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We give a definition of volume for subsets in the space of arcs of an algebraic
variety, and study its properties. Our main result relates the volume of a set
of arcs on a Cohen-Macaulay variety to its jet-codimension, a notion which
generalizes the codimension of a cylinder in the arc space of a smooth variety.
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1. INTRODUCTION

In this paper, we give a definition of volume for subsets in the space of
arcs of an algebraic variety and study its properties. As our definition implies
that the volume of a set of arcs is finite if and only if its projection to the
variety is a finite set of closed points, we can restrict without loss of generality
to the case of an affine variety. Suppose therefore that X = Spec(R) is an
n-dimensional affine algebraic variety defined over an algebraically closed field
of characteristic zero. For every ideal a in R we denote by ¢(R/a) the length
of the quotient ring R/a and, if the cosupport consists of one point z defined
by the ideal m,, we denote by e(a) the Hilbert-Samuel multiplicity of Ry, with
respect to aRy, .

Let X be the arc scheme of X. Recall that for every field extension K /k,
the K-valued points of X are in natural bijection with the arcs Spec K[t] — X
(see [10], Section 3). For every subset C C X, and any integer m > 0, we
consider the ideal

b (C) :={f € R|ord,(f) >m for all y € C}.
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This defines a graded sequence of ideals be(C) = (0:,,(C))m>0. We then
define the volume of C by the formula

vol(C') := vol(be(C)) = limsup w

m—s00 m” /n!

It follows from [3| that the limsup is, in fact, a limit. It is easy to see that
vol(C') < oo if and only if the image 7 of C' in X is a finite set of closed points.
Here m: Xoo — X is the canonical projection mapping an arc « to its base
point v(0). The volume satisfies the following inclusion/exclusion property.

ProrosiTiON 1.1. If C1,Cy C X, then
vol(Cy U Cy) + vol(C1 N Cz) < vol(Ch) + vol(Cy).
The contact locus of order at least g of an ideal a C R is defined to be
Cont=%(a) = {y € X | ord,(a) > q}.
Contact loci form a special class of subsets in X,. For ideals cosupported

at one point, the volumes of these sets relate to the Samuel multiplicities of the
ideal in the following way.

PROPOSITION 1.2. For every ideal a C R whose cosupport consists of one
point and for every m,p > 1, we have

m™ - vol(Cont=""(a)) < (mp)™ - vol(Cont="""(a)) < e(a)

for every m,p > 1. Furthermore, both inequalities are equalities for m suffi-
ciently divisible.

Generalizing the definition of codimension of a cylinder in the space of
arcs of a smooth variety, we define the jet-codimension of an irreducible closed
subset C of X4, to be

jet-codim(C) := li_)m ((p + 1)n — dim Wp(0)>
p—00

where m,: Xo — X, is the truncation map to the p-jet space. This definition
extends to an arbitrary set C C X, by taking the smallest jet-codimension
of the irreducible components of the closure C of C in X,,. We will see, for
instance, that if X is smooth, then the jet-codimension of a set C' coincides
with its Krull codimension codim(C') (which is similarly defined as the smallest
Krull codimension of an irreducible component of C).

Our main result relates the volume of a set of arcs on a Cohen-Macaulay
variety to its jet-codimension.

THEOREM 1.3. If X is Cohen-Macaulay, of dimension n, then for every
subset C C X whose image in X is a closed point we have

vol(C)Y™ - jet-codim(C) > n.
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In particular, if X is smooth, then
vol(C)Y/™ - codim(C) > n.

The proof of this theorem requires a suitable extension of the main result
of [6] to singular varieties, which we discuss next. Let a C R be an m-primary
ideal, where m C R is a maximal ideal. If X is smooth, then the colength and
the Hilbert-Samuel multiplicity of a are related to the log canonical threshold
lct(a) by the formulas

(1) (n! - 0(Ox /a))/™ - let(a) > n,

(2) e(a)'/™ -lct(a) > n.

We want to extend this result to all Cohen-Macaulay varieties. If X
is singular, then the log canonical threshold (even when it is defined) is not
the right invariant to consider. Instead, we look at the Mather log canonical
threshold of the ideal [16], which is defined by

— dg(J 1
e (a) = inf dEUacH) 1
HE  ordg(a)

where the infimum ranges over all birational morphisms f: Y — X, with Y
smooth, and all prime divisors 2 C Y, with Jac; being the Jacobian ideal of f.

THEOREM 1.4. With the above notation, if X is Cohen-Macaulay, of di-
mension n, then we have

(3) (n!- £(Ox /)™ -Iet(a) > n,
(4) e(a)'/™ - Ict(a) > n.

The proofs of (1) and (2) rely on the reduction to monomial ideals via
flat degeneration, where the inequality follows from Howard’s description of log
canonical thresholds of monomial ideals and the well-known inequality between
arithmetic and geometric means. A slightly more general formulation of (2) is
the key ingredient in the proof of a theorem of [5] on log canonical thresholds
of generic projections. The proof of Theorem 1.4 follows the opposite direction:
we first prove a theorem on Mather log discrepancies of generic projections (see
Theorem 2.5 below), and then deduce (3) and (4) from it.

The paper is organized as follows. In the next section we prove Theo-
rem 1.4. Section 3 is devoted to a discussion of volumes of graded sequences of
ideals, with emphasis on sequences associated to pseudo-valuations. Then, in
the last section we define the volume of a set of arcs and prove several properties
including those stated above.
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2. MATHER LOG DISCREPANCIES

Let X be a variety of dimension n defined over an algebraically closed
field of characteristic zero. Recall that a divisor over X is a prime divisor E
on a normal variety Y, with a birational morphism f: Y — X. Such a divisor
determines a valuation ordg of k(Y) = k(X) and as usual, we identify two
divisors over X if they give the same valuation. The valuations that arise in
this way are the divisorial valuations of k(X) that have center on X (recall
that the center of ordg is the closure of f(FE)).

Given a birational morphism f:Y — X, with Y smooth, we consider
Jacy := FittO(Qy/X) C Oy, the Jacobian ideal of the map.

Definition 2.1. Given a divisor E over X, the Mather log discrepancy
ap(X) of E over X is defined as follows. Suppose that f: Y — X is a bi-
rational morphism, with Y normal, such that F is a prime divisor on Y. After
possibly replacing Y by its smooth locus, we may assume that Y is smooth. If
Jacy C Oy is the Jacobian ideal of the map, then

ap(X) :=ordg(Jacy) + 1.

Given a nonzero ideal sheaf a C Ox and a number ¢ > 0, we define the
Mather log discrepancy of E with respect to the pair (X, a¢) to be

ap(X,a%) :=ordg(Jacy) + 1 — c- ordg(a).

When X is smooth, we write ap(X) and ag(X, a®) instead of ag(X) and
ap(X,a%), respectively. It is clear that the definition of Mather log discrepancy
only depends on the valuation ordg that E defines on the function field of X,
and not on the model Y. We say that the pair (X, a®) is Mather log canonical
if for every E as above, we have ag(X,a®) > 0. The Mather log canonical
threshold of the pair (X, a), with a a proper nonzero ideal of R, is defined by

l/c\t(a) :=supq{ ¢ € R>¢ | (X, a®) is Mather log canonical }.

It is straightforward to check that this is equivalent to the definition of
Ict(a) given in Introduction. We put, by convention, lct(0) =0 and let(Ox ) = co.

Remark 2.2. We refer to [16] for basic facts about Mather log discrepancies
and Mather log canonical threshold. A useful fact is that if f: Y — X is a log
resolution of (X, a) which factors through the Nash blow-up of X, then there

is a divisor E on Y such that l/c\t(a) = Oarfig((a))

We will use several times the following basic fact about divisorial valua-
tions.
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LEMMA 2.3. Let f: X — Y be a dominant morphism of varieties. If £
is a diwisor over X, then the restriction of ordg to k(YY) is a multiple of a
divisorial valuation, that is, we can write

ordg |pyy = ¢ - ordp
for some divisor I over Y and some positive integer q.

Proof. Let v = ordg and w = v]k(y). Note that w is a valuation with cen-
ter on Y, the center being the closure of the image of the center of v on X. We
denote by R, and R,, the valuation rings corresponding to v and w, respectively,
and by k, and k,, the corresponding residue fields. Note that trdeg(k,/k) <
dim(Y"), with equality if and only if w is the trivial valuation. Furthermore, w
is a multiple of a divisorial valuation if and only if trdeg(k, /k) = dim(Y") — 1
(see [18], Lemma 2.45). On the other hand, since v is a divisorial valuation,
we know that trdeg(k,/k) = dim(X) — 1. It follows from (|24], Chapter VI.6,
Corollary 1) that trdeg(ky/kw) < trdeg(k(X)/k(Y)) = dim(X) — dim(Y). We
conclude that trdeg(ky/k) > dim(Y) — 1. Since it is clear that w is not the
trivial valuation, we conclude that in fact trdeg(k,/k) = dim(Y") — 1, hence w
is a multiple of a divisorial valuation. Since w only takes integer values, it is
immediate to see that the multiple is a positive integer. [

The next result gives an alternative way of computing Mather log discrep-
ancies. Suppose that F is a prime divisor over a normal n-dimensional affine
variety X. Given a closed immersion X < A" and a general linear projection
7: AN =Y := A" we may write ordg |k(y) = ¢ - ordp, for a prime divisor F'
over Y and a positive integer ¢, by Lemma 2.3.

PROPOSITION 2.4. With the above notation, we have
ap(X) =q-ap(Y).

Proof. Consider a commutative diagram

x L oxc AN

ol

Y — =Y ——A"
where X’ — X and Y’ — Y are resolutions such that F is a divisor on X’ and
F is a divisor on Y'. Note that ordg(¢*F) = ¢ and ordg(Kx//y/) = ¢ — 1.
Denoting by h: X’ — Y the composition of f with the projection to Y, we have
ordg(Kx//y) = ordg(Jacy). If 21,..., 2, is a regular system of parameters
in X’ centered at a general point of F and yi,...,yn are affine coordinates
in AN, then f is locally given by equations y; = f;(21,...,2,), and Jacy is
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locally defined by the n x n minors of the matrix (0f;/0z;). For a linear
projection m: AN — Y = A", Jacy, is locally defined by a linear combination
of the n x n minors of (0f;/0z;). If the projection is general, then so is the
linear combination, and we have ag(X) = ordg(Kx//y)+ 1. Writing Kx//y =
Kxiyyr + Ky yy, we get

ap(X) = ordg(Kx/y) +orde(¢"Kyyy) +1=q-ar(Y). O

The following theorem is a generalization of ([5], Theorem 1.1) to Cohen-
Macaulay varieties.

THEOREM 2.5. Let X C AN be a Cohen-Macaulay variety of dimension
n, and E a divisor over X. For some 1 < r < n, consider the morphism

¢: X — AnrHL

induced by restriction of a general linear projection o: AN — A"+ Write
ordg |k(An77'+l) = ¢ - ordg, where G is a prime divisor over A" "t and q is
a positive integer (cf. Lemma 2.3). Let Z — X a closed Cohen-Macaulay
subscheme of pure codimension r such that ¢|z is a finite morphism. Note that
b«[Z] is a cycle of codimension one in A" "L we regard ¢.[Z] as a Cartier
divisor on A"t Then, for every ¢ € R>q such that ap(X,cZ) > 0, we have

/r’f‘

(5) q-ac (A”T“, e s [Z]> <ap(X,c2).

Moreover, if the ideal defining Z in X 1s locally generated by a reqular
sequence, then

) -0 (8774.5 - 0.12]) <as(X.c2).

Proof. Our argument is similar to the one used in the proof of (5], Theo-
rem 1.1). We assume that ordg(Z) > 0 (the case ordg(Z) = 0 is easier and left
to the reader). We factor o as a composition of two general linear projections

AN S U=A" -V = A" "HL

By Lemma 2.3, we can write ordg |y = p - ordp for some prime divisor
F over U and some positive integer p. Note that p divides q.

Let h: V' — V be a proper, birational morphism, with V/ smooth, such
that G is a prime divisor on V'. Let X' := V' xy X and U’ := V' xy U, and
consider the induced commutative diagram with Cartezian squares
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x-1ox

X

| U—2L>U |o

o

v —hy

Let Z' .= f~Y(Z) — X' and Z" := ¢/(Z') < U’, both defined scheme-
theoretically. In general, we have Z” < g~1(4(Z)), but this may be a proper
subscheme. First, note that 1 is a finite, flat morphism. Finiteness follows from
the fact that it is induced by a generic projection, while flatness follows from
the fact that it is finite, U is smooth, and X is Cohen-Macaulay. Since 7 is
clearly flat (in fact, smooth), we conclude that ¢ is flat. Therefore both X’ and
U’ are varieties and f and g are proper, birational morphisms. Furthermore,
the restriction ¢'|z is finite by base-change, and thus both |z and +'|z are
finite.

Note that Z’ is a closed subscheme of '~ '(Z"), hence

(7) p-ordp(Z") = ordg((¥')"1(2")) > ordg(Z') = ordp(Z).

Since h, being a morphism between two smooth varieties, is a locally
complete intersection morphism, it follows by flat base change that f is a locally
complete intersection morphism as well. More explicitly, h factors as h = hyoho
where hy: V' x V — V is the projection and hy: V' < V/ x V is the regular
embedding given by the graph of h. By pulling back, we get a decomposition
f = fiofo where f1: V' x X — X is smooth and fo: X' — V' x X is a regular
embedding of codimension equal to dim V' = dim V’. Recall that the pull-back
(2] € An_r(X') is defined as f3[V’ x Z] (see [12], Section 6.6).

We now show that Z’ is pure-dimensional, of the same dimension as Z,
and f*[Z] is equal to the class of [Z'] in A,_,(X’). Since ¢'|z is finite and
¢'(Z') is a proper subset of V', we see that dimZ’ < dimV’'—1=n—r. On
the other hand, Z’ is locally cut out in V/ x Z by dim V' equations, hence every
irreducible component of Z’ has dimension at least dim Z = n — r. Therefore
7' is pure dimensional, of dimension dim Z. Since V'’ x X is Cohen-Macaulay,
it follows from ([12], Proposition 7.1) that f*[Z] = [Z’] in Ap—(X').

Since ¢'|z: Z' — Z" is a finite, dominant morphism of schemes, we see
that Z” is also pure dimensional of the same dimension as Z’, and ¢, [Z'] > [Z"].
Note that h*¢.[Z] and ¢, [Z'] are divisors on V'. Since f and h are locally
complete intersection morphisms of the same codimension, and since we have
seen that f*[Z] = [Z'] in A, (X'), it follows from ([12], Example 17.4.1) that
h*¢.|Z) ~ ¢ [Z'] (note that while ¢ and ¢’ are not proper morphisms, they are
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proper when restricted to the supports of Z and Z', respectively). Since the
two divisors are equal away from the exceptional locus of h, we deduce that
h*¢.[Z] = ¢ [Z'] by the Negativity Lemma (see [18], Lemma 3.39). We thus
conclude that

W' Z) = ¢.[2'] > 7. [2").

On the other hand, the center C' of ordg in U’ is contained in Z” and
dominates G. Since ¢'|z is finite, it follows that the map +|c: C — G is
finite. In particular, we have dim(C) = dim(G) = n —r = dim(Z"), hence C
is an irreducible component of Z”. Therefore we have

(8)  orda(:]2]) = ord(h*.[2]) > orda(+,[2"]) > ec(12"]) = UOzrc):

Let b := kg(V) denote the discrepancy of G over V', and let H := (7/)*G.
Note that p - valp(H) = ¢ and since «/ is smooth, H is a smooth divisor
at the generic point of C. Moreover, since Ky = (7)) Ky /y, we have
Ky jy = bH + R, where R is a divisor that does not contain C' in its support.
Then, by Proposition 2.4 and equation (7), we see that

ap(X,cZ)>p-ar(U',c¢Z" — Ky ) =p-ap(U',cZ" — bH).

Setting o :=ap(X,cZ)/q, we have
ap(U',cZ"—(b—a)H) = ap(U',cZ" —bH)—a-ordp(H) < a(l—ordp(H)) < 0,
where the last inequality follows from the fact that ordp(H) > 1 and, by
assumption, a > 0. This in turn implies
b—a+1)r"

rler ’

Indeed, if b —a > 0, then (9) follows by ([5], Theorem 2.1). The case b —
a < 0 is easier, and follows from ([5], Lemma 2.4) using the same degeneration

to monomial ideals (see [6], Section 2).
Combining (8) and (9), we get

(9) UOgync) >

rlc" lc"

00 (V.05 0.12)) = -a(V) - 5 -orde(6.12)
<qb+1—(b—a+1))=ap(X,c2),

as stated in (5)
Suppose now that the ideal of Z in X is locally generated by a regular

sequence. If Iy C Ox is the ideal sheaf of Z and Z; is an irreducible component
of Z, then

!
(10) U0Ozz;) = e(Iz0x,7,) = lim_ # (Ox,2,/17 Ox,z,)-

For every m, let Z,, < X be the subscheme defined by I7'. Since Iz is
locally generated by a regular sequence, I?/I?H is a locally free Oz-module,
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and thus is Cohen-Macaulay (as an Oz-module, hence as an O x-module). Note
that Oy is also Cohen-Macaulay (as an Oz-module, hence as an Ox-module).
By applying ([2], Proposition 1.2.9) to the exact sequences of Ox-modules

0—IP/I7 - Oy, ., — Oz, —0,

we see by induction that Oy, is a Cohen-Macaulay Ox-module, and therefore
Zm is a Cohen-Macaulay scheme. Note that

o (X, % : Zm) —ap(X,cZ) for all m,

and

by (10). Since ¢|z,, if finite for every m, we may apply (5) with (Z, ¢) replaced
by (Zp,c/m) to deduce, after letting m go to infinity, the inequality in (6). O

COROLLARY 2.6. With the same assumptions as in the first part of The-
orem 2.5, we have

lct(X, Z)"
< —
- r/rl

(11) let(A""H, 6.[2])

Moreover, if the ideal of Z in X is locally generated by a reqular sequence,
then
_ let(X, 2y

(12) let (A", ¢.,[2))

r?”
Proof. We apply Theorem 2.5 for a divisor F computing ﬁ(X ,Z). O

We apply the first part of the corollary to prove Theorem 1.4.

Proof of Theorem 1.4. Let x € X be the cosupport of a. After replacing X
by an affine neighborhood of z, we may assume that we have a closed immersion
X < AN. Let m > 1 be fixed and Z,, — X be the zero-dimensional scheme
defined by a™. Note that Z,, is Cohen-Macaulay, since it is zero dimensional.

Consider a general linear projection AY — Al and let ¢: X — Al be the
induced map. Note that

_ 1 —~
let(X, Z,,) = — - 1let(X, Z),
m
and since

G[Zm] = U(Ox/a™) - [f ()],

0. 20) = 7077

we have
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Then (11) gives
{(Ox/a™)

m”/n.:

Setting m = 1 and taking n-th roots, we get (3). The formula (4) follows
by taking the limit as m goes to infinity and then taking n-th roots. [J

3. THE VOLUME OF A GRADED SEQUENCE OF IDEALS

We recall, following [9] and [21], some basic facts about the volume of a
graded sequence of ideals. Let k be an algebraically closed field of arbitrary
characteristic and let X = Spec(R) be an n-dimensional affine variety over k (in
particular, we assume that R is a domain). Recall that a sequence aq = (a,)m>0
of ideals a,, C R is a graded sequence of ideals if ag = R and a, - a; C a,44 for
every p,q > 1.

Definition 3.1. The volume of a graded sequence a, is defined by

vol(a,) := lim sup w.

Let as be a graded sequence of ideals in R. The main case for under-
standing the notion of volume is that when there is a closed point x in X such
that for every m > 1, the cosupport of a,, is equal to {x} (we say that a,
is cosupported at ). Note that in this case we have vol(ds) < co. Indeed, if
N is a positive integer such that miv C aj, where m, is the ideal defining =,
then mbY C a, for every p > 1, hence vol(a,) < N™ - e(m;). In fact, under
the same assumption, it follows from ([20], Theorem 3.8) that the volume of a,
can be computed as a limit of normalized Hilbert-Samuel multiplicities. More
precisely, we have
(13) vol(as) = Tim %)

m—oo mm

Moreover, the limit superior in the definition of volume is a limit

(14) vol(a) = lim H(ER/am)

m—oo m"/n!
by (]3], Theorem 1).

Remark 3.2. Suppose that a, is a graded sequence of ideals such that
a, € ag whenever p > ¢. If a, is cosupported at a point z € X, then
e(an)

vol(ae) = irif1 — .
m2> m
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Indeed, this is a consequence of (13) and of the fact that
lim e(am) = inf e(am)

m—oo  mm m>1 mh '

This equality is a consequence of Lemma 3.7 below.

Remark 3.3. Suppose that ae is a graded sequence of ideals and I' =
{z1,...,2,} is a finite set of closed points in X such that for every m > 1,
the ideal a,, has cosupport I'. For every m > 1, let us consider the primary

decomposition
.

o = (a2,

1=1
where each a( " is an ideal with cosupport {x;}. It is clear that each as) is a

graded sequence of ideals. Since
(15) U(R/ay,) = Ze R/al)
we deduce

(16) vol(a,) Zvol al)

In particular, we see that vol(as) < oo and the assertion in (14) also holds
for a,.

Ezxample 3.4. Suppose that a, is a graded sequence of ideals such that
each a,,, with m > 1, has cosupport equal to a finite set I'. If @, is such
that d,, is the integral closure of the ideal a,,, then @, is a graded sequence
and vol(d,) = vol(a,). The first assertion follows from the fact that @, - @, is
contained in the integral closure of a, - a4, hence in @,,,. In order to see that
vol(ae) = vol(d, ), we may assume that all a,, have cosupport at the same point
x € X (see Remark 3.3). In this case, since e(a,,) = e(a,,) for every m, the
assertion follows from (13).

Under a mild condition on a, which is often satisfied, we give in the next
proposition a new easy proof of the assertions (13) and (14) in the smooth case.

PROPOSITION 3.5. Suppose that X = Spec(R) is smooth. If ae is a graded
sequence of ideals in R which is cosupported at a point in X, and a, C qq
whenever p > q, then

R/ap, . UR/an
(17) vol(ae) = n}gnoo inn//anl) - ;gﬂ Enn/fn')
(18) — lim M = inf M

m—oo mm m>1 m"
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Note that while the proposition recovers (13) and (14) in the smooth

setting, it also implies the equality vol(a,) = inf,,>1 eg{%’}), which needs the
smoothness assumption. For the proof of the proposition we need two lemmas.
The first one is a special case of ([19], Lemma 25); for completeness, we include

the proof of this special case.

LEMMA 3.6. If X = Spec(R) is smooth, x € X is a closed point defined
by my, and a is an my-primary ideal in R, then for every p > 1, we have

((RJa) > pln R/,

Proof. Since X is smooth, it is straightforward to reduce to the case when
X = A" and a is an ideal supported at the origin. We choose a monomial order
on R = klz1,...,z,] and for every ideal b in R, we consider the initial ideal

in(b) = (in(f) | / € b).

We refer to ([11], Chapter 15) for the basic facts about initial ideals. Note
that we have ¢(R/b) = ¢(R/in(b)). It is clear that in(a?) D in(a)P. It follows
that if we know the assertion in the lemma for in(a), then

(RJ0) = (R (@) = — - (R in(@)) = - ((R/in@)) = - (R/a)

1
"
hence we obtain the assertion for a.

The above argument shows that we may assume that a is a monomial
ideal. For every such ideal a, we consider the sets

Q@)= | J (w+R") and Q(a):=RZ~ Qa).

v €a
Note that Q°(a) is equal, up to a set of measure zero, to the union of
¢(R/a) disjoint open unit cubes. Therefore ¢(R/a) is equal to vol(Q¢(a)), the
Euclidean volume of Q(a). On the other hand, it is clear from definition that
Q(aP) D p-Q(a), hence Q°(aP) C p- Q°(a). We thus conclude

U(R/a) = vol(Q°(a)) > vol (; : QC(ap)> - pln vol(Q°(aP)) = — - (R /aP).

1
"
This completes the proof of the lemma. [

The following is a variant of (|21, Lemma 2.2).

LEMMA 3.7. If (tm)m>1 1S a sequence of non-negative real numbers that
satisfies the following two conditions:
i) apg < p-oy for every p,q > 1, and
i) ap > o whenever p > q,
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then .. O
lim — = inf —.
m—oo M m>1 m
Proof. Let A := inf,, 2. We need to show that for every € > 0, we have

o < A+eforall m> 1. By definition, there is d > 0 such that %% < X\ + 5.
Given m, we write m = jd — i, where 0 < i < d (hence j = [m/d]) The
hypotheses imply

am< Qg oy 7d <<+e>' 7d

< —. .
m ~ jd—1i = d jd—z'_ Jd—1

2

For m > 1, we have j > 1, henceJ <)\+e.
This completes the proof of the lemma O

Proof of Proposition 3.5. Let ay, = £(R/ay,). If p > ¢, then by assumption
a, C ag, hence oy, > ay. Moreover, it follows from Lemma 3.6 that o,y < p-ay
for all p,q > 1. The two equalities in (17) now follow from the definition of
volume and Lemma 3.7.

Note now that Lemma 3.7 also gives the second equality in (18). Indeed,
for p > ¢, we have a, C ag4, hence e(a,) > e(a,); moreover, the inclusion
af C ay, implies e(ay,) < e(ah) = p™ - e(ay). In order to prove the first equality
n (18), note first that by definition of Hilbert-Samuel multiplicity, for every m

we have q
( ) — lim (R/Clm)

g=oo  q"/n! "’

hence using Lemma 3.6 we conclude that e(a,,) < %. Dividing by m™ and
passing to limit, we obtain
L:= lim ¢(dm) < vol(a,).
m—oo mn

In order to prove the reverse inequality, note that given any € > 0, by
definition of L and of the Hilbert-Samuel multiplicity, we can find first m > 1
and then ¢ > 1 such that L > U o) _ €. Since af, C g, it follows that

TL n/nl
((R/amq) _ 1n {(R/ap) _
L> gyl =2 S r

Since this holds for every € > 0, using (17) we conclude that L > vol(a,),
completing the proof of the proposition. [J

Remark 3.8. Suppose that X = Spec(R) is smooth and a is an ideal in R
which is cosupported at a point. Applying Proposition 3.5 in the case of the
sequence given by the powers of a, we see that

L(R/a™
() = inf L8/

m>1 m"/n!



388 Tommaso de Fernex and Mircea Mustata 14

In this note, we will be interested in graded sequences that arise from
pseudo-valuations.

Definition 3.9. A function v: R — R>g U {oo} is said to be a pseudo-
valuation of R if it satisfies the following conditions:

(i) v(0) =00 and wv(A) =0 forevery A €k,
(i) o(f +g) = minfv(f),v(g)} for every f,g € R, and
(iii) v(fg) >v(f)+v(g) forevery f,g € R.
We say that a pseudo-valuation v is radical if, in addition, it satisfies
(iv) v(f") =r-v(f) forevery f e R,r € Zsyo.

The support of a pseudo-valuation v is the closed subscheme Supp(v) — X
defined by the ideal

boo(v) :={f € R|v(f) = o0}.

Given a pseudo-valuation v and an ideal a in R, we put

v(a) == inf{v(f) | f € a}.

We say that v has center at the closed subscheme Y defined by the ideal
bin R if we have b = {f € R | v(f) > 0}.

Remark 3.10. Note that if b defines the center of v, then v(b) > 0. Indeed,
if we put I,, := {f € R | v(f) > 1/m}, then each I, is an ideal in R and we
have I, C Iy 41. Since b = J,, I, and R is Noetherian, it follows that b = I,
for m > 0.

Remark 3.11. There are two other related notions. A semi-valuation of R
is a pseudo-valuation with the property that the inequality in (iii) is an equality
for all f and g (in this case, condition (iv) is automatically satisfied). A semi-
valuation v is a valuation if, in addition, we have v(f) < oo for all f € R~ {0}.
It is clear that in this case we can extend v to a valuation of the function field
of R by putting v(f/g) = v(f) — v(g) for every nonzero f,g € R. Note that
if v is a semi-valuation, then the ideal by (v) is a prime ideal and we have a
valuation v on R/bs such that v = vonw, where m: R — R/by is the canonical
projection.

Remark 3.12. If (vq)aea is a family of semi-valuations of R and we put
v(f) := infaen va(f), then v is a radical pseudo-valuation. Note that the
support of v is the union of the supports of the v, and if A is finite, then
the center of v is the union of the centers of the v,. In particular, these sets
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are not necessarily irreducible. It is a theorem of Bergman that every radical
pseudo-valuation arises in this way. More precisely, for every radical pseudo-
valuation w of R, there is a family (w;);c; of semi-valuations of R such that
w(f) = inf; w;(f) for every f € R (see (|1], Theorem 2)).

Remark 3.13. There is a canonical way to obtain a radical pseudo-valuation
of R from an arbitrary pseudo-valuation. Indeed, if v is any pseudo-valuation,

then we put
o(f) := inf v(f ): lim o(f >,

m>1 m m—oo M

where the second equality follows from property (iii) and a version of Lemma 3.7
(see [21], Lemma 1.4). It is easy to see that v is a radical pseudo-valuation such
that v(f) < v(f) for every f € R. Moreover, if w is another radical pseudo-
valuation such that w(f) < wv(f) for every f € R, then w(f) < w(f) for every
feR.

Suppose that v is a pseudo-valuation of R. We define for every m € Z>q

b (v) == {f € R|v(f) = m}.

It follows from (ii) and (iii) that be(v) = (by,(v))m>0 is a graded sequence
of ideals.

Remark 3.14. The sequence be(v) clearly satisfies the condition by(v) C
by(v) for p > q.

Ezxample 3.15. Suppose that I # R is an ideal of R. If for every f € R,
we put v7(f) := min{m > 0| f € I"}, then v; is a pseudo-valuation of R, with
support X and whose center is defined by I. It follows from definition that in
this case by, (vy) = I™.

Remark 3.16. It is clear that for every pseudo-valuation v and every m >
1, if b is the ideal defining the center of v, then b,,(v) C b and the two ideals
have the same radical. In fact, if d is an integer such that d - v(b) > 1 (see
Remark 3.10), then b%™ C b,,(v) for every m > 1.

We will be mostly interested in pseudo-valuations with O-dimensional cen-
ter.

Definition 3.17. The volume of a pseudo-valuation v of R is defined to be
the volume
vol(v) := vol(be(v))
of the graded sequence be(v). Recall that by (13) and (14), we have

o GRBn(@) L e(bn(0))

VOI(U) m—oo mn/n! m—00 mmn
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Remark 3.18. We have vol(v) < oo if and only if the center of v is a finite
set. Indeed, if the latter condition holds, then the finiteness of the volume
follows from Remark 3.3. On the other hand, if the center of v has positive
dimension, then ¢(R/b,,(v)) = oo for all m > 1 by Remark 3.16.

Example 3.19. If I # R is an ideal whose cosupport consists of one point
and vy is the pseudo-valuation associated to I in Remark 3.15, then vol(vy) =
e(I).

Example 3.20. Let I # R be an ideal in R. Recall that there are finitely
many divisorial valuations wq,...,w, of R (the Rees valuations of I) with the
property that for every m > 0, the integral closure I™ of I is equal to

{feR|wi(f)>m-wi(I)for1<i<r}

We refer to [23] for an introduction to Rees valuations. In particular, we
see that if w is the pseudo-valuation given by w = min; ﬁ([)wﬁ then by, (w) =
I™ for every m. In particular, it follows from Example 3.4 that if the cosupport

of I consists of one point, then vol(w) = e(I).

Ezample 3.21. Suppose that v and w are pseudo-valuations of R such
that v(f) > w(f) for all f € R. In this case we have b,,(w) C b,,(v) for all
m. By taking the colength, dividing by m”/n!, and passing to limit, we obtain
vol(w) > vol(v).

Ezxample 3.22. If v is a pseudo-valuation of R and « is a positive real

number, then awv is a pseudo-valuation such that vol(aw) = - - vol(v). Indeed,

note that we have ¢
bm(av) 2 bfm/a] (U),
hence (R/b ) .
vol(av) < lim (m/a](V)) [m/a]™ _ vol(v) - i
m—oo  [m/a]™/n! mn an

By writing v = é(av) and applying the inequality already proved, we

obtain vol(v) < a™ - vol(av). By combining the two inequalities, we obtain
vol(aw) = & - vol(v).

Remark 3.23. Suppose that v is a pseudo-valuation of R and h € R is
nonzero and such that v(fh™) = v(f) for every f € R (in particular, v(h) = 0,
and this condition is sufficient if v is a valuation). In this case, v extends
uniquely to a pseudo-valuation v of Ry, given by v(f/h™) = v(f) for every
positive integer m and every f € R. It is clear that we have b,,,(V) = by, (v) - Ry,
for every m > 0. We now show that vol(v) = vol(v). Note first that if b is
the ideal defining the center of v, then b - R, defines the center of v. Let b =
qi1MN...Ng, be an irredundant primary decomposition of b. If h € |/q; for some
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i, then we obtain a contradiction: indeed, by choosing g € (ﬂ#i qj> \ (i, we
see that gh™ € b for some m > 1. However, v(gh™) = v(g) by the assumption
on h, and v(g) > 0 since g € b. Therefore h & ,/q; for any i. First, this
implies that if dim R/b > 0, then also dim(R/b); > 0. Second, it implies that
if dim R/b = 0, then for every m, the class of h in R/b,,(v) is invertible, hence
U(R/bp(v)) = £(Rp/bm (V). We thus conclude that vol(v) = vol(v).

The following proposition gives an important example of valuation with
positive volume.

PROPOSITION 3.24. If v is a divisorial valuation of R having center at a
closed point x € X and X is analytically unramified* at x, then val(v) > 0.

Proof. This is an immediate consequence of [zumi’s theorem (see for exam-
ple ([14], Theorem 1.2). This says that since the local ring Ox , is analytically
unramified, there is a constant ¢ = ¢(v) such that for every other divisorial valu-
ation v’ with center {z}, we have v(f) < ¢-0/(f) for every f € R. Let wy, ..., w,
be the Rees valuations corresponding to the maximal ideal m, defining z. If
w = min mwz and a = ¢ - max; w;(mg), then we see that v(f) < a - w(f)
for every f € R. By combining Examples 3.20, 3.21, and 3.22, we conclude
that vol(w) _ e(my)

vol(v) > vol(a-w) = ——=——-->0. O
« o

4. THE VOLUME OF A SUBSET IN THE SPACE OF ARCS

Suppose, as in the previous section, that X = Spec(R) is an n-dimensional,
affine algebraic variety over an algebraically closed field k. We now assume that
char(k) = 0.

Let X be the scheme of arcs of X (for an introduction to spaces of arcs,
see for example [10]). Since X is affine, X is affine as well, but in general not
of finite type over k. Note that if v € X is a point with residue field k(7),
then we can identify v with a morphism Spec(k(y)[t]) — X. We denote by
m: Xoo — X the canonical projection taking v to v(0), the image by v of the
closed point.

Remark 4.1. While X, is not a Noetherian scheme, if C is a closed subset
of Xoo, we may still consider the irreducible components of C: these correspond
to the prime ideals in O(X ) which are minimal over the ideal of C'. Note that
we can still write C' as the union of its irreducible components: this is an
immediate application of Zorn’s Lemma.

*This means that the completion (ix\z is a domain (note that it is always reduced, since
Ox 4 is a reduced excellent ring). The condition is satisfied, for example, if X is normal.
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For every v € Xo, we define the function ord,: R — Zx>o U {oco} given
by ord,(f) = ord¢(v*(f)). It is clear that ord, is a semi-valuation of R.

Given a subset C' C X, we consider the function ordc: R — Z>oU {00}
defined by

orde(f) = gréigordv(f).

It follows from the definition that ord¢ is a radical pseudo-valuation. For
short, we denote b,,(C) := b,,(ordc) € R and, similarly, let be(C) := be(ordc).

LEMMA 4.2. If C is the closure of a subset C C Xo, then ordg = ordg.

Proof. The assertion follows from the fact that for every f € R and every
m € Z, the set {y € Xo | ord,(f) > m} is closed. 0O

The assertion in the next lemma follows directly from definition.

LEMMA 4.3. If C = J,c; Ci, then orde(f) = minsesordg, (f) for every
fEeR.

Remark 4.4. If C' is irreducible, then ord¢ is a semi-valuation. Indeed, it
follows from Lemma 4.2 that if J is the generic point of C, then ordc = ords,
hence ord¢ is a semi-valuation.

Remark 4.5. The center of the pseudo-valuation orde is equal to 7(C),
with the reduced scheme structure. Indeed, this follows from the fact that for
f € R and v € X, we have ord,(f) > 1 if and only if f lies in the ideal

defining (7).
Definition 4.6. We define the volume vol(C') of a set C' C X to be the

volume
vol(C) := vol(orde) = vol(be(C))
of the pseudo-valuation ordc.

PROPOSITION 4.7. For every C C X, we have vol(C) < oo if and only
if #(C) is a finite set of closed points.

Proof. The assertion follows by combining Remarks 3.18 and 4.5. [

From now on, we restrict our attention to subsets C' C X, whose image
in X is a finite set of closed points. In the next propositions, we give some
basic properties of volumes of subsets of X .

PROPOSITION 4.8. If C1 C Cy, then vol(Ch) < vol(Cy).

Proof. If C1 C Cy then it is clear that orde, (f) > orde,(f) for every
f € R. The assertion then follows from Example 3.21. [J
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The next proposition allows us to reduce to considering subsets lying in a
fiber of m: X, — X. For every closed point z € X, we denote the fiber 7~!(z)
by Xoo().

PROPOSITION 4.9. Let C C X be such that w(C') is a finite set of closed
points. If we consider the unique decomposition C = C1U...UC, such that the
7(Cy) are pairwise distinct points, then we have

vol(C) = Z vol(Cy).
i=1

Proof. If w(C;) = {;}, then it is clear that

and b,,(C}) is cosupported at x; for every m > 1. Therefore the assertion
follows from Remark 3.3. [

PROPOSITION 4.10. If C C X (), for some closed point x € X, then
vol(X) < ex(X).

Proof. Note that if m,, is the ideal defining x, then m, C b1(C). Therefore
mi C by (C)P C b,(C) for every p, and we obtain vol(C) < e(my) = ex(X). O

The following definition extends the notions of thin and fat arcs introduced
in [8, 15] to arbitrary sets of arcs.

Definition 4.11. A subset C' of X, is said to be thin if there exists a
proper closed subscheme Z < X such that C C Z,,. If C is not thin, then
we say that C is fat. A subset C of X is a cylinder if C = 7,,}(S) for
some m and some constructible subset S C X,,, where m,,: Xoo — X, is the
canonical projection. It is a basic fact that a cylinder C is thin if and only if

C C (Xsing)oo, Where Xging is the singular locus of X (see [10], Lemma 5.1).

PROPOSITION 4.12. Let C be a subset of Xoo whose image in X is a finite
set of closed points. If C' is thin, then vol(C) = 0, and if the closure of C is a
fat cylinder and X is analytically unramified at every point, then vol(C) > 0.

Proof. Suppose first that there exists a proper closed subscheme Z of X
such that C' C Z,. Let Iz C Ox be the ideal of Z. We have Iz C b,,(C) for
every m, hence

U(Ox /b (C)) = £(Oz/bm(C)Oz) = o(m™)
since dim Z < n. This implies that vol(C) = 0.
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Let us assume now that C is a fat cylinder. Since ordg = ordgs by
Lemma 4.2, we may replace C by C and thus assume that C is closed. Since C'is
a cylinder, it has finitely many irreducible components (see [4], Proposition 3.5).
One of these, say C’, has to be fat, in which case ord¢r is a divisorial valuation
by ([4], Propositions 2.12 and 3.9). Of course, the image of C" in X consists of
one closed point. Using Propositions 4.8 and 3.24, we conclude that

vol(C') > vol(C") = vol(order) > 0. O

We now address the results stated in the introduction. We begin with the
first two propositions.
Proof of Proposition 1.1. For every p, we have

(19) bp(01 U 02) = bp(Cl) N bp(CQ) and

(20) by (C1 N C2) 2 b,(C1) + b,(C).

The exact sequence

0 = Ox/(b,(C1)Nby(C2)) = Ox /bp(C1) & O0x /by(C2) = Ox /(b,(C1) +b,(C2)) = 0
implies

£(Ox /b,(C1)) + £(Ox [b,(C2)) = £(Ox /by(C1) Mby(C2)) + £(Ox [b,(C1) + by(C2)).

Using (19) and (20), we conclude
U(Ox/0,(C1)) + £(Ox /b,(Ca)) > £(Ox/b,(C1 UCy)) + £(Ox /b,(Cy N Cy)).

Then the assertion follows by dividing by p™/n! and letting p go to infinity.
Note that this step uses the property that the limsup in the definition of the
volume is, in fact, a limit. [

Proof of Proposition 1.2. Let C,, = Cont=™(a). It follows from definition
that a? C by, (Cyy) for every p > 1. By (13), we have
brp (C
pP—00 pn p—oo  pT
Using the characterization of volume in Remark 3.2, we deduce from the
inclusion a C b,,(C,,) that

by (C
(O < on(Cu)) _ ela)
m' mr
Note that if y(t) € C,,, then y(t”) € Cpp. This implies that we have an

inclusion
brmpg(Crmp) € bing(Cr)  for every g,
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and therefore

n €(bmg(Cm)) mp)" - €(bmpg(Cmp))
" (mq)" < (mp) (mpg)™

By letting ¢ go to infinity, we obtain
m" - vol(Cy,) < (mp)™ - vol(Cpyp).

In order to complete the proof, it is enough to show that when m is
divisible enough, we have vol(C,,) > % Suppose that Eq,...,E, are the
divisors over X corresponding to the Rees valuations associated to the ideal
a (see Example 3.20). We put ¢; = ordg,(a) and assume that m is divisible
by every ¢;. Recall that if F is a divisor over X, then there is a sequence
of irreducible closed subsets C%(E), for ¢ > 1, called the mazimal divisorial
sets, which are defined as follows. If 7: Y — X is a birational map such that
Y is smooth and E is a smooth divisor on Y, then C%(FE) is the closure of
Too(Cont=4(E)). Tt is easy to see that ordga (g7 = ¢ - ordg. For a discussion of
these subsets of X, we refer to [8] and [4]. With this notation, we consider
the closed subset

,
T = | O/ (E)).
i=1
Note that we have T;,, C Cyy,, }Zlence

=1

where we denote by ¢ the integral closure of an ideal ¢. We conclude that
(6(Con)) > e(@) = j" - e(a).

Dividing by (jm)™ and letting j go to infinity, we get vol(C,,) > %
This completes the proof of the proposition. [

Next, we review the definition of jet-codimension and prove two more
preliminary properties before addressing the proof of Theorem 1.3. Recall that
the Krull codimension of a closed irreducible set C' C X, is the dimension of
the local ring Ox__ ¢, and is denoted by codim(C'). The definition extends to
an arbitrary set C' C X, by taking the smallest codimenion of an irreducible
component of the closure C.

While the Krull codimension is computed from the local rings of X, the
jet-codimension is computed from the finite levels X,,,. In order to define it,
we need the following lemma.

LEMMA 4.13. For every subset C' C X, the limit
lim ((m + 1)n — dim 7rm(C’)>
m—r0o0
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exists.

Proof. 1t follows from ([7], Lemma 4.3) that for every m, the fibers of
the map mp+1(Xoo) = Tm(Xoo) have dimension < n (note that both sets are
constructible by a result due to Greenberg [13]). It follows from Lemma 4.14
below that dim 7y, 41(C) < dim 7, (C) + n, hence the sequence (ap,)m>1 with
am = (m+1)n—dim m,(C) is a non-decreasing sequence of integers. Therefore
it either stabilizes or it has limit infinity. [

LEMMA 4.14. Let f: V. — W be a morphism of algebraic varieties over
k and suppose that d is a non-negative integer and A is a constructible subset
of V' such that for every y € f(A), we have dim(f~'(y) N A) < d. For every
subset B C A, we have

dim(B) < d + dim(f(B)).
Proof. We can write A = J;_; A;, with each A; a locally closed subset of

V. If B;= BN A;, then B=J_, B;, B=,_, B;, and f(B) = U_, f(B).
Since it is enough to prove the assertion for each B;, it follows that we may
assume that A is a locally closed subset. In this case A is open in A, hence
AN B is a dense open subset of B. Since dim(B) = dim(A N B) and the fibers

of the morphism AN B — f(B) have dimension < d, we obtain the assertion
in the lemma. [

Definition 4.15. The jet-codimension of an irreducible closed subset C' of
X is defined to be

jet-codim(C) := lim <(m + 1)n — dim Wm(C)) .

m—00

For an arbitrary subset C' C X, we define jet-codim(C') to be the small-
est jet-codimension of an irreducible component of C.

Remark 4.16. It follows from the proof of Lemma 4.13 that if C' is closed
and irreducible, then jet-codim(C) > n — dim7(C) > 0. This implies that for
every C' C X, we have jet-codim(C) > 0.

Remark 4.17.1f C1 C Cy C X, then jet-codim(C) > jet-codim(Cy).
Indeed, if C] is an irreducible component of Cj, then there is an irreducible
component C% of Cy such that C{ C CY. In this case, for every m we have

(m+ 1)n — dim 7, (C]) > (m + 1)n — dim 7, (CY).

By letting m go to infinity, we conclude that jet-codim(C1) > jet-codim(C3)
> codim(Cy). Since this holds for every irreducible component of C, we con-
clude that jet-codim(C7) > jet-codim(Cy).
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Remark 4.18. For any subset C' C X, we have codim(C) = codim(C)

and jet-codim(C') = jet-codim(C).

If X is smooth and C' C X, is a cylinder, then we have jet-codim(C) =
codim(m, (C'), X) for all m > 1. As the next proposition shows, this is equal
to the Krull codimension codim(C'). More generally, we have the following
property.

PROPOSITION 4.19. If X is smooth and C' C X, is any set, then we have
jet-codim(C') = codim(C).

Proof. The proof of the proposition follows immediately by applying the
next lemma to the irreducible components of C. [

LEMMA 4.20. If X is smooth and C C X s a closed irreducible subset,
then

jet-codim(C') = codim(C),
and this number is finite if and only if C is a cylinder.

Proof. If C' is a cylinder, then it follows from ([8], Corollary 1.9) that
jet-codim(C') = codim(m,,(C), X,,) = codim(C) for m > 1.
Therefore it suffices to show that if C' is not a cylinder then
jet-codim(C) = dim(C) = oo.
In order to check this, consider the sequence of closed irreducible cylinders
Fy = (m(C)), i>0.
We have inclusions
CC---CFHuCFC---CH CFCXx

Moreover, since C is closed, we have C' = [, F;.
Since C'is not a cylinder, the sequence (F;);>0 does not stabilize. There-
fore we can pick a subsequence (Fj,,)m>0 such that

CCF,GF, G CFCFy ¢ Xu,

Im = =

which clearly implies that codim(C) = co. In fact, for every m, if p > i,,, then
we also have the sequence

mp(C) € mp(Fi) & mp(Fip 1) & -0 G mp(Fiy) & mp(Fip) & X

=

Note that for every k < m, the subset m,(F;,) of X, is irreducible and

closed since p > i. Therefore codim(m,(C), X,) > m and we conclude that
jet-codim(C) = c0. O
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Remark 4.21. The definition of jet-codimension generalizes to all sets the
definition of codimension of a quasi-cylinder given in [4]. In general, if X is
singular and C' C X, is a closed irreducible set, then there is only an inequality
codim(C) < jet-codim(C') which can be strict (e.g., see [17], Example 2.8).

If £ is a prime exceptional divisor over X and C%(E) C X, is the
maximal divisorial set associated to the divisorial valuation q - ordg, then we
have

(21) jet-codim(C%(E)) = q - ap(X)

by ([4], Theorem 3.8). Using this fact, it is easy to extend ([22], Corollary 0.2)
to the singular setting, as follows. This proposition is also proved in (]|16],
Proposition 3.5), but since the proof is short, we include it for the convenience
of the reader.

ProrosiTiON 4.22. For every proper, nonzero ideal a C R and every
positive integer m, we have

jet-codim(Cont="(a)) > m - l/c\t(a),
with equality if m is sufficiently divisible.

Proof. By ([4], Propositions 3.5 and 2.12), Cont=""(a) has finitely many
fat irreducible components, and any such component C'is a maximal divisorial
set. In particular, there is a fat irreducible component of the form C' = C%(E)
for some divisorial valuation ¢ - ordg, such that

jet-codim(Cont=""(a)) = jet-codim(C% (E)) = ¢ - ap(X),

by (21). Note that ¢ - ordg(a) > m, since C%(E) C Cont="(a). On the other
hand, we have

— ap(X)

let(a) <

ct(a) < ordg(a)

by the definition of Mather log canonical threshold. We conclude that

jet-codim(Cont=""(a)) > m - l/c\t(a).

On the other hand, suppose that F' is a divisor over X such that l/c\t(a) =
ap(X)
OI‘SF(G)
case C% (F) € Cont="(a), hence

and suppose that m = ¢ - ordp(a) for some positive integer ¢. In this

jet-codim(Cont=""(a)) < jet-codim(C%(F)) = ¢ - ar(X) =m - l/c\t(a).

By combining this with what we have already proved, we conclude that
in this case we have jet-codim(Cont=™(a)) = m - lct( ). O
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Proof of Theorem 1.3 For every p > 1, we have C' C Cont=(b,(C)). Note
that if C lies over the closed point x € X, defined by the maximal ideal m,,
the ideal b,(C') is my-primary. It follows from Proposition 4.22 that

(22) jet-codim(C) > jet-codim Cont=" (b, (C))) > p - ﬁ(bp(C)).
On the other hand, Theorem 1.4 implies that

(23) (n! - £(Ox /by (C) /™ - Tet(b,(C)) > .
By combining (22) and (23), we get

UOx /b PN
<p”/n'> jet-codim(C) > n.

We conclude that

U(Ox /b,(C)\ /"
vol(C)Y/™ - jet-codim(C) = lim ((X/p())> - jet-codim(C') > n.
p—00 p"/n!

This gives the first part of the statement of the theorem. The second part
follows from Proposition 4.19. [

For simplicity, we have always assumed that the ambient variety is affine.
However, as Remark 4.24 below shows, one can easily extend the notion of
volume for subsets of spaces of arcs to the case of possibly non-affine varieties.

Remark 4.23. Suppose that C' C X, is contained in the fiber over a closed
point z € X. If h € R is such that h(z) # 0, then ordc(fh™) = ordc(f) for
every f € R and every m > 1. By Remark 3.23, we may extend ordc as a
pseudo-valuation of Ry; in fact, this is the pseudo-valuation associated to C'
when considered as a subset of Uy, where U is the open subset Spec Ry, C X.
It follows from Remark 3.23 that C has the same volume, whether regarded as
a subset of X, or Ux.

Remark 4.24. Suppose now that X is an arbitrary variety over k, possibly
not affine, and C' C X is a subset. We can define vol(C) as follows. If the
image of C' in X does not consist of finitely many closed points, then we put
vol(C) = oo. If the image of C' in X consists of the closed points z1,...,z,,
then we choose affine open neighborhoods U; of z; in X. If C; = C N (U;) o,
then C'= | |;_, C; and we may consider each C; as a subset of (U;)s. Therefore
vol(C;) is defined and independent of the choice of U; by Remark 4.23 and we
put

vol(C) := Z vol(C;).
i=1

It is easy to deduce from Proposition 4.9 and Remark 4.23 that if there
is an affine open subset U C X such that C C U (this is the case, for
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example, whenever X is quasiprojective), then vol(C') can be also computed by
considering C' as a subset of Uy and using our original definition.
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