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We extend the result in [6, 7] and [8], and give a dimension-free Euler estimation
of solution of rough differential equations in terms of the driving rough path. In
the meanwhile, we prove that, the solution of rough differential equation is close
to the exponential of a Lie series, with a concrete error bound.
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1. INTRODUCTION

Suppose that X is a continuous bounded variation path defined on some
interval I and taking its values in a Banach space V. We view this path as a
stream of information and allow it to be highly oscillatory on normal scales.
The theory of rough paths considers streams of information, such as X, for
their effect on other systems and provides quantitative tools to model this
interaction. Consider the stream as the input to an automata or controlled
differential equation and so impacting on the evolution of the state Y in some
controlled system:

1) dY = f (V) dX, Yp = &.

A key contribution of the theory is the development of quantitative tools
and estimates that allow one to analyze the response Y from a top down analysis
of X, and in particular provides a mechanism for directly quantifying the effects
of the oscillatory components of X without a detailed analysis of the trajectory
of X. As a result, the methods apply to equations where X does not have
finite length. Differential equations driven by Brownian motion can be treated
deterministically.

The interest in modelling and understanding such interactions is rather
wide. This paper is intended to create a useful interface by stating and proving
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one of the main results in a way that appears to the authors particularly useful
for moving out into applications. It deliberately sets out to hide the machinery
and implementation of the main proofs in rough path theory and to provide
only a useful and rigorous statement of a result that captures the essence of
what the machinery delivers and is valid across all Banach spaces (including
finite dimensional ones) so that the methods can be used more widely without
great initial intellectual investment.

Davie |6] established some high order Euler estimates of solution of rough
differential equations, driven by p-rough paths, 1 < p < 3. By using geodesic
approximations, Friz and Victoir [7, 8] extended Davie’s results to rough differ-
ential equations driven by weak geometric p-rough paths, p > 3. The formula-
tion and proofs in [6, 7], and [8] are dimension-dependent, and the error bound
may explode as the dimension increases.

By modifying the method used in [6, 7] and [8], we give a dimension-
free high order Euler estimation of solution of rough differential equations (i.e.
both the driving rough path and the solution path live in infinite dimensional
spaces). Our estimates are first developed for ordinary differential equations.
Then by passing to limit and using universal limit theorem (see [12, 14|, similar
estimates hold for rough differential equations.

The main idea of our proof is to compare the solution of (1) (on small
interval [s,t]) with the solution of another ordinary differential equation (on
[0,1]) whose vector field is invariant with time although it varies with s,¢. We
do this by contracting the logarithm of the signature with the vector fields of the
differential equation, through the canonical map of the free Lie algebra to the
space of vector fields. Chen [5] first observed that the logarithm of the signature
is a Lie element in the free Lie algebra. Magnus [15] also gave a formula for the
solution of linear ordinary differential equations as an exponential of a Lie series
but it is not as transparent. Mielnik, Plebanski [16] and Strichartz [20], gave
the explicit expression of Magnus’s formula. Arous [1], Hu [11] and Castell [3]
proved that similar results hold for stochastic differential equations. However,
none of these early references seem to have separated the expression into its two
components — the free Lie element (or log signature) and the canonical image
of the free Lie element as a vector field. However, it was well known that one
could do this and that it was an effective numerical approach by the time of the
paper [9]. See also Baudoin [2] for detailed treatment of the exponential Lie
series for differential equations. Since the truncated exponential can be treated
as the solution of an ordinary differential equation (see [4]), we use this ordinary
differential equation to compute the truncated exponential of the original flow,
and give a concrete error bound.
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2. BACKGROUND AND NOTATIONS

Let U and V be two Banach spaces.

2.1. Algebraic Structure

Following Def 1.25 [13], we define admissible tensor norm on tensor prod-
ucts.

Definition 1 (admissible norm). Suppose V is a Banach space. Denote by
Sym (n) the symmetric group of degree n. We say a norm on tensor products
of (elements in) V is admissible, if it satisfies that,

@ [o'e- o=

W@ ™| < o], v {'), c
Vo € Sym (n), Vn > 1.
For example, inequality (2) is satisfied by injective and projective tensor

norms (Prop 2.1 and Prop 3.1 in [18]).

Definition 2 (V®™ and [V]"). We select an admissible norm on tensor
products of V, and for integer n > 1, define V" and [V]" as the closure of

m
{Zv;(g...@v]?l@vﬂ, {vi}zk cV,m2=> 1},

k=1

{35 bbbt (e v .

k=1
w.r.t. the norm selected, where [u,v] :=u® v — v ® u.

Definition 3. For integers n > k > 1, let m; denote the projection of
1V@--- @V to VOF. Defineexp, : VB -V - 10V G--- B VE" by

exp,, (a) ::1+Z7rk Za—' NaeVa-- @V
k=1 -1 7
J
Define log, : 1V @ - ® V" - V@ --- & V" by
log, (9):=) m | ) ———(9-1)¥ |, VgelaVe oV
k=1 j=1

Definition 4 (G™ (V)). Suppose V is a Banach space. Then we define

recursively

V)E = [v, [V]ﬂ with V]! =V,
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and define
G" (V) = {expn (@)jacV)' @@ [V]n} :
For g,h € G™ (V), we define product and inverse as

g®h:—z Zﬂ'j )@ m—; (h) | and

k=0 \ j=0

n

T Y [ S 1y g
k=1

=1

We equip G™ (V) with ||-|| which is defined as
(3) gl = leﬂk )II*, Vg e Gm (V).

Then G™ (V) is a topological group, called the step-n nilpotent Lie group
over V.

G™ (V) is nilpotent because [t", ..., [t2,t']] = 0,V{¢'}} , C V@ - @V
The ||-|| defined at (3) is not a norm because it is not sub-additive, but ||| is
equivalent to a norm up to a constant depending on n (Exer 7.38 [8], which is
valid for truncated Lie group over Banach space V).

For more about Lie algebra and Lie group, please refer to [?].

2.2. Rough Paths

Definition 5 (Sy (x)). Suppose = : [0,7] — V is a continuous bounded
variation path. For integer n > 1, define the step-n signature of x, S, () :
[07T] - (Gn (V) ) HH)7 as

Sn(x), = (1 th,th,...,mat),
with th_/ / A, ®---®dxuk>.
O<uy <--<up<t

Definition 6 (dp metric and p-variation). For p > 1, denote [p] as the
integer part of p. Suppose X and Y are continuous paths defined on [0, T]
taking value in GP! (V). Define

B =

P
dp (X,Y) = e ??X,[p] DSC‘[%’T] jge:D Hﬂk (thvtj+1) — Tk (Yijvt.7'+l)Hk ,
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where the supremum is taken over all finite partitions D = {tj}?zo,
t1L<---<th,=T,n>1.
With e denotes the identity path (i.e. e, = 1 € GPI(V), t € [0,T]), we
define the p-variation of X on [0,7] as
X | =dp(Xie).

Definition 7 (geometric p-rough path). X : [0,7] — (G[p} W), |I-1) is
called a geometric p-rough path, if there exists a sequence of continuous bounded
variation paths x; : [0,7] — V, [ > 1, such that

llirilo dp (S[p} (1) ,X) =0.

0=ty <

p—var,[0,T

Definition 8 (CY (V,U)). For v > 0, we say r : V — U is Lip(y) and
denote 7 € C7 (V,U), if and only if 7 is |7y]-times Fréchet differentiable (||
denotes the largest integer which is strictly less than ), and

B N
lLingy) (konllaxm H > (=l ))—Ha

where |||, denotes the uniform norm and [|-||,_ ., )— s denotes the (v — [7v])-
Holder norm.

Denote C% (V,U) as the space of bounded measurable mappings from V
to U.

Definition 9 (L (W,C"Y (V,U))). Suppose U, V and W are Banach spaces.
Denote L (W, C7 (V,U)) as the space of linear mappings from W to C7 (V,U),
and denote

| FlLipey) = Sup |f (W) Lipeyy » Y € LV, CT(V,U)).
wewW,||lw||=

Before proceeding to the definition of solution of rough differential equa-

tion, we define rough integral as in Lyons [13]|. The following definition can be
found on pages 73, 74 in [13].

Definition 10. Denote the symmetric group of degree N by Sym (N). For
integers k; € {1,2,...,N}, Y ; ki = N, we denote Ny := 0, Nj1 := N; + k;,
i=0,...,n—1, and define OS (ky,...,ky) by the set of 0 € Sym (N) which
satisfies
(4:) O'(Ni-l-l)<O'(NZ'—|-2)<"'<O'(NZ'+1), 1=0,1,...,n—1,

and o (Np) <o (Ng) <+ <o (Ny).

For f € L(V,C7 (V,U)) and integer k =1,..., |y|+1, D¥"1f € L (V®*,
Cr1=k (V,U)). For integer n > 1 and ki,...,k, € {1,2,..., 7] +1}, we
denote Ng :=0, Nj41 := N;+ kip1,i=0,...,n— 1, and define

(DF1p) @@ (DMol) e b (Vo eotlommsc ks (p,yon))
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as the unique continuous linear operator, which satisfies, Vv, € V, i =1,2,...,
Ny, Yv €V,

((pHf) @@ (D)) e 2ow,) ©)
= ((Dk1*1f> (Ul ®...®UN1)(U)) KRR

((Dkn—lf) (Uanl-‘rl R ® ’UNT,,) (U)) .

Then based on Def 4.9 in [13|, we define rough integral.

Definition 11 (rough integral). Suppose X : [0,7] — (G[p] W), 1) is a
geometric p-rough path, and f € L(V,C7 (V,U)) for some v € (p — 1, [p]].
Then Y : [0,T] — (GP)(V),||]|) is called the rough integral of f against X,
and denoted by [ f (X)dX, if for any [s,?] C [0, T] satisfying [|X|,_ 4[5 < 1
and any n = 1,2,...,[p], we have (with OS (ki,...,k,) defined at (4) and
o(V1®  ®UN) 1= Vg(1) @+ ® Us(n))

o (Yau) — Z ((Dk1—1f>®...®<Dkn—1f)>

ki>1,k1++Ekn<[p]

Z 0_17r/ﬁ+...+kn (Xs,t) (771 (Xs)) H

JEOS(kl,...7kn)

+1
< va’Y |f’21p(’y) ”XH;—var,[s,t] ’

Then based on Thm 4.3, Thm 4.6 and Thm 4.12 in [13], we have

THEOREM 12. For p > 1, if f in Definition 11 is in L (V,C7 (V,U)) for
v > p—1, then the rough integral [ f (X)dX exists uniquely, and is continuous
in dp-metric w.r.t. the driving rough path X.

We define the solution of rough differential equations as in Def 5.1 in
Lyons [13].

Definition 13 (solution of RDE). Suppose that & and V are two Ba-
nach spaces, X : [0,7] — (G[p] V), ||||) is a geometric p-rough path, f €
LV, C7"(U,U)) for some v > p—1and & € U. Define h : Vo U —
LVaeU,ValU) as
(5)  h(vi,ur) (v2,u2) = (v, f (v2) (w1 +§)), Voi,v2 €V, Vur,uz €U.

Then geometric p-rough path Z : [0,7] — (Gl (V@ U),|||) is said to
be a solution to the rough differential equation

(6) dY = f(Y)dX, Yo = &,
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if Tt (1) (Z) = X, and Z satisfies the rough integral equation (in sense of
Definition 11):

t
Z :/ h(Zy)dZ4, t€[0,T].
0
For g € G™ (V) and A > 0, we define dyg € G™ (V) by

(7) org = 1+Z)\k7rk (9) -
k=1
THEOREM 14 (Lyons). When f in (6) is in L (V,CY (U, U)) for v > p, the
solution of (6) exists uniquely. Moreover, there exists a constant C),~, which

only depends on p and v, such that, for any interval [s,t] C [0,T] satisfying
|l Lipe) 1 X p—var s, < 1, we have (after rescaling f, X and Y)

9 0 X <o s P

Based on the universal limit theorem (Thm 5.3 in [13]), when |f|LZ-p(,Y) =1,
there exists constant C),, (which only depends on p and 7), such that for
interval [s, t] satisfying || .X|| <1, we have

< Cpy-

p—var,[s,;t] =

p—var,[s,t]

(9) (X, Y)l

When |f\Lip(7) # 1, we rescale f, X and Y, and can get (8). Indeed, for
>0, e>0, (with 0y defined at (7)) we rewrite the rough differential equation

dY = f(YV)dX as d(6.Y)=p ' f (e (€Y))d6 X .
For interval [s,t] C [0, 7], we select i and e such that

'U'_lf (6_1')‘Lip('y)

(10) (10, X]] = pe || X]

p—var,[s,t] p—var,[s,t] — 1,

Then, based on (9), we have

(11) H(dll,EX756Y)H 5” 5MX Y)H < Cpﬁ'

p—uvar,[s,t] — p—var,[s,t] =

Thus, by solving (10), and substituting the value of y and € into (11), we
get (8).

Remark 15. The unique solution of (6) is recovered by a sequence of rough
integrals. Then based on Thm 4.12 and Prop 5.9 in [13] and by using lower semi-
continuity of p-variation, the constant C,, , in (8) is an absolute constant which
only depends on p and ~, and can be chosen to be finite whenever v > p — 1.
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When U and V are finite dimensional spaces, for any f € L (V,C7 (U,U)),
v > p — 1, there exists a solution to (6) which satisfies (8). Indeed, based on
Prop 5.9 [13], when f is Lip () for v > p— 1, the sequence of Picard iterations
{z"}, :[0,T] — GPL(V @ U), define recursively as rough integrals: (with h
defined at (5))

7Y = (X4,0), te[0,T],

t
VAR /h(zg)dzg, t€[0,7], n>0,
0

are uniformly bounded and equi-continuous. When V and U are finite-dimen-
sional spaces, bounded sets in GI! (V@ U) are relatively compact. Thus,
based on Arzela-Ascoli theorem, there exists a subsequence {Z"#}, which con-
verge uniformly (denoted the limit as Z). Then by spelling out the almost-
multiplicative functional (associated with the Picard iteration) and letting k
tend to infinity, one can prove that Z is a solution to the rough differential
equation (6). Then based on Thm 4.12 and Prop 5.9 in [13] and by using lower
semi-continuity of p-variation, the estimate (8) holds for Z.

When U is a Banach space and when f in (6) is Lip (y) for v € (p — 1, p),
there does not always exist a solution to (6). Godunov [10] proved that, “each
Banach space in which Peano’s theorem is true is finite-dimensional”. Shkarin
[19] (in Cor 1.5) proved that, for any real infinite dimensional Banach space
(denoted as V), which has a complemented subspace with an unconditional
Schauder basis, and for any « € (0, 1), there exists a-Holder continuous function
f:V — V, such that the equation # = f (x) has no solution in any interval
of the real line. Based on Shkarin [19] (Rrk 1.4), L,[0,1] (1 < p < oo) and
C'[0, 1] are examples of such Banach spaces, and “roughly speaking, all infinite
dimensional Banach spaces, which naturally appear in analysis” fall into this
category.

2.3. Differential Operator

For v > 0, recall C7 (U,U) in Definition 8, and that L (V,C7 (U,U)) de-
notes the space of linear mappings from V to C? (U, U). For f € L (V,C" (U,U))
and integer k < « + 1, we clarify in this subsection the meaning of differen-
tial operator f°F (v) for v € V¥k. For r € C*¥(U,U) and j = 0,1,...,k,
Dir e L (U®,CHI (U, U)).

Notation 16 (D* (U)). For integer k > 0, denote with D* (i) the set
of bounded kth order differential operators (on C* (U,U)). More specifically,
p € DF(U) if and only if p : C* (U,U) — C° (U,U) and there exist bounded
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k
w) =Y (D7r) (p; (w) (u), Yu €U, Vr € C* U,U).
=0

We define the following norm |-, on D* (i) as
Pl = max sup oy ()], v € D 0.

7a’u€

Then D¥ (i) can be extended to a Banach space (D* (U),|-[,) (with the
natural addition and scalar multiplication).

Definition 17 (composition). Suppose p! € D/t (U) and p? € D2 (U) for
integers j; > 0, jo > 0. Then when the components of p? are ji-times differen-
tiable, we define the composition of p! o p? € D172 () as

(p'op?) (r) :=p" (b° (1), ¥r € CTH2 (U U).

For p € DI (U), 7 > 0, when the components of p satisfy the required
smoothness condition, we define the differential operator p°* € D¥*J (i) for
integer kK > 1 by
(12) p°ti=p and pFi=pop"*V k>2

Composition of differential operators is associative, i.e. (p'op?)op® =
p'o (p*op?).

Definition 18 (f°*). Suppose f € L (V,CY (U,U)) for some v > 0. Then
for any v € V, we treat f(v) as a first order differential operator (i.e. in
D! (U)), and define

(f () (r) (u) == (Dr) (f (v) (w)) (u), Yu €U, ¥r € C* (UU).

For integer k € 1,2,...,[y]+1 and {vj}?zl C V, we define f°F (1 @ -+ ®

vp) € DF (U) as

(13) R @ @up) = (f (1)) o (f (v2)) oo (f (k).
k

Then we denote with f°F € L (V®* (DF (), | )) the unique continuous
linear operator satisfying (13).

3. MAIN RESULT

We work with the first level (or “path” level) solution of rough differential
equations.

Firstly, we prove a lemma for ordinary differential equations. Then after
applying universal limit theorem (Thm 5.3 [13]), this lemma leads to similar
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estimates of rough differential equations. The proof of this lemma is in the
same spirit as Lemma 2.4(a) in [6], Lemma 16 in [7] and Lemma 10.7 in [8], only
that we use the ordinary differential equation (16) to compute the truncated
exponential of the original flow.

Let U and V be two Banach spaces. For p > 1, denote [p] the integer
part of p. For v > 0, denote by |7v]| the largest integer which is strictly less
than . Denote I : U — U as the identity function, i.e. Ig(u) = u, Yu € U.
For f € L (V,C7 (U,U)), integer k <~y + 1 and v € V®k, recall the differential
operator f°% (v) in Definition 18.

LEMMA 19. Suppose x : [0,T] — V is a continuous bounded variation
path, f € L(V,C7(U,U)) for v > 1, and £ € U. Let y : [0,T] — U be the

unique solution to the ordinary differential equation

(14) dy =f(y)dz, yo=Eecl.

Then for any p € [1,v+1), there exists a constant Cy, ~, which only depends
on p and vy, such that, for any 0<s<t<T,

(15) (), |e = 1| < Con 11350

Lip(y ‘ S[P ‘ ol

p—var, [Svt} ’

[v]+1

@) |l = s = D S (S (2),0) () (9)
k=1

< Cpy i) 10 @I

sz p—vm‘,[s,t] ’

where y*! : [0,1] — U in (15) is the unique solution of the ordinary differential
equation (with ys denotes the value of y in (14) at point s):

1]
(16) dyfjt = Z fOka(IOgL'yJ-i-l(Sl_"/J-‘rl (1‘)8715) )(Id) (yqut) du; (NS [07 1] 5

y(s)ﬂf = ys+ [° (brl+1) Ty]+1 <logm+1 (SMJA (‘r)s,t>) (1a) (ys) -

The proof of Lemma 19 starts from page 23. Since f € L (V,C" (U, U)),
it might be more appropriate to write (14) as dy = f (dz) (y). We keep it in
the current form so that it is consistent with the classical notation of ordinary
differential equations.

Remark 20. Consider the ordinary differential equation:
ly]+1
andgi=( 3 ot (loth_H (ShJ+1 (), )) (1) (754 |du, u € [0,1],
k=1

~s,t

Yo = Ys-
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(The summation of &k in (17) is from 1 to [y] +1.) In Lemma 19, we used
(16) instead of (17), because based on Cor 1.5 in Shkarin [19], (17) may not
have a solution. If (17) has a solution (e.g. when U is finite dimensional), then
(15) holds with yf’t replaced by gf’t

Remark 21. When V is R? and U is R® in Lemma 19, suppose f =
(fl,...,fd) eL (Rd,C7 (Re,Re)). For i =1,...,d, we treat f' = (ff,,f;)
as a first order differential operator: 25:1 f;a%j. Then it can be checked that
(with z = (z!,...,2%) : [0,T] — R%)

foFmy, (SMH (z)s,t> (Ia)
= ..o fik) (] dzi ... otk
S (et [ ek,

i1yyin €{1,...,d}
and our formulation coincides with [6, 7] and [8§].

The theorem below follows from the universal limit theorem (Thm 5.3 [13])
and Lemma 19. Suppose X : [0,T] — G} (V) is a geometric p-rough path. For
integer n > [p], we denote with S, (X) the unique enhancement of X to a
continuous path with finite p-variation taking values in G (V) (Thm 3.7 [13]).

THEOREM 22. Suppose f € L(V,CY"(U,U)) for v > 1, X : [0,T] —
GPL (V) is a geometric p-rough path for some p € [1,7), and € € U. Denote by
Z the unique solution (in the sense of Definition 13) of the rough differential
equation
(18) dY = f(V)dX, Yo =¢.

Denote Y 1= g ) (Z). Then there exists a constant Cp~, which only
depends on p and vy, such that, for any 0 < s <t < T,

(1), |1 () = 52| < Con L1ty IX N b
v]+1

@), | (Vo) = 30 17k (Spygn (X)) (T) (1 (%2)
k=1

y+1 y+1
< Coiy | gy 1K s+

where y*t : [0,1] — U is the unique solution of the ordinary differential equa-
tion:

L]
ayit = [ (10851 (S (X)) ) () (u37) | du, w e 0,1,
k=1

wt = om0+ O (g (S0 (X)) () (1 (%))
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The proof of Theorem 22 is on page 27.

Remark 23. Suppose f € L (V,CY U, U)) for v > 1, X : [0,T] — GPI (V)
is a weak geometric p-rough path! for some p € [1,7+ 1), and & € 4. Then by
following similar arguments as in the proof of Theorem 22, one can prove that,
any solution, in the sense of Def 10.17 in [8], to the rough differential equation

dy = f(y)dX, yo =&,
satisfies the estimates in Theorem 22.

THEOREM 24. Suppose f € L(V,C7 (V,U)) for v > 1, and X is a geo-
metric p-rough path for some p € [1,y +1). Let Y : [0,T] — GIPl (U) denote
the rough integral (in the sense of Definition 11):

Yt:/o f(X)dX, te0,T].

Then there exists constant C, ., which only depends on p and vy and is
finite whenever v > p — 1, such that, for any 0 < s <t < T,

(19) (), |1 () = 57| < Com 1 Laipio IX N b

lyJ+1
20) @), ||m (V) = 0 (D) i (i (X)) (m (¥2)
k

=1

+1
=< Cpy ‘f’LiP(’Y) HXH;fvan[&t} ’
where y*t : [0,1] — U satisfies the ordinary differential equation.

[v]
a3t 3 (D7) m (1o (Siages (0),)) (0 (X0) + 1 (2 (X )

yot = m (Ys) + (DLVJ f) Ty)+1 (10gm+1 (SMH (X)s,t)) (1 (X5)) -

Actually, (20) is part of the definition of rough integral as seen in Defini-
tion 11 (on page 6), and (19) can be obtained by combining (20) and Lemma 26
(on page 15).

Alternatively, Theorem 24 can be proved similarly as Theorem 22, the
only difference is that we consider the rough differential equation

d<X75 - Y) (1L x))ax, (X,Y), = (X0,0) € VDU,
Teien flLip()

and uses Thm 4.12 [13] instead of the universal limit theorem.

'A continuous path X : [0,T] — G (V) is called a weak geometric p-rough path, if
||X”p7'ua'r,[0,T] < o0.
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4. PROOF

We made explicit the dependence of constants (e.g. Cp~), but the exact
value of constants may change from line to line. Recall C7 (U,U) in Definition 8
on page 5.

LEMMA 25. Suppose k > 1 s an integer, and f € L(V, Cck-1 (Z/I,Z/I)).
Recall f°F € L (V®* (D* (U),|-|,)) defined in Definition 18 (on page 9). Then
for any v € [V]k (defined in Definition 2 on page 3), f°F (v) is a first order
differential operator, which satisfies (with Iy : U — U denotes the identity
function)

7)) = (D) (£ (0) (1), ¥re C* UU).

Proof. To prove that f°% (v) is a first order differential operator, we define
another first order differential operator, and will prove that they coincide.

Suppose V! and V? are two Banach spaces, and p’ € L (V', (D¥i (U), sz)),
i =1,2. Define [p',p?] € L (V' @ V2, (D' (U),]:|;)) as the unique continuous
linear operator, which satisfies that, for any v! € V!, any v? € V2, and any
reCl(U,U),

(21) [pl,pQ] (vl ® 1)2) (r) = (Dr) (p1 (vl) o p? (112) —p? (1)2) o p! (vl)) (1g) -

For integer k > 1 and f € L (V,C* 1 (U,U)), define [f]°* € L (V&
(DY (U),|-];)) as (with f°! defined in Definition 18)

(22) [ @)= £ @), Yo €V, and [ o= [ (770D for k> 2

Then by definition, for any k > 1 and any v € V&, [f]°% (v) is a first
order differential operator.
If we can prove that foF (vk) is a first order differential operator for any
v* in the form
U1, ifk=1

E_ . \k
2 ° _{ ons e oy o)), ik >2 0 W L GV

then since any v € [V]k can be approximated by linear combinations of v* in the
form of (23), by using that f°% : V¥* — (D* (1), |-|,) is linear and continuous
(Definition 18), and that [V]* is a closed subspace of V&¥ we can prove that
F% (v) is a first order differential operator for any v € [V]*.

We define the linear map o : [V]* — V& by assigning

(24) U(Q}l) o =wv, Yoy eV if k=1,
o (o1, k-1, 08]]) 2 =@ @ue @, Vvt CV, ik >2
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For any v* in the form of (23) with o defined at (24), we want to prove
(25) 7o (v y) 1% (o (%)) (), vr e @)
By definition, ( ( )) is a first order differential operator, and
[frk(a(vk))(r):(z»g(LﬂOk(a(v )) ), ¥rec @),
If we can prove (25), then
14 (o) )= @n) (191* (o (o)) () = @) (£ (%) ) ), v e CM @0,
Thus, in the following, we concentrate on proving (25).

It is clear that, (25) is true when k& = 1. Indeed for any v! € V), since
Vil (v1) == f°1( ) see (22)) and o (v!) :=v! (see (24)), we have

(

T =) = (o (), Wl ey,

Then we prove (25) by using mathematical induction. Suppose that for
integer K > 1, k=1,2,...,K and any v* in the form of (23), we have

= () = ()

We want to prove that, for any vy € V, and any v¥ in the form of (23),
fO(K‘H) ([UO,UK]) = [f]O(K+1) (vo R0 (UK)) X

Based on the definitions in (21) and (22), we have, for any r € C* (U,U),
e Y (e () () = [ () [ (0 (vF))] )
= (D7) (1! (o) o 1" (0 (%)) = /17" (0 (%)) © £ (w0) ) (L)

If we assume in addition that r € C? (U,U), then by using that f°! (vo)
and [f]°% (o (vX)) are first order differential operators, we have

(28) (Dr) (£ (wo) o [/ (0 (+")) ) (L)

= (£ @) o A" (o (v%)) ) (1) = (D) (1A (o (v)) (1) (" (w0) (1))
and
20) (Dr) (1A (o (v5)) 0 ! (00)) ()

= (117" (o (v)) 0 121 (0) ) (1) = (D) (" (o) (1)) (17" (o (v7)) (1))

Using inductive hypothesis (26) and the definition of fo+1) in Definition
18, we have

(30) £° (vo) o [f1°F (o (v5)) = [f1°% (o (v)) o f°* (vo)
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I (o) o fo () — oK (05 0 £ (w0) = S2EFY (g @ 0" — 0" @ vp)
poli+1) ([UO,UK]) .
Since our differentiability is in Fréchet’s sense and r € C2 (U,U), we have
(31) (D?r) (w1 ® u2) = (D?r) (u2 ® u1), Yuy € U, Yuy € U.

Thus, combining (27), (28), (29), (30) and (31), we have,
(32) [f]o(K+1) (Uo R0 (UK)) (r) = fo(KH) ([UO,UK]) (r), Vre C? Uu,u).

Since [f]°5+Y (vo ® o (vE)) = [fOI (vo), [f]°F (o (UK)):| has the ex-
plicit form (21), by comparing the "coefficients" of {Djr}fjol for any r €
CE+L(U,U), we get that (32) holds for any r» € C* (U, U4). O

LEMMA 26. Suppose f € L(V,C7 (U,U)) for some v > 1 and § € U.
Denote || as the largest integer which is strictly less than . Suppose g €

G+t (V). Then, there exists a constant C., which only depends on vy, such
that, the unique solution of the ordinary differential equation

[
(33) dye = Y fFm (bgh " g) (1) (yo) du, u € [0,1],
k=1
vy = &+ fO(MH)WLVJH (IOthH (9)) (Ta) (€).

satisfies

[v]+1

ylg—zf%%<m&>a%wWWMW“

Proof. Let {y} :==~ — |7], and N := |y] + 1. We assume [f|;;,,) = 1.
Otherwise, we replace f by ‘f|2i1p('y) f and replace g by 5‘f|mp(v>g (with dyg :=
1+ 3700, Mok (9)).

For integer k = 1,2,...,|y] +1 and v € V®* based on Definition of
differential operator f°F (v) in Definition 18, f°F (v) (I) € CY=*+1 (U, U) and
(by using |f|Lip(«,) =1)

68 [0 )| () <Oy ol
Lip(y—k [v]] Lip(y—k+1)
When |[|lg|| > 1, it can be computed that (|f];,,) = 1)
N-1
YU @ (g)|| < O llgl
k=1
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N
and 1 — &€ < lyo — €1+ 1] —vargoy < Co lg]
Thus, (|lg] > 1, N < v+ 1)

N 1
< Cyllgll™ < Gy llgl™

N
yi— &= F () (©) i (9)
k=1

and lemma holds. In the following, we assume |f|;,;,,y =1 and [[g[| < 1.
It is clear that, the solution y of the ordinary differential equation (33)
satisfies (since |fp;,,) =1 and ||g]| < 1)

(35) P lyu — €Il < llvo = &Il + 11yl —var 0,1y < Cy llgll -
ue|0,

For k =1,..., N, denote the differential operator F* by
F* = foFm, (logy (9)) -

Based on Lemma 25, {F k}]iV:1 are first order differential operators, and
satisfy
F* (r)y = (Dr) F* (1), vreCt(U,U).
Similarly to (34), since we assumed |f\Lip(7) =1,fork=1,2,...,N -1,
we have

k < k.
(36) DRI, < Ol

for ki > 1,27 ki = k < N, we have
Fhio ..o FM) (I ‘ <
(37) (Fro-om) |, <Gl

By using the fact that y satisfies (33), we have

N—-1
(38)  y1—&— Ny (logy (9)) (Ia) (€) — D F¥ (1a) (&)

N-1
(F* (1a) (90) = F* (1) (&)
k=1
i DFM (13) F* (I wy ) durdug.
1<k; <Nzlz 12//0<u1§u2§1 (Za) (a) (Yu, ) durdug

Since yo = &+ fNmn (logy g) (1a) (€), by using (37), we have (| f|L;,,) =
L |lgll <1 and vy < N)

-1
(39) | (1) (o) = F* (1) ()| < & gl < & gl
1

2

T
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When k1 > 1, ks > 1, k1 + ko < N, using that F*2 ig a first order
differential operator, we have DF™ (I;) F*2 (I;) = (F*2 o F*1) (I,). Thus,

(40) / / DF* (1) F* (I) (yu) durdus
0<ur <us<1

N // (FkQ © Fkl) (1g) (Yuy ) durdus.
0<uy <uz<1

When 1 <k < N—-1,1<ky <N -1, kg + ko > N + 1, by combining
(36) and (37), we get

( 1) H// DE™ ( d) . (Id) (yu1) uldu2
0<u1<u2<1 d
<Gy HQHkl 2 < Cy HQHN < (O lgll L

Therefore, by combining (38), (39), (40) and (41), we get

y—¢ ZF’“ L) > /O

1<k SN—-1,k1+k2<N

FkZOFk1>(Id)(yul)du1duQ

<ui<ug<l
<Oy gl

Then we continue to estimate

>

1<k;i<N—1,k14+ko<N <“1<“2<1

When 1 <k; < N—-1,1<ky<N—1, k1 + k2 = N, by using (37) and
(35), we have

H//OSU1SU2§1 <(Fk2 ° Fkl) (La) (yur) — (Fk2 © Fkl) (1) (f)) duydug

N 1
<Cy g™ sup flyu — €I < 5 g7t
u€(0,1]

Fk2 e} Fk1> (Id) (yu1) dulduQ.

When k1 > 1, ko > 1 and k1 + ko < N — 1, we have

ki>1,k1+ko<N—-1

. Z % ((Fk 0 FM) (1) (yo) — (F* 0 ™) (1) (6))

ki>1,k1+ko<N-—1

+ 3 / / / D (FkQ oFkl) (L) F** (1) (s, ) duy dundus.
O<uy<uz<ug

ki>1,k1+ka<N—1,k3<N—1
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Then since yo = & + N7 n (logy 9) (I3) (€), by using (37), we have

> [(Ferh) ) o) - (Fr o M) () (@)

ki >1,k1+ko<N
2 1
< Cy gl lyo — €Il < Gy llgl"™

Then similar as in (40) and (41), when k; + k2 + k3 < N, we have

/// D (1 k2 o F kl) (Id)l ks (ld) (yul) duidusdus
0<U1<U2<u3
/// (} "o Ft ol kl) (ld) (yul) duydugdus;
0<ui<uz<ug

when k1 + ko + k3 > N + 1, we have

/// D (Fk2 (e] Fk1> (Id) Fk3 (Id) (yul) duldquW, S ny ||g||7+1 .
O<ui<ug<us

Repeating this “subtraction and estimation” process for N times, we get

N
1 . 1
pE- s 3 (FMero M) () @) <Oyl
j=17 Ek;>1k1+-+k; <N
Since f°F is linear in V¥ (Definition 18 on page 9), we have
N

Z 1 Z (ij o---oFkl) (£a) (£)

il

=1 Rk k<N
N g

= = > fett Ttk (logy (9)) ® -+ ® m, (logy (9)) (L) (€)
=17 k> Lk ety <N
N 1

= I S S, (logy (9) ® - @ m, (logy (9)) | (o) (€)
k=1 ki21,k1+~~~+kj:k‘7'

£ (9) (1) () -

I
E

B
Il

1

Therefore, we have

N
ot (z ot (o) (1) (5))
k=1

LEMMA 27. Suppose f € L(V,C7(U,U)) for some v > 1 and § € U.
Suppose g € G (V). Then, the unique solution of the ordinary differential

1
<Cylgl™. O
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equation

v
dy, = Y Fm (logjy 41 (9)) (Ta) () du, w € 0,1],
=1

o = &+ U (g (9) (1)),

satisfies, for k=1,2,...,|v] + 1, and any v € V®F,
(42)
[v]+1-k
£ () (1) (y1)— Z FU (s (g) © ) (L) (€)]| Co ol 1)1y gl 75

Lip(y)

Proof. This lemma can be proved similarly as Lemma 26. [

LeMMA 28. Suppose f € L(V,CY(U,U)) for some v > 1 and & € U.
Denote N := |v| + 1, and suppose g € GV (V). Let y9 be the solution of the
ordinary differential equation:

N-1
dy; = (Z fo*m (logyy (9)) (1a) (3/5)> du, w € [0,1],
k=1

vy = &+ N (logy (9) (La) (€) -

For g,h € GN (V), denote by y9" the unique solution to the integral equa-

tion:
E+ N (logy (9))(1a)(€)
+ ( S ok (logn (g ))(Id)<y5’h>> du, telo,1]
i = -
g+ 1V m logy () (1) (")
+f (Nz_l Fo*my (logy (h)) (1) (yg’h)> du, te(1,2]
1 \k=1 ’ ’

Then we have

she L g®h +1 1
8" = 1| < C5 111ty (gl v LRIV llg @ Bl

Proof. 'We only prove the Lemma when |f[;;,, = 1. Otherwise, we
replace f by ]f\zl;m f, and replace g and h by 5‘f|mp(w>g and 6|f\up(7)h7 respec-
tively.

Since SN ok, (logy (9)) (Iz) € C (U, U), based on the definition of
y9" and y9, we have vy h = y/, t €10,1]. For g,h € G (V), by using Lemma 26,
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we get

h
gl —yl® H

b h
= |lyf — €+ —yf—(g® —é’)H

N N
< D0 FFme(9) (Ta) (©) + Zf% (h) (1) (W)= i (g @ ) (14) (€) H
k=1 k=1 k=1
+Cy (gl v lIR] v llg ® AINTFT
Based on Lemma 27, for k =1,2,..., N,
for i (h Z FUR (5 (9) @, () (1) ()| < Cy (1] g "
As a result,
v ya’@hH
N N N—k
() Ta) () + D U (s (9) @ i (h) (L) (€)
k=1 k=1 7=0
N
=Y (g @h) (L) © + Oy (lgll v 1R ]V lg @ AIHT
k=1

N
+Cy IR Mgl < O lglh v IRl g @ R O
k=1
LEMMA 29. Suppose x : [0,T] — V is a continuous bounded variation
path, and f € L(V,CY(U,U)) for v > 1. Let y : [0,T] — U denote as the
unique solution of the ordinary differential equation
(43) dy=f(y)de, yo=E €l
Then for any p € [1,7 + 1), there exists a constant Cp,, (which only de-
pends on p and 7y), such that for any interval [s,t] C [0,T] satisfying
’f‘LiP('Y) HS[p} (x)Hp—var [s,t] < 1 we have
(44) HS[p] (y)Hp—var,[s,t} < CP77 |f|Lip(7) HS[p] ('I)Hp—va'r,[s,t} ’
Proof. Define h : VoU =L (VOU,V B U) as
h(vi,w1) (v2, u2) = (v2, f (v2) (w1 +§)), Voi,v2 €V, Vur,uz €U.
We define geometric p-rough paths Z (n) : [0,7] = GPl (V@& U), n > 0,
recursively as the rough integral (in the sense of Definition 11 on page 6):
(45) Z(0), : = (Sy(2),.0) eGP vau),telo1],
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Z(n+1), : :/Oth(Z(n))dZ(n), tel[0,T],n>0,

and define Y (n) : [0,7] — GPL(U) as Y (n) := 7o J)Z (n). Then based
on Prop 5.9 [13], there exists constant C),, which only depends on p and 7
and is finite whenever v > p — 1, such that, for any interval [s,t] satisfying

|f‘Lip(7) HS[P} (fL’)Hp_var (5.1 < 1, we have
(46) sup ||Y (n)prar,[S’t] < Cpry

(Indeed, by properly scaling f and Sy, (z), the constant C) . in (46) can be
chosen to be independent of |f[.;, . and (|5 () as we did after

(l’) ’ ‘pfvar,[s,t] :

Hp*va"‘v[OaT} ’
Theorem 14.) On the other hand, since z is continuous with bounded variation,
it can be checked that, if we define continuous bounded variation paths y (n) :
[0,7] — U, n > 1, recursively as

y(0), = 0elU,tel0,T],

(47) yn+1), = /f n)+€)dae, t € [0,T],

then based on the definition of rough integral in Definition 11 on page 6, it can
be checked that,

(48) Y (n) = S (y(n)), ¥n > 0.

Combined with (46), for interval [s, ¢] satisfying [ f| () HS[p] (l‘)prvar (o]

<1, we have
(49) 5D 1S 0 ), oy < o i) 1551 @) o

On the other hand, since f is Lip (y) for v > 1, by using (47), we have,
for any [s,t] C [0,T] and any integers n,m > 0,

(50) Mly(n+m+1) =y + Dl _yarfsg

< ’f‘Lip('y) HxHI—var,[s,t](Hy (n + m) -y (n>||1—vm",[s,t] + ||y (n + m)s -y (n)s”> :
Then we divide [0,7] := Ué;% [tj,tj+1] in such a way that
|f|L’ip(’y) ||J;H1—Ua’l”,[tj,tj+1} S c << 17 ] = 0, 1, e ,l — 1.
Then, for [t;,tj+1], j = 0,1,...,1 — 1, we take supremum (in (50)) over
m > 1, let n tend to infinity, then

limp o0 sUp [ly (2 +m+ 1) =y (0 4+ Dl gt 1,11

m>1

S Cﬁn—mo Sup Hy (n + m) - y (n)‘|1fvar7[tj7tj+1]
m>1



46 Youness Boutaib, Lajos Gergely Gyurké, Terry Lyons and Danyu Yang 22

+ climy, o0 SUp Hy (n+m), —y(n),
m>1

Since y (n), =0, Vn > 0, and ¢ € (0,1), we can prove inductively that

mn—)oo Su>p1 ”y (n + m) -y (n)Hlfvar,[tj,thrﬂ = 07 ] = Oa 17 e 7l - L
mz
Thus,
lim sup ”y (n + m) (n) ”l—va'r’,[O,T]

n—00 m>1
-1
< Z lim sup Hy (n + m) Y (n)Hlfvar,[tj,tj+1] =

J ! n—oo m>1

As aresult, y (n) converge in 1-variation as n tends to infinity (denote the
limit by ), and we have

(51) lim  max sup Hwk (S[p] (y (”))s,t) — Tk (S[p] @)s,t) H =0.

n—00 k=1,2,...,[p] 0<s<t<T

Based on (47) and let n tends to infinity, we have

t
@t:/O f @+ €) daa.

As a result, if y denotes the unique solution of the ordinary differential
equation (43), then we have

(52) y=7+&.
Therefore, by combining (49), (51), (52) and using lower semi-continuity of

p-variation, we get, for interval [s, {] satisfying |1, HS[p] ;U)Hp_mr (5.1 <1,
HSP] Hp q)a'/‘[st] HSP] y+€ Hp var, St] HS[p g)Hp var, st]
< hmnﬁoo HS[P Hp—var,[s,t] > PFY |f|Lip(7) HS[P] Hp—var,[s,t} - O

Then, we state Lemma 19 (on page 10) and give a proof.

LEMMA 19. Suppose x : [0,T] — V is a continuous bounded variation
path, f € L(V,CY (U,U)) for v > 1, and £ € U. Suppose y : [0,T] — U is the

unique solution of the ordinary differential equation:
(53) dy=f(y)de, yo=Eel.

Then, for any p € [1,7 + 1), there exists a constant Cy ., which only
depends on p and vy, such that, for any 0 < s <t < T,

(54) (), |loe = 5*|| < Com 1Tty 1S @12

Llp p—'U(ZT‘,[S,t} ’
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ly]+1
(2), —Ys— Zf Tk (ShJ—&-l( )s t)(Id)(yS) <Cpy |f"[y,;;1 )HSP] ’ ;i_iar,[sﬂf] ’

where y>t : [0,1] — U denotes the unique solution of the ordinary differential
equation (with ys denotes the value of y in (53) at point s):

il
(56) dys" = | S £ (1ogpy paa(Sig 1 (@),0) ) (i) |, w e 0,1],
k=1

uy'= et POy (logy i (S (@) J) (0)

Proof. We only prove (54); (55) follows from (54) and Lemma 26 on page
15. We prove the result when ]f\Lip(V) = 1. The general case can be proved by

replacing f by |f|zli7(7) f and replacing Sp, (x) by 5|f|Lip('y) (Spy (z)) (in which
case both y in (53) and y** in (56) would stay unchanged). o
Denote N := |v]| + 1. Define w: {(s,¢) |0 < s <t <T} — RT as
,_ p
w (s,t) = ||Sp (x)Hp_WT’[Svt] .
Then it can be checked that, w is continuous and is super-additive, i.e.
(57) w(s,u) +w(u,t) <w (s, t), V0<s<u<t<T.

With y*¢ defined at (56), we define I': {(s,)|0 < s <t <T} —U as

s,t st
I‘s,t =U— Y =Yt —Ys — (yl _ys) .

For 0 <s <u<t<T, with y*" defined at (56) and = in (53), we denote
7%t as the unique solution of the ordinary differential equation:

dg»t = (Z IR ( L) (9") m, (logN (SN() )))dT,TE[O,l],

Wt = ﬁﬂ+fw%mxﬁwwNQ%N(%mmmJ)

For 0 < s < u <t < T, we denote piecewise continuous path y*%!
[0,2] — U by assigning

(58) Yol = g% when r € [0,1] and y2*! := ", when r € (1,2].

Firstly, suppose that [s,] is an interval satisfying w(s,t) < 1 and u €
(s,t). It can be computed that,

I L

= Ys + y%t — Yu — (y?t - ys)
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s,u,t

s,t S,u,t S,U u,t
Yo — W "“H(ZJQ — Y >_ <Z/1 _yu) ‘
Then, Lemma 28 and Lemma 26 imply that, (| f|1;,,) = landw (s, t) <1,
{(v}=7-1
(59)  IITsu+ Tup — Dsgll

< |

y+

1
< Cyw(s,t)» +

N
> frm (5u4<x>u¢)<<Id><y?“>-—<1a><yu>>H
k=1

41 1 5 {1} >
< Cyw(s,t) 7 +C0 (8,07 [Tsul+Cy [lyu = ys = (1" —ws) [V w (s, 8) 7
Based on the definition of y** (at (56)), when w (s,t) < 1, we have

S,U s, S,U 1
60) Ny = well < 19 o) + 19" — sl < Gy (s,0)5
On the other hand, according to Lemma 29, there exists constant C), ,

(which only depends on p and ~, and is finite whenever v > p — 1), such that
for any interval [s, ¢] that satisfies w (s,t) < 1, we have

1

(61) 190 = ysll < Cprw (s,)7 .

As a result, by combining (60) and (61), we get, when w (s,t) <1,

N a+1
[ =) = (43" = ) (5.0)% < o (s,1)

Then, continuing with (59), we get, for any interval [s, t] satisfying w (s, t)

<1 and any u € (s,t),
1

62)  [Tuull < (1+ Cow (5,67 ) (ITsall + 1]

v+l

)+ Cpw (s, t) P

With C, and C), , in (62), suppose [s, t] is an interval satisfying w (s,t) <
1, denote
_pb_
6= CEVCHA |w(s,t).
Then since w is super-additive (i.e. (57)), by setting [¢,tJ) = [s,t) and

recursively dividing [t7,t7, ) = [t;;rl, " tlyu [tg;;ll, t;;ﬁrlQ) in such a way that

1
o (17 h) = (B ) < o (0. 600) 5 =02~ Lm0
we have, based on (62),
n k , )k
- _J .1 1 ( P ) y+1
(63)  [|Tsull < Timppoo | Y H (1+2 pap) <2> 5w
k=0 \j=0
L n i1 2n—1
+ Ty (1 n 275;) 3 Hpt}%
=0 §=0 '
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2l L 277“71 o on_q
P 1 P y+1 —_—
2r — 1 2 p -1 =0

2" —1

Then we prove that lim,_« ijo HFt?,t?H =0. Since z: [0,T] — Vis

a continuous bounded variation path and y : [0,7] — U is the solution of the
ordinary differential equation

dy = f(y)dz, yo=¢,
we have that (|f|p;,,) =1 7v>1)
Hyulfvar,[s,t] < ||x”17var,[s,t] ,VO<s<t<T.

Thus,

N
(64) ||yt —ys — Z forme (S[p] (SE)S,t) (a) (ys)

k=

-/ 1 P iy - o) (1) () ~ (1) ()|

<o ff s — sl ldzaa |- - g |
s<ul <---<un<t

+1
—var,[s,t]

IN

N
Cy sup [lyu = vl 12l o < Co Il
u€|[s,t]

On the other hand, based on Lemma 26,
(65)

N
=y o <S[p] (ﬂf)s,t) (La)(ys)
k=1

Thus, combining (64) and (65), we get

<C, 8 @)oo "< ol

1—var,[s,t] -

+1 .
S CP:’Y ||x||’1y—var,[t?,t?+l] y ] = Oa ]-a R ’271 - 17 n Z 07

Hrt?’t?ﬂ
and we have (y > 1)

=0.

2n_1
oo Y Do,
j=0
Thus, continuing with (63), we get that, there exists constant C, ,, which
only depends on p and ~, and is finite whenever v > p — 1, such that, for any
interval [s, t] satisfying w (s,t) <1,

y+1

(66) | | = ITell < G (5,8)

s,t
Yt — U

For [s, ] satisfying w (s,t) > 1, as in Prop 5.10 [8], we decompose [s,t) =
U?:_[)l[tj,tjﬂ) in such a way that w(tj,tj41) =1, j = 0,1,...,n — 2, and
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w (tp—1,tn) < 1. Then by using super-additivity of w, we have n — 1 < w (s, 1),
and

n—1
”yt - ys” < Z Hytj+1 - Z/t]-H < Cp,'y <n —-1+w (tn—latn)%)
7=0

< Cpan S Cppy (w(s,t) +1) <20y 4w (s,t).
On the other hand, when w (s,t) > 1,

s,t s,t
—Ys yo —Ys

< |

N
p

N-1 N
< G Sm@.] O S @) < cwsnr.

Therefore, when w (s,t) > 1,
+1

< Cpw (s, t)+ Cyw (s, t) P < Cpw (s, t) P O

st st
Hyt - Y H = Hyt —Ys — (yl _ys)

LeEmMMA 30. Suppose f € L(V, ( U)) for some v > 1. For g €
GO (V) and € € U, define y(g,€) : [0,1] — U as the unique solution of
the ordinary differential equation:

v
dh = 3T (1081541 (9)) (a) (w) du, we [0,1],

w = &+ (logpa (9) () () €U,

If there exist {gl}l>1 c GUIHL (V) and {{l}>1 C U such that
. AN — i L_¢ll =
zliglo k:1,$i}fﬂ+1 Hﬂk (g) Tk (g)‘ 0 and lliglo H5 SH 0,

then
lim sup Hy (gl,§l>t—y(g,f)tH =

=00 40,1

Proof. Since 1 fo% (1;) € €' (U, U), based on Thm 3.15 [8] (their
result extends naturally to ordinary differential equations in Banach spaces),
we get

sup Hy< ) —y(g,ﬁ)tH

t€[0,1]
[

Jv(s"-€'), = 0.0+ 2 £ (=i (tozr 11 (o))
k=1



27 Dimension-free Euler estimates of rough differential equations 51

— i (log )1 (9))) ()| )
< 01 (|le = €] + i (togign @) J6 ]
[v]+1

+ Z Hﬂ'k <10gm+1 <gl>> — Tk (10gm+1 (9)) H

{7}

Proof of Theorem 22. Based on the definition of geometric p-rough path
(Definition 7 on page 5), there exists a sequence of continuous bounded variation
paths {xl} [0,7] — V, such that

iy (5 (<) ) <o

As a result, we have (combined with Thm 3.1.3 [14] when |v] > [p])

(67)
lim max | S| Hl(avl) —Tn (SL J+1(X) t) =0,V0<s<t<T,
=00 n=1,2,...,|v]+1 7 st 7 5 -~
and

! = <s<t<T.
(63)  Jim (s@ <x ) HHM o =Xl g VOS5 <E<T

On the other hand, denote ' : [0,T] — U as the unique solution of the
ordinary differential equation

(69) dy' = f (v') da', vh = ¢,

and denote Y := 7)) (Z) with Z denotes the unique solution (in the sense
of Definition 13 on page 6) of the rough differential equation

(70) dY = f(Y)dX, Yo = ¢
Then, based on the universal limit theorem (Thm 5.3 [13]), we have

(71) Jim ||y} =71 ()| = 0, v eo0,7].

For 0 < s <t <T and !> 1, with y' in (69), denote by y*>! : [0,1] — U
the unique solution of the ordinary differential equation:

L]

dygt =" fFmy <logm+1 (SMH (xl)st>> ({a) (yfjt’l> du, u € [0,1],
k=1 ’
St)) (£a) (yi> cu.

)

yS,t,l _ yé + fO(L7J+1)7rL,YJ+1 <10th+1 (S['yj—H (xl)
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For 0 < s <t < T, with Y in (70), denote by y** : [0,1] — U the unique
solution of the ordinary differential equation:

il
dyy' = ZfOka <logm+1 (SL7J+1 (X)s,t>) (1a) (yi") du, w € (0,1],
k=1

gt = m () + O (log i (S (X)) ) () (m (Y2)) €U,

Then, according to Lemma 30,

(72) Jim ‘ it =y ‘ =0.
Based on Lemma 19, for each [ > 1,
y+1
(73) Jot = o2]| < € <‘f o) |01 () Hp—w,[s,ﬂ) ’

)

< Cpn (|f|Lz‘p(7) HS[P} (ml) Hp—var,[s,t]>’y+l '

By combining (67), (68), (71) and (72), we let | — oo in (73) and (74),
and get Theorem 22. [

(74)  |\wh — ok - %El FoEmy <Sm+1 (ml) > (1a) (yi)
1 s,t
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