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A smooth map of a closed n-dimensional manifold into Rp, n > p, is called a
special generic map if it has only de�nite fold points as its singularities. Special
generic maps were �rst de�ned by Burlet and de Rham for (n, p) = (3, 2). Then
they were extended to general (n, p) and studied by Porto, Furuya, Sakuma,
Saeki, et al. In this paper, we give a new topological restriction on the source
manifold of special generic maps for (n, p) = (2k + 1, k + 2), k > 1, and com-
pletely determine the di�eomorphism types of those simply connected closed
5-dimensional manifolds which admit special generic maps into Rp for 1 ≤ p ≤ 5.
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1. INTRODUCTION

Let M be a closed connected smooth n-dimensional manifold and let f :
M → Rp be a smooth map with 1 ≤ p ≤ n. A point q in M is called a de�nite

fold point if the map f can be represented by the normal form:

yi ◦ f = xi, 1 ≤ i ≤ p− 1,

yp ◦ f = x2
p + x2

p+1 + · · ·+ x2
n

for some local coordinates (x1, x2, . . . , xn) and (y1, y2, . . . , yp) centered at q and
f(q), respectively. The map f is called a special generic map if all the singular
points of f are de�nite fold points.

Special generic maps were �rst de�ned by Burlet and de Rham [3], who
studied such maps of 3-dimensional manifolds into the plane. Porto and Furuya
[5] studied special generic maps of n-dimensional manifolds into the plane,
n > 3. �Elia�sberg [4] studied special generic maps of n-dimensional manifolds
into Rn.

We note that a special generic map of an n-dimensional manifold into the
line is a Morse function with critical points of indices 0 or n. It is a result of Reeb
[6] that closed connected smooth n-dimensional manifolds which admit special
generic maps into the line are homeomorphic to the n-dimensional sphere.
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In this paper, we study the topology of closed 5-dimensional manifolds
which admit special generic maps into Rp for arbitrary integers p with 1 ≤ p ≤
5, and we give the complete list of the di�eomorphism types of simply connected
closed 5-dimensional manifolds which admit such special generic maps (see
Theorem 3.3).

Note that for p 6= 4, this can be directly obtained by using results of Reeb
[6], Porto and Furuya [5], Saeki [8], �Elia�sberg [4] and Barden [1]; however, for
p = 4, this is a new result as far as the author knows.

The paper is organized as follows. In Section 2, we review several re-
sults about special generic maps and closed simply connected 5-dimensional
manifolds. In Section 3, we prove that if there exists a special generic map
f : M → Rk+2 of a closed orientable (2k + 1)-dimensional manifold, k ≥ 2,
with H1(M ;Z) = 0, then the homology group Hk(M ;Z) is free abelian. As
a corollary, we prove that for a closed simply connected 5-dimensional mani-
fold M , there exists a special generic map f : M → R4 if and only if M is
di�eomorphic to a connected sum of S3-bundles over S2.

Throughout this paper, all manifolds and maps are of class C∞, unless
otherwise indicated; all homology and cohomology groups have integer coe�-
cients unless otherwise speci�ed; for groups G1 and G2, �G1

∼= G2� means that
they are isomorphic; for smooth manifolds M1 and M2, �M1

∼= M2� means
that they are di�eomorphic; Rn denotes the n-dimensional Euclidean space;
Dn denotes the closed unit disk in Rn; and Sn denotes the n-dimensional unit
sphere in Rn+1.

2. SPECIAL GENERIC MAPS

In this section, we review several results on special generic maps and sim-
ply connected 5-dimensional manifolds, which will be important in the proofs
of our results.

Let us �rst give some examples of special generic maps.

Example 2.1. Let π : Rn+1 → Rp, n ≥ p, be the standard projection.
Then its restriction to the unit sphere f = π |Sn : Sn → Rp is a special generic
map.

Example 2.2. Let f : M → Rn be a special generic map and let Q be
a closed k-dimensional submanifold of Rn+k having a trivial normal bundle.
Then the composition

Q×M id×f−−−→ Q× Rn → Rn+k
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is a special generic map, where id is the identity map, and the last map is the
composition of a trivialization of the open tubular neighborhood of Q in Rn+k

with the inclusion map.

Now, we prove the following lemma, which will be used in the proof of
our main theorem.

Lemma 2.3. Let M be the non-trivial S3-bundle over S2, p = 3, 4. Then

there exists a special generic map of M into Rp.

Proof. When p = 3, the above lemma is already proved in [7]. So we will
prove it only for p = 4. For real numbers t with 0 ≤ t ≤ 2π, we de�ne the map
ht : S3 → S3 by

ht(x1, x2, x3, x4) = (x1 cos t− x2 sin t, x1 sin t+ x2 cos t, x3, x4).

By using the above map, we de�ne the di�eomorphism Φ : S3 × ∂D2 →
S3 × ∂D2 by

Φ(x, (cos t, sin t)) = (ht(x), (cos t, sin t)).

Pasting S3 × D2 and its copy along the boundary by Φ, we obtain the
closed 5-dimensional manifold X. We see easily that X is di�eomorphic to M .

Now, we de�ne the special generic map f : S3 → R2 by

f(x1, x2, x3, x4) = (x3, x4).

Then we have

(f × id) ◦ Φ = f × id : S3 × ∂D2 → R2 × ∂D2.

Therefore, the map

(f × id) ∪ (f × id) : X = (S3 ×D2) ∪Φ (S3 ×D2)→ (R2 ×D2) ∪ (R2 ×D2)

is well-de�ned, where (R2 ×D2) ∪ (R2 ×D2) is the space obtained by pasting
R2 ×D2 and its copy along the boundary by the identity map. So we obtain
the composition map

g : X −→ R2 × S2 → R4,

where the last map is the composition of a trivialization of the open tubular
neighborhood of S2 in R4 with the inclusion map. We see easily that the map
g : X → R4 is a special generic map. �

De�nition 2.4. LetM be a closed n-dimensional manifold and f : M → Rp

a smooth map, n ≥ p. The set

(2.1) S(f) = {x ∈M | rank(dfx) < p}

is called the singular point set of f , whose points are called singular points.
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De�nition 2.5. Let f : X → Y be a continuous map between two topo-
logical spaces. For two points x1 and x2 in X, we de�ne x1 ∼ x2 if x1 and x2

are in the same connected component of the pre-image f−1(y) for a point y in
Y . This relation �∼� is an equivalence relation, and therefore we can consider
the quotient space Wf and the quotient map qf : X →Wf with respect to this
relation. Then it is not di�cult to prove that there exists a unique continuous
map f̄ : Wf → Y such that the following diagram commutes.

(2.2) X
f //

qf   

Y

Wf

f̄

>>

The diagram (2.2) or the space Wf is called the Stein factorization of f .

The quotient space Wf is not always a manifold for a smooth map f :
M → Rp of a manifold; however, if f is a special generic map, then we have
the following.

Theorem 2.6 ([3]). Let f : M → Rp be a special generic map of a closed

connected n-dimensional manifold M into Rp, n > p. Then the following holds.

(1) The quotient space Wf has the structure of a smooth p-dimensional man-

ifold with non-empty boundary.

(2) The map f̄ : Wf → Rp is an immersion.

(3) The singular point set S(f) is a closed (p − 1)-dimensional submanifold

of M , and the restriction of qf to S(f) is a di�eomorphism onto ∂Wf .

(4) The induced map (qf )∗ : π1(M)→ π1(Wf ) is a group isomorphism.

(5) We have qf (M − S(f)) = IntWf and qf |M−S(f) : M − S(f)→ IntWf is

a smooth Sn−p-bundle over IntWf .

The above theorem is essentially proved for (n, p) = (3, 2) in [3]. We can
prove it for general (n, p), n > p, by using the same method.

The following result gives us a method of reconstructing all manifolds
admitting special generic maps through the Stein factorizations, up to homeo-
morphism.

Theorem 2.7 ([7]). Let f : M → Rp be a special generic map of a closed

n-dimensional manifold with n > p. Then there exists a topological Dn−p+1-

bundle E over Wf with M homeomorphic to ∂E.

For special generic maps of closed orientable manifolds into the Euclidean
space of the same dimensions, �Elia�sberg [4] proved the following result.
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Theorem 2.8 ([4]). Let M be a closed orientable n-dimensional mani-

fold. Then M admits a special generic map into Rn if and only if it is stably

parallelizable.

The following result is useful for constructing special generic maps of a
connected sum of manifolds into Rp.

Proposition 2.9 ([7]). LetM1 andM2 be closed orientable n-dimensional

manifolds. If there exist special generic maps fi : Mi → Rp, i = 1, 2, then there

exists a special generic map f : M1]M2 → Rp, where M1]M2 denotes the

connected sum of M1 and M2.

Now let us recall several results of Barden [1]. In the following, w2(M) ∈
H2(M ;Z2) denotes the second Stiefel-Whitney class of a manifold M .

In [1], Barden constructed the simply connected closed 5-dimensional
manifolds Xj andMk; here j is either an integer greater than −2 or the symbol
∞, and k is either an integer greater than 1 or the symbol ∞. The following
results hold for these 5-dimensional manifolds Xj and Mk.

Proposition 2.10 ([1]). We have the following:

(1) X0 = S5, M∞ = S3 × S2.

(2) X∞ is the non-trivial S3-bundle over S2.

(3) H2(M∞) ∼= H2(X∞) ∼= Z, H2(X0) = 0, H2(X−1) ∼= Z2.

(4) For 2 ≤ k <∞, H2(Mk) ∼= Zk ⊕ Zk.

(5) For 1 ≤ j <∞, H2(Xj) ∼= Z2j ⊕ Z2j .

(6) w2(X0) = 0.

(7) For all k, w2(Mk) = 0.

(8) For j 6= 0, w2(Xj) 6= 0.

Theorem 2.11 ([1]). Let M be a simply connected closed 5-dimensional

manifold. Then M is di�eomorphic to one of the following manifolds:

(2.3) Xj]Mk1]Mk2] · · · ]Mks ,

where −1 ≤ j ≤ ∞, s ≥ 0, 2 ≤ ki ≤ ∞, and ki+1 =∞ or ki divides ki+1 when

i = 1, 2, . . . , s− 1. When s = 0, we think of the part Mk1]Mk2] · · · ]Mks as S5.

Furthermore, this representation is unique, that is, if

Xj]Mk1]Mk2] · · · ]Mks
∼= X`]Mm1]Mm2] · · · ]Mmt ,

then we have j = `, s = t, k1 = m1, k2 = m2, . . . , ks = ms.

WhenM is a simply connected closed 5-dimensional manifold,M is stably
parallelizable if and only if w2(M) = 0 (see [9]). Therefore, Theorem 2.11 and
Proposition 2.10 lead to the following corollary.
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Corollary 2.12. LetM be a closed simply connected 5-dimensional man-

ifold. Then H2(M) is free abelian if and only if M is di�eomorphic either to

S5 or to a connected sum of S3-bundles over S2. Furthermore, M is stably

parallelizable if and only if M is di�eomorphic to Mk1]Mk2] · · · ]Mks for some

s ≥ 0 and ki ≥ 2.

3. MAIN THEOREM

We need the following to prove our main theorem.

Lemma 3.1. Let W be a compact connected (k+ 2)-dimensional manifold

with non-empty boundary, k ≥ 1, H1(W ) = 0, and let F1, F2, . . . , F` be the

connected components of the boundary ∂W . Then the homology group Hk+1(W )
is free abelian of rank `− 1 and it has the homology classes [Fi] represented by

Fi (i = 1, 2, . . . , ` − 1) as a basis. Furthermore, the group Hk(W ) is also free

abelian.

Proof. Since H1(W ) = 0, W is orientable. By Poincar�e-Lefschetz duality
and the universal coe�cient theorem, we have

Hk+1(W,∂W ) ∼= H1(W )
∼= Hom(H1(W ),Z)⊕ Ext(H0(W );Z)

= 0.

Consider the homology exact sequence

Hk+2(W,∂W )
∂−→ Hk+1(∂W )→ Hk+1(W )→ 0

for the pair (W,∂W ). If we give ∂W the orientation induced by an orientation
of W , then we have

∂[W,∂W ] = [F1] + [F2] + · · ·+ [F`],

where [W,∂W ] ∈ Hk+2(W,∂W ) is the fundamental class of (W,∂W ). So we
have

Hk+1(W ) ∼= Hk+1(∂W )/Im ∂

∼= Z`−1,

and we can take [F1], [F2], . . . , [F`−1] as a basis for Hk+1(W ). Now consider
the homology exact sequence

H1(W )→ H1(W,∂W )→ H̃0(∂W )→ H̃0(W )

for the pair (W,∂W ). Since the both ends are zero, H1(W,∂W ) ∼= H̃0(∂W ) is
free abelian. Therefore, we have

Hk(W ) ∼= H2(W,∂W )
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∼= Hom(H2(W,∂W ),Z)⊕ Ext(H1(W,∂W );Z)
∼= Hom(H2(W,∂W ),Z),

and Hk(W ) is also free abelian. �

Lemma 3.2. Let M be a connected closed (2k + 1)-dimensional manifold,

k ≥ 2, with H1(M) = 0. If f : M → Rk+2 is a special generic map, then we

have

Hk(M) ∼= Hk+1(Wf )⊕Hk(Wf ),
and Hk(M) is a free abelian group of rank b+ c− 1, where b is the number of

connected components of S(f) and c is the k-th Betti number of Wf .

The above lemma implies that there exists no special generic map f :
M → Rk+2 if Hk(M) has a non-trivial torsion element.

Proof. By Theorem 2.7, there exists a topological Dk-bundle π : E →Wf

overWf such thatM is homeomorphic to ∂E. Note thatWf is homotopy equiv-
alent to E, and that E is a connected compact orientable (2k+ 2)-dimensional
topological manifold with boundary. We take an orientation on E and give ∂E
the orientation induced from E.

By assumption, we have 2k ≥ k + 2; since Wf is a (k + 2)-dimensional
manifold with non-empty boundary, by Poincar�e-Lefschetz duality, we have

H2(E, ∂E) ∼= H2k(E) ∼= H2k(Wf ) = 0,

H1(E, ∂E) ∼= H2k+1(E) ∼= H2k+1(Wf ) = 0.
Therefore, for the homology exact sequence

H2(E, ∂E)→ H1(∂E)→ H1(E)→ H1(E, ∂E)

associated with the pair (E, ∂E), the both ends are 0, and we get

H1(Wf ) ∼= H1(E) ∼= H1(∂E) ∼= H1(M) = 0.

Therefore, by Lemma 3.1, Hk+1(Wf ) is a free abelian group of rank `− 1
with a basis consisting of [Fj ] ∈ Hk+1(Wf ), j = 1, 2, . . . , `− 1, and Hk(Wf ) is
also free abelian, where F1, F2, . . . , F` are the connected components of ∂Wf .

Let i∗ : Hk+1(E, ∂E)→ Hk+1(E) be the homomorphism induced by the
inclusion i : (E, ∅) → (E, ∂E) and let h : Hk+1(E) → Hom(Hk+1(E),Z) be
the homomorphism de�ned by h(α)(β) = 〈α, β〉, where 〈α, β〉 ∈ Z is the Kro-
necker product of α ∈ Hk+1(E) and β ∈ Hk+1(E). Since Ext(Hk(E),Z) ∼=
Ext(Hk(Wf ),Z) = 0, by the universal coe�cient theorem, we have that h is an
isomorphism. Let D : Hk+1(E, ∂E)→ Hk+1(E) be the Poincar�e-Lefschetz du-
ality isomorphism de�ned byD(α) = α∩[E, ∂E], where [E, ∂E] ∈ H2k+2(E, ∂E)
is the fundamental class of (E, ∂E) and �∩� is the cap product. Furthermore, let
D∗ : Hom(Hk+1(E),Z)→ Hom(Hk+1(E, ∂E);Z) be the isomorphism given by
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ϕ 7→ ϕ◦D. Let us show that i∗ vanishes. It su�ces to show that the composition
Ψ = D∗◦h◦i∗ vanishes, since D∗ and h are isomorphisms. The homomorphism
Ψ sends α ∈ Hk+1(E, ∂E) to the homomorphism Hk+1(E, ∂E)→ Z given by

β 7→ 〈i∗(α), β ∩ [E, ∂E]〉 = 〈i∗(α) ∪ β, [E, ∂E]〉,
where �∪� is the cup product. We can consider the space Wf as the �zero
section� of the Dk-bundle E, and then we see that the intersection number
of Fj and Fk always vanishes for each j and k. On the other hand, if A and
B are oriented (k + 1)-dimensional closed submanifolds of E which intersect
transversely at �nitely many points, then the intersection number A · B of
A and B in E coincides with 〈[A]∗ ∪ [B]∗, [E, ∂E]〉, where [A]∗ and [B]∗ are
the Poincar�e-Lefschetz duals of the homology classes represented by A and B,
respectively (see, for example, Theorem 11.9 of Chapter VI in [2]). Therefore,
for each j and k, we have

Ψ([Fj ]
∗)([Fk]∗) = 〈i∗[Fj ]

∗ ∪ [Fk]∗, [E, ∂E]〉 = Fj · Fk = 0.

Since Hk+1(E, ∂E) is generated by [Fj ]
∗, j = 1, 2, . . . , ` − 1, we see that

Ψ vanishes, and consequently so does i∗.
We consider the cohomology exact sequence

Hk+1(E, ∂E)
i∗−→ Hk+1(E)→ Hk+1(∂E)→ Hk+2(E, ∂E)→ Hk+2(E).

By Poincar�e-Lefschetz duality, we have

Hk+1(E) ∼= Hk+1(Wf ),

Hk+1(∂E) ∼= Hk+1(M) ∼= Hk(M),
Hk+2(E, ∂E) ∼= Hk(E) ∼= Hk(Wf ),

Hk+2(E) ∼= Hk+2(Wf ) = 0.

Therefore, since i∗ vanishes, we get the short exact sequence

0→ Hk+1(Wf )→ Hk(M)→ Hk(Wf )→ 0.

Since Hk(Wf ) is free abelian, the above sequence splits, so we have

Hk(M) ∼= Hk+1(Wf )⊕Hk(Wf ).

By using an argument in the proof of Lemma 3.1, we have

Hk+1(Wf ) ∼= H1(Wf , ∂Wf ) ∼= H̃0(∂Wf ),

which implies that Hk+1(Wf ) is a free abelian group of rank b− 1, since ∂Wf

is di�eomorphic to S(f). Therefore, Hk(M) is a free abelian group of rank
b+c−1, since Hk(Wf ) is free abelian of rank c, which is the k-th Betti number
of Wf . This completes the proof of Lemma 3.2. �

Now, we give the complete list of the di�eomorphism types of simply
connected closed 5-dimensional manifolds which admit special generic maps,
by using Lemmas 3.1 and 3.2.
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Theorem 3.3. Let M be a closed simply connected 5-dimensional mani-

fold, and 1 ≤ p ≤ 5. Then there exists a special generic map f : M → Rp if

and only if one of the following conditions holds:

(1) M ∼= S5, and p = 1, 2,

(2) M ∼= ]kM∞](]
`X∞) for some k ≥ 0 and ` ≥ 0, and p = 3, 4,

(3) M ∼= Mk1]Mk2] · · · ]Mks for some s ≥ 0 and ki ≥ 2, and p = 5.

Proof. Suppose that there exists a special generic map f : M → Rp.

When p < 5, by Theorem 2.7, there exists a topological D6−p-bundle E
over Wf such that E is a compact orientable 6-dimensional manifold with non-
empty boundary, and M is homeomorphic to ∂E. Note that E is homotopy
equivalent to Wf and Wf is a compact p-dimensional manifold with non-empty
boundary.

When p ≤ 3, for i = 1, 2, 3, since 6− i ≥ p, we have

Hi(E, ∂E) ∼= H6−i(E) ∼= H6−i(Wf ) = 0.

In the homology exact sequence

H3(E, ∂E)→ H2(∂E)→ H2(E)→ H2(E, ∂E)

for the pair (E, ∂E), since the both ends are zero, we have

H2(M) ∼= H2(∂E) ∼= H2(E) ∼= H2(Wf ).

When p = 1, 2, since H2(Wf ) = 0, we have H2(M) = 0. By Corollary 2.12
and Proposition 2.10, we have M ∼= S5.

When p = 3, in the homology exact sequence

H2(E, ∂E)→ H1(∂E)→ H1(E)→ H1(E, ∂E)

for the pair (E, ∂E), since the both ends are zero, we have

H1(Wf ) ∼= H1(E) ∼= H1(∂E) = H1(M) = 0.

By Lemma 3.1, the group H2(Wf ) is free abelian, and hence so is H2(M).
Then by Corollary 2.12, M is di�eomorphic either to S5 or to a connected sum
of S3-bundles over S2.

When p = 4, By Lemma 3.2, H2(M) is free abelian, therefore we have the
same conclusion as that for p = 3.

When p = 5, by Theorem 2.8, M is stably parallelizable. By Corol-
lary 2.12, M is a connected sum of some Mk's.

Conversely, suppose thatM and p are a 5-dimensional manifold and an in-
teger, respectively, as in (1), (2) or (3). Then we can construct a special generic
map of M into Rp by using Examples 2.1 and 2.2, Lemma 2.3, Theorem 2.8
and Proposition 2.9. �
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Let M be a simply connected closed 5-dimensional manifold. By Theo-
rem 2.11, we have

M ∼= Xj](Mk1]Mk2] · · · ]Mkt)](]
u(S3 × S2)),

where −1 ≤ j ≤ ∞, t ≥ 0, u ≥ 0, 2 ≤ ki < ∞ and ki divides ki+1. Then we
put j(M) = j, t(M) = t, and u(M) = u. Note that j(M) is either an integer
greater than −2 or∞, and t(M) and u(M) are non-negative integers. Now, we
put

S(M) = {1 ≤ p ≤ 5 | M admits a special generic map into Rp}.
Then Theorem 3.3 means that ifM is a simply connected closed 5-dimen-

sional manifold, then the following holds:

(1) 1 ∈ S(M)⇔ 2 ∈ S(M)⇔ j(M) = t(M) = u(M) = 0,

(2) 3 ∈ S(M)⇔ 4 ∈ S(M)⇔ j(M) ∈ {0,∞}, t(M) = 0, and

(3) 5 ∈ S(M)⇔ j(M) = 0.

In [1], Barden proved the following (see Lemma 2.4, Corollary 2.4.1 and
Theorem 2.5 in [1]). In the following, for a smooth manifold M and a positive
integer p, �M ↪→ Rp� means that M can be embedded in Rp, and �M # Rp�
means that M can be immersed in Rp.

Proposition 3.4. Let M be a simply connected closed 5-dimensional

manifold. Then we have the following.

(1) We always have M ↪→ R9 and M # R8.

(2) M ↪→ R8 ⇔M # R7 ⇔ j(M) ∈ {0,∞}.
(3) M ↪→ R7 ⇔M ↪→ R6 ⇔M # R6 ⇔ j(M) = 0.

By the above proposition and Theorem 3.3, we have the following.

Corollary 3.5. Let M be a simply connected closed 5-dimensional man-

ifold. Then we have the following.

(1) 1 ∈ S(M)⇔ 2 ∈ S(M)⇒M ↪→ R6,

(2) 3 ∈ S(M)⇔ 4 ∈ S(M)⇒M ↪→ R8 ⇔M # R7,

(3) 5 ∈ S(M)⇔M ↪→ R7 ⇔M ↪→ R6 ⇔M # R6.

Acknowledgments. The author would like to express his sincere gratitude to Profes-
sor Osamu Saeki for useful comments and suggestions. The author would also like to
thank Professor Laurentiu Paunescu for encouraging him to submit the paper to the
proceedings of JARCS V.

REFERENCES

[1] D. Barden, Simply connected �ve-manifolds. Ann. of Math. (2) 82 (1965), 365�385.

[2] G.E. Bredon, Topology and geometry. Graduate Texts in Mathematics 139 (1993),
Springer-Verlag, New York.



11 Special generic maps of 5-dimensional manifolds 517

[3] O. Burlet and G. de Rham, Sur certaines applications g�en�eriques d'une vari�et�e close �a

trois dimensions dans le plan. Enseign. Math. 20 (1974), 275�292.

[4] J.M. �Elia�sberg, On singularities of folding type. Math. USSR-lzv. 4 (1970), 1119�1134.

[5] P. Porto and Y.K.S. Furuya, On special generic maps from a closed manifold into the

plane. Topology Appl. 35 (1990), 41�52.

[6] G. Reeb, Sur certaines propri�et�es topologiques des vari�et�es feuillet�ees . Actualit�es Scien-
ti�ques et Industrielles 1183 (1952), Hermann, Paris, 91�154.

[7] O. Saeki, Topology of special generic maps of manifolds into Euclidean spaces . Topology
Appl. 49 (1993), 265�293.

[8] O. Saeki, Topology of special generic maps into R3. Mat. Contemp. 5 (1993), 161�186.

[9] S. Smale, On the structure of 5-manifolds. Ann. of Math. 75 (1962), 2, 38�46.

Received 11 December 2014 Kyushu University,

Graduate School of Mathematics,

Motooka 744, Nishi-ku, Fukuoka 819-0395,

Japan

m-nishioka@math.kyushu-u.ac.jp


