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1. INTRODUCTION

The analytic Radon transformation is one of the most important integral
transformations in mathematics, which is applied to the CT-scan, partial dif-
ferential equations and so on. In this paper, we study its topological analogy.
In our theory, the integral is based on the topological Fuler characteristics of
subanalytic subsets (see [8, 16] etc.). Recently, the topological Radon trans-
formation is applied to class formulas for dual varieties in algebraic geometry,
sensor networks in applied mathematics and so on (see [1], [10-12] etc.).

We denote the field of real numbers or that of complex numbers by K (i.e.
K =R or C). We also denote by Fi(k) the Grassmann manifold consisting of
k-dimensional linear subspaces in KV. Let p,q be positive integers satisfying
p < q, set X = Fy(p) and Y = Fn(q). Let us also set S, = {(z,y) €
X xY | x C y}, which is an incidence submanifold of X x Y, and consider the
diagram:

X xY

PANS

X T Yy
Here f, and g, are restrictions of natural projections px and py to S,
respectively. By composing the inverse image by f;, and the direct image by
gp, for a constructible function ¢ on X we define the topological Radon trans-
form R, (¢) of ¢, which is a constructible function on Y. See Section 2 for the
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precise definitions. In [9], we proved an inversion formula for Rg,. In partic-

ular, we explicitly construct a transformation R considered as a left inverse
transformation of Rg,. See Section 3.1 for the review. In this paper, we will
prove a range characterization of the topological Radon transformation Rg,.
We characterize the images Rg,(¢) of constructible functions ¢ on X by a

system of topological integral equations and prove that the transformation R
is also considered as a right inverse transformation of Rg, for constructible
functions satisfying the system of topological integral equations.

On the range characterizations of topological integral transformations,
the following results are known in the previous studies. The range of the topo-
logical polar transformation of constructible functions on the Euclidean space
is characterized by a condition on topological integrals by Brocker [2]. It is
similar to our result to characterize the range of a topological integral trans-
formation by conditions on topological integrals. In [9], we obtained a partial
characterization of some images of the topological Radon transformation Rg,
on the Grassmann manifold Fx(p) by Young diagrams. In [10], we studied the
microlocal images of the topological Radon transformation on the projective
space by characteristic cycles of constructible functions.

In the analytic case, it is well-known that the range of the analytic d-
dimensional Radon transformation of C*°-functions on the Euclidean space is
characterized by a system of second order ultrahyperbolic differential equations
(see [5, 6] etc.). More generally, the range of the analytic Radon transformation
of C'°-functions on the Grassmann manifold is characterized by a system of
invariant differential equations (see |7| etc.).

Finally, the author would like to greatly appreciate several useful com-
ments of the referee.

2. PRELIMINARIES
2.1. Constructible functions

In this subsection, we recall the definition and basic properties of con-
structible functions. See [8] and [16] for more details. In the theory of o-minimal
structures [15], we can define them in more general settings.

Definition 2.1. Let X be a real analytic manifold. We say that an integer-
valued function ¢: X — Z is constructible if there exists a locally finite family
{X;}ier of compact subanalytic subsets X; of X such that ¢ is expressed by

(pzzcilxi (Ci EZ).

el
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Here 1, denotes the characteristic function of X;. We denote the abelian
group of constructible functions on X by CF(X).

We define several operations on constructible functions in the following
way.

Definition 2.2 ([8, 16]). Let X and Y be real analytic manifolds and
f:Y — X areal analytic map from Y to X.
(i) (The inverse image) For ¢ € CF(X), we define the inverse image f*p €
CF(Y) of ¢ by f by
rely) = (f ().
(ii) (The integral) Let ¢ = ZcilXi € CF(X) be a constructible function

(2
on X and assume that its support supp(y) is compact. Then we define

the topological (Euler) integral / @ €7 of p by
X

/XSO = Zci - x(Xi),

where x(X;) is the topological Euler characteristic of X;.
(iii) (The direct image) Let ¢ € CF(Y') such that flgppep: supp(y) — X

is proper. Then we define the direct image / Y € CF(X) of ¢ by f by
f

</f¢> (z) :/y(w'lfl(m))-

The group of constructible functions is isomorphic to the Grothendieck
group of the derived category of R-constructible sheaves via the local Euler-
Poincaré index. We can easily see that the operations in Definition 2.2 are well-
defined and satisfying functorial properties by this identification. See [8, 13]
for more details. In particular, the following properties will be used later.

PROPOSITION 2.3. Let X, Y, Z be real analytic manifolds and f:' Y — X,
g: Z — Y real analytic proper maps.
(1) (Functoriality [14]) For ¢ € CF(X), v € CF(Z), we have

g (fTe) = (fog)"e,

VORI

(ii) (Base change formula [14]) Let W be also a real analytic manifold. As-
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sume that the diagram

Z—tow

| )
y Lo x
is a Cartesian square of real analytic maps. Then for v € CF(Y) we

“(f2)-firo

(iii) (Projection formula [12]) For ¢ € CF(X), v» € CF(Y), we have
Jurew=¢ [

2.2. Topological Radon transforms

In this subsection, let us define our main subject: the topological Radon
transforms. See [9, 14] for more details.

Let X and Y be real analytic manifolds and S a locally closed subanalytic
subset of X xY. For simplicity, we assume that X and Y are compact. Consider
the diagram:

(2.1) Y

X
N\

X Y,

A\
/

where px and py are natural projections and f and g are restrictions of px and
py to S respectively. Note that we can generalize the definitions of the inverse
image and the direct image to f and g¢. In the situation above, we define the
topological Radon transforms for constructible function as follows.

Definition 2.4. For a constructible function ¢ € CF(X) on X, we define
the topological Radon transform Rg(¢) € CF(Y) of ¢ by

Z/f*th/ 1s-pkep.
g Py

Similarly, for a constructible function ¢» € CF(Y) on Y, we define the
transposed transform ‘Rg(¢)) € CF(X) of ¢ by

"Rs(v) = /fg*”(/f = /px 1s - py¥.
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We consider 1g as the kernel function of transformations Rg and ‘Rg.

In the theory of integral transformations, it is important to study the
following problems: (1) inversion formula (2) range characterization (3) support
theorem. In this paper, we study the second problem of topological Radon
transforms on Grassmann manifolds. Note that the first and third problems
for them were studied in [9] and [10] respectively. Note also that the second
problem of that was partially studied in [3, 9] and [10].

By Proposition 2.3, we have the following property, which will be used in
Section 3.2.

PROPOSITION 2.5 ([12]). For ¢ € CF(X) and ¢ € CF(Y'), we have

/Y?/J-RS(SO):/XtRSW)'@-

Proof. Let mx: X — {pt} and my: Y — {pt} be natural projections.
By Proposition 2.3, we have

/Ww-/f*sﬂ
[ Juorwa= [ feogo=[ e [ov 0

2.3. GRASSMANN MANIFOLDS AND SCHUBERT VARIETIES

In this subsection, we recall the definition of Grassmann manifolds and the
Euler characteristic of special Schubert varieties, which will play an important
role in Section 3. See [4, 9] for the detail.

Let N be a positive integer. We denote the field of real numbers or that
of complex numbers by K (i.e. K=1TR or C).

Definition 2.6. For k =0,1,2..., N, we denote by Fy(k) the Grassmann
manifold consisting of k-dimensional linear subspaces L ~ KF in KV, That is,
we set
Fy(k) = {L | Lis a k-dimensional linear subspace in K" (through the origin)}.

In the case k =0, Fn(0) = {0}. And in the case k =1, Fx(1) is nothing
but the (N — 1)-dimensional projective space Py_;. By projectivizing each
linear subspace, we could identify Fy (k) with the set of all (k — 1)-dimensional
linear subspaces in Py_1. In this paper we do not use this identification. For
simplicity, we set Fy (k) = () unless 0 < k < N.

Let us explain a cell decomposition of the Grassmann manifold Fy (k).

Definition 2.7. Let k be a positive integer satisfying 1 < k < N.
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(1) We call a sequence of integers o = (01, 02,

...,0k) a Young diagram with
at most k£ rows and N — k columns if o satisfies
N—-k>01>092>--2>0,2>0.

We denote by I(IV, k) the set of all Young diagrams with at most k rows
and N — k columns.

We fix a complete flag (i.e. a sequence of linear subspaces)
{0cvicWac--cVy=K",  dimV;=i (i=1,2,...,N)
in KV. For a Young diagram o = (o9,

...,0%) € I(N, k), we define the
Schubert cell corresponding to o by
Q5
- dim(L N VN,k,UiJri) =1, -
= {L € Fy(k) dim (LN Vg 1) = i — 1 (1=1,2,...,k)

Note that we often identify a Young diagram with a collection of boxes
arranged in left justified rows, with a weakly decreasing number of boxes in
each row.

In this paper, we use the generalized binomial coefficient defined by
(n> _ (:1) (0 <m < n),
m) |0 (otherwise).

PROPOSITION 2.8. Let k be a positive integer satisfying 1 < k < N.
(i) For a Young diagram o = (01,02,...,0%) € I(N, k), we have

Qg ~ Kk(N*k)*hj‘,
where we set |o| = o1 + 09+ -+ + 0%
(ii) The Grassmann manifold Fn(k) has the following cell decomposition
Fyvk)y= || 9.
o€I(N,k)
(iii) The Euler characteristic of the Grassmann manifold Fn (k) is computed
as follows.

(a) In the case K = C, we have

N
i) = ()
(b) In the case K =R, we have

0

(k(N — k) is odd),
X(Fn(k)) = (

> (otherwise).

1=

5]
[5]

[NIESEN
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Here [-] is the floor function. For a real number t € R, [t] is the
largest integer not greater than t.

For the proof of Proposition 2.8 (iii), see for example ([9], Appendix).
In Section 3, the following special subvariety Q(N,k,l,m) of the Grass-
mann manifold Fy(k) plays an important role.

Definition 2.9. For [ = 0,1,..., N, let us fix an [-dimensional linear sub-
space V; ~ Kl in K. For m =0,1,..., N, we set

Q(N,k,1,m) = {L € Fy(k) | dim(LNV;) =m}.
Note that Q(N, k,1,m) might be the empty set in some cases.

By using Young diagrams, the Euler characteristic of Q(N, k,1,m) is com-
puted as follows.

PROPOSITION 2.10. (i) In the case K = C, we have

XN, b)) = (v = )G = (1) (1),

E—m/)\m
(ii) In the case K =R, we have
X(Q(N, Ek,l,m))
= (=) (Fy (k= m))x(F(m))

0 ((k=m)(N —1—k+m) or m(l —m) is odd),
N-I !
=) (Z1)kt—m) [?] [5] otherwise
A ()16 (otheruise)

Proof. 1t is enough to consider the case where m < k-1, m <[, N —-[>
k —m. Let us use the following two special Young diagrams

m times (k —m) times
——
oo=0N_—k—l+m....N—k—Il+m, 0,....0 ),
(m + 1) times (k —m — 1) times

oo=(N—-k—-l4+m+1,.... N—k—l+m+1, 0,...,0 ).
Moreover, we set
I(o1,00) ={oc € I(N,k) | 01 C o, 02 ¢ 0}
Then we have a cell decomposition of Q(N, k,1,m)
QN ELm)= || 9

o
c€l(o1,02)

In order to compute x(Q(N,k,l,m)), let us consider the shortest ways
that connect from P; to Py through P3 in the Fig. 1 below.
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N—-k—Il+m 1 [l—m—1

m O'l

P3

02

k—m-—1

Py
Fig. 1

(1) In the case K = C, since x(25) =1 for o € I(N, k), we have

N—-I\/[1
X(Q(N, k,l,m)) = #I(O’l,ag) = (k _ TI’L) (m>
(ii) In the case K = R, since x(Q2) = (=1)FN=k)=lol for ¢ € I(N, k), we

have
X(Q(N, k,1,m))
= (—1)FWV=R{sls € I(01,09) | |o] is even }
— #{o € I(01,02) | |o| is odd } }.
Let us set
en(k) = #{o € I(N,k) | |o| is even },
on(k) = #{o € I(N,k) | |o] is odd }.
(ii-a) In the case where |o1| = m(N — k — 1 +m) is even, since we have
#{o € I(01,02) | |o| is even } = en_;(k — m)e;(m) + on—_i(k — m)o;(m),
#{o € I(01,09) | |o| is odd } = en_;(k — m)o;(m) + on_;(k — m)e;(m),
we have
AN, K, 1,m)
= (=) NP (en_y(k —m) — oy i(k — m))(ei(m) — or(m))
= (~)MVR ()N (B (k= m)) - (1) x(Fy(m).
(ii-b) In the case where |o1| = m(N — k — [+ m) is odd, since we have
#{o € I(01,02) | |o| is even } = ey_;(k — m)o;(m) + on_i(k —m)e;(m),
#{o € I(01,02) | lo| is 0dd } = ex_i(k — m)e;(m) + on—1(k — m)oy(m),
we have
X(QUN, k,1,m)) = (=1)N"PH ey (k—m) —on—i(k—m))(er(m) — o(m))
(— MR () U VR (B (k= m)) - (1) ™ x (Fy(m)).
This completes the proof. [
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Remark 2.11. The referee pointed out that the elements in Q(N, k, 1, m)
for each fixed m-dimensional linear subspace of V; form a topological space
homotopic to Fx_;(k —m) and we can give more geometrical proof for Propo-
sition 2.10.

3. TOPOLOGICAL RADON TRANSFORMS
ON GRASSMANN MANIFOLDS

Let p,q be positive integers satisfying 1 < p < ¢ < N. Set X = Fn(p)
and Y = Fy(q). For r=0,...,p, we also set

Sy ={(z,y) e X xY | dim(zNy) =r}.

Let us consider the diagram (2.1) for X = Fy(p), Y = Fn(q) and S = S,.
We denote the restrictions of px (resp. py) to S, by f, (resp. gr). Then we
define the topological Radon transformation by

Rs, = fr*:/ 1s, -px: CF(X) — CF(Y)
gr Py
and its transposed transformation by

tR&,—/ gr*—/ 1s, - pl: CF(Y) — CF(X).
i px

In general case, we do not expect that the transposed transformation 'R g,
is a left inverse transformation of Rg,. In [9], we proved an inversion formula for
Rs,. The aim of this paper is to characterize the range of Rg, in CF(Fn(q)).

3.1. A review of an inversion formula for topological Radon
transforms on Grassmann manifolds

For the reader’s convenience, let us recall briefly our explicit construction
of a left inverse transformation of Rg, in [9]. For i = 0,...,p, let us consider
the following commutative diagram:

Sp X S;
b TV

Sp X xX S
p1
9p

)
2 fi
X,

y

X Y

where p1, p2 (resp. hp, hi) are the natural projections from X x X to each X
(resp. from S, x S; to S, and S; respectively) and sp;: S, X S; — X x X
Y Y
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is the natural projection from S, x S; to X x X. Then by Proposition 2.3 for
Y
p € CF(X) we have

(31)  'Rs oRs,(p) = / p / frp= / ( / 1spxsz-) .
i g P2 Sp.i Y

p

For 5 =0,...,p, we set
ZJ = {(‘Tlax2) e X xX | dlm(xlﬂq:Q) :j}

For (z1,22) € Zj;, by considering the condition in the quotient space
K /21 we have

spi(1,m9) = {y € Fn(q) | 21 Cy, dim(wyNy) = i}
~{y € Fn_p(¢—p) | dim(zz Ny) =1i—j}
= QN —p,q—p,p—j,i—J),
where z3 is a (p — j)-dimensional linear subspace. Thus, x(s, Hay,29)) is

constant on Zj, which we set a;; = x(s,, (:vl,xg)). By Propos1t10n 2.10, a;j is
explicitly computed as follows.
(i) In the case K = C, we have

N-2p+j -7
(3.2) a;j = ( p. ].) (p ]>
q—p—t+jy/\t—J

(ii) In the case K =R, we have
0 (@=p—i+)N —p-q+i)
or (i —j)(p—1) is odd ’
][]
> ( , } > (otherwise).

q—p—i+j =)
2 2

(3.3) aij = (_1)(q_p)(p_i)<

By using a;;, we have

p
(3.4) /5 Ls, xs; :gaiﬂzj (i=0,1,...,p).

j2u

Therefore by (3.1) and (3.4) we obtain

(35) RS ORS Zaz] (/ 1Zj : PIW) .
p2

By the computation above, let us construct a left inverse transformation of
Rs, as follows. Let us set A = (aij)o<i,j<p- Note that the (p+1)x (p+1) matrix
A is a lower triangular one. We denote its determinant by A, , = det A and its
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(k4 1,p + 1)-cofactor by di (k =0,1,...,p). Then we define a constructible
function K, , € CF(X xY) by

p
Kpq= Z dilg,
k=0
and a new transform R(¢) of ¢ € CF(Y) by

p
(3.6) R@W)= | Kpq-vvp = di'Rs, (¥).

px k=0
By (3.5) and the equality

/ 1z, - pie = o,
p2

we obtain the following inversion formula for Rg, in [9].
THEOREM 3.1 (|9]). (i) For ¢ € CF(X), we have
R o Rsp(gp) =Xpg - P
(ii) If one of the following conditions
(a) K=Cand p+q <N,
(b) K=R, p+q< N and q—p is even,
are satisfied, then \,, does not vanish.
By Theorem 3.1, under the condition of (ii) we can completely reconstruct
the original function ¢ € C'F(X) from its topological Radon transform R, ().

In this meaning, we see R as a left inverse transformation of Rs,. Hereafter,
we always assume the condition of Theorem 3.1 (ii). Therefore, we assume that
there exists the left inverse transformation R of Rg, by our method.

3.2. A range characterization of Rg, (1)

In this subsection, we observe that for ¢ € CF(X) the topological Radon
transform R, () satisfies a system of topological integral equations. First,
by similar computation to obtain (3.5), for 1y € CF(Y') let us compute Rg, o

"R, (¢) as follows. Fori = 0,1,...,p, let us consider the following commutative
diagram:
S; xS
w_ X
/ | \

SZ' Y xY Sp
fi Ip
Y X Y,
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where 71, T2 (resp. hj,h;,) are the natural projections from Y x Y to each Y
(resp. from S; x S, to S; and S, respectively) and ¢;,: S; X S — Y x Y is
X b'e

the natural projection from S; x S, to Y x Y. Then for ¢ € CF(Y) we have
X

87 Reo'Rs@)= [ [av= [ ( /| 1si§s,,) .

For j =0,...,q, we set
W = {(y1,32) € Y x Y | dim(y1 Nyo) = j}-
For (y1,y2) € Wj, by considering the condition in yo ~ K? we have
tit(yrye) = {z € Fx(p) | dim(z Ny1) =i, = Cy}
~{z € Fy(p) | dim(z Nys) =i}
= Q(q,p, j, 1),
where y3 = y1 Ny2 is a j-dimensional linear subspace. Thus, X(t[,;(yl,m))

is constant on W;, which we set b;; = X(t;’;(yl,yg)) and B = (bij)o<i<p. By

0<j<q
Proposition 2.10, b;; is explicitly computed as follows.

(i) In the case K = C, we have

V-(2)0)

(ii) In the case K =R, we have

0 ] [<}<q—p—j+vz><p—z'> or i(j — i) is odd),
(3.9) bij = p(j—i T ; otherwise
(—1)Pl )<”5}><[Z]> (otherwise).
By using b;;, we have
(3.10) /t Ls,xs, = melw (i=0,1,...,p).

i,p

Therefore by (3.7) and (3.10) we have

q
Rs, o 'Rg,(¢) = Z bij </
=0 m

By (3.6), we obtain

1Wj : WT¢> .

2

P

p q
(3.11)  Rs, 0 R(y) = densp o 'R, () = szkbm/ ly, - m1.

k=0 k=0 j=0
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Now, for ¢ € CF(X) let us consider the case ¥ = Rg, (). By Proposi-
tion 2.5, for j =0,1,...,q and y2 € Y we have

(3.12) (/7r2 1w, 'WTZ/J) (y2) = /Y 1w, (- y2) Rs,(p) = /XtRSp(le('ayQ))w-

For [ = 0,1,...,p and (z,y2) € S;, by considering the condition in the
quotient space KV /z we have

{y€ Fn(q) |z Cy, dim(yNy2) = j}
~{y € Fn_p(g—p) | dim(yNys) =71}
=QN—p,g—p,q—1,j—1),
where y3 is a (¢ —[)-dimensional linear subspace. Thus, the Euler characteristic

of the set {y € Fn(q) |  Cy, dim(y Ny2) = j} is constant on S, we set it ¢

and C = (¢i5)0<i<q- By Proposition 2.10, ¢j; is explicitly computed as follows.
0<j<p

(i) In the case K = C, we have

N—p—q+l) (q—l)
3.13 S ; . .
(313 ! (quH j—1
(ii) In the case K =R, we have
0 <(q—p—j+l)(N—2q+j)0r>
(j — (g —j) is odd ’
(3.14) cjil = Nopgil q;}
(—1)(q_p)(q_j)< , > ( , > otherwise.
[q—p—ﬁrl} [J;l]
2 2

By using cj;, we have

(3.15)  "Rs,(w; (-, y2))(z) = x({y € Fn(q) | # Cy, dim(yNy2) = j})

p
(316) = chl151<x7y2)'
=0

By (3.12), (3.16), we have the relations of (p + 1) transforms Rg,(¢),. .
Rs,(¢):

*9

p
(3.17) [ 1w miRe(0) = S eaRale) (=010
2 1=0

Let us set C1 = (¢ij)o<i<g—p—1 and Co = (¢j5)g—p<i<q- Then the relations
0<j<p 0<j<p
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(3.17) are equivalent to the following systems of linear equations:

1w, - ™ Rg
/7r2 Wo 1 p((p) RSO(SO)
: =01 : :
" R
/ 1w, , 4 T Rs,(¥) 5p(%)
2
1w _ 'W*RSP ©
/7|-2 Wa-p ! ( ) RSQ(‘ﬁ)
: =Cs :
" R
/ 1w, - T Rs, () 5,(#)
2

By (3.13) and (3.14), the (p+1) x (p+1) matrix Cy is upper triangular and
regular under the assumption of Theorem 3.1 (ii) (In this section, we always
assume the condition of Theorem 3.1 (ii)). We denote by p;; the (i+1,7 —q+
p+1) component of the matrix 0102_1. That is, (pij)o<i<q—p—1 = Cngl. Note

<ji<q
that p;; is explicitly computable by Proposition 2.10. Therefore, we obtain the
following theorem.

THEOREM 3.2. In the situation above, assume the condition of Theorem
8.1 (ii). Then for ¢ € CF(X) the topological Radon transform 1 = Rg,(¢) of
@ satisfies the following system of topological integral equations:

q
18 [ twemv= 3 e [ twemv (=01.q-p- 1)
2 Jj=q—p 2

Definition 3.3. We denote by CF(Fx(q)) the set of all constructible func-
tions ¢ € CF(Y') satisfying the condition (3.18).

—_—~—

Note that CF(Fn(q)) is an Abelian subgroup of CF(Fn(q)).

3.3. A range characterization of Rg, (2)

In this subsection, we prove the following theorem.

THEOREM 3.4. Assume the condition of Theorem 3.1 (ii). Then we have
Rs, 0 ﬁ(@b) =Apg ¥

for ¢ € CF(Fn(q)). Here R and Ap,q are defined in Section 3.1.
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Proof. First, note that we rewrite the condition (3.18) as the matrix equa-

tion
/ Ly, - 70 / 1w, -7l

(3.19) co — (9 o

. . - 02 2 .
/1wq 7'('; /1wq-7rf’¢
™ ™2

. p q
Rs, o R(Y) = szkbkj/ Lw, - 71

k=0 j=0 2

/1qu'7Tik¢

™2

/ 1w, - ¢
™2

By (3.13) and (3.14), the (p+1)-th row vector of C; *is (0 0 -+ 0 1).
By Proposition 3.7 below, we have

=(dy di --- dy)BCCy!

/ 1w, , T
T2

Rs, oR(®) = (0 0 -+ 0 Npg) Oyt :
/1Wq'7ﬁ¢
™2

= )‘p,q/ ]‘Wq Y
)

= Apgq - ¥
This proves Theorem 3.4. [J

—~—

Remark 3.5. In the special case p+q = N, we can easily show CF(Fn(q)) =
CF(Fn(q)) since ¢ — p < dim(y; Ny2) < ¢ for any two g-dimensional linear
subspaces y1,y2 € Fn(q). In this case, Theorem 3.4 was proved in (|9], Theo-
rem 4.1).

—_—~—

On CF(Fx(q)), we consider R as not only a left inverse transformation
of R, but also a right inverse one. By Theorems 3.2 and 3.4, we obtain the
following result.
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COROLLARY 3.6. We have the inclusions:

P

Mg - CF(Fn(q)) C Image(Rs,) (= Rs, (CF(Fn(p)))) € CF(Fn(q))
in CF(Fn(q))-

We may consider Corollary 3.6 as a range characterization theorem of the
topological Radon transformation Rg,. Note that by introducing the theory
of the @ (or R)-valued constructible functions we could obtain more explicit
range characterization. Equivalently, we have the equality:

——~—

Image(Rs,) ®z Q = CF(Fn(q)) ®z Q

in CF(Fn(q)) ®z Q.
Finally, in order to complete the proof of Theorem 3.4 above, let us prove
the following proposition.

PROPOSITION 3.7. In the situation of Theorem 8.4, we have the following
equality of matrices

(3.20) (do di -+ dp)BC=(0 0 -+ 0 Apg)-
Proof. Note that for i,k =0,1,...,p we have
q k
(321) Z bijcjk = Z ailblk.
j=0 =0

Since d; is the (i + 1,p + 1)-cofactor of A = (asj)o<ij<p (1 =0,1,...,Dp)
and \p 4 = det A, we have

p q
> di ) bici
=0 j=0
P k k P k
=&Y Jagbe =Y b Y diaq =Y bbipdpg = Okprpg-
=0 =0 =0 =0 1=0

Here d;, denotes the Kronecker’s delta. Therefore we obtain the equa-
lity (3.20).

Let us explain the outline of the proof of (3.21). In computations, the
following formula, proved by induction on k, is useful:

q . k .
q—p\(I\(N—-p—q+k g—p\[i\[{ N—-2p+1
3.22 — '
oo 2 (50 )G ) - R ()OGS
In the case K = C, by (3.2), (3.8), (3.13) and (3.22) we have

q q . .
q—J\(I\(N—-p—q+k\(q—Fk
biiCi =
e =32 (320 () (o)) G )

=0
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N (p—(z I3 q'k'p '§<3—1>< )(Z;[—;?—qu:)
- (p—(l til( e ';:( )()(q]\i;ipitrla
k
o A [V [ e 1)
= Ek:ailbm-
=0

In the case K = R, let us consider the following four cases: (ii-1) p,q, N
are odd, (ii-2) p,q are odd and N is even, (ii-3) p,q, N are even, (ii-4) p, q are
even and N is odd. Note that we assume that g — p is even here. In each case,
we compute the both sides of (3.21) by (3.3), (3.9) and (3.14). By using the
equality (3.22), we could obtain (3.21). Since the computations are similar to
the case K = C, we omit the details. [
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