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This work considers a Delone lattice with the fundamental cell represented in
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random exponential distribution direction and ~ (2) will intersect a side of the
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1. PRELIMINARIES

Let % (a,a) with 7 < a < § be a Delone lattice with the fundamental
cell Cp represented in Fig. 1.
This relation leads to the following other relations.

B/@zg—a, DGE = DGF =7 —a,
(1) BAC =7 — 20, EGF = 2.
|BD| = |CD| =2acosa, |EG| = |FG| = actga,
2) IAG) = ——, |DG| = 2asina — ——.
SN & SN &
(I2
(3) area Cy = ?sin 20

We want to determine the probability that a segment s with a constant
length [ with [ < aT\{ﬁ and with a random non-uniform distribution length, will
intersect a side of the lattice R, i.e. the probability P;,; that the segment s
will intersect a side of the fundamental cell Cjy.
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D
Fig. 1
2. MAIN RESULTS

Let ¢ be the angle between the segment s and the line BC. By considering
the limit positions of the segment s in the cell Cy for a given ¢, we obtain Fig. 2.
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And the formulas

6
(4) area CA'01 (p) = areaCpy; — Z area a; (¢),
i=1
R 6
(5) area Cpg () = area Cpg — Z areab; (¢),
i=1
R 6
(6) area Cps () = area Cpz — Z area c; (¢) .
i=1

Figure 2 and formula (1) lead to

(7) @2:77—2% @2:@1:04—% @12904—(1.
With these angles, the triangle AA; Ay leads to
[sin (¢ + « [sin (o —
) ady = BREEA) ) fsla Zg)
sin 2« sin 2«
therefore
12sin (o — ) sin (¢ + @)
(9) areaai(p) = 55 % .
Moreover, from Fig. 2 we obtain
(10) p € [0,a].
Figure 2 and relations (7) and (8) lead to
L B B Isin (¢ + @)
hg—isln(a—QO), |A1F|—a—|AA1‘—a—W
therefore
2 . _ .
(1) area s (gp):a—lsin(a—cp)—l sin (« SD)SIH(SD‘FQ)‘

2 2sin 2«
From Fig. 2 and formulas (2) and (7), we obtain

@:g—@gzg—(a—w), hgzécos(a—cp).
Therefore
l
(12) areaas (@) = |FG|hs = %ctga cos (o — ).

Similarly, figure 2 and relation (7) lead to

(13) .E/EQ\Elzﬂ—ﬂz\Alzﬂ—((p+Oé), E/El\E2:a+g0—g,
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therefore
(14) |EE| =lsin (¢ + «), |[EEs| = —lcos (¢ + a).
Therefore
2
(15) areaas(p) = ——sin (¢ + a) cos (¢ + «)

2
LEMMA 1. Taking into account relation (1) and (10) we obtain
cos (¢ + a) <0.
Figure 2 and formulas (2), (13) and (14) lead to

— _— l — l
FE.GGy = EE 1 Ey = go—i—a—g, hg = 5 sin <E4GG2) =3 cos (¢ + ),
|GE1| = |EG| — |EE| = actga — Isin (¢ + ) .
Therefore

l 12
(16) areaay () = —%ctga cos (¢ + ) + 1 sin2 (¢ + «) .

Finally, Fig. 2 and formulas (7), (8) and (14) lead to

Ag/AQ\EQZTr—@l:ﬂ'—(gp—l—a), hGZ%SiH(QO-f-O[),

[sin (o —
AsEs| = a — |Ads| — |EEy| = a — S —¢)

therefore

!
osnza  Tleos(pta),

l 2 Sin (o —
(17) areaas (¢) = — sin (¢ + @) — — sin (o + a) sin (@ — )

2 2 snoa sl ta)l.

From formulas (9), (11), (12), (15), (16) and (17) we obtain

6 2
(18)  Ai(p) = Z areaa;(p) = alsin (¢ + a) + ZthgQa [1—cos2(p+a).
i=1

By substituting this expression into (4), it follows that

(19) area C () = area Co; — A1 () .
Figure 2 leads to

(20) EFFy =a— ¢, FRF =2~ (a—y)

therefore

(21) |FFy| = lsin (a — ¢), |F'F5| = lcos(a— ).
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Therefore
2
(22) area by (p) = 7 sin2 (a — ).

Figure 2 and formulas (20) e (21) lead to

l
hé:isin(a—w), |BF3| =a— |FFs3] =a—1lcos(a—¢),

therefore

l 12
(23) area by (p) = % sin (o — ) — 7 sin2 (a0 — ) .

Similarly, we obtain
(24) |DDq| = lcos, |DDy| = lsin g,

therefore
2
(25) areaby (@) = 7 sin 2¢.

From Fig. 2 and relations (2) and (24), it follows that

l
hy = 2 sin(¢), |BD1| = |BD|— |DD;| = 2acosa —lcos p.
Therefore
12
(26) areabs (¢) = al cos asin p — 7 sin 2¢.

Figure 2 and formulas (2) e (24) lead to

l
W, = ~cosg, |DyG|=|DG|—|DDs| = 2asina — —— — Ising,
2 sin av
that is
l2

al .
Cos  — 1 sin 2¢p.

(27) area bs (¢) = alsinacos p —

2sina
Finally, from Fig. 2 and relations (2) and (21), it follows that

h = %cos(a—gp), |FoG| = |FG| — |FFy| = actgo — Isin (o — o) ,

therefore

! 12
(28) area bg (@) = %ctga cos (o — ) — 7 sin2 (a — @) .

Taking into account formulas (22), (23), (25)-(27) and (28), we obtain

(29)
2

6
As(p) = Z areab;(p) = alsin (¢ + a)—Z [sin 2 cos 2¢ + (1 — cos 2ar) sin 2¢] .
i=1
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By substituting this expression into (5), it follows that
(30) area Cos () = area Cop — As ().

From Fig. 2 we obtain

(31) E1GEs =7 —a, EiBG =3 — ¢, EsE\G = ¢ +a— 1.

With these angles, from triangle E) E5G it follows that

lcos (o + a
7 EsG| = Lol ta)

sin «v

lcos

(32) |EZG| =

sin «v
Therefore
l2

cos @ cos (p + )

(33) areacy () = — o

Taking into account Fig. 2 and formulas (2) and (32), we obtain
a lcos (p+ «
L Leos(p+a)

7

l
hly = §cos<p7 |DEs| = |DG| — |E5G| = 2asina —

sin av sin av
therefore
l 12
(34) areacy () = alsin o cos p — Y cos o+ o8 p €O (p+ o) .
2sina 2sina
Figure 2 leads to
[ sin Isin (¢ + «
(35) [CC] = — 3 |CCyf ZL.
sin o sin o
Therefore
l2 . .
(36) areacy () = sinpsin (¢ + a) )

2sina
From Fig. 2 and relations (2) and (35), it follows that

l [ si
4= —sinp, |CoD|=|CD|— |CCy :2acosa—w,

2 sin o

therefore
l2 . .
(37) area cs (¢) = al cos asin p — e (p+ a).
2sin
Figure 2 and formula (35) lead to
— l [ sin
ECsCi=m—(p+a), M= sin(p+a), |C1E|=a|CCi|=a-"2F,
2 sin o
that is
al . 12 sin @ sin (o + )

(38) areacs = - sin (p+a)— e .
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Finally, taking into account Fig. 2 and relations (2) and (32), we obtain

alctga 12 cos pcos (¢ + a)

2sin o

From formulas (33), (34), (36)-(38) and (39), it follows that

(39) areacg = —

cos (¢ + a) +

(40) As(p Z area ¢;(p) = 2al (cos asin ¢ + sin a cos @)

l2

l
a cos @ — 3 (sin 2¢p — ctgacos 2¢p) .

sin a
By substituting this expression into (6), we obtain

(41) area 603 (p) = areaCpz — Az (p) .

Let M; (i =1,2,3) be the set of segments s the midpoint of which is in
cell Cp; and let N; be the set of segments s that are entirely contained in cell
Coi. We obtain [3]:

5 (V)
(42) Py =1— 5——,
P

(M)

where p is the Lebesgue measure of the Euclidean plane.

Measures p(M;) and u(N;) are determined by using the Poincaré kinema-
tic measure [2]:

dk = dx Ady A de,

where x, y are the coordinates of the midpoint of s and ¢ is the angle defined
above.

Let us assume that the direction of the support line of s is a random
variable with a probability density of f (). Taking into account formula (10),
we obtain

(13) p(M;) = /O pery /{ o Qe

= /oa (area Co;) f (p) dp = (areaCOi)/f (p)de

0
0

and taking into account formulas (19), (30) and (49), we obtain

/f d<p// B dxdy—/ [areaaoi(w)}f(w)
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a [0 [0
- /0 farea Co; — A; ()] £ (i2) dip = (area Co) / e / A () f () do.
0

These formulas lead to

3 [e%
Z w(M;) = (area Cp) / f (@) de,
i=1 0

3 3
S (W) = (area o) / o) di - / > 49| £ (0)dg
i=1 o Li=1
By substituting these expressions into (42), we obtain
1 e
(44) Pot = - [ 124w @a
(areaCo) [ f(p)dpp Li=t
0
From formulas (18), (29) and (40), it follows that
’ al 2
ZAi(Lp):4al(sinacos<p+cosasin<p)— —— COS (P — —
— sin « 4

[(sin 2a + ctg2a — 2ctgar) cos 2 + (3 — 2 cos 2ar) sin 2¢ — ctg2a (1 — cos 2a)] .
With this value (3), relation (44) can be written as

[0

1
(45) Pt = {4a (sinaccos ¢ + cos asin )

0%
(a%sin2a) [ f(p)de
0

l
—— cos p — — [(sin 2a + ctg2a — 2ctgar) cos 2
sin « 4

+ (3 — 2cos2a)sin 2¢ — ctg2a (1 — cos2a)]} f () de

2.1. Exponential distribution

We have
flp) =e™%.
In a previous paper [1], we demonstrated the following formulas:

(e}

/f(w)chp:l—e”,

0
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1 1
f (@) sinpdp = o (sina + cosa) e™ @,

o

1 1
f(p)cospdp = B + 5 (sina — cosa) e ¢,

St~ —

[e%
1
/f () sin2¢pdy = R [2 — (sin2a + 2cos2a) e ],
0
[0

1
f(p)cos2pdp = = [1+ (2sin2a — cos2a) e ] .

o

By substituting these values into relation (45), we obtain

21

Py =
T (@2 sin2a) (1 — e @)

a

{2@ [sina + cosa — (sin2a + cos 2a) e~ ] — [1+ (sina — cosa) e™ ]

2sin o

l
~30 [6 + sin 2a — 4 cos 20 — 4ctg2a — 2ctga + Hetg2a cos 2a

+e™ @ (2 + sin 2a cos 2 + 2sin? 20 — 3sin 200 — 4 cos 20

+5ctg2a + 2ctga cos 2a0 — Getg2acos 2ar)] }

2.2. Demonstration ~

We have
flp) = pe .

In a previous paper [1], we demonstrated the following formulas:

/f(so)dsozl—(1+a)e“,
0

«
1 1
/f (¢) sin pdp = 5 ie_o‘ cos o — %e_o‘ (sina + cos ) ,
0
3

1
/f (¢) cos pdp = ie_o‘ (sina + cos a) + %e_o‘ (sina — cos ) ,
0

(e}

4 1
/f (p) sin2pdy = R + %e_a (3sin2a + 8 cos 2a) + ae™ @ (sin 20 — 2 cos 2a)
0
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1

1
3 + 2—56_0‘ (4sin2a + 9 cos2a) + ae™ @ (sin 2a0 — cos 2av) .

/ f () cos 2pdp =
0

By substituting these values into relation (45), we obtain

21
a’?sin2a(l — (14 a) e

P@'nt =

1 1
(a [e_a(sin 200 — 2 cos2a — ictga - 5) — ae” ¥(2sin 2 + 2 cos 2

1t +1)+2 l 12+1‘2 8 2 4t2
——=Clgw — cosa| — — — — SN zZz&¢ — — COS z&x — —C (0]
P HEY TG i1\35 "5 5 58

2 9 28 3
—gctga + cos 2actg2a + e~ [25 sin 2a + %5 cos 2a + % sin 2ae cos 2a
16

16 4 9
o5 cos” o — % cos? 200 + %5 sin? 200 + % cos 2actg2a

25
—3sin 2a cos 2a + 3sin 2a — 5 cos 2a — cos 2actg2a + 2 cos 2actga) }) .

18
—— cos2actga + (1 + a) (1 — cos 2a) ctg2a} +ae™ @ (sin2 20
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