com

C Commy,,

parametrizing those pairs (X,Y") of commuting n xn matrices with X arbitrary
and Y nilpotent. The semi-nilpotency condition initially arose in the context of
K-theoretic Hall algebras in [I4], but it also naturally arises in categorification
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via knot invariants ([4, [5]). Letting the semi-nilpotent commuting stack
be .
CommSemi-nilp — CTseml'nl Y/GL,

we may define the following analogue of the construction of the previous sub-
section

o

Kseml—nllp _ @K(C*XC* (Commzeml—mlp).

n=0

Then, we have the natural analogue of the map

semi-nilp

(18) Kseml nilp ¢

One endows K5™ilP with the same kind of convolution product as K, thus
making into an algebra homomorphism. The map is well known
to be injective ([I7, Lemma 2.5.1]). The main purpose of the present paper
is to explicitly and effectively describe its image. We actually provide two
descriptions of the image: one as an explicit subalgebra S C V (in Sect10n '
and one by producing an explicit PBW basis of S over the ring Z[g il, % ] =

Kc+xc+(pt) (in Section ).

2.4. Generators

We employ the language of integer partitions from [6, Chapter 1]. For
any partition A = (ny > -+ > ng) F n, let

semi-nilp *? semi-nilp
(19) Commyy <% CommS"

be the closure of the substack consisting of pairs of commuting matrices (X,Y)
which (up to conjugation) are block triangular with respect to a flag of sub-
spaces

0=Wwcwvic---CcVp1CcVp=C"
where dim V;/V;_1 = n;; above, “block-triangular” means that
(20) X(Vi)cVi and  Y(Vj) =Vig
for all i € {1,...,k}. A well-known fact of linear algebra is that

Commseml -nilp _ U Comm seml—mlp

AFn

The substack corresponding to A = (n) is simply A /GLy, as requires X
to be arbitrary but Y to be 0. As such, the composition

seml—mlp) 2y |

Ke, (A™) 12 K¢, (Comm s Kg, (A7) = Kg, (pt)
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is simply given by mapping X to (X,0) and then restricting to the origin.
Because of this, the image of the composition above is the principal ideal
generated by the (equivariant) Koszul complex of

A™ S AT X (X,0)

in the ring Z[git, [z, ..., 251%™, This Koszul complex is none other
than g
92
Fo(z1,...,2n) = H (1— Zz >
1<i,j<n !

Therefore, we have for all n € N

(21) Z[ql N HIE il,...,zil]sym F, C Im ominilp,

n

PROPOSITION 2.2. As a Z[gE', ¢F']-algebra, Tm 5™ s generated by
the elements in the left-hand side of , as n goes over N.

The result above was proved at the level of Chow groups in [I4, Proposi-
tion 5.12]; the adaptation of the proof of loc. cit. to K-theory is straightfor-
ward, so we leave it as an exercise to the reader.

3. THE SHUFFLE ALGEBRA
3.1. An integral version of wheel conditions

The main purpose of the present section is to identify the image of the
map . Proposition implies that

(22)  Im o (7 G [ ) C

Definition 3.1. Consider the Z[qfﬂ, qzil]—submodule S C V consisting of
symmetric Laurent polynomials R(z1, ..., z,) such that for any partition (n; >
- > ny) F n, the quantity
~1
(23) R(xlaxlq2a" $1£]g1 17 ..,l’k,.ﬁUk(]Q,...,fEkqgk )
is divisible by

k

(24) 2[1_% nﬁlC sn15:|
11 ["ff"’n s o )| [T T s

1<i<j<k -a=1 b=0 a=1 b=0

in the ring Z[¢E!, ¢ !][F, . .. ,xfl]. We call S the (integral) shuffle algebra.
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Remark 3.2. Upon tensoring with Q(q1,¢2), all scalars 1 — g2 and ((g3)
become invertible, and the fact that the specialization is divisible by
reduces to

(25) R(fc,qu,quqg, 24y ,zn) = R(m,wqg, qu_l, LR zn) =0

(which is none other than the particular case of equation for the partition
(2,1,...,1) F n). Conditions are precisely the well-known wheel condi-
tions ([2]) for the shuffle algebra associated to quantum toroidal gl; over the

field Q(q1, g2).

Remark 3.3. In the context of integral forms of quantum affine groups,
divisibility conditions on integral shuffle algebras were first studied in [15, Def-
inition 3.37].

3.2. The inclusion C of Theorem

The following two propositions immediately establish the fact that

(26) Im Lsemi—nilp C S.
PROPOSITION 3.4. For any n € N, we have Z[qfcl, qéﬁl][zfl, I R

F,cCS.

Proof. Since F,, vanishes whenever we set z; = g2z, (for any i # j), then
the conditions in Definition [3.1] for any multiple of F}, are trivially satisfied. [

PROPOSITION 3.5. The submodule S C V is a subalgebra with respect to

equation .

Proof. Let us write &, C S for the graded part consisting of Laurent
polynomials in n variables (i.e., the n-th direct summand of (15))). We need to
prove that

ReS,, and R ¢ Sp—n = R+ R ¢ S,.

Consider the specialization of the set of variables {z1,...,2,} at
- -1
(27) {$13$1Q27---,$1(£1 1a""$k‘>xk:q2a"'axk‘q721k }

for some ny + -+ +np = n. By , to plug this specialization into R * R’
means to sum over all ways to permute the variables and to plug them
into

(28) R(z1,. .. 20 )R (Zprg1, .o oy 2n) H C(ﬁ)

n'l(n —n')! ) , 2
1<i<n/<j<n
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However, because ((g5 1) = 0, such a permutation can produce a non-zero
contribution only if the variables

Ti, TiG2, . . xiqg”*l are plugged into the variables of R’
Tiqy ,xzq;"ﬁl, . ,xiqgi_l are plugged into the variables of R
for some m; € {0,...,n;}, for all i € {1,...,k}. The contribution of such a
permutation to the specialization of is then
R(..., zigy gy gy DR'(... 25,22, - . ., Tyt ).
k n;—1 m;—1 n;—1 mj— 7iq
2
29 HHHc[HHqu
i=1a=m; b= |<i£j<k a=m; b—0 3

It remains to show that, for any m; € {0, ...,n;}, the expression is divisible
by . Because R € S,y and R’ € S,,_,», the first line of is divisible by

m;—1 n;—m;—1

(1) H[ [T ct= 11 ctapy |
=1 s=1

Together with the various (g5 ") on the second line of (29), this precisely

establishes divisibility by the expression on the first line of . Then it

remains to prove that is divisible by the expression on the second line of

. To this end, note that the formula in square brackets in is divisible

by
n;—1 m;—1 m;—1mn;—1
@) 1|1 IT =) TT T =)
1<i#j<k “a=m; b=0 a=0 b=m;

Meanwhile, the second line of (24]) can be rewritten in a more symmetric way
as

(31) 11

1<izj<k

As a consequence, Definition implies that the first line of is divisible
by

|: ni—1 min(n;,n;)—1

11 [T ot e)|

a=min(n;—n;,0)+1 b=0

m;—1 min(m;,m;)—1
(32) Q1 — g5
Tig1 — Tj(qq
1<i#j<k “a=min(m;—m;,0)+1 b=0
nj—m;—1 min(n; —m;,n;—m;)—1

11 I1 (ziq1 —zja5%) |-

a=min(m;—m;,n;—n;)+1 b=0
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We claim that the product of and is divisible by , for any
choice of numbers m; € {0,...,n;}, exactly what we needed to prove in or-
der to conclude Proposition [3.5 This follows from the fact that the Laurent
polynomial

n;—1 mj—1 m;—1 n;—1 m;—1 min(m;,m;)—1
Z Z b— ay Z Z Zb a— 1 Z Z bea
a=m; b= a=0 b=m,; a=min(m;—m;,0)+1 b=0
ng—m;—1 min(n; —mg,n;—m;)—1
S D
a=min(m;—m;,n;—n;)+1 b=0
n;—1 min(n;,n;)—1

D S SR

a=min(n;—n;,0)+1 b=0

. . oy s max(0,m;—m;)—1
has non-negative coefficients, as it is equal to > (0m;—m) e 0
a=min(n; —n;,mj—m;)

3.3. The inclusion O of Theorem

We now prove the opposite inclusion to , thus concluding the proof
of Theorem

PROPOSITION 3.6. We have Im (Seminilp 5 G,

Proof. We refine the argument of 7, Proposition 2.4], itself based on [2].
For any partition A = (n; > -+ > ny) F n, consider the linear map

S Zlgit gt ot 2]

(33)  R(z1,..-,2n R(xlqgl_l, . T1G2, T, . .. ,xkqg’“fl, e TRG2, Th) -

We consider the total lexicographic order on partitions of size n, where

(my>-->my)>(ng > >ng)
means that there exists ¢ such that my = ny,...,m; = n;,mjp1 > nip1. The
sets
S\ = ﬂ Ker ¢,
B>

yield an increasing filtration of S, = Sy).

Claim 3.7. For any R € Sy, there exists R’ € (Im (5™mP) 0 S such
that

(34) oA(R) = A(R').
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Iterating Claim [3.7] for all partitions A in decreasing lexicographic order allows
us to take any R € S,,, and by subtracting various elements in Im (Semi-nilp,
ensure that it lies in the kernel of ¢, for smaller and smaller A\. As soon as we
pass A = (1,...,1), then we have made R equal to 0 by subtracting various
elements in Im (5™1P and the proof of Proposition would be complete.
Let us now prove Claim If we write A = (ny > -+ > ng), then the
transposed partition A’ = (t; > --- > t,) is defined by the equation

(35) ni=|{ue{l,....p} | tu >i}|
for all 4. Let us write s; = t1 + --- + ¢; for all 4, and define
(36) R'(z1,...,2,) = Sym[r(z1,...,2,)]
where for any p € Z[gi', ¢ [2F, . . ., 251 PY™, we set

r=p(z1,..., HFt Zsio1H1s -5 2s;) H H H ( )

1<i<j<pa=s;—1+1lb=s;_1+1

(the superscript “psym” means that we require p to be symmetric in the set
Zs;_1+1s---52s; forall i € {1,...,p} separately). We claim that

(37) R e (Im o™iy 0 S, .

Note that R’ € Im (5°™IP a5 it is a linear combination of shuffle products of
Laurent polynomials divisible by F3,, ..., Fy . Next, we claim that R € 8); to
see this, we must show that R’ is annihilated by ¢, for any u > A. Computing
¢, (R') for some p = (my > --- > my) entails specializing the variables of R’ to

(38) {$iaxiQQa e axiqg”_l}{l,...,l}'

Equivalently, this amounts to inserting the variables among the arguments
of r in an arbitrary order. Let us call such an insertion “good” if for each

i € {1,...,1}, the variables :El-qg”_l, ..., Tiq2, x; are plugged in successive sets
among
(39) {21, ... ,251}, {251+17 ... ,252}, A {zsp71+1, . ,zn}.

Because C(qz_l) =0 and Fy(...,x,2q,...) = 0 for all ¢, only good insertions
have the property that r specializes to a non-zero value. However, u > A means
that

my=ny =|{ue{l,....p} |ty > 1}

mi =n; = |{ue{l,....p} | tu > i}]
mi+1>ni+1:‘{u€{1,...,p}\tuZi—i—lH
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for some ¢, and thus good insertions cannot exist. This establishes .
It remains to show that we can choose the Laurent polynomial p in the def-

inition of r so that holds. Recall that vy (R’) is calculated by inserting the

variables a:z-qg”_l, ..., X;q2, x; in the arguments of r. Repeating the argument

in the preceding paragraph shows that the only good insertions contributing
to oA (R') are
{Zsi,1+1a Zsi_14+2y - 7ZS¢} - {1‘1(131%" x2‘]327i7 sy mtiQ;Lti_Z}

for all s € {1,...,p}. Thus, we conclude that
wan . Taqy !
oI T (=50 T T2
i=11<a,b<t; 1<i<j<pa=1b=1 “Tbd2

Although p is not itself an element of S,, the notation yy(p) is defined just
like . We may now move the products in a, b from the inside to the outside
of the above formula, and obtain (after clearing various cancelations involving
¢ factors)

(40) OA(R') = @a(p) - T TI1T3

where

k ng—1
i =TT |0~ e TT <]
! uf'u>nau7:nlb u—v<ng—np
we LI (=) I (5]

0<u<ng 1<u<ng
0<v<ny 0<v<ny

=[] H (1—%).

1<a#b<k u=max(nq—mnp,0)+1

Clearly, II; is precisely the first line of , while it is elementary to see
that Il matches the second line of up to an overall monomial. The fact
that R € S, implies that ¢, (R) is divisible by (24), and thus is divisible by
II;IIs. However, the fact that R € Sy implies certain additional divisibilities:

whenever

- , . _
Tidy L or Tiqy’ is set equal to Ty Tjqo, .- iy’

for some ¢ < j, the quantity ¢, (R) must vanish (indeed, this is because if we
enlarge n; and diminish n; by some positive amount, the resulting partition u

is larger than \). This precisely entails the fact that ¢y (R) is divisible by II3,
so we conclude that there exists a Laurent polynomial A(z1,...,z)) such that

(41) oA(R) = A1, ..., xp) - I 1113,



13 An integral form of quantum toroidal gly 195

Moreover, A(zy,...,x) is symmetric in z, and z} if n, = ny, because R is
symmetric in all of its variables. Thus, we must choose p such that
(42) ox(p) = Az, ..., zk)

and then and would imply . We may assume that A is a poly-
nomial in z1,...,zE, by multiplying with a sufficiently high monomial.
Thus, if the partition A consists of d; times 1, ds times 2 etc, we may assume
that

Ay, k) = My (k- o, Th—dy 1) Moy (Th—dy s - -+ s Thedy—do41) - - -
oc€eS OO) v v .
where m, (21, 22,...) = Zg(i)ia(j) if i zotl)zoé) ... denotes the monomial

symmetric function associated to the partition v = (v > vy > ...). If we
define

p/(Zl, ceey Zn) = myl(Zh ceey Ztl)my2(2t1+1, N 72t1+t2) .
then it is straightforward to see that

90)\(,0/) _ q;ome integer A(Zlfl, . ’xk) + B(x17 . 71'16)

where B is a polynomial, symmetric in x, and x; if n, = ny, for which the
sequence

(hom deg B, hom deg B,...)

ThoyeryTh—dy Th—dq+1rTh—dy —dy
is lexicographically smaller than the analogous sequence for A (while the total
homogeneous degree of B is the same as that of A). Therefore, we may repeat
the argument above for B instead of A; after finitely many iterations of this
procedure, we would obtain a polynomial p for which holds precisely. [

Proof of Theorem[1.2] It follows from and Proposition O

4. THE PBW BASIS
4.1. A basis indexed by convex paths

For any (n,d) € N x Z, consider the Laurent polynomial

I zL%J—L“lUdJ Sl Zelongrfats)

B i=1~4 5=0  q3z4(t—1)-Za(t—s) ~i

(43) Pha= Sym l—[n—l (1 _ Zi+1) H C(?)
i=1 Ziq2 1<i<j<n J

where we write ¢ = ged(n, d) and a = . With the notation above, let

(44) = ol (g — 1)
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with g3 = . Let us define the following rescaled versions of (| .
(45) Pn,d = VTn,d * Pn,d-
A sequence v = {(n1,d1), ..., (ng,dr)} C N x Z is called a convex path if
! <. < %
ni ng

We always consider convex paths up to the equivalence generated by permuting
lattice points of the same slope. This is motivated by the fact that P, ; and
Py ¢ commute if (n,d) and (n,d’) have the same slope ([7]), and thus the
expressions

(46) P, =P, 4, *
(47) P, =P, q, *

only depend on the equivalence class of a convex path. It was shown in [7] that

sk P”Imdk
sk P"kvdk

(48) Sloc =S ® (q1,92) @ Q(q1,92) - Py
Z[qfl,qzil} v convex path

following the analogous result of [I] for the elliptic Hall algebra ﬂ Because
relation is taken over Q(q1, g2), it also holds with the P’s replaced by P’s.

Remark 4.1. The following formulas are proved in [10} (2.34) and (2.35)]

P,

d= ’Y:z,d - Sym

id | (i=1)d
_Hyzlzz‘L"J =

2

t—1 Za(t—1)4+1---Ra(t—s)+1
5=0  qizq(t—1)--Za(t—s)

-1
1%

(1-

Ziq1

Zi+1

)

H<<)

1<i<j<n

id | (i=1)d
_H;‘lei[nj =

thl Za(t—1)+1--Fa(t—s)+1
s=0 g324(t—1)-Za(t—s)

1 ”
[T (0 -2%)
where we recall that g3 = ﬁ, t = ged(n,d), a = %, and define

¢g-1 (@-1" -1
a—-1)" g1 (g3 —1)"

HC()

1<i<j<n J

//d . Sym

(g2 —1)"
g5 — 1

and

r "o
’Ynyd - ( fyn,d -

4.2. From power sum functions to complete symmetric functions
For any coprime (n,d) € N x Z, the following power series identities

oo

Pnt dt
1+ :

Z tl’t

t=1
Indeed, [I] interpreted the fact that convex paths index a linear basis of (half of) the

elliptic Hall algebra as an analogue of the classic fact that unordered collections of positive
roots index a linear basis of (half of) quantum groups of finite type.

o

— exp (Z

t=1

Hnt,dt
(49) :
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. H . P,
nt,dt nt,dt
(50) 1+ tE_l i exp( g il )

t=1

define elements {Hy, 4, Hn.q} (n.dyenxz € Sioe- In [9, Formula (2.9)], we showed
that

no L]0
H':l Zom n Zi
(51) H,q= Sym[ i L i - (=
Hi:ll (1 - 2:121) 1§g§n <29>

V(n,d) € N x Z. Similarly, the following formula can be found in [8, Exer-
cise 3.18]

(62) Hpg=(q1—1)"(¢2—1)"
LR L
. Sym [Hi:l % Hi:11 (qf - za;&;) H C(%)]
(@1 —=1)...(¢f = 1) H?;II(l - ?;;) I<icj<n I

By switching the roles of ¢; and g3, one also obtains the following analogous
formula

(53) Hpa=(g2—1)"(g3—1)"
e I
. Sym [Hi:l “i [T (45— zainl) H ¢ Zz)]
(g3 —1)... (QZ% -1) H?;l(l - Z;l) 1<i<j<n &

PROPOSITION 4.2. We have H, 4 € S for all (n,d) € N x Z.

Proof. Consider any partition (ny,...,nx) b n. In the Laurent polyno-
mial
Hyg(z1, ) - (L+gs)(L+gs+q3) ... (L+gz+--+q5 ")
(where t = ged(n, d)), let us specialize the variables z1,. .., z, to
- -1
(54) $1,331(J2,-~a$IQS1 1,...,$k,$kQ2,...,ﬂjkqgk .
Using formula , this amounts to permuting the variables arbitrarily,
and then inserting them instead of z1,...,z, into a certain expression of the
form
(1 — g2)™ - Laurent polynomial 2
(55) n—l(q _ Zit1 H ¢ ZZ)
IIi= ( - qu) 1<i<j<n
Because ((g5 1) = 0, the only insertions which produce a non-zero contribution
are those for which a:l-qg”_l, ..., a; are plugged into zq,,...,%,,, for certain

indices a1 < -+ < ayp,, for each ¢ € {1,...,k}. As such, it is clear that
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the resulting specialization is divisible by the expression on the first line of
. Moreover, for any ¢ # j such that n; > n;, let us zoom in on a fixed
b € {0,...,n; — 1} and assume that the variables are permuted in the
order

n;—1 u b u—1
xiq2l y ooy Lio, TjGo, Ti(y IR 7]

for some u. Then the product of ¢ functions in (55 is a multiple of

b—n; —u— —
(ﬂfz‘fh — X34y " +1) s (»Tz'(h - iﬂqu “ 1)(%‘611 - $qu2) u)
(ziqy — 2505 ") (@wsqr — g5 ") L (wiqn — 2j057").

As for the denominator in , it can at most cancel the underlined term
above. The resulting expression is a multiple of Hzi:_ll(miql — qug_“); taking
the product over b € {0,...,n; — 1}’s shows that the overall specialization is
a multiple of the first product on the second line of . One shows that the
specialization is a multiple of the second product on the second line of
analogously. Thus

_ ;) )
Hy,a(z1,. .., x195° ,...,mk,...,qu;k )6
expression ([24)
+1 _+1 +1 +1
Z[(h 7q2 :|(1+q3+”'+q§_1)sEN [ZEI ,...,xk :|

Repeating the argument with the roles of ¢; and ¢3 switched (i.e., using
instead of ) shows that the ratio above has coefficients in the localization

+1 _+1
Zlay a4z ](1+q1+---+qi*1)sew'

We conclude that the coefficients are actually in Z[qfcl, qécl], as we needed to
show. [

4.3. A basis of the semi-nilpotent K-theoretic Hall algebra

By analogy with and , let us write for any convex path v
(56) H,=Hy 4, % -xHpy
(57) Hy = Hpya, % % Hpy a,-

Clearly, the elements P, ;4 may be replaced by either H,, 4 and Hn,d in , to

produce a valid basis of Sjoc as a Q(q1, g2)-vector space. However, our main

interest is in the following Z[qfl, qQﬂ]—submodule of Sioe

A= P 7z A

v convex path

kK

We are now ready to prove Lemma which provides an integral version

of .
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Proof of Lemma[1.3] By Propositions [3.5] and [£.2] we have

SO A
It remains to prove the opposite inclusion, namely
(58) S CA

To this end, recall the symmetric pairing defined in [7, Formula (4.7)]

(59) Sloc & Sloc u) Q(q17 QQ)
by the formula [

, 1 (21, )R (20t 2!
60 RR)="+—— Dz;
( ) < > (@2 —1)™ /Z1|>>"‘>>|Zn| H1<Z<j<n C( ) H B

(where Dz =

2frziz), for any R’ € Sjoc and

(61) R:Sym[r(zl,...,zn) H C(z)]

1<i<j<n
where r is an arbitrary Laurent polynomial with coefficients in Q(q1, g2). Since
any element R € Sjoc can be written in the form for some Laurent poly-
nomial 7 with coefficients in Q(q1, ¢2) (as proved in [7, Theorem 2.5]), formula
determines the pairing completely. It was shown in [7, Proposi-
tion 5.4] that {P,}, convex 1S an orthogonal basis with respect to the pairing

, satisfying
(62) <vapfu>: HzAﬁ'

neQ
Let us explain the notation in the right-hand side of : for any convex path
v = {(nla dl)? SRR (nka dk)} and any

d
p=—-€Q
n
(assume ged(n,d) = 1), those elements of v of slope p is of the form

(ntl, dtl), RN (ntk, dtk)

for some partition Ny = (t; > -+ > t;). As p goes over the infinitely many
rational numbers, all but finitely many of these partitions are empty. Finally,
for any partition A = (t1 > -+ > tx), we set

Zx=1t1...1 H(number of u’s in \)!
ueN

3Note that our normalization of differs from that of loc. cit. by (g1 —1)"(gz — 1)".
Moreover, the order of variables in our contour integral is opposite to that of loc. cit. (i.e.,
|z1] > -+ > |2x| instead of |z1| < -+ < |2x|); this is simply a matter of convenience for us,
as formula holds with either order (compare with [I1, Formulas (3.2) and (3.31)]).
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and this completes the explanation of the right-hand side of .

Claim 4.3. An element R € Sy, is a linear combination of H,’s with

coefficients in Z[qfl, qéﬂ] if and only if
(R, H,) € Z[gr", a3 ']
for all convex paths v.

Formula reduces Claim to the following well-known fact about
symmetric functions: the Hall inner product of a symmetric function f with
all products of complete symmetric functions h,, are integral if and only if
f is an integral linear combination of products of complete symmetric func-
tions (indeed, products of complete symmetric functions yield the dual basis
to monomial symmetric functions). Thus, Claim reduces to showing
that
(63) (R,H,) € Zlgi", ¢5"]

for any R € S and any convex path v. The remainder of the proof deals with
establishing . To this end, formula implies that H, is a particular
element of the shuffle algebra of the form

, (21, 2n) 2
“ : e Hi:ll (1 - Z’;ZQ) 1<71;][<n ( )

where p(zl,...,zn) is an arbitrary Laurent polynomial with coefficients in
+1
Zlgrt a7,
Claim 4.4. For any R € Sj,. and any R’ as in (64)), we have

mry= > f

ni+-+np=n |21 | <Lk |

- |

_ n;—1
{Zni+ i1+ 2y 4ng << ={Tiqy" o mibi<i<e

1 R(z1,.oz) - p(z s 20t } -
. — - Dl’i
(Q2 - 1)n H?:f (1 - zz+1q2) H1<z<]<n C(Z) H

where

Res
{1z y={zgy ™"z}
denotes the iterated residue first at z,_1 = z,q2, then at z,_o = an%, o

finally at z; = znqg‘*l, followed by relabeling the variable z,, by x.

Let us first indicate how Claim implies . When R € S, Defini-
tion tells us that the expression in square brackets of is a Laurent
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polynomial with coefficients in Z[q il, qfl], divided by various linear terms of
the form

' Tiqy — T4y
for ¢ 75 j. As we take the integral of such an expressmn in the next limit

|z1| < - << |21, the result is still an element of Z[gi!, ¢3'], thus establishing

formula .

Proof of Claim[A4] It suffices to prove for R of the form (61)), as such
elements span Sjc. Then the right-hand side of (60)) is equal to (g2—1)~" times

—1 ZU(j> n
7"(2’1, ceey Zn) p(za(l)’ T ’za (n) )H1<z<]<n g(Zo(i) )
DZ,L'
i > I

Zj 1 o (2
21> > |20 | H1§i<j§n C(z%) oeS(n) H?:l (1 - Za(i-l—(l))qQ) =1
B B A N
/ (21, 2n) -p(zg(ll)7 e za(ln)) U(Zﬁ(ﬂ) C(zgz))) ﬁD
|21 3>+ 20| | e, () T
oceS(n) i=1 Zo(i+1)q2 1<i<j<n > \zp(j) / i=1
T(We—1(1ys - 11)0_1(71))]9(11)1717 oo wr

- ;u /w~<1>l>>--->>wa1<n>l T (1 - g)
o(i)>0(j)
[ 5 Iow

1<i<j<n C(wg i=1

where in the last equality we changed the variables to w; = 2,(;). As we move
the contours from |w—1(1)| > -+ > |wy-1(,)| toward |w;| < -+ < |wy in the
integral above, we note that the only poles we might pick up are those of the
form

{wi = wi+1‘J2}ie{1,...,n71}'

Thus, we conclude that the integral above is equal to

Z / . Res

—1
ni+-+ng=n 1‘<< <<|xk|[{wn1+ Hny g+l Wng 44y }1<z<k: {mqu :-~7xi}1<i<k

T(w071(1)7 e wafl(n)) . p(w1_17 . w;l) U(’L)>O'(J) C(wj
Z Hn 1( L wy ) H g( HD
ceS(n) 1=1 Wi4+142 1<i<j<n wg

The second line of the expression above is

plui, ... ) o w,
Hn—l(l_ )H1<z<]<nc(%) Z (J (1)1 -+ H <( )

i=1 wH_l(n wj; /) oeS(n) o(i)>o(5)

which directly implies (65)) for R of the form , as we needed to show. [
O
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4.4. Slope subalgebras

In [7], we introduced slope subalgebras
(66) B! C Sioc
for any p € Q, which are isomorphic to the algebra
A =Q(q1,2)[p1,p2; - - -]

of symmetric polynomials in infinitely many variables (above, p; is interpreted
as the t-th power sum function). Explicitly, we have an algebra isomorphism

(67) A Ba

for any coprime (n,d) € N x Z, determined by the assignment

d
Tn(pr) = P dr-
If we let h; denote the ¢-th complete symmetric function, the power series
identity
t ¢

and formula imply that T%(ht) = Hpta for all coprime (n,d) and all
teN.

Remark 4.5. For any p € Q, the isomorphism allows one to transport
the usual Hall coproduct on A to a coproduct A, on B¥; the latter coproduct
was given a shuffle algebra interpretation in [7]. In particular, this allows us
to prove that

n(n—1)
(68) Hn,[) — ql 2 Fn
as both LHS and RHS are uniquely determined by the fact that they are group-
like for Ag in B°, and are annihilated by the linear map ¢ (with q <> g2) of
loc. cit.

4.5. Ribbon skew Schur functions

The ring A is rich in automorphisms, as one can rescale the generators p;
independently and arbitrarily. We refer to the particularly important rescaling
Py = pe(gi — 1)

as a plethysm. We therefore obtain elements h} € A via the usual formula

o0

— I} P}
1 e Pr
+ tzl ./,Ut exp <Z tl‘t)

t=1
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It was shown in [9], Section 2.3] that

i _
Tn (h:t) = 7/zt,dt

for all coprime (n,d) € N x Z and all ¢t € N, where

i T, A% 1 Z.)
(69) Hyg= (g —1)"(gz—1)"Sym|==2 o ¢(= ]
[T (1 - ﬁ;) 1<i<j<n I

E|for any (n,d) € N x Z. Moreover, one can associate ribbon skew Schur
functions

st e

to any sequence € consisting of zeroes and ones EL completely determined by
(70) S/ESIE’ = 8/608/ + 8/816’

and the normalization s’(ot_l) = hj for all t. It was shown in [7, Section 6.6]
that

75(5,) = ;z,d,a
where

(71) ’I/’L,d,(El...Et_l) - (ql - l)n(q2 - 1)”

R T TR
g |J U [ (- ZZGZ;) H ¢ Zi
ym anl (1 _ Zli) Py
i=1 203 1<i<j<n J

for any (n,d) € N x Z with gcd(n,d) =t and a = .

Remark 4.6. Comparing with yields the identity
2;11 s(1—es)

Hn,d = Z ; . 57’1 d(erci )
51,...,st_1e{0,1} ((h - 1) e (Q1 - 1)

which is simply = applied to the symmetric function identity

qzi;}l 8(1755)
he = 1 » |
t Z (1 —=1)...(¢¢ = 1) S(er.et—1)

€1,..,6t-1€{0,1}

“Note that our H), 4 is (1 — q1)Hn,a of [4].

SExplicitly, for any € = (e1,...,e¢—1), we define s. as the skew Schur function associated
to the size ¢t skew Young diagram whose first box is arbitrary, and whose i+ 1-th box is either
to the right or below the i-th box, depending on whether &; is 0 or 1 (see [7], Section 6.12] for
details).
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The upshot of the discussion above is that the elements { Hy at, H., 4 Hen play
the roles of ones and the same symmetric functions for any coprifne (n,d) €
N x Z, under the isomorphisms . Thus, understanding these elements for
one slope (say 0) would yield an understanding for all slopes.

Acknowledgments. I would like to thank Eugene Gorsky, Olivier Schiffmann and
Alexander Tsymbaliuk for numerous wonderful conversations about this problem and its

many facets.
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