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In this paper, we study the global and decay solution for large size data of
noulinear hyperbolic-parabolic equation of Kirchhoff type

Ut + pt —M( |Vu\2dx)Au:0 in O
Q¢

Where Q, = {z € R" : z = yo(t), y € Q} with Q being a bounded open
domain in R", p is a positive constant and o(t) is a given suitable increasing
positive function unbounded from above. The real function M is such that
M()\) > 0 and M'(\) > 0 for every \ € [0, 00[.
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1. INTRODUCTION

Let 2 be an open bounded domain of R™ which, without loss of gene-
rality, can be assumed to contain the origin, with boundary I' of class C?
and o : [0,00[— R a positive continuously differentiable increasing function,
unbounded from above. Let us consider the family of bounded increasing sub-
domains {4 }o<i<oo of R™ given by

Q =m(Q2), Qo=ho(Q2), h:yeQr—z=0o(t)y
whose boundaries are denoted by I';, and Q the non-cylindrical domain of R**1
Q= |J x{t},
0<t<oo

with lateral boundary

= [J Tux{t}.

0<t<oo
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We consider the following mixed problem related to a nonlinear equation
of Kirchhoff type

(1.1) utt—i—uut—M( |Vu\2d:v>Au:0 in Q,
Q
(1.3) ulg=0 = ug, Utli=0 = U1,

where the given function M satisfies the following conditions
(1.4) M e C?*([0,00]), M) =mg>0, M) =0 Y€ 0, o0l

Here we want to solve the problem (1.1)-(1.3) globally in time regardless
of size of the initial data (ug,u1) € H?() x H'(Qp) provided the expansion
of moving domains €, is fairly slow.

In the literature, the equation (1.1) is called of hyperbolic-parabolic type.
This class of equations has been studied by several authors, for instance Lar’Kin
[26] and Bensoussan et al. [6]. Bisognin proved in [9] the existence of local
solution of (1.1) in both bounded and unbounded domains of R".

Whenever p = 0, there is a large number of papers involving the Kirchhoft-
Carrier operator

Lu = uy — <1 + M(/Q \Vu]zdm»Au.

We recall that in the case n = 1 with M(X) = aA 4+ b and a, b > 0, the
equation Lu = 0 was proposed by Kirchhoff [25] in his book of Mathematical
Physics in 1883, to describe the oscillations of an elastic stretched string. This
equation was studied by some other authors like, Carrier [13]|, Bernstein [7],
Dickey [17,18], Menzala [31]. The result of local existence for Lu = 0 was
obtained by some of the authors quoted above with initial data taken in usual
Sobolev spaces and for both Dirichlet and periodic boundary conditions. The
first result on global solvability for the Kirchhoff equation was established by
Bernstein [7| in dimension n = 1 for analytic initial data. This result was
extended later by Pohozaev [36], Arosio-Spagnolo [1], Kajatani-Yamaguti [24] in
dimension n > 2. Throughout the years, these results on the global solvability
for analytical initial data were extended and refined later by several authors
(see for instance, Nishihara [34], Ghisi-Gobbino [21]),

The global solvability for large non-analytic initial data has been till now
a deep open problem. Several results on the global solvability for small non-
analytical (mainly of class C*° with compact support, Gevrey class, or Sobolev
spaces) initial data are well established in the literature (see for instance, 10,
15,16,22,30,38-40]). We also mention that, for non analytical initial data,
Pohozaev [37] and Menzala-Pereira [32] for instance, have obtained some global
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existence results, using non physical functions M (r) behaving like (ar + 5)~2,
« and B being positive constants.

In order to obtain a global solution for Lu = f several authors (see for
instance Nishihara [35]), have introduced damping terms like —Au; or A2y
which allow to get strong estimates in order to control the nonlinear term
proving in this way the global existence result. Another class of dissipative
mechanisms was considered by Tkehata and Okazawa in [23], where the authors
studied the following equation of a stretched string with "frictional" damping

ug — (14 M(/ |Vu(z, )2 dz))Au + pug = 0
Q

and showed the existence of global strong solutions, provided p (a parameter
depending on the initial datum) is large enough. Other authors have considered
a model with a nonlinear damping term g(u;) replacing the term of puy.

The problem (1.1)—(1.3) was studied in [2,3] globally in time in dimension
two provided the initial data are small and with non homogeneous Dirichlet
boundary condition. In the literature, several works have been devoted to
evolution problems in non-cylindrical domains (see [4,5,8,11,14,20,28]). For
instance, the heat equation, the Navier-Stokes equation and the wave equation
have been studied in non-cylindrical domains. The proof of the existence of both
local and global solutions in most of those articles is based on suitable change
of variables which allows to transform the problem in another problem in a
cylindrical domain. Other methods have developed to solve evolution problems
in non cylindrical domains. For instance, Cannarsa et al. developed in [11]
a method which consists in transforming the problem into a non autonomous
initial boundary problem in the Lebesgue space L?(€2), involving a family of
unbounded operators with variable coefficients.

As it is well known, the result about local existence of solutions was
proved in cylindrical and non-cylindrical domains by many authors cited in
the reference. Our principal attention in this paper is devoted to the global
existence of solutions and their asymptotic behaviour. We follow here the
change of variable method described above. As announced above, this problem
has already been studied in [2,3] in the the two-dimensional space case.

Our goal in this paper is to extend the results in the articles [2,3] in higher
dimensional space and for opportunely large initial data. We succeeded to do
so under the further assumption that the expansion of the domains €2, is slow
and that the size of the initial domain g is small.

To this aim, we will first study our problem in the cylinder @ = Q2x]0, oo[.
The domains @ and Q are related by the diffeomorphism 7 : Q — @ defined by

(1.5) (x,t) = (;,,t):(%,t) for (z,t) € Q.
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Whose inverse 771 : Q — Q is given by

(1.6) Ty, 1) = (2,) = (yo (1), 1).

If we set

(1.7) vy, t) == uoT (y, 1) = ulyo(t), 1),

then the initial boundary value problem (1.1)—(1.3) becomes
(1.8) Vet + pvy — 02]\~4</ s Vv| dy)Av = F(t,v),
(19) /U’(?Q = 07 /U|t=0 = o, /Ut|t=0 = V1,
where

’ n
- o
(110) F(t,’[)) = _(;)2 Z 0 z(ylyjaij) + al(tvy) ’ vvt + a?(t) : V’U,
1,7=1
/

(L.11)  aq(t,y) := Q%y, as(t,y) == o 2y(oo” + poo’ + (n —1)0™).

Remark 1.1. Note that the initial data (vo, v1) is determined by the given
couple (1.3) (ug, u1) and depends of course on the initial position o(0) and the
initial velocity o’(0), thus (see (1.25)) on o¢ and 1. But considering subsequent
assumption (see (2.2)) on op and oy, the only dependency of (vg,v1) in terms
of o¢ is meaningful. To emphasize this dependency, when required it will be

noted (v, vg,) instead of (vg,v1).

Indeed, given (ug,u1), the couple of initial data (vg,v1) is determined
using equations

(1.12) x€Qy=0(0)2, wup(x)=u(c(0)y,0) =wv(y), ye2
and (see (1.7) and (1.25))
(113)  w(@) =wly) — sy Vool vily) =wl Oleo
We set
(1.14) M(s) := M(s) — %
(1.15) aij(t,y) == ;noz 8ij — (‘:)2%% (i, =1,n).
According to (1.14) and (1.4), it follows that

(1.16)  M(\) > % M e C2([0,00]), M'(\) =0, VAe[0,00].

Given (1.14)-(1.15), the problem (1.8) and (1.9) is rewritten as

1 n—
(117) Vgt + pup — O'QM(/ ’UT2VU|2dy)A’U :F(t,v)7
Q
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(1.15) oo =0,
(1.19) V]t=0 = Vo, Vt|lt=0 = v1,

with

(1.20) F(t,v) = A(t)v + a1(t,y) - Vue + az(t,y) - Vo,
where

A(t) = ) 9y, (aij(t,9)0,,0).

ij=1
We set
(121) altiun) = 3 [ a(t.)@,0)(0,0)
ij=1

n
(122 d(tue) = Y [ )00, 0.
ij=17%
To study (1.17)—(1.19) we need some hypotheses on the function o. Let
us first recall that the function o is positive, increasing and unbounded from
above. Moreover, we assume that

1
(1.23) o€ C¥([0,0]). 0(0)>0, 0< ()< % Yt >0,

where d = diam(2). The second condition (1.23) implies that

n
(1.24) D aii&ig; >0 V¢ € R\{0}.
ij=1
In order to avoid tedious abstract computations, we work throughout the
paper with a typical family of functions o which satisfy (1.23), that is

1
(1.25) o(t)=(oo+01t)*, 0<a< 3

where g and o are positive constants chosen so that (1.23) is satisfied. Note
that this assumption means that Q is increasing in the sense that, if ¢ > ¢’ then
s contains Q.

This paper is organised as follows. In Section 2, we present the result on
the local existence for the problem (1.17)-(1.19) (and hence, for the problem
(1.1)—(1.3)). The main difficulty in this paper as well as in |2, 3] lies in the deri-
vation of the a priori estimates in Section 3, needed in order to extend the local
solution and get the results of global existence for (1.17)—(1.19) and (1.1)—(1.3).
The estimates in the Lemmas 3.1-3.6 are obtained by carefully choosing test
functions for the equation (1.17), which are products of the unknown function
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v (or some of its time derivatives) with suitable powers of the function o des-
cribing the expansion of the domain (see (3), (3), (3), (3) and (3)). Section 4
is devoted to the existence of the global solution and its asymptotic behaviour
with initial data opportunely large enough.

2. LOCAL SOLUTION

As mentioned in the introduction, the results about local existence of solu-
tions were proved in cylindrical and non-cylindrical domains by many authors
cited in the reference (see for exemple [4]). Through a process of approxi-
mation and compactness arguments, we can show that, for any initial data
(vo,v1) € H%(Q) x HY(Q), there exists ¢ > 0 such that the problem (1.17)-
(1.19) has a unique local solution v such that

v € L°(0,8 HY(QNH*(Q)), v € L=(0,£ H(Q)) and vy € L0, L*(Q)).

So, it follows that u = vo 7 (see (1.5) for the definition of 7) is the unique local
solution of the problem (1.1)-(1.3) with

(2.1) u € L0, HY (%) N H? (),
ug € L®(0,5; HY(Q)), g € L2(0,%; L2()).

The global existence and asymptotic behavior of the problem (1.1)-(1.3)
with small initial data have been studied in [2] in dimensional n = 2. Here, we
want to improve the result in [2] in the sense that n > 3 and size of initial data
may be large enough. The global solution will be obtained by combining the
result of local existence and suitable a priori estimates. These estimates which
will be obtained in the following lemmas require a more elaborate treatment
unlike the case o bounded, because the assumption o(t) — oo for t — oo
makes the equation (1.17) degenerate at infinity. However, these estimates will
be established under the assumptions (see (1.25))

(2.2) 0<er<op<e <1, 0<o<Kete,
where €¢, €1, K are positive constants. It should be noted (see (1.25)) that for
all j > 2
(2.3)
oD ()| < K7 (a—1)(a—2)-(a— (j — 1)[e?9 Vo' (t) for all ¢ >0,
0_/

0 <o'(t) < aKel?, < aKef forall t >0,

Ea
which follows immediately from (2.2), (1.25) and the inequality
09 ()| < Ke§la — j +1||oY=(t)] for all ¢ > 0.
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3. A PRIORI ESTIMATES

Let us bear in mind that, given the initial expansion 2y = 0¢f) which
will be assumed (see (2.2)) small enough and initial data (ug,u1) € H?(Qp) X
H'(9p), our goal here is to show that the problem (1.1)-(1.3) admits a global
solution wu if the size

(3.1) R(Q0) = luollFr2(0) + 1311 ()

of initial data is large enough. Since u = vor (see (1.6)), it suffices to show
that the problem (1.17) and (1.19) has a global solution v if the size of initial
data (v2 € H?(Q) x H'(Q) is large enough. For that purpose, we set

0'07 o’g)

(32) R(00) = 0013210 + 05121 (s Alow) = 05" R(ov),
nz=3 0<r<l.
and we suppose

(3.3) lim (o) = 0.

oo—0

The assumption (3.3) specifies in what sense the size of our initial data

(v2 ,vl ) can be considered rather large if o is small enough. Moreover, if

ap’ Yoo

(3.3) is satisfied, then the size R(£2y) can be considered large enough. More
precisely, we have

(3.4) R(£) <

In fact, recalling (1.12), (1.13) and (3.2), by easy computations, we can
verify that

a(n—4)
(3.5) Iluolraqag) + lurl3n gy < Caog "™ (102, ey + ok s )
CQO'O a(1+r))\(ao)

and considering (3.3), necessarily we have

(3.6) o6 w0320 + 141121 ) < CaA(o0) < Co

whence (3.6) because [Qo| = o§™|€].

In statements following lemmas, we denote by C; (i = 0,...,4) the con-
stants which depend on Q, n , u, mg and (see (3.8)) My but (see (2.2)) neither
on oo nor o1. In addition, in the proof of each lemma, we will denote by C;
(1 = 1,---8) the constants that depend only on Q, n, u and possibly on myg
and My. As for the constants that depend only on Q and n, they will be de-
signated by Cq. Moreover, we denote |[|-|| ;2 and |[|-|| ym for the usual norms in
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the spaces L? = L?(Q) and H™ = H™(Q) respectively In the sequel, fixed oy
small enough we consider the family of initial data (v ,v5 ) € H*(Q)NH'(Q)
verifying (3.3) and we will derive estimates of the local solution of problem
(1.17)—(1.19) that will allow us to extend this to a global solution. We begin
by showing a crucial estimate which will be used essentially in the proof of
Lemmas 3.5-3.7.

LEMMA 3.1. Let og small enough and (v°
(3.3), (2.2) and (1.25), we have

€ H?(Q) x HY(Q). Given

007 ao)

n—2
(3.7) o7 Vol22 < Coog ™2 (lvd, 122 + 102, 12), n =3

(3.8) |MO)(|lo"7* Vo|22)| < Mo, i=0,1,2

where MW s the ith derivative of M and My a positive constant independent
of on og and 0.
Proof. To prove (3.7), we first multiply equation (1.17) with
R A Car )

By integrating over {2, we obtain

1d

(3.9) g B0 +uo?ll(@" T vyl = Z@,

where

(3.10) E(t) = 02|02 v)i|%s + o%a(t, 0T v,0"T v) + M(||lo "z Vo|2,)

A
(3.11) M) = /0 M (s)ds

and

e o2 1 n—2
I == (n— 1);‘72”( )t||%2 - QUZ/Q(V can)|(077 v)eldy,

n—20o

Iy .= — 02/(al.V(angrzv)(a"ng)tdy,
2 g (o)
2 n—2 n—2
Is:=0° [ (a2.V(c 2 v)(c 2 v)dy,
Q
_2 " / 2 / n n
o= "2 2T et [ (e o,
2 o 210 o Q
1 n— !
Is .= —o%d (t,o 221},0721))+—02a(t,0 T v,0 221))
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Recalling the expressions (1.11) of a; and ag, it is easy to see that
/

(312) I =-Zo? (" T o)l <0,

(813) |+ L+ L] < 50?077 ol
/
+ Ca(lo'P + |0 + |o'P| % ) o "2 Vol ..
Furthermore, by recalling (1.21), (1.22) and (1.15)) we get

n—2
Is=—0"0' Z/yly] o7 8 )07 8 ;0)dy < Co(lo"P+|o'P)|le "z Vol|7..

i,j=1
Therefore, on account of (3.13) and (3.12)

/
(3.14) §ju; L0 T ohll72 + Callo'P +1o" P +10"2| = %) o ™7 Vol

and by addlng (3.14) to (3.9) it follows

o' n—2
(3.15) aE(t) < Co(lo'f? + 0" + ]a’ﬂ;ﬁ)”a 2 Vu||2,.
Since (see (3.10), (3.11) and (1.16))

(3.16) E(t) > M(|lo"7 Vol|22) > 20"

> Lllo™T Vo,
and (see (2.3)) if g¢ is small enough

21 [ 2 < 200 + | 2],
from (3.15) it follows

SB1) < 2oBW), ) =o'

Note that, given (2.2) and (1.25) it is easy to see that ¢ is, relative to og
and o, uniformly bounded in L'(0,00). By applying the Gronwall lemma, we
get

(3.18) B() < BO) exp( 2 el11)

and thanks to (3.16), we have

(3.17)

2 Co
(3.19) o™ Vo2, < %E(O) eXP(@H@HLI)

From (3.10) (see also (1.25) and (1.21)), we have
-2

E(0) = 0" ||vg, +0‘T oB,l7



10 F. Lasfer, R.Benabidallah and F. Ebobisse 10

n— ﬂl o
o S [ (B = oo i) 0, 0

1,7=1

+ M (log "IV, 13)-
According to (2.2), we have
E(0) < Coog "2 ([lug 132 + 103, 130) + N (06 2 [ V0, [132)-

Furthermore, since (see (3.3) and (3.2)) o5 2| Vel |2, < A(oo) < 1,
thanks to (1.16), we have

(3.20) M (o6 2Nw08, I32) < M(Aev)) < sup M()
<AL

given (3.11), we can see that

(321)  M(|log" PV, 32) < og" Vel ol sup MO
and so
(3.22) E(0) < Cood " D (|lud, 122 + 1100 [1%1)

which, together with (3.19) gives us (3.7).

As to (3.8), since (see (1.16)) M € C%(]0, oc[), we set
(3.23) sup |[MOD(N)| = N;, My = max(Ng, N1, Np).
0<A<1

Given (3.7) and (3.3), we have HanT_QVUH%Q < CoA(op) < 1 for og small
enough and so

MO (0% Vol22)| < sup [MD(N)] < Mo

0<AL1

from which follows (3.8). O

LEMMA 3.2. Let 0 < r < 1. Under the same assumptions as the lemma
3.1, we have

1 a(l—r
(324)  [—=llo"7 Vol %]? < Coop" TN <1

o 2

1 1
i—r HU z vUHLZ X /\8 <1
oz

(325) o'z Vo, < Coot A2 <

1 3 r
[“uo *Tull2:]% < Cood TN <

g 3

if (see (2.2)) og is small enough.
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Proof. The proof follows immediately from (3.7) and (3.3) (see also (3.2)
and (1.25)). O

LEMMA 3.3. Let 0 <r <1 and

(3.26) Li(t) = 0®"||(0"T v)e||22 + 0 Talt, 0T v,0 "7 v)
1—r ) n=2 2
TN (o T V| 2,).
Given (2.2) and (1.25), we have the following inequality

d
(3.27) — L,

n—2 n—2
SL(t) + o (0 T ol < Crego 0" Vo2,

+ Cip(t)o" o™ T Vol 3,
where @ is given by (3.17).

Proof. An easy computation of the scalar product in L?() of the equation
(1.17) with

3_rgnT_2 (O'RT_QU)t

gives
1d —2 >
(3.28) R A (G PR
with
3—r. o 1 n—2
L = (n—2+ 9 )g o°” TH(U z U) HL2 - 503 T/(V'QI)KU 2 U)t|2dy7
n—20 5 n—2 n—2
Iy = — —o" [ (a1.V(0 2 v)(o 2 v)dy,
2 g Q
3—rp n—2 n—2
Is =0 (a2 - V(o 2 v)(o 2 v)dy
Q
_ 2 i /2 / ne n—
o= "2 (5 5|2 e (@ o oy,
]_ n— n— 3 - ! n— n—
I5 = 50—37ra/(t70721),0'721)) 5 T‘O'; 8—r (t,U%U,O’TZU)
e (e U TR
2 L2
Recalling the expression (1.11) of a; and of as, it is easy to see that
1 /
11:—5<1+r> o ol <0,
b < BP0 o)l + Cal| 2 [0/ 0 T Vs,

47
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s+l < 2o (T )% + (0P + 10/ + | 2] )0 5 Wl

Furthermore, on account of (1.21), (1.22) and (1.15)) we get

1—r OJ _.rm n—2 ~ n—2
Iy = —— o' [Pllo"F Vol + M([lo"F Volz.)]
(/// |O” 17"2/%%0-28@)(0-281))
i,j=1
Therefore, considering (1.25), (2.2) and (3.8), we have
1-— o
I5 < . raKeg‘(? + Mo)al—r”UTQVUH%Q
"2 "2 1’ N2\ 1—ry =2 2
+ Ca(lo"* + 10" + —|0"[*) 0" " [lo "> Vol 12
and so
< Crego' " [lo" T Vﬂh2+CbUU”2+\\2+| \ P)ot"lo " E Vo3,
Given estimates of terms I; (i =1,...,5), we obtaln

n—2 ~ n—2
(3.29) ka " (0 T )2 + Cre§ot 0" T V|2

~ o2 o' |2 n—2
+Cl(|0”|2+’0,‘2+‘;‘ ’0/‘2_‘_‘;‘ )Ul—r”J 5 VUH%Q-

Recalling the expression (3.17) of ¢ and taking account of (2.3), we have
if gg is small enough

72 12
(3.30) 0”2 +10/ 12+ | Z[ 1o + | 2| < 2000),

and given (3.29) and (3.28) we have (3.27) and therefore Lemma 3.3. O
LEMMA 3.4. Let 0 <r <1 and

(3.31) Lo(t) := po™ || v||2, + 2037 / (0 T v) (0" v)dy.
Q
Given (2.2) and (1.25), the following inequality holds
d m —r n—2 _r n—2
33 SL)+ Mo T Vel < oo ol

n—2
Cop(t) (o> |o T |2, + 03 T[0T v)]12).
Proof. Taking the scalar product in L?(Q) of equation (1.17) with

n—2

03_’"0”7_2(0711),
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we obtain
1d ol n-2 2 n-2 2
(3.33) 5 gl2(®) +o " M(lo = Vul[i2)]lo = Volz
4
+ 0% Ta(t, 0T =Y "I,
k=1
where
1 / O_//
I {,u(nJrl—r);wL(n—Z) + n(n—Q‘— } 370 2 0|2,
/
b= 0" (o ol + (4 1= 0% [ (075 00" F v
Q
Iy:= ——¢° T/(V az)|o 2 v|“dy,
Q
Iy = —0o? /(V ar)(o 221})(0 22vt)dy o3 7/(a o7 Vv)(a 2 u)dy
Q )
We have
I < 16 o' 0T Vol + Caflo” 2 + |of |2+! \ ] 0T w3,
m _ n—2
Iy < 720" N0 Volf + (14 Calo’P)o* 7 [(0 "2 v)el 7.

Moreover, given the expressions (1.11) of a; and ag, we can estimate the
last terms so that

I3+ Iy < 8 o'~ THU 7 VU”L?

~ n—2 _ n—2
+ Co(lo”)> + 10" *) (0 Tlo 7 G2 +0* T l(077 v)ilF2).

By adding these estimates to (3.33) and taking into account (3.30), we
obtain (3.32) and so the lemma 3.4. [

LEMMA 3.5. Let 0 <r <1 and

n—2

(3.34) Ls(t) := 03_T|\(0n7_21)t)t\|%2—|—0 a(t,o E v, 0T vy)
1—r n—2
+o "M(||lo 2

VUHL2 HU 7 VUtHB

1 -Tr
+ 50 Ml Vo) 5 o Vola)?

—1—203 "d(t,o 221},0 221),5)

—40 oM (|0 vv\p)/(a’?vvt)(a’fvv)dy.
Q

Given (3.8), (2.2) and (1.25), the following inequality holds
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d —_ n—2 _ n—2
(335) T Ls(t) + po’ (07T w)illfx < Caef(o o™ Vo,
+ 00T Voy|22)
n—2 n—2
+ Cap(t) (o' lo7T V72 + 00T Vull.)

92 3 —2 -2
+ G B Vula] £ Caot o Vel (ot 0 V),

N|=

Proof. If we differentiate (1.17) with respect to ¢ and we take the scalar
product in L?(Q) with

B_TgnTiz (U%Ut)t;

we obtain
(3.36)
1d _r n=2 3+7“U
5 st ) +uc® (07T ve)el T+ 5 o TM(|lo" VUHLz)HU 2 VUtHL??
k=1
where
3—r.o e = 1 5.,
L= (n-2+ ) 0077 v HL2—§U (072 v)e|"V - andy,
Q
n—20 5, n
Iy == — —0 (a1.V(o 2 v)(0 2 v )edy,
2 o
n—2.0" ) o' . n—2 2
b= "2 = =)0 400 [ (e T udy,
o o
I :a?"”/ az - V(o7 v) (077 ve)edy,
Q
3—r / n=2 2
Is =0 /az.V(U 2 v))(o 2 v)edy
Q
Iy = o™ / d - V(03 ) (077 vy)edy,
Q
-2 / n— n— n— n—
I; .= n2 g =rd(t, o 221;,5,0721;)-1-03_%”@,0 22Ut70T2U)
o
3 n 3_ ! n—
+ 503 "d'(t, o 7 v 0 22%) 5 TZGS””a(t,oTQvt,a 22ut)
o

and the nonlinear terms Jy they are given by
1

/
Jy = — [2% +(n+2-— 2r)(%)2]01—7“1\4(”0%%}”%2)

/ (0%2 Vv,g)(an%2 Vu)dy,
Q
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—6 d
Jy =1 (; oM (lo" V”HLZ‘) (HU z v””LQ)

2
/ka%fvwxaﬁfvumy
Q

Iyi= (52 4 D) Lot (0" Vol [ (o T i),
Jii= "2 (Y M (0" Vel (105 Vol ) 0T
Ty = 30" MY (0" Vol [ (10" Vo)),

Jo 1= S0V M ("% Vol3) S (10 Vol 2 o5 Tl

The terms I, are similar to those in the identity (3.28) and therefore, can
be (in particular the first and last term) estimated in the same way. We then
obtain taking into account (2.3), (2.2) and (1.25)

n—2 _ n—2
I, < 5% 70" vl 72 + Cap()(@! o2 Vo,

M*

(3.37)
k=1

+ 0! o T Yyl 3,

where, let us recall the here
/
(3.38) ¢@:ww+%ﬁ

As for the non-linear terms, given (3.8), (3.7), (3.3), (2.3), (2.2) and (1.25),
one has

4
~ n—2 n—2
(339) > Ik <G00 Vuil[fz + 007 VolTa).
k=1
Regarding the last terms J5 and Jg, given (3.8), we get
/
~ 10 13 _ n—2 n—2
< Go|Z e Io " Vel o " Vol

3
2

- ne 3 1
+ Cy(0" |07 Vor|22) 2 (— 0

g 3

VUHH)
and in view of (3.25)

3
2

/
~ 10 13, {_p, n=2 X 1—py =2
k<$b¢@”%2vﬂw+@®“%2vm@%
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As for the last term Jg, we have (see (3.8))

- 1 n—
Jo < Ca[—=0"7 Vol 2] [0 7077 Vur|2]

g 2

nlw

= 0y n=2 2 n=2 2
+ CyZ oM T T Vol B0 Tl

Since
/ —2 —2
—o' "o 2 Vul|Tallo T Vi3
O' 2 3
= U( Yo" Vur|32) 3 (0 o VthLa)“HU 7 Vo2,
/‘2 1 n-2 2 1—r 1—r z
(01 o™z Vol|32) (0 "o Vol|2.) (01" |0 T V2.

1 3
+ 5(0" o™ Vurl3)?,

then thanks to (3.24) (see also (2.3))

N

~ n—2 3 ~ n—2
Jo < Cy[o 0" Vuy|32]7 + Cso' |0 T Vulf3a (0Tl Vg 32)
and consequently, we have

(3.40)

=

/
~ g — ~ — —
JitJo< G| [*a! 0" T Voo +Cso! 0T VelFa (o 0T V)

. ne 3
+ Ca(o" 0" T Vurl72) .
Finally, putting together (3.40), (3.39) and (3.37), from (3.36) it follows
the inequality (3.35) and thus this achieves the proof of lemma 3.5. [

LEMMA 3.6. Let 0 <r <1 and

n—2 n—2

(3.41) Ly(t) := 203_T/Q(02v)t(05vt)tdy.

Given (3.8), (2.2) and (1.25), the following inequality holds
(342) SLa(t) + 001 (075 Vo) 30 <Ol (T )l
+ (@ T v)il132) + Cagp() (0 T 0T Vol 3
+ 070" )il + 000 T ).

Proof. As in the proof of lemma 3.5, if we differentiate (1.17) with respect
to t and we take the scalar product in L?(£2) of the new equation with

3_ro—nT_2 (JnTJU)t ,
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we obtain
(3.43)
1 d 1 —_r n—2 n—2
§&L4(t) M (o™ 7 Vol|22)|0"7 Vorl|2s + 0> Ta(t, 0" v, 0T v)
n—2 d n—2 2 8
olWNUQWW%LMWQVW@}zgﬁ
where
3n—2ro 4 n—2 n—2 py, m=2
I = 5 —o3 T/(O’ 2 v)(o 2 Ut)tdy+o3 G Ut)tH%z,
o Q
n—2,0" n,o 9 3—
Iy = — 4 —|— —_— —2)=16%"||(c =
2 [ 9 (0.+2‘0.‘)+M( 9 +n ) ] ”( )HL27
_2 1 / _2 / n e
I3 := n 5 (% — g|%]2)[n 5 % —{—,u]ag_r/g(o*;v)(o*;v)tdy,

Iy:=o%" / [(ag + d}) - (U%Vvt + ab - (J%Vv)](a%v)tdy,
Q

Is = — 3*'a55v<7%m,
Is = Js_r/(al . (U e ))(UnT_ZU)tdyv
Q
— 2 / n— n— n—
I; .= —= 9 001TM(”U22V”||%2)/(‘7fv”t)(afvv)dy’
g Q

0' 2
Iy == (n = 2)| =o' "M (|lo"F Vol 1)o7 Vol 7.

Recalling the expression (1.11) of a; and ag (see also (1.22), (1.21) and
(1.15)) and taking account of (2.3) and (2.2), we can estimate the first six terms
so that

n—2 n—2
+ Co(o®"|[(07 2 v)ellF2 + 0" [[(0 72 v)ell72)
~ n—2 n—2 n—2
+ Cap®) (o " Voll2s + 03[0 )i |2 + 03 (0T 0)el2a).
Furthermore, by integrating by parts, the term Ig can be estimated ensure

that

molr

127
+ Cap(t) (o' o™ Vullfa + 05 [[(0"7 0z + 0P (072

Is < HU z VUtHB

2
ve)el72)-
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As for the latter terms, considering (3.8), (3.7), (2.3) and

Olr’
2

n—2
I+ I < 077 Vor|22 + Cap(t)a |07 Vol 2.

The proof of the lemma is completed by adding the above estimates of
the terms I; to (3.43). O

LEMMA 3.7. Let 0 <r < 1. We set

(3. 44) , ,

D(t) =0T v}l 32+ (0T vlill3) +0 T[0T VolFa+o T Vuu3a],
(3.45) L(t) = * o "F vl 3. + D(1),

(3.46) ﬁ(t) = lel(t) + kQLQ(t) + k3L3(t) + L4(t),

where L;(t) (i = 1,...4) are given by (3.26), (3.31), (3.34) and (3.41) as for
ki, ko and ks are positive constants. Then the following inequalities hold

(3.47) L(t) = boL(t),

(3.43) S20)+ ") < DL,

with positive constants by, . .., by independent of .
Proof. Given (3. 26) (3.31), (3.34) and (3.41), it is easy to see that
m, _ n-2
Li(t) 2 (0" opllfz + o' Tlo " Vol e,

I 2
L(t) > 5o o7 UHLQ—* (0 v)3

molr

4
La(t) > =" (|0 " v)elF2 = 0* Il T v)el3 -

From which (see also (3.45)) we get

_ n—2
Ly(t) > o* |0 F vl Fa+ 20 o T Vvtlle Cao' ™o Vol |2,

k
(349) L2 M0* (0T 0l + 200" o T Vol 2005 o3,

—r n_2 m —pp =2
+ X007 vl 2e + Tokgal lo"2 Vu|2,,
where
2%k k
(3.50) A=k — 72 —1, A= 1;”0 — Coks, N3:=ks—1.

On the order hand, if we multiply inequality (3.27), (3.32), (3.35) and
(3.42) by ki, ko, ks and k4 = 1 respectively and summing, we obtain

d n— . n—
(3.51) ZLO + X007 )72 + Aot 077 Vol
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n—2 n—2
260”07 w72 + Agot o E V7
_ n—2 n—2 n—2
<(Crh1+Caka+Csks+Ca)p(O)0* (|0 vl 2 HI(o = v)ellZ2+ (077 v)el72)
n—2 n—2 n—2 3
+ 0 T (lo T Vola + o T V)] + ksCs[o! o E V|72

—2 —2 1
+ k30301*7"||0nTVUH%2 [alfr||anTVUtH%2} 2.

where
kom
(3.52) )\4 = kl# — kg — 04, )\5 = 22 0 _ k‘10168‘ — k303€8,
m
Xo = ksp — Cay A7 1= 70 — ksCsed.

If € is small enough, it is easy to see that we can choose ki, ko and ks
such as (see (3.50) and (3.52))

(3.53) N>0 i=1,...,7.
Indeed, we first choose
(3.54)
Cy 2Cymgy 2myg 3Cqks . mo
ks =2 1, — ki = 0<eg < 1
3 max( ) 1 ; 3CQH 73CQ,U)7 1 mo 3 €0 mln( ,403]€3)
so that
1
(3.55) Ay = §CQ]€37 A=21, X=2Cy A2 %-
On the other hand, by choosing (see (3.54))
(3.56)
3CQk'3 . k‘gmo mo
ko = — 2C 0, 0 &< 1, ,
2 W@O ll Hlax( 47IL) > Y <: 60 rnln’( 4(k1(71 +‘(j3k3) 4(73k3)
we have
2ko
(357) )\4:]€1u*k2*04204, )\1 Z:k1*7*121,
k k
)\5 = 2;710 — k:10158“ — Cg€8]€3 > 2;1n0.

So, considering (3.56)—(3.57), from (3.45) it follows

ksCq kop k
(3.58) L(t) > boL(t), bo=min (1, 32 e %“ 31”0)
i.e. (3.47). Furthermore from (3.51) (see also (3.44) it follows
d
(3.59) aﬁ(t) + b1D(t)

n—2

~ n=2 n=2
< Csp®)[* " (lo = vll72 + (o2 v)ellF2 + 1072 vl 72)
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n—2 n—2 3
+ ol (lo" T VvH + oz Vul[22)] + ksCs[or T |lo 2 Vuy|2.]2
1

+ + k3C30' 0T Vo2, [0 0T Vi |12,] 2,

where (see (3.56)-(3.57)).
(3.60)

k
by=min(\j,j =4,---7) >mm(047mo moksa

4 7T)a
Given (3.44), by recalling the expression (3.38) of ¢ (see also (2.3) and
(2.2)), we have

(3.61)  Csp(t)[0* " (lo"F v|2s + 10" 0)el|22 + (077 ve)el22)
+ o (lo " Volf2, + 077 Vurl|2)] = Cop() (07 [l0™F v]|2. + D(1))
< C5Cap(t)o’c 7|0 "2 Vo2, + Csp(t)D(1)) < Coeg D(t)
and (see (3.58), (3.44) and (3.45))

05 = C1k14+Coko+C3ks+CYy.

(3.62)
n— 3 n— n— 1
ksCa [0t [0 "2 Vur|32]% + ksCso 0™ F Vulf3a [0 02 V322
ksCs .1 b1
< L2(t)(t)D(t) < —D(t) + boD(t)L(¢t
Vi (O)() D) < 5 D(t) + b2D(1)L(t)
where
_ k303
(3.63) b= 5o
By adding (3.62) and (3.61) to (3.51) and choosing (see (3.56)) &g so that
o b
RTe

we obtain (3.48). O

LEMMA 3.8. Let be (v € H*(Q) N HY (). We set

007 ao)
(364 R(00) = 05> WS, 32 + e, . Aloo) = 05" R(ov).
and we suppose

(3.65) lim A(og) = 0.

oo—0
Then, if (see (2.2)) oq is small enough, we have
by
8by
(see (5.63), (3.60) and (3.58)) for by and bs.

(3.66) 0< £(0) <
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Proof. Let us first note that (3.65) implies the hypothesis (3.3) under
which Lemmas 3.2-3.6 and therefore lemma, 3.7 are established. That said, by
recalling the expressions (see (3.34), (3.41) and (3.46)) of L3(t) and L4(t), we
can see that £(0) contains the L?-norm of the term vy|;—o. This term is defined
(see (1.11), (1.15) and (1.17)) by

Uitli—o = —pvg, + —AUJO +a1(0,y).Vol, +a2(0,y).Vod,

where
n
Avgo = Z@ z(( HVU ||L2) ij — 042‘*|200 yzyj)ay]%o)

Therefore, considering (3.23), (1.14) and (2.2), we get

2
(3.67) lvrele=ollzz < Calllvgyllm + llvg, lla1) + Caog **[lvg, 2

Recalling (3.41), (3.34) and (3.67), given (2.2) and (3.23) the easy com-
putations give us

(3.68) L3(0) + La(0) < Crog "™ (05 >[5, 32 + llog, I130).
Moreover, one can easily see that

(3.69) L1(0) 4 La(0) < Crod ™ > ([0l 121 + [[od, |122).

~_ So, from (3.69), (3.68) and (3.46) (see also (3.64)) it follows L£(0) <
Cs\(0p) and from (3.65) it follows (3.66). [

4. GLOBAL SOLUTION AND ITS ASYMPTOTIC BEHAVIOUR

Lemmas 3.7-3.8 being established, now we are in position to prove our
main result on the existence and asymptotic behaviour of global solution of
the initial boundary value problem (1.1)—(1.3). More precisely, fixed the initial
expansion g, we give initial data (ug,u1) € H*(Qo) x H () verifying (3.4),
we suppose (2o small enough and we ask the question of the existence of global
solution u of the initial boundary value problem (1.1)—(1.3). Here, we insist on
the fact the initial data (ug,u1) can be large enough. In fact, recalling (3.4)
(see also (3.1)) and fixed Ry large enough, it can be seen that if

Coq
1+7r
RO

0 < |Q0] < n>3 0<r<l

then
R(0) = [luoll32q) + lu1l7r1 (g < Ro-
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Our main result enunciated above is a non trivial generalization in higher
dimension of our previous papers [3] and [4], where the results are obtained in
dimension one and two with an unbounded expansion of the domain and with
initial data sufficiently small.

THEOREM 4.1. Let o small enough, Qo = 0§ and (ug,u1) € H*(Qo) x
HY(Q0) such that (3.4) is satisfied then the initial boundary value problem (1.1)-
(1.3) has a unique global solution

(4.1) u € L>(0,00; HY (%) N H2(Q))
ug € L*(0,00; HY(Q)), ug € L*°(0,00; L2(Q)).

Moreover,

42 ol + ol + Wiy < ot 0<r <1
Ao

Remark 4.1. Theorem 4.1 results from the existence of a global solution
v of problem (1.17) and (1.19) under the assumption (3.65) on the initial data
(V96> Vay)-

Indeed, if under hypothesis (3.65) (see also (3.64)) such a solution v exists,
one can easily verify that u = vor (see (1.6)) is a global solution of the initial
boundary value problem (1.1)—(1.3) with the initial data (ug,u1) large enough.
Thus the proof of theorem 4.1 is reduced to that of the existence of a global
solution v of problem (1.17) and (1.19) under the assumption (3.65) on the

initial data (v2 vl ). The latter follows from combination of its local solution

oo’ “o0
and some of these a priori estimates allowing to get the uniform boundedness
with respect to t € [0,00) of the weighted norm L(t) (see (3.45)). In fact, if
this norm is bounded for all ¢ by the same constant, as will be seen, we can

then step by step extend the local solution v to the whole interval [0, c0).

4.1. The Proof of Theorem 4.1.

From (3.48) it follows that

d b1 bl

(4.3) &L‘(t) + §D(t) + baD(t) [8732 - L(t)] <0,
We set b
Et) = 8712 —L(t).

Considering (3.66), we have £(0) > 0 and by continuity there exists 7
small enough such that £(t) > £(0)—3£(0) > 0 for all ¢ €]0, 7o[. By integrating
(4.3) on [0, 79[, we obtain

(4.4) L(t) < L£(0), forany t € [0,7)
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particularly
L(19) < L(0)

so E(19) = £(0) > 0 and by continuity we have
E(t) > E(mo) — %E(O) > £(0) — %5(0) >0 forall ¢ € [r,270)].

By integrating (4.3) on [70, 270[, we obtain
(4.5) L(t) < L(1) < L£(0), for any t € [0, 270]

from (4.5) and (4.4) it follows L(t) < £(0) for all ¢ € [0, 27p[ and repetition of
this process, give us L£(t) < £(0) for all ¢ € [0,00[. This last inequality gives
us (see (3.47)) L € L>°(0,00) and from (4.3) is follows that D € L'(0,00). By
reminding (see (3.44) and (3.45)) expressions of L and D, we obtain

(4.6) oz (0%211) € L™(0, 00; L?), 01%(0%211) € L N L*0,00; HY),
3— n—2

o7 (077 v) € LN L*0,00; L?), 01—%(0%—2%) e L>® N L*0,00; HY),
o2 (0" vy) € L N L2(0, 00; L2).
Now, we rewrite the equation (1.17) in the following form

- Z 8yi(dijaij) = F?

ij=1

where

~ ~ n-2 ~

Q5 = M(O’ 2 HVUH%Q)(ZJ — ]a’]Qyiyj, F = 02(_Utt — pu + al.Vvt + ag.Vv).
From (2.3), (1.4) and (1.14) it is easy to see that

n
- mo
D ags > 7\5!2-
ij=1
So, by standard regularity arguments of elliptic equations we have
n—2 n—2 ~
(4.7) o™= 0]l g2 < Callo2 F12 <

4
g _ —2 n—2 _ n—2 n—2
Corg= [0 (10" F )il 72+l "F w7 +0 " (lo7F VolFa+]l0"F Vor|72).

The last inequality follows from the above expression of F' (see also (2.3),
(1.25) and (1.11)). From (4.7) and (4.6) it follows that

1+7r n—

(4.8) ot (0" ) € L°NL0,00,H?), 0<r<1.

Now, if we use u = v o7 (see (1.6) for definition of 7), given (4.8) and
(4.6), by easy computations we can see that

u € L(0, 00; HY (Q)NH? (), us € L>(0,00; HH(Q)), ug € L*(0, 00; L? ().
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In order to complete the proof of Theorem 4.1, it remains to prove the
asymptotic behaviour of global solution. Indeed, given (2.2) and (1.25), easy
computations gives us

ullZrr 0, + luellip o, + el 720, <
Ca
ogl-r

_ n—2 n—2 _ n—2 n—2
[0 7107 ve)el|F2+1I(07 % v)elZe) +o' (o2 Vol[fa o 2 Vurl[72)]

and from (4.6) follows easily

Co
ullZr ) + el Fr o,y + el F2 i) < (@)’

that is to say (4.2) because || = o™ (¢)|€2|. This concludes the proof of Theo-
rem 4.1. [
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