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We analyse the numerical invariants of a class of complex algebraic surfaces con-
structed as finite abelian coverings of the projective plane ramified over certain
arrangements of lines. This class includes two classical families of surfaces of
general type discovered by P. Burniat and respectively by F. Hirzebruch.
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1. INTRODUCTION

Covering spaces are a fundamental construction in complex geometry. For
a given connected complex manifold Z, a finite branched covering of Z is by
definition a finite proper holomorphic mapping h : Y — Z of an irreducible
normal complex space Y onto Z. The ramification locus R is the hypersurface
in Y consisting of the points around which A is not biholomorphic. The image
of R under h is the branching locus B, which is a hypersurface in Z. The
restriction hg : Y\ h~Y(B) — Z \ B of h is a finite unbranched covering. The
Grauert-Remmert correspondence h <> hg gives an equivalence between finite
unbranched coverings of Z \ B and finite coverings of Z branched at most at B,
in the holomorphic category, cf. [24], and further on in the algebraic category, as
shown by O. Zariski [42], cf. [38]. The topological version is due to R. Fox [23].

In this paper we aim to revisit and enlarge two classes of algebraic surfaces
that appear as desingularizations of branched coverings of the projective plane
P2. The particularity of the construction is that the coverings are Galois and
finite abelian and the ramification locus consists of a union of lines. From
this deceivingly simple situation one obtains special, sophisticated surfaces
of general type S, such as the examples with vanishing geometric genus and
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irregularity py(S) = ¢(S) = 0, due to P. Burniat [12], or those attaining the
Miyaoka-Yau bound ¢2(S) = 3¢(S), due to F. Hirzebruch [27].

An algebraic surface S, or simply a surface, will be here a complex projec-
tive variety of dimension 2. We refer to the monograph [7] for the fundamentals
of the theory of algebraic surfaces over the complex field, and to L. Badescu [5, 6]
for algebraically closed fields of arbitrary characteristic.

A smooth surface S is of general type if the canonical divisor Kg is big.
Every such surface has a unique birational minimal model, i.e., it does not
contain any rational curve of self intersection —1, and for which the canonical
divisor is big and nef.

To a minimal surface S of general type with structure sheaf Og, one asso-
ciates several integer invariants (we use the notation h*(F) := dimc H'(S,F),
for a sheaf F on S):

the irregularity q(S) := h'(Og),

the geometric genus py(S) := h(Kg),

the holomorphic Euler characteristic x(S) := h°(Os)—h'(Os)+h%(Os),
the Chern numbers c3(S) and ca(S).

All these numbers are invariants under deformations and they are de-
termined by the oriented topological type of S, more precisely by the Euler
number ¢(S) and the signature o(S) of the intersection form on H?(S). They
are not independent as they satisfy a number of relations among themselves.
The Chern number ¢3(S) coincides with the self-intersection K% of the canon-
ical divisor, whereas c2(S) is the topological Euler characteristic e(S). The
holomorphic Euler characteristic may be expressed as x(S) = 1 —¢q(S) + pg(S).
The Noether’s formula gives ¢ (S)+ca(S) = 12x(9), and by the index theorem
we have that 30(S) = c¢3(S) — 2¢a(S). The irregularity ¢(S) is equal to half
the first Betti number b;(S), by Hodge theory. Thus, the fundamental dis-
crete invariants of a minimal surface S of general type are the Chern numbers
c3(S) and c2(S). They characterize a surface up to a finite number of families.
Sometimes is more convenient to work with ¢2(S) and x(S) as basic invariants.

The geometric genus py(S) and the irregularity ¢(S) are birational invari-
ants for a smooth surface S, whereas the Chern numbers are not.

The values of the Chern invariants are restricted by Noether’s congruence

A 4+c=0 mod 12
and by the following inequalities:
cd >0, x>0 2y —6<cl<9y.

With the exception of the Bogomolov-Miyaoka-Yau inequality ¢ < 3co,
or equivalently ¢ < 9y, all the rest are classical and elementary. Moreover, for
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irregular surfaces, i.e. ¢ > 0, we have Debarre’s inequality ¢? > 2y. For all
these restrictions, see |7, chapter 7.

For every pair of positive integers a,b the coarse moduli space M,y of
surfaces S with ¢ = a,ca = b, is known to be a quasiprojective variety. In
other words, the surfaces S are parametrized by finitely many irreducible fam-
ilies, thus in principle a classification is possible. It is a very difficult problem
to completely describe the moduli spaces M, , but already the geographical
question, that is to decide whether M, ; is non-empty for a given pair a,b, is
highly non-trivial.

The fundamental group m1(S) is the main invariant of a surface S which
distinguishes connected components of the moduli space M. However, it is
not easy to determine 1 (S), hence most often one calculates just its abelian-
ization Hy(S).

2. ABELIAN COVERINGS OF THE PLANE RAMIFIED
OVER AN ARRANGEMENT OF LINES

In this section, we recall the basic facts about abelian Galois coverings
Y — P? of the projective plane P? branched along a line arrangement £ in
P2, For all the details relevant to the case at hand, we refer to E. Hironaka’s
memoir [25]|, whereas for the general theory to M. Namba’s monograph [34].
Following Hirzebruch [27] and Kulikov [29], we show how to obtain a resolution
X of the singular points of Y in terms of the singular points of £, and we discuss
the Hirzebruch formulae for the Chern numbers of X. Finally, we describe a
procedure to compute the irregularity ¢(X), based on a formula of Sakuma [37]
expressing the first Betti number of an abelian branched covering in terms of
the characteristic varieties of rank one local systems on the complement of the
ramification locus.

Let £ be an arrangement of n lines L1, ..., L, in P?. The singular points
Sing £ of £ are the intersection points among the lines. Denote by t,, the
number of m-fold points of £, with m > 2, that is the points F;, ;. =
L, N---NL;, onm lines of the arrangement.

The first homology group Hj (P?\ £) is free abelian of rank n—1 generated
by meridian loops Ay, ..., A, around the lines of £, satisfying the relation \; +
Ay =0.

2.1. Chern numbers of abelian coverings

Let G = Z,, be an elementary abelian group for p a prime number and
k < n a positive integer. The Galois G-coverings ¢ : Y — P? branched along £
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are described by the epimorphisms ¢ : Hy(P? \ £) — G, see for example [34].

By construction, Y is a normal surface with isolated singularities. The
singular points of Y can appear only over the intersection points of £. In order
to resolve the singularities of Y, we consider the blow up o : P2 — P2 of all
the points in Sing £. For such a point P let Ep = o~ (P) be the exceptional
curve. Denote by Ap the meridian loop around Ep viewed as an element in
Hi(P2\ 6~1(L)) = H (P2 \ L) as identified by o,. It is a standard fact that
Ap =Ny +-+ N, for P=PF;, ; =1L;N---NL;,. Wesay that P € Sing L
is a non-branch point for ¢ if p(Ap) = 0.

Let f: X — P2 be the covering associated to the epimorphism ¢ : Hy (]TDQ\
oc~1(£)) — G. We are going to make the following assumptions on ¢, see
Kulikov [29]:

e r > 2 and g is ramified over each line L;, that is ¢(\;) # 0, for all
1< <n.

e all the m-fold points P = P;, ;. of £ with m > 2 are ¢-good, that is
either all the pairs ¢(Ap) and ¢();;), 1 < j < m are Zy-linearly indepen-

dent or ¢(Ap) = 0.

Under these assumptions, the surface X is smooth, cf. [29]. We have
that X gives a resolution v of the singularities of Y that fits in a commutative
diagram:

X v Y
f g
P2 P2

Note that if for a double point P = L;; N L;, the pair ¢(\;,) and ¢(\;,)
is Zy-linearly independent then Y already is smooth along g~!(P). For that
reason, it is enough in the blow up ¢ to only consider the double points in
Sing £ that are non-branch points for ¢.

The Chern numbers of the smooth surface X associated to the branched
covering Y were calculated by Kulikov in [29], extending the results of Hirze-
bruch from [27]. It turns out that ¢(X) and c2(X) depend only on combina-
torial data extracted from the arrangement £ and the epimorphism ¢. More
precisely, on the number of lines n, the degree p” of the covering, and the num-
bers of branch and non-branch points in Sing £ relative to ¢. Denote by ¢ the
number of non-branch m-fold points, and by ¢/ the number of branch m-fold
points for ¢.

THEOREM 2.1 (Kulikov). The Chern numbers of the surface X = X (L)
associated to a Zi-covering of the plane ramified along an arrangement L of n
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lines are given by

(X)) =p"?[(np—3p—n)*> = > (mp—p—m)’t,

m>2
(2.1) -
=Y (mp—2p—m+1)°ty]
m>3
ca(X) =p 2((3p” — 2’ n + 2pn +p* Y 1,
m>2
(2.2) 2
B (- D 12+ i)

m>3

2.2. Irregularities of abelian coverings

The first Betti number b; (X) = 2¢(X) of X, or equivalently its irregular-
ity, depends in principle on more complicated data than just the combinatorics
of £ and ¢. In [37], Sakuma gave a formula for computing the first Betti num-
bers of finite abelian branched covers that we are going to state here in terms
of the first twisted cohomology group of the arrangement complement P? \ L.

The rank one complex local systems on a finite CW complex M are
parametrized by the character group T(M) := Hom(mi(M),C*). The char-
acteristic varieties of M record the jumps in dimension of the twisted cohomol-
ogy of characters, and can be calculated from Alexander matrices associated to
m1 (M), see Hironaka [25].

For 7 : (M) — C* = Aut(C), we let H'(M, 7) be the cohomology of M
with coefficients in the (M )-module C; on C with action v -v = 7(7y)v, and
we denote its dimension by h!(M,7) := dim¢ H' (M, 7).

The d-th characteristic variety of M is the subvariety of T(M), defined by

Vy(M) = {r € T(M) | dimc H (M, 1) > d}.

Now let the space M be the complement M(A) = P?\ A of an arrange-
ment A of n lines in P2, The characteristic varieties Vy(A) := V4(M(A)) of
arrangement complements are known to be the union of subtori of the charac-
ter torus T(M(A)) = (C*)"~1 cf. Arapura [1], possibly translated by torsion
characters, see [4, 11, 20, 21]. Morever, these subtori intersect pairwise only in
finitely many torsion points. In fact, the subtori structural property of V(M)
holds more generally, for M = P\ D a smooth quasi-projective variety, the
complement of a normal crossing divisor D in a smooth projective variety P,
and it is related with the existence of pencils of hypersurfaces on M, as shown
by Arapura [1], see [1, 4, 13, 19, 21].
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There are a number of types of irreducible components in V;(A), see [2,
19, 39]. The simplest ones, the local components, determined by the points in
Sing A of multiplicity m > 3. Then components that depend on subtler data,
that take into account the relative position of those intersection points. The
coordinate components, which are contained in a subtorus Ty = {tx = 1} of
T(M), or in a translated coordinate subtorus 7Ty, and the global or essential
components, those that are not translated coordinate components.

Let 7 be a character on M(A). Denote by A, the subarrangement of A
consisting of the lines L so that 7(Ar) # 1. For a subarrangement B C A we
denote by 7z the pull-back of 7 to T(M(B)).

THEOREM 2.2 (Sakuma). The first Betti number of the surface X = X (L)
associated to an abelian Galois covering of P? defined by an epimorphism ¢ :
Hi(P?\ £) — G and ramified along an arrangement of lines L is given by

(2.3) = > WNM(Ly), poiz,,)s

1#£pe@
where G is the set of characters p : G — C* of the abelian group G.

Note that the knowledge of the characteristic varieties V4(.A) for all the
subarrangements A of £ are in general needed to calculate the Betti number
bi(X(L)).

The twisted cohomology groups H'(M(A),7), and so the cohomology
jumping loci Vy(A), can be calculated, by a standard method, using Fox cal-
culus, from a presentation of the fundamental group m (M (A)), see Suciu [39]
for references and more details. The group 7 := m(M(A)) admits a presen-
tation (x1,...,2, | wi,...,wy) having all relators wy, ..., w,, commutators in
the free group generated by z1,...,x,. Explicit and efficient methods to de-
rive such presentations, based on braid monodromy techniques, are available,
see |2, 14, 17], and in the case of real complexified line arrangements, also [26].

3. A CLASS OF ALGEBRAIC SURFACES

Following the procedures outlined in Section 2, we construct branched
covering surfaces associated to a class of line arrangements in P2, and we cal-
culate their Chern numbers and their irregularities, or equivalently their first
Betti numbers.

We first introduce the arrangements £ in P2 used to construct the alge-
braic surfaces X (£) whose invariants we are going to determine. This family of
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arrangements A;(n1,n2,n3) depends on a triple of positive integers ni, ng, ns
and another integer ¢ > 0.

We start from three lines in general position intersecting in three points
Py, Py, P3, say the coordinate lines in P? and the triangle they form. Then,
for each ¢ we add n; — 1 lines through P; to obtain an arrangement £ of n =
n1+mno+mng lines. The points appearing as intersections of the added n— 3 lines
are either 2-fold or 3-fold. We denote by ¢ the number of those triple points. If
t = 0 then clearly the number of double points is equal to >, . (n; —1)(n; —1).
It follows, by adding the >,(n; — 1) = n — 1 double points on the sides of the
triangle P P» P53, that the arrangement £ with ¢ = 0 has a total of s —n double
points, where s = EK]- n;n;. Observe that in general we have that 3t < s —n.

We denote a line arrangement £ constructed as above by Ay(ni,n2, n3).
The combinatorial characteristics of A¢(n1,n2,n3) are as follows: to = s—n—3t
double points, ¢ > 0 triple points not on the triangle and the points F; of
multiplicities m; = n; + 1.

a1 A2 a122

232 121

Py

P .
77 T X

Qo1 (13,1 X13,2 Q3

Fig. 1. The arrangement .4((3, 3, 3).

Assume from now on that n; > 2. We address the concrete realizabil-
ity of these arrangements and their combinatorics, by linear equations. More
precisely, when speaking about £ = Ay(n1,ng,n3), we are going to use the
following defining equations

viwgrs || (w1 —zo0w2) [ (01— zizams) [ (w2 — 2es0m3),
1<l<ns 1<l<na 1<i<ny

where z;;; are all non-zero. Note that three lines 1 — 21222 = 0, 71 — 21323 = 0,
and xo — zo3w3 = 0 are concurent if and only if 219293 = 213.

We are indexing the lines of £, as well as the corresponding generators
Aok, Aij of Hy (P2\ £) and aqy, a;j; of m (P2\ L), in the following manner:

_ _ chess {Lijy = {@i — zijum) = ici<i<ii<ien,.
{Lok = {xr = 0} }i<k<s, {Liji = {xi — ziju05 = 0} hi<icj<j<si<i<n,

We consider coverings associated to an epimorphism ¢ : Hy (P?2\ £) — Ly,
with p prime and r > 2, satisfying the conditions from subsection 2.1, that is
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d(N;) # 0, for all 1 <4 < n, and all the intersection points of £ are ¢-good,
and, in addition, the conditions that all double points and the points P; are
indeed branch points.

We are going to distinguish two types of epimorphisms ¢, according to
the kind of ¢-goodness condition the triple points not on the triangle Py P> P
satisfy. More precisely, those ¢ for which all such triple points are branch points,
which we call of Hirzebruch type, and respectively those ¢ for which they are all
non-branch points, which we call of Burniat type. The difference is as follows.
In the first case, we have a contribution of ¢ to the number ¢ of branch 3-fold
points, whereas t5 = 0. In the second case, we have a contribution of ¢ to the
number ¢4 of non-branch 3-fold points, whereas t§ = 0 (unless some n; = 2). In
both cases, we are going to have t, = 0 and ¢ = s —n — 3¢, and a contribution
of 1 to the branch m;-fold points from P;.

An immediate application of the Hirzebruch-Kulikov formulae from Theo-
rem 2.1 gives the Chern numbers of the covering surface X = X (A¢(n1,n2,n3))
associated to an epimorphism ¢ of the two types.

PROPOSITION 3.1. The Chern numbers of the surface X = X (L) associ-
ated to a Z,-covering of Hirzebruch type of P? ramified along an arrangement
L = Ai(n1,n2,n3) of n lines are given by

(3.1) (X)) =p 2[p*(2s —4n + 6 — t) + p(4t — 4s + 4n) + (25 — 4t)]

(3.2) co(X) = p 2[p*(s — 2n+ 3 — t) + p(2t — 25 + 2n) + (5 + 3)]

PROPOSITION 3.2. The Chern numbers of the surface X = X (L) asso-
ciated to a Z,-covering of Burniat type of P2 ramified along an arrangement
L = Ai(n1,n2,n3) of n lines are given by

(3.3) (X)) =p 2[p?(2s — 4n + 6 — 4t) + p(12t — 4s + 4n) + (25 — 9¢)]

(3.4)  co(X) =p 2[p?(s — 2n+ 3 — 2t) + p(6t — 25 + 2n) + (s + 3 — 3t)]

The irregularity ¢(X) of the surface X = X (L) associated to a Z-covering
¢ of P? ramified along an arrangement £ = A;(n1,n2,n3) of n lines is more
difficult to determine, as it depends on more than just the combinatorics of £
and ¢. We are going to focus here on the two extreme cases, namely r =n — 1
and r = 2.

We will use Sakuma’s formula 2.3 to derive the Betti numbers in these
two cases. The results will be a consequence of an explicit description of the
characteristic varieties of M = M (L) for the arrangements £ = A;(n1, n2, n3)
of n lines.
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First we identify the character torus T(M) = Hom(m (M), C*) = (C*)»~!
with a subset of (C*)™ as follows

T(M) = {toitoatostizn - - - t12ns—1813,1 - - - t13.ng—18231 - - - t23.my—1 = 1}.

We denote the local component in V(M (L)) coming from a point P €
Sing £ by Cp. Thus, we have in T(M) the following local components for
Vi(M):

Cp, = {toitojtij1 - - - tijme—1 = tok = tig1 = -+ = tigm;—1 =
=tjip1 = =tjkm,—1 = 1},

for the my-fold point P, = Lg; N L()j N Ll‘j,1 N---N Lij,nk—ly and

Co = {ti215t13,05t23,1, = 1,to1 = toa = to3 = 1,55, = 1,
forall 1 <i<j<3,l+#I},

for a triple point Q = Ly2, N L1371, N Lagy, .

For m (M (L)) we employ presentations inspired by those derived in [3, 16],
where our situation in which ¢ = 0 it is a particular case. We use Terada
type meridian generators which satisfy commutator relators among them: aqy,
1 <k < 3 around the lines Lo, and a5, 1 <i < j < j < 3,1 <1 < ny around
the lines L;;;. We take advantage of the nice form of this presentation for
m1(M (L)) to write an explicit formula for the boundary maps in dimensions up
to 2 in the chain complex of the universal abelian cover of M (L), by means of
the Fox free calculus, see [39] for the outline of the procedure. We then calculate
the dimension h!(M (L), 7) of the twisted cohomology of M (L) arriving at the
following statement, whose detailed proof will be given elsewhere.

THEOREM 3.3. The characteristic variety Vi(L) of M = M(L) is the fol-
lowing union of subtori pairwise intersecting only in the unit 1 of the character
torus:

Vl(ﬁ)ZCP1UCPQUCP3UCQ1U"-UCQtUDlU'--UDg,

where = B(L) is the number of type A, complex reflection subarrangements
of L. The dimension of the cohomology H*(M,T) of M with coefficients in the
rank one local system T # 1 is then determined by the components of V1 (L) as
follows:

if T ¢ Vi(L)

if TeVi(L)\ (Cpl UCp, U Cp3)
if T € DN Dy

n; if 7€ Cp

_ O

(M, 7) =
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There are two facts that facilitate the computation of the first Betti
numbers of the surfaces X = X(£). The first, and most important, is that
Ai(ni,n2,n3) may be taken to be subarrangements of certain reflection ar-
rangements B, described below, or of their deformations. The second is that
sometimes A¢(n1,n2,n3) may be realized by linear equations with real coeffi-
cients.

Ezample 3.4. Let B, be the family of full monomial arrangements, see Orlik-
Terao [35], corresponding to the complex reflection groups of type G(q¢, 1, 3),q >
1, and defined by the polynomials

wrgwy(w] — wg) (2] — wy)(a — ).

Presentations for m(M(B,)) are determined by D. Cohen in [15], see
also [33].

Notice that B, is an arrangement A;(¢+1, g+1, ¢+1) in our class, with ¢t =
q%. We also need the monomial arrangements Cq, which the subarrangements of
B, corresponding to the irreducible complex reflection groups G(q,¢,3),q > 2,
and defined by the polynomials

(@] — 3) (2] — 2§) (23 — x5).

Note that By is isomorphic to Cs, and that B, Bs are real reflection ar-
rangements.

The irreducible components of the characteristic varieties V(M (Aq)) of
the monomial arrangements A, = B,,C, are discussed extensively in Cohen-
Suciu [17]. The non-local ones turn out to be in correspondence with the
monomial subarrangements of 4,, and they are coordinate components if the
subarrangement is proper, and essential otherwise. Moreover, all of them are
subtori of dimension 2, passing through the unit 1 of T(M(Ay)), and intersect-
ing in finitely many torsion points. With exception of the case ¢ = 3, where
there are more of them, there is a unique essential component in Vi (M (A,)),
cf. [17].

The global component of Vi(By) is the following 2-dimensional subtorus
of the character torus T(M(B,)) C (C*)34+3

(3.5) D={tor=t{;1, tij1=---=tijg tijatiratjk1 =1, 1<i<j<3,k #4,j}.

The global component of V;(Cy) is the following 2-dimensional subtorus
of the character torus T(M(C,)) C (C*)3

(3.6) D = {tyjq1 =" =tig tijatiatixr =1, 1 <i <j <3,k #1,5}.

The covering associated to ¢ : Hi(P? \ £) — H1(P?\ £,Zy) = Zn~ ' is
known as the congruence covering, see [25, 37, 39]. Notice that ¢ is a Hirzebruch
type epimorphism, as all the multiple points of £ are branching points for ¢.
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PROPOSITION 3.5. The first Betti number of the surface X = X (L) as-
soctated to the Z]’jfl congruence covering of P2 ramified along an arrangement
L = Ai(n1,n2,n3) of n lines is given by

(3.7) bi(X) = tmb(p,m) + b(p,3)B(L),
m>3

with B(L) = 3,51 Bg(L), where By(L) is the number of subarrangements of £

isomorphic to type A, monomial arrangements, and
b(p,m) = (p—1) [(m—2)p™ 2 =2(p™ > + - +p+1)] .

We note that b(p,m) is the first Betti number of X (P), the surface as-
sociated to the Zgl_l congruence covering of P? ramified along a pencil of m
lines P through a point, cf. [40]. In that paper, Tayama shows that, for an
arbitrary line arrangement £ in P2, the right hand side of (3.7), truncated to
Y m>3 tmb(p,m) +b(p,3)1(L), is a lower bound for the Betti number b1 (X) of
the surface corresponding to the congruence covering.

PROPOSITION 3.6. The first Betti number of the surface X = X (L) associ-
ated to the Zg—covering of Hirzebruch type of P? ramified along an arrangement
L = Ai(n1,n2,n3) can take the following values

ifp=2

0
(3.8) bi(X) =4 . . .
either 0 or p—1  if p odd prime

The first Betti number of the surface X = X (L) associated to the Zf,—
covering of Burniat type of P2 ramified along an arrangement £ = A(n1,n2,n3)
1s given by

(3.9) b (X)=0.

With Theorem 3.3 in hand, the calculation of the Betti number of the
congruence coverings from Proposition 3.5 is immediate.

Proof of Proposition 3.5. As observed by Suciu in [39], the calculation
of b1(X) in the case of congruence Zg_l coverings reduces to a counting of
p-torsion points:

h(X)= Y RMM(Lr),7e,),
T€Torsy T(M)

A character 7 # 1 will contribute a non-zero h' if and only if Tic, it is a
torsion point of order p lying on some essential global component of V;(£;). One
may verify, following arguments similar to Cohen-Suciu [17], that the only non-
local components of V(L) are those induced from the essential components in
V1 (A) of the monomial subarrangements A of £. Thus, we only have to add up,
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for each monomial and pencil subarrangement, the number of p-torsion points
that do not lie on any coordinate subtorus. For a component of dimension d
will there are b(p,d + 1) such p-torsion points.

This count will be enough as long as the points 7 that potentially may
contribute a h! = 2 are contained in some coordinate subtorus of T(M (L, )).
Indeed, suppose 7 is a p-torsion point in the intersection of two non-local com-
ponents D'N D" of Vi (L). Let A" and A" be the monomial subarrangements of
L for which the pull-backs of D" and D" are essential global components. Then
clearly L. is a proper subarrangement of either A’ and A”, and using again [17],
one may check that £, is never a monomial or a pencil subarrangement, so it
does not have a global component in V.

It remains to record the dimensions of the components in V;(£) and use
their correspondence with the the points in Sing £ and to the monomial subar-
rangements of £. [J

We turn now to the calculation of the first Betti number of the surfaces
X = X (L) associated to the Z2-coverings of P? ramified over £ = A(n1,n2, n3).

Proof of Proposition 3.6. By Sakuma’s formula (2.3), the first Betti num-
ber of the surface X = X (L) associated to the epimorphism ¢ : Hy(P2\£) — G
is calculated from the twisted cohomology H'(M(A), 7) of certain subarrange-
ments A = L, in £, constructed from ¢ and the set of characters p: G — C*
of the abelian group G = ZQ, as follows

Z WM (Lpg), pPic,,)-

1#£pe@

We shall take advantage of two key facts: all the points in Sing £ are
required to be ¢-good, and the subarrangements A of £ are again in the same
class, thus their twisted cohomology is known from Theorem 3.3. The first
thing to point out regarding the latter fact is that there are only two types of
subarrangements A of £ that support global components in their characteristic
varieties, namely either A = P a pencil of lines through a point of multiplicity
at least 3, or A = B a non-pencil monomial arrangement. The second feature
is that we may ignore the torsion characters in V5, as their support is neither
pencil nor monomial, as a consequence of the results in [17], thus they do not
in fact contribute to the Betti number.

Fix a1, as generators for G = Zg, and let ¢ be defined by ¢(agx) = a]**ay’*
and @(a;;;) = a;”" ay?", where the u's and the v's are residues modulo p. Then
let p be a non-trivial character of G, and set &; := p(a1) and & := p(az), where
& = &M and & = £M2 for some fixed primitive root of unity £ of order p.
Note that if for some a we have ¢(a) = afal # 1, and 7(a) = £’y = 1 then
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u,v must satisfy piu + pov = 0. If & = 1 then v = 0, hence ¢(a) = daf,
whereas if & = 1 then u = 0, hence ¢(a) = ay. If neither &1, & equals 1, then

—1
v= —uluglu, and ¢(a) = (ala;m“z ). In all three cases, for fixed &, &2, we

obtain that all images ¢(«) of elements a in ker 7 belong to the same cyclic
subgroup of G = ZZ. This implies that two lines L, L' in £ intersecting in a
double point P cannot be both out of £,. If not, their meridians «, o/ would
be in ker 7, and by the previous remark, would be linearly dependent over Z,,
thus violating the ¢-good condition for P.

Suppose T = p¢ is a character in T(M) that contributes to b1(X) a
positive value h'(7) := h' (M(L,4), PPic,s)- I L7 = L, that is no coordinate of
7 is equal to 1, then Vi (M (L)) must contain an irreducible component that is
global, but this only happens if £ is the monomial arrangement B,. Then 7 must
satisfy the equations (3.5) defining the global component. That yields words in
ker 7, and as discussed before their images generate a cyclic subgroup of Zg, say
A = (a). If ¢ is Hirzebruch type then we may assume ¢(ovji1ik10j51) = a.
Then one must have ¢(ao1vp2c03) = d(ij1 ik 105k,1) = a? from (3.5). We end
up with a?? = 1, which implies p = 2 and ¢ = 1. We reach a contradiction, since
L; = L forces 7 = —1, but 191792703 should be 1. If ¢ is Burniat type, then
P(oijiik1ar,1) = 1, which forces in turn ¢(040iaojafj71) = ¢(aprap2aps) =
P(ovijioukagr,1)? = 1, a contradiction, as Py, are branch points for ¢.

Now suppose that L. is a proper subarrangement of £, that is some
coordinates of 7 are equal to 1. If £; is a non-pencil monomial arrangement
then either we repeat the argument using the equations (3.5) if £; is of type By,
or we argue similarly using the equations (3.6) if £; is of type C;. We remain
with the case £, = P is a pencil of lines, that is only the multiple points in £
may contribute positively to the Betti number.

Q23 Py ai2

P ’ P o
02
7 N\
Qo1 13 Q03

Fig. 2. The braid arrangement A, (2,2, 2).

First note that at most one pencil subarrangement P of £ may in fact
contribute, as 7 uniquely determines £,. Then if P does contribute, then its
contribution is precisely p — 1. Finally, for the Burniat type no contributions
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really occur. [

The number g = (L) is defined in terms of the monomial arrangements,
the simplest of which is the braid arrangement, which occurs as A = A4;(2,2,2)
in our family. We discuss next this arrangement and the non-local component
D that appears in V;(A).

Ezample 3.7. The arrangement A = A;(2,2,2) in Figure 3 is known under
various names, braid arrangement, complete quadrilater, Ceva arrangement,
type Ay Coxeter reflection arrangement, etc., see |17, 39]. It has n = 6 lines,
to = 3 double points, and t3 = 4 triple points. As defining equations for A, we
take

1'11‘21‘3(1‘1 — :Bg)(l’l — 1‘3)(1‘2 — ZL‘3).

For the fundamental group 71 (M) of the complement M = M (A) we use
a presentation due to Terada [41], with generators a;;,0 < i < j < 3 satisfying
ap1ap20i120p313ae3 = 1 and for all i < j < k the commutator relators

[k, o] = 1, [agjounagr, i) = 1, [agjounay, o] = 1.

The characteristic variety V;(A) consists of 5 irreducible components, 2-
dimensional subtori Cy, C1, Ca, Cs, D of the torus T(M) = {to1toztostiztistes =
1} = (C*)® C (C*)°. Four of the components are local, determined by the 4
triple points P; = L, N Lj N Ly

Ci = Cp, = {tjptjity = tij = tip = ty = 1},0 <0 < 3,{4,4,k,1} = {0,1,2,3}.
The remaining component D is supported on the entire arrangement
D = {to1 = ta3, toa = t13,t03 = t12, tortoatos = 1}.

The appearance of this non-local essential component is due to the pres-
ence of a pencil of conics in P? whose special fibers form a partition of the lines
of A, see [19, 22, 32] for the whole story.

Q23 P2
a2
Ps P 0
7 N\
Qo1 (13 Qo3

Fig. 3. The Arvola arrangement Ao(2,2,2).
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The twisted cohomology H'(M,7) of M for 1 # 7 € T(M) is then given

by
(M. 7) = {O %fT Z Vi(A)
1 ifreVi(A)\ {1}

An application of Sakuma’s formula gives, as explained in the proof of
Proposition 3.5, b1(X,) = 5(p — 1)(p — 2) for the Hirzebruch type surface X,
associated to the Zg congruence covering, see |25, 40, 39]. From Proposition 3.1,
the Chern numbers of X, are equal to c3(X,) = 5p®(p — 2)? and co(X,) =
p3(2p® — 10p + 15), see [27, 25, 39]. For p > 2 the surface X, is of general type,
and X it is a K3-surface, cf. [27]. The most interesting case is the one for
p =5, where c% = 3cs.

We see now to the Hirzebruch type surface X, associated to a Z}%—
covering. We ignore the case p = 2 as Xy2 is not of general type. Using
Sakuma’s formula we obtain that either b1(X,2) = 0 or b1(X,2) =p — 1, re-
covering, for p = 5, the computations of Bauer-Catanese [10] and Ishida [28].
By Proposition 3.1, the Chern numbers of X, are c}(Xp2) = 5(p — 2)? and
c2(Xp2) = 2p* — 10p + 15. Again for p =5, we get ¢ = 3ca.

Finally, for the Burniat type surfaces X, o we have that b;(X,2) =0, and
c3(X,) = 5p? — 12p+ 15, c2(X,) = p* — 6p+ 12, but these surfaces are not very
interesting.

Ezxample 3.8. The arrangement A = Ay(2,2,2) in Figure 3.7 is a defor-
mation of the braid arrangement, first considered by Arvola, and which enjoys
interesting homotopy properties, see [3]. It has n = 6 lines, to = 6 double
points, and t3 = 3 triple points. Note that ¢ = 0, thus there is no difference
between the Hirzebruch and Burniat types. As defining equations for A, we
take

r1xowy(x1 — x2) (1 — 23) (T2 — 223),2 # 0, 1.

app (13,1 ¢13.2 Qo3 ap] @131 ¢13,2 Q3

Fig. 4. The Burniat arrangements A:(3,3,3), t =3 and t = 1.

For 71 (M(A)) we employ a presentation due to Cohen-Falk-Randell [16],
which we rewrite using Terada type generators o;;,0 < ¢ < j < 3 satisfying
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Qo1 002012003013003 = 1 and the commutator relators
laijoip e, i) = 1, [oijaunage, o] = 1, [agjoipoge, agg] = 1,
forall i < j <k, excepti=1,5j=2,k=3, and

[a12, 3] = 1, (o2, ao3] = 1, a3, 3] = 1,

[ao1, a23] = 1, [z, 3] = 1, [aps, ar2] = 1.

The characteristic variety Vi(A) consists of 3 irreducible components, 2-
dimensional subtori Cl, CQ, C3 of the torus T(M) = {t01t02t03t12t13t23 = 1} =
(C*)> ¢ (C*)5. All components are local, determined by the 3 triple points
P; = Lj, N Loj N Lok

Ci == Cp, = {tjrtojtor, = tij = tar = to; = 1},1 <4 < 3,{i, 5, k} = {1,2,3}.

From Proposition 3.5, we have b;(X,) = 3(p—1)(p—2) for the surface X,
associated to the Zg congruence covering, see |25, 40, 39]. From Proposition 3.1,
cA(Xp) = 6p*(p — 2)? and c2(X,) = 3p3(p* — 4p +5), see [25, 39].

The surface X, o associated to a Zz—covering is regular, as we have
b1(Xp2) = 0. From Proposition 3.1, ¢?(X,) = 6(p — 2)? and c2(X,) =
3(p? — 4p +5). The surface X3 is the most interesting as it has ¢? = ¢y = 6,
hence vanishing geometric genus p; = 0. We can show that 7 = m;(X32) is the

abelian extension of its abelianization
0—Z8=[r,7] > 7 — Z5 =0,

recovering, in particular, the computation of 7/[r, 7] = Hi(X32) = Z3 by
Kulikov [29].

Ezample 3.9. The arrangements A = A;(3,3,3), with 0 < ¢t < 4 were first
considered by P. Burniat [12|. It has n = 9 lines, to = 18 — 3¢ double points,
t3 =t triple points, and t4 = 3 quadruple points. In Figures 1 and 4 we see the
cases t = 0,1, 3.As defining equations for A, we take

vimows | (@i — zijaxs) (@i — 2i505),
1<i<j<3

with Zijl 7& 0 and Zij1 75 Zij2s forall 1 <i < 7 <3 and [ = 1,2, and so
that the coefficients {z;;;} satisfy precisely ¢ collinearity relations. The case
t = 4 is realized by the monomial arrangement By. The case t = 2 has two
non-isomorphic realizations, according as the two triple points lie on a line of
A or not, see Figure 5.

The number of monomial subarrangements of A takes the values § =
0,1,6,12, corresponding to t = 0,1, 3,4, whereas for ¢t = 2 two values may
occur S =4 or §=2.
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It follows from Proposition 3.5 that by (X,) = 3b(p,4) + (8 +t)b(p, 3), for
the Hirzebruch congruence covering surface X,, thus b1 (X,) = (p—1)[6p*+(8+
t —2)p — 2 — 2t — 6]. From Proposition 3.1, the Chern numbers are ¢%(X,) =
pO[p?(24 —t) +p(4t — 72) + 54 — 4t] and c2(X,) = pO[p?(12 —t) +p(2t — 36) + 30].

We now turn to Zg—coverings. As before, if ¢ = 0, there is no difference
between the Hirzebruch and Burniat covering types.

The Hirzebruch type surface X9 is regular by(Xp,2) = 0. The Chern
numbers of X, 9 are ¢Z = p?(24 — t) + p(4t — 72) + 54 — 4t and cg = p*(12 —
t) + p(2t — 36) + 30. For p = 2, we get ¢} = c2 = 6, no matter the value of t.
We thus obtain a surface Xs 2 with vanishing geometric genus and irregularity
pg = q = 0, which seems to be new.

The Burniat type surface X, is also regular b;(X,2) = 0. The Chern
numbers of X, o are ¢f = p?(24 — 4t) + p(12t — 72) + 54 — 9t and cp = p*(12 —
2t) + p(6t — 36) + 30 — 30t. For p = 2, we get ¢ = 6 —t and c3 = 6 + ¢,
hence again p;, = ¢ = 0. The surfaces Xoo for 0 < t < 4 are the classical
Burniat surfaces [12|. They were analyzed in detail via modern techniques
by Peters [36], Kulikov [29], and more recently by Bauer-Catanese [9] using a
different approach.

Qp1 Q13,1 13,2 Q3 Qo] (13,1 13,2 Q3

Fig. 5. The Burniat arrangements .42(3, 3, 3).
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