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We consider harmonic Bergman spaces and Toeplitz operators on the ball. In
this note, we deal with radial measures as weight and symbol. For two radial
measures, we introduce an averaging function, to discuss conditions for corre-
sponding Toeplitz operators to be bounded or compact. We also discuss the
boundary behavior of the harmonic Bergman kernels.
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1. INTRODUCTION

Bergman spaces were introduced as function spaces of square integrable
holomorphic functions on the unit disk in the complex plane. By the Cauchy
integral formula, 7.e., mean value properties, Bergman spaces are Hilbert spaces
with reproducing kernel. Since mean value properties also hold for harmonic
functions, spaces of harmonic functions have similar properties and are studied
by many mathematicians.

We begin with a brief introduction to harmonic Bergman spaces.

1.1. Harmonic Bergman spaces

Let Q be a domain in the n-dimensional Euclidean space R™ and put
b?(Q) := Harm(Q) N L*(Q,dV),

where Harm(€2) is the totality of (real-valued) harmonic functions on €2, and
dV denotes the usual n-dimensional Lebesgue measure. We call ?(Q2) the har-
monic Bergman space on 2. Traditionally, from connections with spaces of
holomorphic functions, complex-valued harmonic functions are usually con-
sidered. Nevertheless, since the Laplacian is a real operator, in this note,
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we assume that harmonic functions are always real-valued. This makes no
difference.

First, we remark the following mean value property. Let B be the open
unit ball in the n-dimensional Euclidean space R™ and p be a fixed C'*° function
of |z| on R™ such that supp(p) C B and [ pdV = 1.

LEMMA 1.1. For 7 > 0, we put p;(z) := 7 "p(t7'2) and Q, = {x €
Qdq(x) > 7}, where 0q(x) is the distance from x to the boundary 0Q2. Then
we have

u=uxpr on

Jor every u € Harm(Q), where * denotes the convolution on R™.

From the above mean value property, follows the boundedness of the point
evaluation on harmonic Bergman spaces.

PROPOSITION 1.1. There exists a constant C such that
u(@)] < Cla(@) ™" ul 2o
for every u € b2(€).
Proof. Let x € Q. For 7 < dq(z), by the Schwarz inequality, we have

) = | [ e~ o)V )| < Wl ([ o ) v ()’

=77"2||ull L2 () - 10l L2 (-

Letting 7 — dq(z), we have the proposition. [

The above boundedness of the point evaluation implies that:
1. b*(Q) is a closed subspace of L?((),
2. for each x € €, there uniquely exists R(z,-) € b?(2) such that

u(z) = /Q R, y)u(y)dV (y)

for u € b?(2), and
3. the integral operator () defined by the kernel R is the orthogonal pro-

jection from L2(Q) onto b%(Q).
In fact, since by Proposition 1.1, L?-convergence implies uniform convergence
on compact sets on b?((2), the assertion 1 holds. The assertion 2 follows from
the fundamental Riesz representation theorem for Hilbert spaces. Concerning
the assertion 3, we have only to remark that for f € L?(2) in the orthogonal
complement of b*(Q), Qf(z) = (R(z,-), f) = 0.

The kernel R is called the harmonic Bergman kernel. We list some pro-
perties of R, which follow easily from the above.
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L. R(z,y) = [ Ry, z)R(z, 2)dV (2) = R(y, ),
2. R(z,z) = [ R(z,z)R(x,z)dV(z) = | R(x, HLQQ > 0, and
3. R(z,y) = > ;ej(x)ej(y), where (e;); is a complete orthonormal system

We have a simple estimate of the harmonic Bergman kernel.

PROPOSITION 1.2.
R(z,z) < Cog(x)™
Proof. Since R(z,-) € b*(Q), we have
R(z,x) < Coo(x)"?||R(x, )| 12(0) = Cda(x) " R(x, z)"/?,
which shows the proposition. [

We give estimates of derivatives of harmonic Bergman functions.

ProprosITION 1.3. Let 8 € N be a multi-index, where Ny is the set of all
nonnegative integers. Then we have for u € b*(Q)
L. [0%u(@)] < Coa(x)~> Wllu| L2
and
2. 1168 0Pull () < Clul 20y
with some constant C.

Proof. We have the assertion 1 in the similar way to Proposition 1.1. To
show the assertion 2, we take the Whitney decomposition = U;Q);, i.e., Q; are
cubes whose edges are parallel with some axis, the length of edges is comparable
with the distance from the boundary and the intersection of cubes is included
in the boundary of their cubes. Take any j, and put 7; = dist(Q;, 9€2). Then,
for each z € Q;,

0%u(z)] < O " Ml o g
because of the assertion 1, where Q); is the cube with the same center and
double size of @);. Hence,

/ 160(@) 10 u() AV () < Clull g 7"V (@) < O /@V uaV ().

Summing up in j, we have

/Q be() 10%u () 2aV (a Z / 6e() P08 () PaV ()

< CZ/~ luf2dV < C/ lul?dV,
i 79 °

which completes the proof. [



158 Masaharu Nishio and Kiyoki Tanaka 4

Next, let €2 be a bounded domain surrounded by C'*°-smooth surfaces in
R™. Then Kang and Koo obtain a sharp estimate of harmonic Bergman kernels
in 2001.

THEOREM A (Kang-Koo, [5]).

1
@Yl < O e T saty) + e = g7
_ 1

with some constant C'.

Englis [3] gives precise boundary behavior of harmonic Bergman kernels
for smooth bounded domain.

Now, we go back to the case of ball Q = B. Then, the explicit closed form
of the harmonic Bergman kernel are known (for example, see [1]):

n— (2n+4 — 8z - y)|z]ly[* + (n — 4)|z[*|y|*

R —
(=.9) WV B) (1 — 22 -y + [Py

1.2. Toeplitz operators

For ¢ € L*°(B), the Toeplitz operator T, is defined by T,u = Q(uf), i.e

Tou(e) = [ Rl p)ulu)edv ()
for u € b?(B). By the recognition that it is not necessary for symbol ¢ to be
bounded, it is natural to discuss Toeplitz operators of measure symbol p

mzémmemwy

The problem is to obtain relations between properties of T), and those of (.
For example, J. Miao gives a characterization for T, to be compact in 1997.

THEOREM B (Miao, [9]). Let ¢ € L*>°(B) be a radial function, i.e., p(z) =
or(lz|) with some function ¢, on [0,1). Then the following conditions are
equivalent:

1. T, is compact;
2 o(x )—>Oas]f£|—>1'
= f or(t)dt = 0 as |z| — 1.

fB x,y) 2dV( )
15 the Berezin transform of .

Here
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Before this, for holomorphic Bergman space on the unit disk, the corre-
sponding result has been shown by B. Korenblum and K. Zhu [6] in 1995.

2. WEIGHTED HARMONIC BERGMAN KERNEL ON B

The weighted harmonic Bergman spaces b2 (B), defined by
b2 (B) := Harm(B) N L*(B,dV,),

are also studied by many mathematicians. In particular, the analysis of the
Toeplitz operators on the harmonic Bergman space is a main topic of the har-
monic Bergman space (for example, see [8,9,15]).

In this note, we discuss general measure weight. For a positive Radon
measure v on B, we put

b2 := Harm(B) N L*(B, dv)

with L?(dv)-norm || - ||. We mainly treat a radial (spherically symmetric) me-
asure v on B, i.e., v is of form dv(x) = dv,(r)do(#) with some measure v, on
[0,1), where z =76, r € [0,1), § € S and o is the normalized surface measure
on S. Let M, .q be the set of all radial finite Radon measures dv = dv,.do on
B satisfying v,([r,1)) > 0 for any r € [0,1). In this section, we shall see when
v € Myaq, b2 is a Hilbert space with reproducing kernel, denoted by R,, and
that the orthogonal projection @, from L?(B,dv) to b2 is an integral operator

Qui(x) = /E Ry (0, 9) f (4)dv(v).

First, we recall some basic properties for harmonic functions on B. We
refer to |1] here. Let H,, = H,,(R™) be the space of all harmonic homogeneous
polynomials of degree m and for a set D in R™ denote by H,,(D) the space of
their restriction to D. We put B, = {|z| < r} and S, = 0B, = {|z| = r}. It
is well-known that for » > 0, the Hilbert space L?(S,) = L?(S,,do,) has an
orthogonal decomposition

(1) Srado'r @H

where o, is the surface measure on S,. We denote by L%(S) = L%(S,do), where
o is the normalized surface measure on S, i.e., do(0) = do1(0)/01(S). The
orthogonal projection from L?(S) to H,,(S) is an integral operator by a kernel

Zm(0,m)

him
= Prm(0)Prm (),
k=1



160 Masaharu Nishio and Kiyoki Tanaka 6

where {Pk,m}zg is an orthogonal basis on H,,(S) C L?(S). Here h,, = dimH,,.
We remark that Z,, is real valued and Z,,,(6,0) = h,,, because

hm
Zn(0:0) = > 1pkm O = 12 (0. ) 7200
k=1

is independent of #. The kernel Z,,(6,n), which is called the zonal harmonic,
can be extended to R™ x R™ as follows:

hon hm
Z(z,y) = pr(@)pe(y) =D 2™ y|™pr(0)rr(n)
k=0 k=0

for x = |z]0,y = |y|n € R™. Then, we have

(2) Zon (2, 2) = |2 |P™
and
1 1
(3) | Zon (2, Y)| < Zin(2,2)2 Zin(y,y) 2 = han || [y|™

for any z,y € R™.
We begin by remarking the following (see, for example [1, p. 84]).

LeEMMA 2.1. Let f be a harmonic function on B. Then there uniquely exist
Om € Him (m=20,1,2,---) such that

(4) [= Z O
m=0

where the series converges uniformly on any compact subset of B.
For the uniqueness, we remark the following (cf. [1, p.23]).

LEMMA 2.2. Let ¢, € Hyyy (Mm >0). If

> dmlx) =0
m=0

pointwise in a neighborhood of the origin, then ¢ = 0 for every m > 0.
The following is a reason why we assume a weight v is finite.

PROPOSITION 2.1. Let v be a radial positive Radon measure on B. If
v(B) = oo, then b2 = {0}.
Proof. We write dv(z) = dv,.(r)do(0) where x = rf, r € [0,1) and 0 €
S. First, we remark that v(B) = oo implies r?™du,(r) = oo, because
[3:1)
v(By/2) < co. Take an arbitrary f € b2. By Lemma 2.1, we have

f: Z (z)m
m=0
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where ¢,, € H,, and the series converges uniformly on any compact subset of
B. Remarking that ¢; L ¢, in L?(S) for [ # k, we have

oo>/|f ) 2dv (@ —151%/06 /(i qu(rﬂ))?do(@)dw(r)

:yﬂ/oe Z/qu (r0)2do(6)dv, (1)

- / 3 2 2 ()
[0,1)m:0
> émlZa6) / ),

)

for any integer m > 0. Since v is an infinite positive Radon measure,

/ r?mdu,.(r) > / 2 du,.(r) = co.
[0,1) [3.1)

2

Therefore, we have ||| z2(s) = 0 for every m, which shows f =0. [

We do not know whether the assumption that v is radial is really necessary
in the above proposition.

In general, b2 is not always a normed space, (|| f|l, = 0 does not always
imply f =0 on B). A set E C R" is said to be a uniqueness set for harmonic
functions if E has the following property: For every harmonic function f defined
on a domain 2 D F, “f = 0 on E" implies “f = 0 on Q". It is clear that if
supp(v) is a uniqueness set for harmonic functions, then b? is a normed space.
When v is radial, supp(v) is a uniqueness set for harmonic functions except for
the Dirac measure at the origin, then b2 is a normed space.

Next, we consider the completeness of b2.

PROPOSITION 2.2. Let v be a finite positive measure on B. Suppose that
supp(v) is a uniqueness set for harmonic functions. If supp(v) is compact on
B, then b? is not complete.

Proof. We remark that b2 is a normed space, because supp(v) is assumed to
be a uniqueness set for harmonic functions. We give the proof by contradiction.
Suppose that b2 is complete. Take 0 < ro < 1 with supp(v) C By, and 6 € S.
For m > 0, we take ¢,, € H,, such that ¢,,(0y) = maxges ¢ (0) = 1. Then,
we have

[ 6mll? = / b () Pdu()

B 0

() < sup |¢m(2)*v(By,) = 13" v(B).
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Next, take r; € (rp,1) and put a,, = 1/r*. Then, by (5), a series
oo
(6) f= Z A Pm
m=0

converges in b> by the completeness of b2. Since f is harmonic on B, by
Lemma 2.1, there exist v, € H,, such that

= Z Ym(z)
m=0

which converges uniformly on any compact subset of B. On the other hand, by
the construction of ¢,,, we have

> anlonto)l < 3 2 mpe ol < 2 ()" <0
m=0

m= m=0

for x € By, i.e., the series (6) converges uniformly on B,,. By Lemma 2.2, we
have a., ¢y = Yuy for m > 0. Therefore, we can write

1‘) = Z am¢m(x)
m=0

for x € B. On the other hand, f(r16p) = oo, which contradicts the harmonicity
of f. This completes the proof. [

In this way, it is a natural condition that v belongs to M,.q. Next, we
can show that point evaluation maps are bounded, b2 is complete and that b2
has the reproducing kernel for v € M.uq.

LEMMA 2.3. Letv € M,qq. Then, for any x € B the point evaluation map
f = f(x) from b2 to C is bounded. Moreover, for any r € [0,1) there exists a
positive constant C(r,v) > 0 such that

[f (@) < Clr, )l flly
for any x € B,.

Proof. Let r € [0,1) and = € B, and take rg € (r,1). By using the Poisson
integral, we have

F@)n(lro, 1 / /StPtxy y)dor(y)dv, (1

for f € b2, where
1 r?—|z)?
o1(S) tlz —y*’

Pi(z,y) =
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is the Poisson kernel on B;. Since there exists a constant C'(rg) such that
|Fi(z,y)] < C(ro)
for t € [ro,1), z € B, and y € Sy, we have
|f (@) ([r0, 1)) < C(r0) /B\B |f(@)]*dv(z) < C(ro)lIfII3.
70

This implies that the point evaluation map is bounded for x € B. O
LEMMA 2.4. Let v € M,qq. Then b2 is complete.

Proof. Let {f,} C b% be a Cauchy sequence, which converges to some f
in L?(B,dv). By Lemma 2.3, the sequence {f,} converges to f uniformly on
any compact subset of B. Therefore, f is harmonic on B which shows b2 is
complete. [

In this way, we have

PROPOSITION 2.3. Let v be g radial finite positive Radon measure on B.
Then b? is a Hilbert space if and only if v € Myqq.

In what follow, we mainly consider v € M,.,q4 which is the set of all radial
finite positive measure on B satisfying v,.([r,1)) > 0 for any r € [0,1). By
Lemmas 2.3 and 2.4, b2 is the reproducing kernel Hilbert space if v € M,qq.
We denote by R, (z,y) the reproducing kernel, which is called the harmonic
Bergman kernel. We denote by @Q, the orthogonal projection from L?(B,dv)
to b2, which is an integral operator by the kernel R,:

Qui(x) = /B Ry (. 9) f(y)dv(y).

for x € B and f € L*([B,dv). QY be the orthogonal projection from b2 to
Hm(B). Since H,y, is of finite dimension, the orthogonal projection ¥, is given
by an integral operator

QU f(x) = /B 22 (. 9) f (9)dw(y),

for x € B and f € b2.
Next, we remark the orthogonal decomposition of b2.

PROPOSITION 2.4. Let v € Myqq. Then, we have the following orthogonal
decomposition

bz = é Hm<B)
m=0
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Proof. First, clearly, {H,,(B)} are mutually orthogonal closed subspace of

the Hilbert space b2. Then, we have only to show that b? C @ Hm(B). Let

m=0
f € b2 Then > 02, QY f converges to some g in b2. By Lemma 2.2, the above
series converges uniformly on compact subsets of B. On the other hand, by

Lemma 2.1,
(o.9]
=2 du(@)
m=0

for some ¢, € Hp,, which converges uniformly on any compact subset of B.
Hence, we have

Q@) = [ Zte i) =t [ 25 3 oty
T k=0

r—1 B

= lim S mtk Y (x o vy
-l S 7 [ 2t 00130 @)
=lim | ¢n(y)Z,(2,y)dv(y) = ¢m(r).

Therefore, g(z) = f(x) for x € B, which implies that

m=0 m=0
This completes the proof. 0O

Finally, we state some properties of R,. The following follows from Pro-
position 2.4.

PROPOSITION 2.5. Let v € M,uq. Then, we have

Zm (fv y)
Zr(x,y) _—
Z Z T )
which converges uniformly on any compact set of B x B.

PROPOSITION 2.6. Let v € M,qq. Then, we have
1. Ry(z,x) is an increasing function of |x|.
2. R,(xz,x) = o0 as |x| — 1.
3. For any ro € (0,1), R, can be extended continuously on By, x B.

Proof. By Proposition 2.5 and (2 ) we have

> m|$’2m

(7) Zf[m 2m dVr )_%WW,
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where h,, is the dimension of H,,. This implies that R, (z,x) is an increasing
function of |z|. Letting |z| — 1, we have
o

h 1 &
lim R, (z,z) = ik > By =
2|1 = f[O,l) r?mdu,.(r) ~ 1,([0,1)) T;)

because hy,, > 1 for m > 0. Finally, let o € (0,1). By (3), we have

| Zm(z,y)
f[o 3 r2mdu,.(r)

m=0
" ly[™ - hm?"S”

m|x
< e A < —————— = R, (r0bo, 10 00.
Z T’deVr f[o T 2y, (1) (r0bo, robo) <

foerBro,yEBandeoeS. O

3. TOEPLITZ OPERATORS OF RADIAL MEASURE SYMBOL

For a Radon measure p on B, the Toeplitz operator T}, , is formally defined
by

(s) Ty f( / R, (z,4)f(4)du(y).

We make a remark on the definition of Toeplitz operators.
(Compact). First, if supp(u) is a compact set in B, then the operator
T, defined by (8) can be expressed as

Ty f(z) = /B B (2, 9)f ()AV (1)

by Proposition 2.6.3. and the Fubini theorem, where
Buo(wy) = [ Rule,2)Ro(z0)dn(a)
B

Hence, we see that T}, , is a compact operator on b2, because

/ / By (2, 9) P4V (2)dV (y) < oo
BJB

PROPOSITION 3.1. Let v € Myqq. If supp(p) is compact in B, then T),,
is a Hilbert-Schmidt operator on b2.

We also remark that
(9) (Tt gy = /B F()g(w)duly)

for any f,g € b2, where (-,-), denote the inner product in b2.
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(Positive). Next, we consider finite positive Radon measures p on B.
We put

(10) E(f.g) = /B f(@)g(z)du(z)

for f,g € F := b2 N L?(B,dp). Then, (£, F) is a densely-defined closed form
on b2, i.e., F is complete with respect to a norm

(11) IFI? = ECF 1)+ (F: )7

By the basic theory of quadratic forms (for example, see |2| p. 82 Theo-
rem 4.4.2), there exists a unique densely-defined positive self-adjoint operator

T, such that for f,g € Dom(T},,) C F

(12) /B f(@)g(x)du(z) = — (VTonfs VTan )y = (Tun f- b

We define the Toeplitz operator by (12), which is natural because of (8).
(Radial). Finally, we consider a radial measure on B. For a radial positive
measure on B, we easily find the spectrum of the Toeplitz operator 7}, , on b2.

PROPOSITION 3.2. Let a measure v € Myqq and p be a radial positive
measure. Then, the eigenvalues of the Toeplitz operator T, corresponding to
the eigenspace H,(B) are the following:

B f[o n’ dﬂr (1)
(13) Am = An(Tyy) = f[o’l) (1)

Moreover, T,,,, can be decomposed as

(14) T,u,z/ - Z )\mQrVn
m=0

Proof. We put T' = Z Am@r,. Take an orthonormal basis {p?}zzl in
m=0
Hm(S) C L2(S), and put
m Py (@)
(z) = -

T €
(Jo,py 2w (r))2

for z € B. Then, {e?}z;”l is considered as an orthonormal basis of H,,,(B) C b>.
We have

(Tey', ")y = <)‘meql?, €' )
f[01 A, (r f01 Js ek (ro)el (ro)do(0)dv,(r)
f[o 1 2mdy,.( )

Hm(B) (1< k< hm)




13 Harmonic Bergman kernels and Toeplitz operators 167

= [ @ @inte) = ).
B

Since E(fm, fi) = 0 for f, € Hm(B), fin € Hi(B) and m # [, we have T =

T,,. O

We may consider a radial signed measure. Let p = p4 — p— be a radial
signed measure where p4 and pu_ are positive measures. By Theorem 3.2, we
can define the Toeplitz operator T}, , by

(15) ,T;L,V = T;ur,u - Tﬂ,,y = Z )\mQ;jn
m=0
where
fo 1) dﬂr )
(16) A = AT ) = ML) = 5

f[oJ) mdu,(r)

We define the averaging function a,, ., (r) and the Berezin transform b, , ()
by
apy(r) = n(B\ Br) _ pr([r, 1))
P VBB (1)
and
b (z) = Jo Bz, y)?du(y)
H Al R,(z,x) ’

respectively. We can estimate the norm of Toeplitz operators by those functions.
Here, we state some results in [13].

THEOREM 1. Let v € M,qq and p be a radial finite Radon measure on B.

Then, we have

suplbw( )N < Tl < sup fag.(r)]
zeB 0<r<1
and

limsup |b# V( )| S ”Tp,,y”e S limsup ]a#,y(r)\,
|z|—1 r—l

where ||T|e = 1nf{HT K| : K is compact on b2}. In particular, if a,, is a
bounded function on [0,1), then T, , is bounded and if limsup,_,; |a,,(r)] =0,
T, 18 compact.

We give a relation of reproducing kernels with Toeplitz operators.

THEOREM 2. Let u,v € M,qq. Then, we have
R, (z,x)
R,(x,x)

for x € B. Moreover, if the limit }1;1% au(r) exists, then we have

R,(z,x) B L
|il|gl1 Ru(w,a) lilgl b () = [T lle = i ay,, ().

< b;w(w)
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We refer to previous works of Bergman spaces with measure weight on the
unit disc in the complex plane. Nakazi and Yamada consider analytic Berg-
man spaces with general measure weight, and give the necessary and sufficient
condition that an analytic Bergman space with general measure weight is a
Hilbert space |10]. Nakazi and Yoneda deal with radial measure weights and
characterize compact Toeplitz operators of continuous function symbols [11].
For harmonic Bergman space, T. Le [7] obtains the similar results to those of
Nakazi and Yoneda [11]. In our paper, we shall discuss the boundedness and
the compactness of Toeplitz operators with radial measure symbols.

Finally, we remark that we do not know whether the boundedness of
the Toeplitz operator T}, , implies the boundedness of the averaging function

Ay (r).
FErample. Let v be the normalized Lebesgue measure on B, i.e., dv, =
nr"~tdr. Consider a singular radial measure u such that

6n w1
hr=m 2
k=1

Osy»

where d,, denotes the Dirac measure at a point s; and

k
6 1
Sk = ﬁ Z ﬁ
=1
Then, we have
Ry (z,x)

(17) lim

=1
|a:1|—>1 Ry (z,x) ’

although v, 4 € M,..q are mutually singular. In fact, the assertion follows from
Theorem 2 since we can see that lim,_,; a,,(r) = 1 by calculation.
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