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Let {X,,n =0,1,2,...} denote a Markov chain on a general state space and let
f be a nonnegative function. The purpose of this paper is to present conditions
which will imply that f(X,) tends to 0 a.s., as n tends to infinity. As an
application we obtain a result on synchronisation for random dynamical systems.
At the end of the paper, we also present a result on convergence in distribution
for Markov chains on general state spaces, thereby generalising a similar result
for Markov chains on compact metric spaces.
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1. INTRODUCTION

Let (K,&) be a separable, measurable, space. Let P : K x £ — [0,1]
be a transition probability function (tr.pr.f) on (K,€) and, for x € K, let
{X,(x),n = 0,1,2,...} denote the Markov chain generated by the starting
point = and the tr.pr.f P: K x &€ — [0,1].

Next, let f : K — [0,00) be a nonnegative, measurable function. For
a > 0 we define

K(a)={rx e K:0< f(z) < a},
and we define
K(0)={z € K : f(x) =0}.
If we want to emphasize the dependence of f we may write K¢(a) instead of
K(a). We denote the complement of K(0) by K’. Thus K'={z € K: f(z) >0}.
If the set K(0) is such that

z e K(0)= f(X1(z)) € K(0) a.s.,

then we say that K;(0) is closed under P.
We say that the set K(0) is absorbing with respect to the tr.pr.f P, if for
all zx € K

(1) f(Xn(x)) =0 a.s..
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The purpose of this paper is to introduce conditions which will imply that
the set K(0) is absorbing.
We shall first introduce the following regularity condition.

Definition 1.1. If the equality
Prif(Xi(z)) > 0] = 1,

holds for all z € K/, we say that Condition R holds and that the couple (f, P)
is reqular.

We shall next present three conditions which together with Condition R
will imply that K (0) is absorbing with respect to P.
The first condition is the most important one.

Definition 1.2. We say that the pair (f, P) has the geometric mean con-
traction (GMC) property, if there exist a number ¢y > 0, a number ko > 0 and
an integer Ny, such that, if z € K(¢), then

(2) Eflog(f(Xny (2)))] < —ro +log f(x).

Before continuing with the next two conditions, let us consider the follo-
wing, somewhat stronger condition for comparison.

Definition 1.3. We say that the pair (f, P) has the arithmetic mean con-
traction (AMC) property, if there exist a number ¢y > 0, a number pg, 0 <
po < 1, and an integer Ny such that, if z € K(¢g), then

E[f(XNo (l’))] < pOf(x)'
Clearly the AMC-property implies the GMC-property because of Jensen’s ine-
quality.
In order for the GMC-property to be useful it is necessary that the Markov
chain {X,,(z),n =0,1,2,...} - for every € > 0 and every z € K - sooner or later
enters the set K (€). The following condition is introduced for this reason.

Definition 1.4. We say that the pair (f, P) satisfies Condition C if for
every € > 0, every £ > 0 and every z € K’ we can find an integer N such that

Prif(X,(z))>e€ n=0,1,2,..,N] <¢.
QOur third condition is a second order moment condition.

Definition 1.5. We say that Condition B holds if there exists a constant
€1 > 0 such that forn =1,2, ...

(3) sup B[|log f(Xy(z)) —log f(2)[?] < oc.
€K (e1)
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THEOREM 1.1. Let (K, E) be a measurable space, and let P : Kx& — [0, 1]
be a tr.pr.f on (K,E,0). Let f : K — [0,00) be a nonnegative, measurable
function, and suppose that (f,P) has the GMC-property. Suppose also that
Condition C and Condition B are satisfied, that K(0) is closed under P, and
that (f, P) is reqular. Then K (0) is absorbing.

The plan of the paper is as follows. In the next section, we give some
background and show how Theorem 1.1 can be used to prove synchronisation.
In Section 3, we give a very brief sketch of the proof of Theorem 1.1 and in
Section 4 we give the details. In Section 5 finally, we prove a theorem on
convergence in distribution related to Theorem 1.1.

2. BACKGROUND AND MOTIVATION

Let (S, F,00) be a separable, measurable space with metric dg, let (A,.A)
be another measurable space, let A : S x A — S be a measurable function and
let 41 be a probability measure on (A, .A). The triple {(S, F, o), (A, A, u), h} is
often called a random dynamical system (r.d.s) or an iterated function system
(if.s).

Let (A", A"), n = 1,2... be defined recursively by (A!, A!) = (A4, A),
AL = A" x A, A = A" ® A and define h" : S x A" — S recursively by
h' = h and
(4) (s, a1 = h(h™(s,a"), any1),
where thus (a1, as,...,a,) = a™ denotes a generic element in A™. Let us also
assume that for each a € A we have

5O(h(37 a)? h(tv a))
(5) 7(h7 CL) - Sup{ 60(8, t)
If (5) holds for all a € A we say that Condition L holds.

In the paper [3] from 1978, the following three conditions were introduced
(formulated slightly different than the formulations used below). First though
a few more notations.

Let {Z,,n = 1,2,...} be a sequence of independent stochastic variables
with values in (A,.A) and distribution p. In agreement with the termino-
logy in [4] we call {Z,,n = 1,2,...} the index sequence associated to the r.d.s
{(S, F,d0), (A, A, u), h}y. We write ZN = (21, Z5,...,Zy). For s € S and € > 0
we define B(s,e) = {t € S: dp(s,t) < e}. If g: S — S we define

reg : S — [0,00]

_ - 0o(g(t), g(t")
Teg(s) = SUP{W

D5 F# ) < o0.

by
') € B(s,e),t' #1"}.
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Definition 2.1. Suppose there exist an integer N, a number ¢ > 0, and a
number kg > 0 such that for all s € S

E[logrehN(s, ZN)] < —Kg

then we say that Condition G’ holds.
If furthermore there exists a constant C such that for all s € S also

E[(log™ rehN(s, ZN))Q] <C

then we say that Condition B’ holds.

Finally, if also, to every € > 0, we can find an integer M and a number
oo > 0, such that, if (Z1, Zo,..., Zyr) = ZM and (Wy, Wa, ..., Wyr) = WM are
two independent sequences of independent stochastic variables with distribution
1, it follows that for any two points s; and sy in S we have

Pr(6(hM (s, ZM), kM (s9, WM)) < €] > ag
then we say that Condition C’ holds.
The following theorem was proved in [3].

THEOREM 2.1. Let {(S,F,d0), (4, A, u),h} be a r.d.s such that (S,F,dp)
is a compact metric space. Suppose that Condition G', Condition B', Condition
C’ and Condition L hold. Then there exists a unique probability measure v on
(S, F,00), such that, for each s € S, the distribution p, s of h"(s, Z™) converges
in distribution towards v.

The motivation for Theorem 2.1 was that it could be applied in order to
show that the so called angle process associated to products of random matrices
converges to a unique limit measure. (Today this measure is often called the
Furstenberg measure, see e.g. [1].)

In the last two decades there has been much interest in the problem of
synchronisation for random dynamical systems (see e.g the reference lists in |7]
and [8]). The question, that one is interested in, is the following:

If {(S,F,d0), (A, A, u),h} is ar.d.s, the sequence {Z,,n = 1,2,...} is the asso-
ciated index sequence and si,s2 € S, when does it hold that

li_>m do(h"(s1,2"),h"(s2,2™)) =0, a.s. ?

As a corollary to Theorem 1.1 we almost immediately obtain the following
result regarding synchronisation of random dynamical systems.

First though, some further definitions. The following condition is slightly
weaker than Condition G'.

Definition 2.2. Let {(S,F,60), (A, A, 1), h} be a rds and let {Z,,n =
1,2,...} denote the associated index sequence. Suppose there exist a number
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€p > 0, a number k9 > 0 and an integer Ny such if s; and so in S and

50(81, 82) < €g then

50(hN0(51,ZN0),hNO(SQ,ZNO))
do(s1, 82)

We then say that Condition G1 is satisfied.

Ellog ] < —ko.

Our next condition is essentially the same as Condition B above. Let us
first set
D(e) ={(s,t) e K x K : 0 < dp(s,1) < €}.

Definition 2.3. Let {(S,F,d0), (A, A, p),h} be a rd.s and let {Z,,n =
1,2,...} denote the associated index sequence. We say that Condition B1 holds,
if there exists a constant e; > 0 such that

sup E[|log 50(h (Sl,Z ),h (SQ,Z ))

?] < oo.
(s1,52)€D(e1) do(s1,52) ]

Our third condition is essentially the same as Condition C above.

Definition 2.4. Let {(S,F,00), (A, A, u),h} be a r.d.s and let {Z,,n =
1,2, ...} denote the associated index sequence. We say that Condition C1 holds

if for every € > 0, every £ > 0 and every pair s1,s9 € S there exists an integer
N, such that

Priinf{do(h(s1,2"),h(s2,Z2")),n =0,1,2,.... N} > €] <¢.
THEOREM 2.2. Let {(S,F,d0), (4, A, u),h} be a r.d.s such that (S,F,dp)

is separable, let {Z,,n = 1,2,...} denote the associated index sequence, and
suppose that Condition G1, Condition B1 and Condition C1 hold. Suppose also
that

(6) PT‘[éU(h(S, Zl),h(t, Zl)) > O] =1if 50(S,t) > 0.

Let s1,80 € S. Then

lim do(h"(s1,2™),h"(s2,2™)) =0

n—o0

almost surely.

Proof. Let K = S x S, let £ = F® F, define h: K x A — K by

h((s1,s2),a) = (h(s1,a),h(s2,a)).

Since S is separable and h is F - measurable it follows that & is £ - measurable.
Next define the tr.pr.f P: K x & — [0,1] by

P[(slv 52)7 E] = M(A((Sl, 52)7 E))
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where

A((s1,592), E) = {a € A: h((s1,52),a) € E}.

Since h is & — measurable it is well-known that P is a tr.pr.f. Finally define
f: K —[0,00) by

(7) f((s1,82)) = do(s1, 52)-

Evidently f is a continuous function and hence measurable.

From Condition G1 follows that (f, P) has the GMC-property, from Con-
dition B1 follows that (f, P) satisfies Condition B and from Condition C1 fol-
lows that (f, P) satisfies Condition C. Since (S,F,do) is a separable, metric
space, it follows that K = S x S is separable. Since also K(0) = {z € K :
f(z) =0} ={(s,t) € S xS :d(s,t) =0} ={(s,t) € S xS :s=t}, it follows
that the set K (0) is closed under P. Finally from (6) follows that (f, P) is re-
gular. Hence all hypotheses of Theorem 1.1 are fulfilled. Hence, if we as usual
let {X,(x),n=0,1,2,...} denote the Markov chain generated by the tr.pr.f P
and the initial value z € K, it follows from Theorem 1.1 that for all x € K

(8) f(Xp(x)) = 0 a.s.

as n — 00.
Since, for n = 1,2, ... and (s1,82) € S x S

Xn((s1,82))) = (h"(s1,2"),h"(s2,2Z™)) a.s.
it follows from (8) that
0o(h"(s1,2"),h"(s2,2")) = 0, a.s.
as n — 0o, which was what we wanted to prove. [

Before ending this section let me mention one reason for formulating The-
orem 1.1 using an unspecified function f, instead of just letting f be defined as
in the proof of Theorem 2.2. (See (7).) When writing up this paper I thought
that Theorem 1.1 could be of use when trying to prove that the area of the nth
normalised random subdivision of a convex polygon tends to zero by letting f
be defined as the area of the convex polygon. However it turned out to be more
difficult to do this than I had anticipated. (See [10] and [9] for further details
on random subdivisions of convex polygons.)

All the same, I am quite sure that other situations will arise where the
problem will be to prove that a pair (f, P), consisting of a tr.pr.f P on a
measurable space and a nonnegative function f on this space, is such, that the
set {f(z) = 0} is absorbing with respect to P.
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3. SKETCH OF PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is in principle quite easy.

Thus, let € > 0 and n > 0 be given. The idea is simply to show that if ¢
is chosen sufficiently small - and much smaller then ¢, and we start our Markov
chain in K (€') then the probability that the Markov chain ever leaves the set
K (€) is less then say n/2. In order to find such an ¢’ we shall — first of all — use
Condition G, but shall also need Condition B.

We use Condition B in two ways. First of all, it allows us to use Che-
bychev’s inequality. Secondly, it allows us to have control over f(X,(x)) for
n=1,2,..., Ny — 1, where thus N is the integer in the definition of the GCM-
property (see Definition 1.2).

From Condition C, it follows that for every x € K we can find an integer
N such that the probability that the Markov chain when starting at x has not
entered the set K (€') before time N is less then 7/2. By combining this fact
with the fact that the probability the Markov chain ever leaves the set K (€)
once it has entered the set K (€) is less then 71/2, it follows that lim sup of
f(X,(z)) is less then n, which implies that f(X,(x)) tends to 0 almost surely.

This is the strategy of the proof. To fill in the details is by no means
difficult, but requires a few pages.

4. PROOF OF THEOREM 1.1

That (1) holds, if z € K(0), is a trivial consequence of the fact that we
have assumed that K;(0) is closed with respect to the tr.pr.f P.

In order to prove (1) for x € K’ we have to show that for every L > 0
and every n > 0 we, for each x € K’; can find an integer N such that

) Prsup{log f(X,(z)) :n > N} > —L] <n.

Thus let n > 0 and L > 0 be given. In order to show that we for each
x € K can find an integer N such that (9) holds, we shall use arguments quite
similar to arguments used when proving for example Hajek-Renyi’s theorem.
(See e.g [2], Satz 36.2.)

Let €g, ko and Ny, be such that (2) holds if x € K(ep) and let €; be such
that (3) holds. Set

(10) B = min{eg, €1, e L}
Next set

(11) cr= sup Efllog f(Xi(x)) — log f(x)[],
zeK(B)
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set

(12) co = sup El[log f(Xn,(z)) — log f(z)[?]
zeK(B)

and define

b= sup Ellog f(Xi(z))—log f(z)].
z€K(B)
That —oo < b < oo follows from (11) and Schwartz inequality.

The following lemma will be used repeatedly.

LEMMA 4.1. Let x € K(3), set yo = log f(x) and set Y,, = log f(X,(x))
forn=1,2,....
a) If t > b then

PriYy >yo+t] < D
b) If t > —kg then
C2
(t+ro)*
¢) If t > —kg and yo +t < log 3 then for k =1,2, ...,
k
(13) Prisup{Y,n,,n =1,2,....k} > yo+t] < c2 Z(
n=1

Pr[Yyn, > yo +1] <

1
t + nko

)%

d) Ift >0 and yo +t < logf then
(&) 1
K,O) t '
Proof. We first prove a). Obviously E[Y7] exists, because of Condition B,
and satisfies

Prisup{Yan,,n=1,2,...} >yo+1t] < (

E[Yl] <b+ Yo-
Hence
PrY1 > yo +t] = Pr[Y1 — E[Y1] > t — (E[Y1] — o)]
E[(Y1 — EY1])?]

< PrlY1 — EY1] >t -] < (t —b)2

C1

< —
~(t=b)?
The proof of b) is identical. Just replace the constant b by —k and replace the
constant c¢; by ca.
The proof of ¢) is a little more complicated. For n = 1,2, .... we define

M, = sup{Yin,, k =1,2,...,n},

we define
By =A, ={Yn, > yo+t}
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and, for n = 2,3, ..., we define

B, ={Y,n, > yo+t, Mp—1 <yo+t}

and

An - {Mn > Yo +t}-
Clearly

Pr[An] = Pr[By).

k=1
Also define

M = sup{Yin,,k > 1}

and

A={M >t+1yo}.
From part b) we already know that (13) holds for £ = 1. In order to prove
(13) for k > 2 we proceed as follows. We first note that

(14) PT‘[Bk] = P’I“[Yk]vo > Yo + t‘Mk—l <t+ yo]Pr[Mk_l <t+ yo].
(That Pr[M_1 <t + yo] > 0 will follow by induction.) Now
Pr[Ying >t 4 yo|Mg—1 <t + yo
= PrYin, — E[Yiny | Mi—1 < t + yo)
> t+4yo — EYing | Mr—1 < t+yo]|Mr—1 <t + yol.

Since t + yo < log B it follows from (12) that
E[(Ying — E[Yeno]|Me—1 < t + y0])*|My—1 < t + yo] < ca.
Hence by Chebyshev’s inequality we find
PrYin, >t +yo|Mr—1 <t + yo]
< €2
~ (t+yo — ElYin [ Mp—1 <t +y0])?
It is now time to estimate E[Yin,|Mr—1 <t + yo]. We have
E[Ying[Mg—1 <t + yo]
= EYiny — E[Y—1)no | Mi—1 < t + yo] M1 <t + yo
+E[Yi—1yny [ Mr—1 <t + o]
< EYiny — Yi—1)ng [ Mi—1 < t+yo] + E[Y—1)ny [ Mi—2 <t + 0]
< —ko + E[Y(g—1)no [ Mi—2 < t + o).

(15)

(That E[Y—_1yn, [ Mi—1 < t+y0] < E[Y—1)n, [ Mr—2 < t+yo] is a consequence
of the fact that for any real stochastic variable & for which E[¢] exists and any
real number o for which Pr[¢ < o] > 0 we have E[¢|¢ < o] < E[¢].)
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Since E[Yn,]| < yo — ko it follows by induction that

EYin, Mr—1 < t+yo] < —kko + o

and if we insert this estimate into (15) we obtain from (15) and (14) that

C2

Pr|Bi| < Pr|Yin, >t M1 <t < -—=
r[Bi] < Pr{Yen, >t + yolMg—1 < +y0]_(t+k/<0)2

and hence
n

C2
Pr[A,] < —
kzl (t + kro)?
and thereby part c) is proved.

Finally, using the function g : [0, 00) — R defined by

1
9) = G

[ [t
0 0 (t + SHO) tKIO
as an upper bound of

Z t + kli[)

k:l

and the integral

we find that

Pr[A] = Pr[M >t +log(f ZPT By] <

and thereby also part d) of Lemma 4.1 is proved. O
Next, set

define

(16) t1:1/@—|—b+1
C1

and define eo by the equation
(17) 10g€2+N0|t1’—|-1 = log .

LEMMA 4.2. Suppose x € K(e2) and set yo=logf(x) and Y, = log f(
n=12,.... Then, form=1,2,3,..., Ng — 1,

(18) PrYp, > yo + mt1] < mn;.

X (),
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Proof. Since t; > b and ez < f3, it follows from part a) of Lemma 4.1 and
(16) that
C1 C1

PriY1 > yo +t1] < =
(=0 (/B p1—p)

<m

and hence (18) holds for m = 1.
Next suppose that (18) holds for m = mg. Then for m = my+1 we obtain
PrYimgs1 > yo + (mo + 1)t1]
= Pr{{Ymo+1 > o + (mo + 1)t1} N {Ymg < yo + mot1}]
+Pr[{Yme+1 > yo + (mo + D)t} N {Ym, > yo + mot1}]
< Pr{Ymg+1 > yo + (mo + 1)t1|Yime < yo + mot1] + Pr{Ym, > yo + moti]
(19) Pr(Yime+1 > yo + (mo + 1)t1| Y, < yo + mot1] + mon:.

Since yo + mot1 < yo + Nolt1|, if mo < No, and Ny|t1| + yo < log 8 because
of (17) and the fact that = € K(e2), and also ¢; > b (see (16)), it follows from
part a) of Lemma 4.1 and (16) that

Pr(Yme+1 > yo + mot1 + t1| Y, < yo + moti]

= PrlYmo+1 — Yo > 4o — Ying + mot1 + 1Yo, < yo + mot]
C1 C1

SP?’[Ym +1— Y >t1‘Ym §y0+mot1]< =
0 ° ‘ (=0 (/g p g1 —p)2

<m

and hence by (4) follows that
Pr{Yme41 > yo + (mo + 1)t1] < mu +mom = (mo + 1)1
That (18) holds for m = 1,..., Ny — 1 thus follows by induction. O

We shall next use the estimate in part d) of Lemma 4.1 to determine an
even smaller number than ey. First, we set

n
20 R
(20) = N
then we define e3 by the equation
(21) loges = log ea — 2
Ko™2

and define ¢9 by
(22) ty = 2.

KoT2

Having defined e3 we can formulate the following proposition from which
Theorem 1.1 follows easily if we use Condition C.
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PROPOSITION 4.1. Suppose x € K(e3). Then

(23) Prsup{log f(X,(z)) :n > 1} > —L] < n/2.

Proof. Let x € K(e3), set yo = log f(z) and for n = 0,1,2,..., set ¥, =
log f(Xy(x)). In order to prove Proposition 4.1 we first introduce some further
notations. For m = 0,1,2, ..., Ng — 1 we define M (™ by

M) = sup{Ym+nny,n =0,1,...}
and
A — ) > ),
Clearly {sup{log f(X,(z)) :n > 1} > =L} € UN ' A™ and therefore, in order
to prove (23), it suffices to show that
(24) PrlAM™)] < n/2Ny
form=0,1,2,..., Ng — 1.

Let us first consider the case when m = 0. Since z € K(e3) it follows
easily from (21), (22), (17) and (10) that yo + t2 < logf < —L and hence
PriM© > —L] < PriM© > yy +t]. Since ty > 0 it follows by part d) of
Lemma 4.1 and the definition of 72 (see(20)) that

1 n 7
PriMO > [ < (2= ==L 1.
[ ] </€0)t2 2 4Ng 2N0’

hence Pr[A©)] < i and hence (24) holds for m = 0.
Now, let m satisfy 1 <m < Ny — 1. We then find that

PriM™) > —L] = Prisup{Yiminn, : n =0,1,2,...} > —L]
< Prisup{Yminn, : n=1,2,...} > —L|Y;, <yo+ miti]

(25) +Pr[Yy, > yo + mty].
Since €3 < €9 it follows from Lemma 4.2 that
mn n
2 PrlY, t = —s < —.
(26) r[Ym > yo +mit1] < mm 4Ng<4No

Furthermore, since 1) loges + mt; < loges + Nplt1], 2) t2 > 0 and 3)
loges + Nolti| + t2 < loges + Nolt1| < log < —L we find, by using d) of
Lemma 4.1 and the definition of 7y that

Prisup{Yminn, : n =1,2,...} > —L|Y;, < yo + mt1]

< Prisup{Ymann, :n=1,2,...} > Y, +t2|Ys, < yo + mti]
co. 1 Ui
< (=)— = = —
- (Ko)tz (e 4Ny
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which combined with the inequalities (26) and (25) implies that
Priamy o
AT < o

and hence (24) holds for m = 0,1,2,..., Ny — 1 and thereby Proposition 4.1 is
proved. [

Now in order to conclude the proof of Theorem 1.1 we need to show that
we for each z € K’ can find an integer N such that (9) holds. Thus let zy € K’
be given. Let e3 be defined as above. From Condition C (see Definition 1.4) it
follows that there exists an integer Ny such that

(27) PriX,(zo) & K(e3),n=0,1,2,..., No| < n/2.

Then by using the (strong) Markov property, Proposition 4.1 and inequality
(27), it is easily proved that

Pr{sup{log f((X,(z0))} > —L] <7

from which follows that f(X,(z9)) =0 a.s asn —oo. O

5. A CONVERGENCE THEOREM

For sake of completeness let us also prove a modified version of Theo-
rem 2.1.

THEOREM 5.1. Let {(S,F,d0), (4, A, u),h} be a r.d.s such that (S,F,dp)
is a complete, separable, metric space. Let {Z,,n = 1,2,...} denote the asso-
ciated index sequence, and for s € S and n = 0,1,2,..., lel p, s denole the
distribution of h™(s, Z™), where thus h™ is defined by (4). Suppose that Condi-
tion L, Condition G1, Condition B1, and Condition C' hold. Suppose also that
a) there ezists an element so such that {j, s,,n = 0,1,2,...} is a tight sequence,

b)

(28) Prido(h(s, Z1), h(t, Z1)) > 0] = 1 if do(s,t) >0,
y
(29) [ b an(aa) < o

where thus v(h,a) is defined by (5).

Then there exists a unique probability measure v such that for every s € S
Hn,s — V

i distribution, as n — o0.
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Proof. Define P : S x F — [0,1] by
P(s, F) = ju(A(s, F))
where A(s, F') is defined by
A(s,F)={a: h(s,a) € F}.

Let Lip[S] denote the set of real, bounded, Lipschitz-continuous functions on
(S, F). From the definition of P it is easily seen that

Elu(h™(s, 2"))] = /S w(t) P (s, dt)

for n = 1,2, ..., if u is a uniformly bounded, continuous, function on (.S, F,dp),
where thus P™ denotes the nth iteration of P.

In order to prove the theorem it is well-known that it suffices to prove
that there exists a unique probability measure v such that for every s € S and
every u € Lip[S]

lim / w(t) pn s (dt) = / u(t)v(dt)

From hypothesis c) follows that 5
(30) u € Lip[S] = / u(h(-,a))u(da) € LiplS].
S

Using hypothesis a), the implication (30) and a classical argument due to Krylov
and Bogolyubov (see e.g. [6], Section 32.2), it is not difficult to prove that there
exists at least one invariant measure, v say. (See e.g. [5], Proposition 5.16, for
details.)

Suppose next that there exist two invariant measures v and 7. Let
{Va,n=0,1,2,...} and {W,,,n =0,1,2,...} be two independent Markov chains,
the first generated by the initial distribution v and the tr.pr.f P, the second
generated by the initial distribution 7 and the tr.pr.f P. For a bounded real
valued function u write ||u|| = sup{|u(s)| : s € S}.

Next, choose u € Lip[S] such that 0 < v(u) <1, ||Ju]| <1 and

0< /S u(s)v(ds) — /S u(s)7(ds) = a.

Since v # 7 such a function exists.
Further set
n=a/8
—L =log(a/8).
Note that a < 2 since |[|u|| < 1. Define K = S x S, £ = F ® F and define
f:K —[0,00) by

(31) f((s,1)) = do(s, 1)

and define L by



15 Contraction theorem for Markov chains 369

Let €2 and €3 be defined as in the proof of Theorem 1.1.
Further, let {Z,,n = 1,2,...} and {Up,n = 1,2,...} denote two indepen-
dent index sequences and finally define M so large that

(32)  sup Prdo(h™(s, 27), K6, U™))] > ez,n = 1,2, ..., M] < a8,
s,tesS

That we can find such a number M follows easily from Condition C’.
Next, define the stochastic variable T' by

T = min{n : 0g(Vy,, Wy) < es}.

From hypothesis b), Condition G1 and Condition B it follows that we can apply
Proposition 4.1 to the Markov chain

((5,8), (B"(s, Z"), B"(t, Z")),n = 1,2...}

and the function f defined by (31).
Therefore, if n > M it follows from Proposition 4.1 and the definition of
M (see (32)) that

M
E[u(V2)] = Elu(Wa)] < v(u)(a/8) Y PriT = K]
k=1

M
+2||ul] ZPT[T = k](a/8) + (a/8)2||u|| < 5a/8 < a

k=1
which gives rise to a contradiction, since both {V,,,n =0,1,2,...} and {W,,n =
0,1,2,...} are stationary sequences. Hence there is only one invariant proba-
bility measure v (say) associated to P, and therefore, if {X,,n = 0,1,2,...}
denotes the Markov chain generated by P and the starting point sq, it follows
that

n—o0

lim E[u(X,)] = /S () (dt)

for all real, bounded, uniformly continuous functions .

Next, let typ € S be fixed but arbitrary, let {X,,n = 0,1,2,...} and
{X],n = 0,1,2...} be two independent Markov chains, the first generated
by P and the initial point sg, the other by P and the initial point ty. Let
a > 0 be chosen arbitrary, define L by —L = log(min{a/8,1/2}) and define
n = min{a/8,1/2}. Let ez and ez be defined as above and let also the integer
M be defined as above. (See (32).) Let again u € Lip[S] satisfy 0 < y(u) <1
and ||ul| < 1.

By using the same kind of arguments as above it follows easily that

|E[u(Xn)] = Elu(X3)]] < 5a/8 < a,
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for all n > M and since a > 0 was chosen arbitrarily, it follows that
lim (B[u(X,)] ~ E[u(X})]) = 0.

Hence
lim (Efu(X,))] — E[u(X})]) = 0

n—oo

for all u € Lip[S] and since

lim Eu(X,)] = /Su(t)l/(dt)

n—oo

it follows that also
lim Eu(X))] :/u(t)l/(dt)
S

n—o0

for all u € Lip[S] and thereby the theorem is proved. O
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