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We study algebras associated to N-body type Hamiltonians with interactions
that are asymptotically homogeneous at infinity on a Euclidean space X. More
precisely, let Y C X be a linear subspace and vy be a continuous function on
X/Y that has uniform homogeneous radial limits at infinity. We consider in
this paper Hamiltonians of the form H = —A + >, s vy, where the subspaces
Y C X belong to some given, semi-lattice S of subspaces of X. Georgescu
and Nistor have considered the case when S comnsists of all subspaces ¥ C X
(in a paper to appear in Journal of Operator Theory). As in that paper, we
also consider more general Hamiltonians affiliated to a suitable cross-product
algebra £s(X) x X. A first goal of this note is to see which results of that
paper carry through to the case S finite and, for the ones that do not, what
is their suitable modification. While the results on the essential spectra of the
resulting Hamiltonians and the affiliation criteria carry through, the spectra of
the corresponding algebras are quite different. Identifying these spectra may
have implications for regularity of eigenvalues and numerical methods. Our
results also shed some new light on the results of Georgescu and Nistor in the
aforementioned paper and, in general, on the theory developed by Georgescu
and his collaborators. For instance, we show that, in our case, the closure is
not needed in the union of the spectra of the limit operators. We also give
a quotient topology description of the topology on the spectrum of the graded
N-body C*-algebras introduced by Georgescu.

AMS 2010 Subject Classification: Primary: 81Q10; Secondary: 35P05, 47L65,
47190, 58J40.

Key words: essential spectrum, self-adjoint operator, Hamiltonian operator, C*-
algebra, character spectrum, cross-product algebra, quantum N-
body problems, group action.

1. INTRODUCTION

We continue the study begun by Georgescu and Nistor [11] of Hamilto-
nians of N-body type with interactions that are asymptotically homogeneous
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at infinity on a finite dimensional Euclidean space X. The Hamiltonians con-
sidered in that paper were obtained by a procedure (described below) that was
employing all subspaces Y C X, whereas in this paper, we only consider those
subspaces Y that belong to a suitable semi-lattice S of subspaces of X satisfying
X eS8 (Thus Z1NZy e Sit Z1,7Zy € S.) Whenever possible, we follow the
broad lines of [11]. Eventually, we shall assume that S is finite, but we begin
with the general case.

To fix ideas, let us mention right away an important example of a semi-
lattice that arises in the study of quantum N-body problems. Namely, it is the
semi-lattice Sy of subspaces of X := R3V generated by the subspaces X and

P; = {(xl,:rz,...,:cN)ERSN|xj:OG]RS}, 1<j< N, and
Pij = {(z1,22,...,an) eR¥N| gy =2, eR?}, 1<i<j<N.

(1)
Thus, in addition to the spaces X, P;, and P;;, the lattice Sy (the N-body
semi-lattice) contains also all intersections of the subspaces P; and P;;.

Let us fix a semi-lattice S with X € S. It turns out that the results in [11]
on essential spectra and on the affiliation of operators carry through to this
arbitrary semi-lattice S. This is easy to see and is explained in this introduction.
However, some important intermediate results on the representations of the
cross-product algebras £s(X) x X that control the Fredholm property, are
different in the general case. (See Equation (3) for the definition of the algebra
Es(X).) A careful study of the representations of these algebras also allows us
to sharpen the results on the essential spectra by removing the closure in the
union of the spectra of the limit operators when S is finite. (See Theorem 1.1.)

Possible applications of the extensions presented in this paper are to re-
gularity results and hence to numerical methods for the resulting Hamiltonians
and the study of the fine structure of their spectrum. Some of the applica-
tions and proofs will be included in a forthcoming paper, concentrating here
instead on the global picture. Nevertheless, we include the proofs of some re-
sults that we are not planing to discus anywhere else, such as the topology on
the spectrum of Georgescu’s graded algebras. We also include complete details
of the proof that we can remove the closure in the union of the spectra in
Theorem 1.1. The proof of this result may also be useful for other applications.

Let us now discuss the settings of the paper and state our first result on
essential spectra, Theorem 1.1.

For any real vector space Z, we let Z denote its spherical compactification
(this standard notion is discussed in great detail in [11]). A function in C(Z) is
thus a continuous function on Z that has uniform radial limits at infinity. For
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any subspace Y C X, my : X — X/Y denotes the canonical projection. Let

@) Ho= —A+Y oy,
YeS

where vy € C(X/Y) is regarded also as a function on X via the projection
my : X — X/Y. The sum is over all subspaces Y C X, Y € S, but is assumed
to be convergent. One of the main result of [11] describes, in particular, the
essential spectrum of H on L?(X) when S consists of all subspaces of X as
Oess(H) = Ugesy0(7o(H)), with the notation being the one used in Theorem
1.1. This result directly extends the celebrated HVZ theorem [3,21,24|. A first
goal of this paper is to explain how the results and methods of [11] are affected
by assuming that S is finite. We include also some extensions of the results
in [11].

On a technical level, we obtain smaller algebras than the ones in [11], so
the results on the affiliation of operators and on their essential spectra do not
change. We will thus review just a small sample of results of this kind. On
the other hand, for a possible further study of Hamiltonians of the form (2), it
may be useful to have an explicit description of the spectra of the intermediate
algebras involved (the algebras £s(X) and Es(X) x X introduced next). These
spectra change dramatically in the case S finite. Concretely, let

3) Es(X) = (C(X]Y)), YEeS.

In other words, £s(X) is the closure in norm of the algebra of functions on X
generated by all functions of the form uwo 7y, where Y € § and u € C(X/Y).
Since X acts continuously by translations on £s(X), we can define the cros-
sed product C*-algebra £s(X) x X, which can be regarded as an algebra of
operators on L?(X). It is the algebra generated by operators of multiplication
by functions in Es(X) and operators of convolution, that is, by operators of
the form mCy, where my is the operator of multiplication by f € £s(X) and
Cou(x) := [y d(y)u(z — y)dy is the operator of convolution by ¢ € CX(X).
Let V € Es(X) (for instance, we could take V' := )y svy, as in Equation
(2)). We then obtain

(4) (H41)'=[(=A+)+V] = (A1) 14V (—A+) ] e Es(X)x X .

This means that the operator H of Equation (2) is affiliated to Es(X) x X.
(Let A be a C*-algebra. Recall that a self-adjoint operator P affiliated to
A is an operator P with the property that (P + i)' € A [5].) This is, in
fact, one of the starting points of the theory developed by Georgescu and his
collaborators [4,5,9,10].
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For each z € X, we let (T, f)(y) := f(y — =) denote the translation on
L?(X). Let Sx be the set of half-lines in X, that is

(5) Sx = {a, ae X,a#0},

where @ := {ra|r > 0}. For any operator P on L?(X), we let

(6) To(P) = s&lim T PT,,, if a=a¢€Sx,
r—+00

whenever the strong limit exists. We identify S; = Z \ Z for any real vector
space Z.

THEOREM 1.1. The operator H of Equation (2) is self-adjoint and affili-
ated to Es(X) x X. Let H be any self-adjoint operator affiliated to Es(X) x X
and a = a € Sx. Then the limit 7o,(H) := s-lim,_, 1o 1,5, HT, o ezists and, if S
is finite, and 0 € S, then

Uess(H) = UaGSXU(Ta(H))'

Most of this theorem is (essentially) contained in [11], however, in that
paper, only the relation oess(H) = Uqesy0(7o(H)) was proven, but without
restrictions on . This amounts to the fact that the family {7,} is a faithful
family of representations of Es(X) x X. Our stronger result is obtained by
showing that the family {7,} is actually an ezhausting family of representations
of Es(X) x X (Theorem 6.6). We notice that if 0 ¢ S, then the part of the
above theorem on the essential spectrum simply states that oess(H) = o(H),
as H is among the operators 74(H), since H is invariant with respect to a
non-trivial subgroup of X.

One of the main points of Theorem 1.1 is that the operators 7,(H) are
generally simpler than H (if 0 € S) and (often) easy to identify. The operators
To(H) are sometimes called limit operators.

Here is a typical example. If u : X — C, we shall write av-lim,u =c € C
if limy o [, 4 [u(z) —c|dz = 0 for some (hence any!) bounded neighborhood of
Aof0€ X. Herea € X C X := XUSy, a € Sy, and the convergence is in the
natural topology of the spherical compactification X of X. For instance, let us
assume that we are given real valued functions vy, Y € §, such that av-lim, vy
exists for all @ € S,y and vy = 0 except for finitely many subspaces Y. Let
V=3 yvy. f a ¢ Y then my(a) € Sx,y is a well defined half-line in the
quotient and we may define vy (o) := av-lim vy. Then Proposition 1.3
of [11] gives that

(7) To(H) = =A+ > vy + Y vy(a).

Y Do Y 2«

Ty (o)



5 A refined HVZ-theorem for asymptotically homogeneous interactions 291

For the usual N-body type Hamiltonians, we have that vy : X/Y — R vanish
at infinity. In that case 7o(H) = —A+3) -, vy, which is the usual version of
the HVZ theorem. This calculation remains valid for operators of the form (8).

For the result of Theorem 1.1 to be effective, we need some concrete
examples of self-adjoint operators on L?(X) affiliated to Es(X) x X. Let us
briefly recall the affiliation criteria of [11] and see that they work in our setting
as well.

Let B(X) be the set of functions u € L*(X) such that the “averaged
limits” av-lim,, u (defined earlier) exist for any o € Sx and let Sg(X) C L™(X)
be the norm closed subalgebra of L>°(X) generated by the algebras B(X/Y),
when Y € S. Let h be a proper real function h : X* — [0,00) (i.e. |h(k)| = o0
for k — o00). Also, let F : L?(X) — L?(X*) be the Fourier transform and
h(p) := F~'m,F be the associated convolution operator. We consider then
v € L},.(X) areal valued function such that there exists a sequence v, € €g(X )
of real valued functions with the property that (14 h(p))~'v, is convergent in
norm to (1 + h(p))~tv. Then

(8) H = h(p)+wv

is affiliated to Es(X ) x X. This allows us to consider potentials v with Coulomb
type singularities (in particular, unbounded).

A second example of affiliated operators is obtained by considering sym-
metric, uniformly strongly elliptic operators Z\a|+\5\§m aagaﬁaﬁ with coeffi-
cients gng € S‘ﬁs(X), as in [11].

See [1,3,6,21] for a general introduction to the basics of the problems
studied here and [11] for some more specific references. In addition to the works
of Georgescu and his collaborators mentioned above, essential spectra have been
studied using algebraic methods by many people, including [13,18-20, 22, 23|.
We also note the similar approach to magnetic Schrodinger operators [14, 15].

We now briefly describe the contents of the paper. In Section 2, we recall
the theory developed by Georgescu and his collaborators on the localizations
at infinity for C*-sub-algebras of C%(X). In Section 3, we introduce the basic
algebras £s(X) and study radial limits at infinity for functions in these algebras.
In order to describe the spectrum of £5(X), we introduce the concept of an S-
chain. Section 4 contains some results on the topology on the spectrum of
Es(X). In Section 5, we use the result of Section 3 and 4 to give a description
of the spectrum of Georgescu’s algebra introduced in his study of the N-body
problem. The final Section 6 studies the crossed product algebra Es(X) x X.
We use result of [26] in order to describe its primitive ideals space and to show
that localizations at infinity provide an exhausting family of representations,
which leads to the more precise result on the essential spectrum in Theorem 1.1.
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2. CROSSED PRODUCTS AND LOCALIZATIONS AT INFINITY

We now review some basic constructions and results. Most of them are
due to Georgescu and its collaborators.

Let CP(X) denote the subalgebra of bounded uniformly continuous functi-
ons on X and let Co(X) denote its ideal of functions vanishing at infinity. They
act naturally on L?(X) by multiplication. We also let K(X) := K(L?(X)) be
the ideal of compact operators on the same space.

Consider a commutative C*-algebra A with (character) spectrum A Tt
consists of the non-zero algebra morphisms y : A — C (all morphisms of C*-
algebras considered in this paper will be x-morphisms). If A is unital, then A
is a compact topological space for the weak topology. In general, it is locally
compact and the Gelfand transform Ty : A — Co(A), Ta(u)(x) = x(u),
defines an isometric algebra isomorphism. If A C C}(X) is invariant for the
action of X, then X will act continuously on A and we shall denote by Ax X
the resulting crossed product algebra, see [17,26]. Here the real vector space X
is regarded as a locally compact, abelian group in the obvious way. Recall [9]
that if A is a translation invariant C*-subalgebra of C}}(X), then an isomorphic
realization of the cross-product algebra A x X is the norm closed subalgebra of
B(L?(X)) generated by the operators of the form u(q)v(p), where u € A and
v € Co(X™). This is an important feature that we now pause to briefly discuss.

More precisely, we have a natural morphism 7 : A x X — B(L?*(X))
obtained from the canonical actions of A and X on L?(X), since they form a
covariant representation of (A, X, 7) [8,26]. Let us call this representation the
spatial representation of Ax X. The result in [9] is that 7 is injective. Indeed,
since X is amenable, we can consider the reduced cross-product Ax, X ~ AxX,
which is defined as the completion of the algebra generated by m¢h(p) acting on
B(L*(X) ® L*(X)) (two copies!), where my, f € A, acts on L*(X) ® L*(X) ~
L?(X x X) as the multiplication with the function (x,y) — f(z —v) and h(p) is
the convolution operator in the second variable X of X x X. Given the special
feature of this construction, we can rearrange our action, up to an isomorphism,
to become independent of the first variable, and hence simply a large multiple
of the spatial representation my, which is hence also injective, and therefore an
isometry onto its image. For simplicity, we shall identify the abstract algebra
A x X with its (isometric) image trough my in B(L?(X)).

We shall need some more specific consequences for the algebra A x X.
Recall that an ideal of a C*-algebra B is called primitive if it is the kernel of an
irreducible representation. Then the primitive ideal spectrum Prim(B) of B is
the set of primitive ideals of B [7|. For each closed two-sided ideal I of B, we
denote by Prim;(B) the set of all primitive ideals of B containing I. The sets
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of the form Prim;(B) are the closed subsets in a topology on Prim(B), called
the Jacobson topology. If B is commutative, then Prim(B) = B are naturally
homeomorphic, so we may occasionally identify these spaces in what follows.

Definition 2.1. A two sided ideal J of A is essential in A if aJ = 0 implies
a=0.

Let us assume from now on that Co(X) C A. Then mp(Co(X) x X)
consists of the ideal K(X) of compact operators on L?(X). In particular, the
spatial representation 7 is actually an irreducible representation mg : Ax X —
B(L?(X)). A consequence of the injectivity of the spatial representation g is
that

LEMMA 2.2. The ideal Co(X)x X C AxX is an essential ideal of Ax X.

Proof. Let a € A x X be such that aCo(X) x X = 0. We notice that if
T € B(L*(X)) is a bounded operator such that TX(X) = 0, then T' = 0. Then
we use this observation for 7' = my(a) conclude that mp(a) = 0 and hence a = 0
by the injectivity of mg. [

We shall need the following remark in the last section.

Remark 2.3. Since the vector representation mp : A x X — B(L?(X)) is
irreducible, the zero ideal, that is, the kernel of 7, is a primitive ideal of A x X.
That is 0 € Prim(.A x X). Moreover, {0} is also an open subset of Prim(A x X)
that corresponds to the ideal K(X) of compact operators on L?(X). To prove
this, it is enough, by definition, to show that every non-zero primitive ideal of
A x X contains K(X). Indeed, looking at irreducible representations, we have
that if 7 : Ax X — B(H,) is an irreducible representation of A x X that is non-
zero in K(X), then m(K(X)) = K(Hx), the ideal of compact operators on H,
and the restriction of 7 to K(X) is unique up to a unitary equivalence. (This
follows from the fact that the algebra of compact operators has a unique unitary
equivalence class of irreducible representations [7].) This completely identifies
the restriction of 7 to (X ) and hence 7, by standard results |7, which means
that 7 is unitarily equivalent to mg, and hence they have the same kernel,
namely 0. Thus the only primitive ideal that does not contain K(X) is 0. (The
fact that 7 is uniquely determined by its non-zero restriction to IC(X) is seen
elementary as follows. If 7 : A x X — B(#,) is an irreducible representation
with 7(I(X)) # 0, we have already seen that 7(K(X)) = K(H,). Let £ € H,
and a € A x X. We can find p € K(X) such that 7(p)§ = . Then w(a)f =
m(ap)§ is determined by 7|x(x).)

Let 7, the action of a € X by translations on our algebras of functions.
If P is an operator on L?(X), then its translation by x € X is defined by the
relation 7,(P) := Ty PT,, as in the introduction.
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Consider a character y € A and define, for u € A, the function 7, (u) :
X — Chby

(9) (W) () = x(ry(w)).

Then 7, : A — Cp(X) and, if we denote by x, : A — C the evaluation at x,
then 7, = 7,, as is seen from the relation 7,(u)(y) = u(z + y) = xz(7y(v)).
We denote by 7, x X : Ax X — C(X) x X the induced morphism. We have
then the following basic result from [10].

THEOREM 2.4. Assume that Co(X) C A C CY(X). Then the induced
morphism

(10) [LeixmxX : AxX — [[ 2 xCh(X) 3 X.
has kernel K(X), the ideal of compact operators on L?(X).

In particular, an operator P € A x X is compact if, and only if, 7, x
X(P) =0, for all x € A~ X. Here we have used the fact that every character
of a closed, two-sided ideal of a C*-algebra extends uniquely to the algebra. In
particular, we have that X = C?(\X) c A. This explains the notation AN X.
This theorem gives right away the following corollary. For any P, we define
its essential spectrum oess(P) as the set of those A € C such that P — \ is not
Fredholm. In case P is unbounded, we regard it as a bounded operator on its
domain endowed with the graph norm.

COROLLARY 2.5. If P is in A x X or is affiliated to it, then oess(P) =
U eaxa(mx(P))-

To successfully use these results, we thus need to identify the spectrum A

of A.

3. CHARACTER SPECTRUM AND CHAINS OF SUBSPACES

In this section, we determine the spectrum of £5(X) as a set. The topo-
logy will be discussed in the next section.

Recall that in this paper S denotes a (non empty) semi-lattice of sub-
spaces of X, that is, Z1NZy € Sif 71,2, € S. If X ¢ S, then &' =SU{X}
is a semi-lattice of subspaces of X with £s/(X) = Es(X). There is thus no loss
of generality to assume that X € S, which we shall do from now on.

Remark 3.1. The algebras £s(X) make sense for any non empty family
S of sub-spaces of X. It is convenient however for us to assume that S is a
semi-lattice since then S has a least element Yj and then £s(X) is isomorphic
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to Es/(X/Yp), where S’ is the induced semi-lattice on X/Yy. We have 0 € &,
which may not be the case for S. Also note that Co(X) C Es(X) if, and only
if, 0 € S. In order to apply the results of Section 2, we thus need to assume
that 0 € S. In the important example of the semi-lattice Sy mentioned in
the Introduction, we do have that 0 € Sy, but that is not true for the semi-
lattice generated just by the subspaces Pj;. If 0 ¢ S, then H is among the
operators 74(H ), so Theorem 1.1 simply asserts that oess(H) = o(H), which is
clear anyway, since H is invariant with respect to the minimal element of the
semi-lattice S, which is non-zero if 0 ¢ S.

3.1. Translation to infinity

The natural projection my : X — X/Y extends by continuity to a map
7y : X NSy — X/Y satisfying 7y (Sx \ Sy) C Sx/y. More precisely, if
a € Sx \ Sy, then it is a half-line Rya in X, with a € X \Y. Then 7y («)
correspond at the half-line R¥ 7wy (a) in X/Y. We note, however, that my will

not have a limit at o € Sy. Indeed, for each vector in y € X/Y, we can find a
sequence (z,,) € X such that lim z, =a and lim 7wy (z,) =yv.
n—+oo n—+400

Let a =a € Sx (so a#0). Asin [11],if u € C(X/Y),z € X, then
u(z) if aCY (ie.,acy)
u(my () € C  otherwise

r—+00

(11) 7o(u)(x) := lim u(ra+x)= {

exists, and hence the limit 7, (u) exists for all u € &;;;(X) (the algebra obtained
by considering the case of all subspaces of X, as in [11]). In particular, we have
that 74 (u) € Es(X), if u € E5(X), and hence 7, defines an endomorphism of
the algebra £s(X). Note that the limit defining 7, is both in pointwise sense
for functions and in strong sense for operators on L?(X).

For o € Sx, we shall denote by x.(f) := f(«), the evaluation character
at a for f € C(X). We have the following lemma [11]

LEMMA 3.2. Let Y C X be a subspace, let B be the C*-algebra generated
by C(X) and C(X/Y) in C2(X), and let o € Sx ~ Sy. Then the character xq
of C(X) extends to a unique character of B. This extension is the restriction
of To to B.

We shall need the following notation. Let o € Sx and
(12) S ={Y eSlacCcY}, Z(o):= m Y, S/a:={Y/Z(a)|Y € S,}.

YESa
Then S, is again a semi-lattice. Therefore Z(«) € S, since dim(X) < oo, and

hence it is the smallest element of S,. Similarly, S/« is the induced semi-lattice
of subspaces of X/Z(«).
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The semi-lattices S, and S/« will play a fundamental role in what follows.
For instance

(13) Ta(€s(X)) = Es,.(X)

and &g, (X) is naturally isomorphic to g/, (X/Z(a)) via 75(q) : X = X/Z().
We note that, unlike in the case of all sub-spaces of X, the semi-lattices S, and
S/a depend on S, and not just on a € Sx. We identify Eg/,(X/Z(a)) with
the sub-algebra Es, (X) of £5(X) using the projection my : X — X/Y.

LEMMA 3.3. The morphism 7, descends to a surjective morphism
To: E5(X) = /0 (X/Z(a)) .
Let o € Sx, regarded as a half line in X. Let Z(a) be the smallest

subspace in S containing «, as before. Also, let X' := X/Z(a) and &' := S/a.
(Recall that S/a :={Y/Z(a) C X'| Z(a) CY € §}.) Then we consider

(14) To ¢ €sr(X') = Prim(Es/a(X/Z(a))) — Es(X),

the map dual to 7, that is, 75(x) := x 0 To. The above lemma gives that 7} is
continuous and a homeomorphism onto its image, which is a closed, compact
subset of é?(}) The following lemma identifies the image of 7} with the set
of characters of £s(X) that restrict to xo on C(X) when C(X) C Es(X), that

is when 0 € §. In view of Remark 3.1, we assume from now that 0 € S.

LEMMA 3.4. Let v € Sx and Qo = {x € Es(X)| Xlex) = Xal} (recall
that 0 € §). Then
Qo = Im(7y) = Prim(Es/a(X/Z(a))) .

—

In other words, we have that a character x € Eg(X) restricts to the
character x, on C(X) if, and only if, it is of the form y = ' o 7, for some
character X' of £g/,(X/Z(a)).

Conversely, given a character x of £s(X), let us consider its restriction
to a character of C(X) C Es(X). Hence there exists a € X such that x = xq
on C(X). If « € X C X, then, in fact, x is uniquely determined by «, since
X = CT(\X) and every character of an ideal extends uniquely to the algebra. In
particular, we obtain that X identifies with an open subset of 6?(?) We shall

write X C 5?(}), by abuse of notation. If a ¢ X, we have that a € Sx, and
hence x € Qq = Prim(Es/q(X/Z())).

—

LEMMA 3.5. Assume 0 € S, as before. The restriction map R : Es(X) —
X associated to the inclusion C(X) C C(Es(X)) gives rise to a disjoint union
decomposition

—

Es(X) = R (X)Uaesy R ({a}) = X Upesy Q-
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This allows us an inductive determination of the spectrum of £s(X) since
Q4 identifies with the spectrum of £g/,(X/Z(a)). This inductive determination
is conveniently formulated in terms of “chains,” which we introduce next. We
note that the subsets X and {a} in the above lemma are exactly the orbits of
X acting on X. A similar chain structure has appeared also in [2,11].

3.2. S-chains

The spectrum of the algebra £s(X) is conveniently described in terms

of S-chains @ := (a1,as,...,a;), in a manner similar, but different to the
one in [11]. To introduce the concept of S-chains, we shall use the notation
introduced in 12. An S-chain @ := (1,00,...,ax), 0 < k < dim(X), is

required to satisfy the following recursive conditions, which involves also a
sequence Z; that is defined recursively as follows:

1. Zyg =0;

2. aj € Sy/z,_,, (ahalfline in X/Z; 1), j=1,2,...,k;

3. Z; € S is the least subspace containing Z;_1 and «;, for j < k.

In (3) above, we have used that a; € X/Z;_; is a point in X/Z;_; or a

half line in X/Z;_1 and hence, in turn, a subset of X. In particular, we obtain
a1 € Sx and Z; = Z(aq), the least subspace of S containing a;. We say that

the S-chain & := (1,9, ...,ax) has length k. There is only one S-chain of
length zero: the empty set ().
The S-chain & := (v, 0, ..., a) determines the spaces Z;, 0 < j < k

as follows. Let a;- be a representative in X of a; € Sx/z,_,. That is, o =
Ria; + Zj_1 C Z; € §. The subspace [a],a, ..., a;-] C X linearly generated
by the o, a, ..., o’ may depend on the choices of the o}, but the least subspace
Z C S containing it will not depend on the choices of the representatives and
Z; = Z. We shall occasionally also use the more complete notation

(15) Z(O[l,ag,...704j) = Zj

and Z(d) := Z(a1,as, ..., o) if @ has length k. If @ = () (that is, if k = 0),
we let Z(@) = 0. The symbol ég,;) will denote the set of S-chains of length k.
A sequence 0 # Z1 G Z2 G ... G Z, of subspaces in S will be called
an S-flag (of length k). Each S-flags of length k corresponds to at least one
S-chains of length k.
An augmented S-chain is a pair (a, 3), where @ is an S-chain and a €

X/Z(d). By Eg’;) we shall denote the set of augmented S-chains of length k:
16) 2P = {0, 3) T = (o, 00,...,00) €EP, a € X/Z(A)} .

We let Ex = UkEg?) denote the set of all augmented S-chains.
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Assume (a, @) = (a,a1,09,...,0p) € Ex and let S; == {Y/Z;| Z; C
Y,Y € S} be the induced semi-lattice of subspaces of X/Z;, as before, see
Equation (15). We obtain for each j (so a;j € X/Z;_1) a morphism

(17) Ta; 2 €5, (X[ Zj1) — Es;(X/Z;) .
Recall that if a € X, the character x, : £s(X) — C is the evaluation at a.
Definition 3.6. For each augmented S-chain (a,aq, g, ..., ar) € Eg?), we
define

Tg = TapTap_1 - Tar : Es(X) = &5, (X/Zy) and x, 5 = XaTa : Es(X) = C.

LEMMA 3.7. The map T3 of Definition 3.6 is a surjective morphism
Es(X) — &s,(X/Zy) = SS/Q(X/Z(H)). Consequently, X,z defines a cha-
racter of Es(X).

It will be convenient to use also the more complete notation S/(ay, e, . . .,
aj) = {Y/Z(a1,az,...q5)| [0}, 05 ... CY € S} =S

Proof. The first assertion is a successive application of lemma 3.3. More

precisely, we have the following sequence of surjective maps:

Ta3

E5(X) — sy (X/Z(01)) — Es(ar.0m)(X/Z (a1, a9)) —

Tak
%
e —— SS/Q(X/Z(Q))
Then the second assertion is direct consequence of the first one because, if

a € X/Z(@), then yq is a character of SS/Q(X/Z(Q)). O

Remark 3.8. We distinguish two special cases:
o If & =0, we have 7= = Id, and hence Xap = Xa (a € X).
o If Z(d) = X, we have Xa,@ ‘= Ta, since there is only one a € X/X = 0.
We obtain that the spectrum of our algebra £s(X) identifies naturally
with the set =x of augmented S-chains.

THEOREM 3.9. Assume that 0 € S, then we have a bijective map ©
EX — £S(X);

@(a,ﬁ) = Xo@ ‘= XaTad -

Proof. This is obtained by induction on dim(X), using Lemmas 3.3
and 3.4. O

Let us explain now how the characters x,  act on £s(X). If Z CY C X,
we shall use the similar notation my : X/Z — X/Y for the linear projection,

which we extend by continuity to 7y, : X/Z \ Sy,; — X/Y.
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Remark 3.10. Let (a, @) € Ex.
1. If @ =0, then (a, @) = a and

X(a,@)(f) = Xa(f) = f(a) :
2. If @ # 0 has length k> 1 and f € C(X/Y), with Y € S, we have

. | vz @) i Z(@)cY
18) X@a)(f) = {f(ﬁy/zpl(ap)) if Z, 1CY, but Z, ¢ Y .

In the first case of Equation (18), 7y, zwy(a) € X/Y is well defined since
a € X/Z(d) and Z(d) C Y. In the second case, the index 0 < p < k
is determined to be the largest satisfying Z, 1 := Z(aq,...,ap—1) C Y, (so
Zp = Z(ou,...,ap) ¢ Y). This follows by repeatedly using Equation (11).
We also notice that the relation Z, ¢ Y is equivalent to oy, ¢ Y/Z,_1. Again,
ﬁy/Z(g)(ap) € Sxyy is defined since a;, € Sx/z, ,, Zp-1 C Y, and o, ¢
Syz,_,- See the definition of the extensions 7y at the beginning of this section.

From this remark, it follows that the induced action of X on the set of
augmented S-chains Zx is by translation on the first component:

(19) z-(a, ) = (WZ(Q)(x)—i—a,a)), reX, and (a,d)€Zyx .

In particular, if Z(ﬁ) — X, then @ is invariant for the action of X.

—

We would like next to study the topology on the space Es(X) of characters
of £s(X) and the topology that it induces on Zx := Uogkgdim(x)ag’;)y since this
will be useful in proving that the family of morphisms {7, | & € Sx} is exhaustive
(the notion of exhausting families was introduced in [16] and will be recalled in
the last section (see Definition 6.3).

4. THE TOPOLOGY ON THE SPECTRUM OF &s(X)

We now give a first description of the topology on the spectrum of Es(X)
by identifying it with a closed subset of the product [[y s X/Y. We continue
to assume in this section and thereafter, for simplicity, that 0, X € S, even if
some results hold in greater generality.

For each closed two-sided ideal I of A, we denote by Prim?(A) := Prim(A)
\ Prim;(A) the set of primitive ideals of A that do not contain I. (The sets
of the form Prim!(A) are thus the open subsets of Prim(A) in the Jacobson
topology). Recall the definition of an essential ideal (Definition 2.1). We have:

PROPOSITION 4.1. If J is an essential ideal of A then Prim”(A) is dense
in Prim(A).
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The converse is obviously true.

Remark 4.2. We shall use this result for £s(X) and Co(X) and for their
cross-products by X. In the first case, that is, for A = Es(X) and J = Cp(X), it
follows from the definition that Co(X) is essential in Es(X) (since it is essential
in C}(X)), and hence that X = CT(\X) (or rather that its image) is dense in
é?(}). In the second case, that is for J := K(X) =2 Co(X)x X C Es(X)x X =:
A, we have already seen in Remark 2.3 that Prim” = {0}. Indeed, this follows
by taking A := Es(X) in that remark. It thus follows that 0 is a dense point
in the primitive ideal spectrum of £s(X) x X: {0} = Prim(A x X).

Let us project X onto each X/Y and combine all these maps into GS () :=
(my (z))ves:

(20) G5 =[]~ Xx - [[X/Y.
YeS YeS

Let us similarly consider all the restrictions £5(X) — C(X/Y) = X/Y. Com-

—

bining all these restrictions, we obtain the map ® : E5(X) — [[ X/Y
Yes

(21) (I)(X) = (Zﬁy)E H mv where X(f):f(l'Y) , [ € C(m)v Yes.
YeSs

LEMMA 4.3. The map ® of Equation (21) is continuous and a homeomor-
phism onto its image.

Proof. The continuity of ® is due to the fact that the dual map defined
by restriction for characters is continuous. The injectivity comes from the fact
that the algebras C(X/Y) generate Es(X). The proof is completed by recalling
that a continuous bijection of compact spaces is a homeomorphism. [

—

Let j : X — Es(X) be the inclusion defined by Co(X) C Es(X). Also,
recall the map @ defined in Equation (21) and G® defined in Equation (20).

The following theorem describes the topology on Es(X).

THEOREM 4.4. The following diagram is commutalive
WS P

(22) Es(X) I1 x/Y

YeS
x /Z:S

X

In particular, ® induces a homeomorphism ofé?(Y) onto Gs(X) that is func-
torial in S.
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Proof. Each component of the composition ® o j is obtained by extending
a character x, of Co(X/Y) to Es(X) and then restricting to C(X/Y). This
extension is unique and corresponds to the evaluation at x, that is, to ..

——

Since Cp(X) is an essential ideal in Es(X), X is dense in E5(X). By continuity

—

(Es(X)) C (X)) = G9(X).

Moreover, the image contains X and is closed, since it is compact. Hence we
have equality. The result then follows from Lemma 4.3. [

The functoriality in S refers to the inclusion £5(X) C Es/(X) if S C §'.

The meaning of Theorem /455 that it provides also an elementary geome-
tric construction of the space Es(X), which, as we have already mentioned, may
be useful for numerical methods. The description of the topology on 6?(_}) is,
however, not completely satisfactory at this point, since we do not have a good
understanding of Gs(X) yet. We have good reasons to believe, however, that
it is a manifold with corners obtained by successively blowing-up the singular
strata and that it coincides with a space introduced by Vasy [25].

A natural question then is to identify the composite map ® o0 © : Zx —
Gs(X). Recall that 7y, : X/Z — X/Y is, as usual, the projection, and

that it extends to a continuous map 7y,z : X/Z ~ Sy;z — X/Y. Given
that @ : 6?(?) — HYGSW is defined by restrictions to the generating
subalgebras C(X/Y), see (21), Remark 3.10 tells us that the Y component
(®(X(a3))y € X/Y of ®(x(0a)) € [Iyes X/Y is

)) _ Wy/Z(g)(a) if Z(?) cY
: Ty)z, () if Z, 1 CY, but Z, ¢ Y,

(23) ((I)(X(a,ﬁ

where we have used the notation of that remark. Let o = (a1y...,a). We
note that the component of (I)(X(aﬂ)) correspondingtoY = Z;,j =0,...,k—1,
is a1, whereas the component of ®(x(, 7)) corresponding to Y = Zj is a.
Thus all other components of ®(x 4, 7) = ®(O(a, @)) are determined by these
components (a and «;), as explained. More precisely, to determine the Y € S
component of (I)(X(a,ﬁ))y we need to find the largest p such that Z,_; C Y, and

then the component corresponding to Y will be the projection onto W of oy,
if p<k,orofa,ifp==k.

Let us consider the augmented S-chains (a, 3) € Eg?) that have the same
fixed S-flag Z := (Z1, Za, ..., Zy), where Z; := Z(a1, o2, ..., j) € S, as before,
and hence Z; C Zy C ... C Z. If ad = (041,042,...,0%), then o € Yy =
Sz, ~ UY€S7ngISY, and this set has a natural smooth structure and hence a
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natural topology. Similarly,

aj €Yj:=Sgz7, , NVUyes z,_,cv<z;Sv/z; 1

and hence we can endow the set of S-chains with the given flag Z with the
induced topology of the product manifold YV; x Yo x ... X Vi and the set of
augmented S-chains with the given flag Z with the induced topology of the
product manifold

(24) Xz = X)Z(A)Xx V1 X Vo x...xX Vi .

We then see that ® o O restricts to a diffeomorphism from Xz onto its image
in [[ycs X/Y. Indeed, it is enough to consider the components of ® o ©(a, @)

corresponding to all Z;, j =0, ...,k (with )); projecting onto X/Z;_;). Clearly,
all the sets ® 0 O(Xz) are disjoint and Gs(X) = Uz®P o O(Xz), since to each
augmented S-chain there corresponds exactly one S-flag.

We endow the set of S-flags with the lexicographic order. Namely, let
Z2:=(Z1,Za,...,Z) and 2" := (Z1,7Z},...,Z]). Then

(25) Z < Z'if leZ{,ZQ:Zé,...,Zj_l:Zj/-fl, but ZJQZ]/,

for some j < min{k,n}. Clearly, if Z/' < Z” and Z < Z’, then Z < Z". We
can now look at the relation between the sets ® o O(Xz).

LEMMA 4.5. Let Z and Z' be two S-flags such that ® o ©(Xz/) intersects
the closure of ® 0 ©(Xz). Then Z < Z'.

Proof. Let j > 1 be the smallest integer such that Zy = Z, Z; = Z],
Zy=1Zh ..., Zj1 = Zi_y, but Z) # Z;. Let (a/,d') = (d/,0),0h,...,a})
be an augmented S-chain with flag Z’ that maps to the closure of ® 0 O(Xz).
Then each Y-component of ®(O(a’, @’)) is the limit of Y-components of points
in Xz, Y € §. This is true, in particular, for the Z;_; component, which is
in X/Zj_1. Then we see that o, € Sz /7, | C Z;/Zj_1, which gives Z C Zj,
since Z;- is the least subspace of S containing ZJ’;1 =Zj1C Zjand a;-. Hence
Z < Z' by definition. 0O

Recall that a set in a topological space is locally closed if it is open in its
closure, or, which is the same thing, if it is the intersection of an open subset
and of a closed subset. We shall need the following corollary.

COROLLARY 4.6. If S is finite, then for each S-flag Z, the set ® o O(Xz)
is locally closed in Gs(X).

Proof. Let F be the union of all the sets ® o O(Xz/) with Z2 < Z'.
Lemma 4.5 shows that the sets F' and F'U ® o ©(Xz) are closed, since “<”
is transitive. U
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5. GEORGESCU’S ALGEBRA

We now use the results of the previous subsection to identify the topology
on the spectrum of Georgescu’s graded algebras [4].

Let us start from the same data: that is, we continue to assume that X is
a finite dimension vector space and that S is a family of sub vector space of X
with the condition 0, X € §. In the framework of the {rue N-body problems,
the interactions vanish at infinity, so it is more natural to consider the following
algebra of interactions (potentials)

(26) Gs(X) = (C(X/Y)), YeS,

see [4] and the references therein. Notice that X € S implies that 1 € Gs(X).

As in the case of the algebra £s(X), we want to describe the spectrum
of the C*-algebra Gs(X). Since the natural map ¢ : Gs(X) C Es(X) is an
inclusion (injective), we have that the resulting dual map

(27) ;i Es(X) = Gs(X), f(x) = X[Gs(X) 5

—

is continuous and onto. As we already know explicitly £s(X), it remains to
determine the equivalence relation induced by ¢*.
Let Y € S and f € Co(X/Y). Using Equation (18), we obtain

Xaa)(t(F) = {f (my 2z (@) i Z(@)CY

(28) .
0 otherwise

In summary, the spectrum of the Georgescu algebra is then given by the follo-
wing theorem.

—

THEOREM 5.1. Let 0, X € S. The space Gs(X) has the quotient topology
for the map

_—

(29) i Es(X) = Gs(X), C(X) = Xgs(x)

Moreover two characters (a, @) and (b,?) in Zx are equal on Gs(X) if and
only if Z(3@) = Z(F) and a = b € X/2(&) = X/Z(F).

It is known that Q?(}) is in a natural bijection with the disjoint union
of the spaces X/Y, Y € S [12]. The restriction map then becomes t*(a, @) =
Ty zca)(a) € X/Y, where Z(d)=Y.

With our description of the spectrum and the notion of augmented S-
chain, we can then specify the topology of the of spectrum of Gs(X). Indeed,
with the preceding result, we see that for Y € S, if we denote by =y the set
of augmented S-chains such that the associated S-flag ends with Y, then the
restriction ¢*|z, (y) can be viewed as the projection from Xz to X/Y, (see

Equation 24), where Z is a flag that ends with Z; =Y.
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6. EXHAUSTING FAMILIES AND A PRECISE RESULT
ON THE ESSENTIAL SPECTRUM

In order to apply our results to Hamiltonians such as the one given in
Equation (2), we need to study the cross-product C*-algebra £s(X) x X. This
C*algebra is noncommutative, so we will consider exclusively its primitive ideal
spectrum. We assume in this section that & is finite in order to use Corollary
4.6 and hence to be able to use the results in [26]. In particular, its spectrum

—

Es(X) = Prim(Es(X)) is second countable (i.e. it will have a countable basis

of open subsets). Moreover, as we will see below, the action of X on 5?(})
has locally closed orbits. This means that the primitive ideal spectrum of the
cross-product C*-algebra £5(X) x X can be completely understood using, for
instance, the theory explained in [8,26].

More precisely, let us consider an arbitrary locally compact, second coun-
table space ) and assume that a locally compact, second countable, abelian group
G, acts continuously on €. For simplicity, we shall assume that the orbits of
G are locally closed in €2, that is, that each orbit is open in its closure in €.
The primitive ideal spectrum of Cy(€2) X G then consists of the set of pairs
(0,&), where O is an orbit of G in Q and & is a character of the stabilizer
Go of O. (Recall that the stabilizer of the orbit O := Gw is given by the set
G, :={g € G| gw = w}, and this is independent of w in the orbit O, since G is
commutative.) Moreover, the topology is the quotient topology of Q X G with
respect to the quotient map

<I>Q’G : Q) x é — Prim(Co(Q) A G) s

given by ®q ¢(w,x) = (Gw, x|a.,), see Theorem 8.39 in [26] for details. This
map is also natural with respect to restriction morphisms, in the following
sense:

PROPOSITION 6.1. Assume that Q' C Q is a closed, G-invariant subset,
with Q and G locally compact, second countable, as above. Then Q' also has
locally closed orbits and the inclusion j : Q' — Q induces a surjective morphism
X G C() x G — Co(Q) x G and hence an injective map (j x G)* :
Prim(Co(Y) x G) — Prim(Co(2) x G) such that

(j % G) odgg=dggo(jxid) : Q' xG — Prim(Cy(Q) x G) .

A similar statement holds for open inclusions (but with the arrows reversed,).

Proof. This follows from the fact that the stabilizer of w € €' is the same
as that of w regarded as a point in Q. See the proof of Theorem 8.39 in [26]. O

We shall need the following corollary.
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COROLLARY 6.2. If the space S of Proposition 6.1 is a union ) = Uae1§q
of closed, invariant subsets (jo : Qo — Q the inclusion), then Prim(Co(Q2) x G)
1s the disjoint union

Prim(Co(Q) ¥ G) = Uner(ja @ G)*(Prim(Co(Q) % G)).

Proof. This follows from Proposition 6.1 using the fact that € x G =
UaEIQa x G. O

Let ¢ be a x-morphism between two C*-algebras A and B. The support
supp(¢) = Primye,(4)(A) of ¢ is the set of primitive ideals containing ker(¢).
If ¢ is surjective, its support is the image of ¢* : Prim(B) — Prim(A) (which
is defined in this particular case). We shall need the concept of exhausting
families [16].

Definition 6.3. A set of x-morphisms F = {¢ : A — By} of a C*-algebra
A is called ezhausting if Prim(A) = Uger supp(¢).

We thus obtain the following corollary.

COROLLARY 6.4. Let us use the notation of Corollary 6.2. Then the family
of morphisms {jo X G| o € I} is exhausting.

Proof. The support of j, X G is the image of Prim(Cy(Q) % G). The
result then follows from Corollary 6.2. O

o —

Let  := Es(X) ~ X. We now proceed to study Prim(Es(X) x X) and
Prim(C(£2) x X) using the results in [8,26]. We first establish that the orbits
are locally closed, using the results of the previous sections.

o —

First of all, recall that, by Theorem 3.9, the set Es(X) identifies with
the set of augmented S-chains (a, @), with X acting only on a € X/Z(@)

-

by translations, see (19). Hence the set of all orbits of X acting on Es(X)
is in bijection with the set of all S-chains. In particular, each of the sets Xz
introduced in Equation (24) is X invariant and has closed orbits. Here, of
course, Z is the S-flag associated to any augmented S-chain in an orbit of Xz.
Corollary 4.6 then yields the following result.

LEMMA 6.5. The orbits of X acting on é?(Y) and §Q = é@ N X are
locally closed.

Recalling that the set of all orbits of X acting on 6?(}) is in natural
bijection with the set of all S-chains, Equation (19), gives that the stabilizer of

the orbit associated to the S-chain o is Z(@). Therefore Prim(Es(X) x X)

identifies the set of pairs (ﬁ, (), where @ is an S-chain and ¢ a character of

Z(a).
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In particular, since X is a single orbit in £s(X) (corresponding to the
empty chain) and has stabilizer 0, it will contribute a single point to Prim(Es(X)

x X), by Proposition 6.1 applied to the open inclusion X C Es(X). Moreover,
this point is the spectrum of the algebra Co(X) x X = K(X). The orbits of X

o —

on  := Es(X) ~ X will thus correspond to the non-empty S-chains and we
have a canonical isomorphism

(30) Es(X) x X/K(X) =~ C(Q) x X.

(This isomorphism is also simply a consequence of the exact sequence obtained
by taking the crossed product by X of the exact sequence 0 — Co(X) —
Es(X) — C(R2) — 0.) See also Remarks 2.3 and 4.2.

We now study Prim(&g(i()\ X X), which is our primary interest. Let

o € Sx and let Qq == {x € &(X)| Xl¢x) = Xa} be the set of characters of
Es(X) that restrict to x on C(X), as in Lemma 3.4. We obtain that

(31) Q = UaGSXQav

a disjoint union of closed subsets, with 2, the image of 77 acting on the pri-
mitive ideal spectrum of Eg/,(X/Z(a)), see Lemma 3.5.

THEOREM 6.6. Let S be a finite semi-lattice of sub-spaces of X such that
0,X € S. For each a € Sx, we consider the map 7, x X : Es(X) ¥ X —
Es,(X) x X. Then the family {To % X }aesy @S an ezhausting family of mor-
phisms of the C*-algebra Es(X) x X/K(X).

Proof. We have Es(X) x X/K(X) = C(Q) x X, see Equation 30. The
morphisms 7, X X then correspond to j, x X, where j, is the restriction
morphism from C(2) to C(€,). The result then follows from Corollary 6.4.
(Note that we are in position to use this corollary in view of Lemma 6.5.) O

Let us notice that the morphisms 7, x X considered in the previous the-
orem were denoted simply 7, before. Reverting to the original notation, for
simplicity, we obtain

Oess(P) = USS(X)/IC(X)(P) = Uao(1a(H)) ,

where the first equality is valid by our definition of the essential spectrum
and the second one is valid since the family 7, is an exhausting family of
representations of Es(X) x X/K(X), which allows us to use the results of [16].
It was proved in [10] (see also [16]) that we can extend this property to affiliated
operators. Therefore

Oess(H) = Uao(7a(H))

for H as in Theorem 1.1. This completes the proof of that theorem.
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