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One of the most useful facts when dealing with one-parameter functionals of
the family of (p-)parallel bodies is the di�erentiability of the volume. In this
paper, we provide an alternative proof for this di�erentiability at the origin in a
restricted range of values of p.
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1. PRELIMINARIES

Let Kn be the set of all convex bodies, i.e., non-empty compact convex
sets in the Euclidean space Rn endowed with the standard scalar product 〈·, ·〉,
and let Kn0 be the subset of Kn consisting of all convex bodies containing the
origin.

We will denote by h(K,u) = max
{
〈x, u〉 : x ∈ K

}
the support function

of K ∈ Kn in the direction u of the (n − 1)-dimensional unit sphere Sn−1 in
Rn. For a set M ⊆ Rn, we write intM and vol(M) to denote, respectively, its
interior and its volume, that is, its n-dimensional Lebesgue measure (if M is
measurable).

The vectorial or Minkowski addition of two non-empty sets A,B ⊆ Rn is
de�ned as

A+B = {a+ b : a ∈ A, b ∈ B},

and we write A+ x := A+ {x}, for x ∈ Rn. Moreover, λA = {λx : x ∈ A}, for
λ ≥ 0. We refer the reader to the books [7, 14] for a detailed study of this.

The so-called Minkowski di�erence can be regarded as the substraction
counterpart of the Minkowski addition: for two non-empty sets A,B ⊆ Rn, the
Minkowski di�erence of A and B is de�ned by

A ∼ B = {x ∈ Rn : B + x ⊆ A},
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that is, A ∼ B is the largest set such that (A ∼ B) + B ⊆ A. Minkowski's
di�erence gives rise to the notion of inner parallel bodies, a notion which has
many applications in the geometry of convex bodies. We refer the reader to [14,
Note 2 for Section 7.5] for further applications of inner parallel bodies.

In 1962 Firey introduced the following generalization of the classical Min-
kowski addition (see [5]). For 1 ≤ p <∞ andK,E ∈ Kn0 the p-sum (or Lp-sum)
of K and E is the convex body K +p E ∈ Kn0 whose support function is given
by

h(K +p E, u) =
(
h(K,u)p + h(E, u)p

)1/p
,

for all u ∈ Sn−1. The p-sum of convex bodies was the starting point of the nowa-
days known as the Lp-Brunn-Minkowski (or Firey-Brunn-Minkowski) theory.

In [12] the following analogous to the Minkowski di�erence in the frame-
work of Firey-Brunn-Minkowski theory was introduced: forK,E ∈ Kn0 , E ⊆ K,
and 1 ≤ p <∞, the p-di�erence of K and E is de�ned as

K ∼p E =
{
x ∈ Rn : 〈x, u〉 ≤

(
h(K,u)p − h(E, u)p

)1/p
, u ∈ Sn−1

}
.

When p = 1, in both cases above the usual Minkowski sum and di�erence are
obtained; i.e., +1 = + and ∼1 =∼ are the Minkowski addition and di�erence,
respectively.

In order to develop a structured and systematic study of the p-di�erence,
it is useful to work with the following subfamily of convex sets where also the
trivial cases are avoided (see [12] for further details):

Kn00(E) =
{
K ∈ Kn0 : 0 ∈ K ∼ r(K;E)E

}
,

where r(K;E) = max
{
r ≥ 0 : x + rE ⊆ K for some x ∈ Rn

}
is the relative

inradius of K with respect to E.
For convex bodies K1, . . . ,Km ∈ Kn and real numbers λ1, . . . , λm ≥ 0,

the volume of the linear combination λ1K1 + · · · + λmKm is expressed as a
polynomial of degree at most n in the variables λ1, . . . , λm,

vol
(
λ1K1 + · · ·+ λmKm

)
=

m∑
i1,...,in=1

V(Ki1 , . . . ,Kin)λi1 · · ·λin ,

whose coe�cients V(Ki1 , . . . ,Kin) are the mixed volumes of K1, . . . ,Km. No-
tice that such a polynomial expression is not possible for the sum +p when p > 1
(see e.g. [6]). Further, it is well-known that there exist �nite Borel measures
on Sn−1, the mixed area measures S(K2, . . . ,Kn, ·), such that

V(K1, . . . ,Kn) =
1

n

∫
Sn−1

h(K1, u) dS(K2, . . . ,Kn, u).

We refer to [14, Chapter 5] for an extensive study of mixed volumes and mixed
area measures. If only two convex bodies K,E ∈ Kn are involved in the above
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sum, the arising mixed volumes V
(
K[n − i], E[i]

)
=: Wi(K;E) are called the

quermassintegrals of K (relative to E); [i] to the right of a convex body in-
dicates that it appears i times. In particular, we have W0(K;E) = vol(K),
Wn(K;E) = vol(E) and S(K) := nW1(K;Bn) is the surface area of K. We
notice that

Wi(K;E) =
1

n

∫
Sn−1

h(K,u) dS
(
K[n− i− 1], E[i], u

)
.

Let E ∈ Kn0 and K ∈ Kn00(E). The full system of p-parallel bodies of K
relative to E, 1 ≤ p <∞, is de�ned as follows [12].

De�nition 1.1. Let E ∈ Kn0 and K ∈ Kn00(E). For 1 ≤ p <∞,

Kp
λ =

{
K ∼p |λ|E if − r(K;E) ≤ λ ≤ 0,

K +p λE if 0 ≤ λ <∞.

Kp
λ is the p-inner (respectively, p-outer) parallel body of K at distance |λ|

relative to E.

Di�erentiability properties of functions that depend on one-parameter fa-
milies of convex bodies play an important role in some proofs in Convex Ge-
ometry, see e.g. [14, Theorem 7.6.19 and Notes to Section 7.6]. In particular,
for E ∈ Kn with interior points and K ∈ Kn, the di�erentiability of functi-
ons depending on the full system of 1-parallel bodies was already addressed by
Bol [1] and Hadwiger [8]. In this case (p = 1), the considered functions are the
(relative) quermassintegrals Wi(K

1
λ;E), i = 0, . . . , n− 1.

One of the most useful classical tools in this context is the di�erentiability
of the function vol(K1

λ) on −r(K;E) ≤ λ ≤ 0. Further results and applications
of the di�erentiability of quermassintegrals with respect to the one-parameter
family of 1-parallel bodies can be found in [10] and the references therein.

In [9] Hern�andez Cifre, Mart��nez Fern�andez and Saor��n G�omez proved,
among other related results, the di�erentiability of the quermassintegrals
Wi(K

p
λ;E), i = 0, . . . , n− 1, on the range (0,∞). Moreover, as in the classical

case (p = 1), the di�erentiability of the volume functional vol(Kp
λ) was also

established, based on bounds of left and right derivatives of quermassintegrals.

The aim of this work is to provide a di�erent proof, under the spirit
of looking for a Matheron-type lemma, of the di�erentiability of the volume
functional vol(Kp

λ) at λ = 0 for the range 1 < p ≤ n. We think that our techni-
que could be employed to obtain similar results in the Firey-Brunn-Minkowski
theory.
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2. DIFFERENTIABILITY OF vol(Kp
λ) AT THE ORIGIN

(for 1 < p ≤ n)

The aim of this section is to prove the di�erentiability of the function
λ 7→ vol(Kp

λ) at the origin for 1 < p ≤ n. In order to do that, we need some
previous results. In [13] Matheron proved the following Convexity Lemma:

Lemma 2.1 ([13, Convexity Lemma]). Let K,E ∈ Kn with E ⊆ K. Then,

for all 0 ≤ ε ≤ r(K;E), it holds

vol(K)− vol(K ∼ εE) ≤ vol(K + εE)− vol(K).

Our �rst step is to show that the Convexity Lemma remains true for
1 ≤ p ≤ n if the convex bodies K and E are the same. Before doing that, we
will need a technical inequality:

Lemma 2.2. Let 1 ≤ p ≤ n and 0 ≤ ε ≤ 1. Then,

(2.1) 1− (1− εp)n/p ≤ (1 + εp)n/p − 1.

Proof. If p = n, then (2.1) holds trivially. Suppose that 1 ≤ p < n, and
let us consider the function ϕ : [0, 1) → R given by ϕ(ε) := (1 + εp)n/p + (1−
εp)n/p − 2. The function ϕ is di�erentiable on (0, 1), with derivative

ϕ′(ε) = nεp−1
[
(1 + εp)(n−p)/p − (1− εp)(n−p)/p

]
.

Since 1 ≤ p < n, the function t 7→ t(n−p)/n is strictly increasing in (0,∞),
which implies that ϕ′(ε) > 0 for all 0 < ε < 1. Then, ϕ(ε) ≥ ϕ(0) = 0, for all
0 ≤ ε ≤ 1, and (2.1) is proved. �

Lemma 2.3. Let Q ∈ Kn with 0 ∈ intQ and let 1 ≤ p ≤ n. Then, for all

0 ≤ ε ≤ 1, it holds

(2.2) vol(Q)− vol(Q ∼p εQ) ≤ vol(Q+p εQ)− vol(Q).

Proof. Firstly, we notice that for all u ∈ Sn−1 we have that

h
(
Q+p εQ, u

)p
= h(Q, u)p + εph(Q, u)p = h

(
(1 + εp)1/pQ, u

)p
,

from where Q+p εQ = (1+εp)1/pQ. On the other hand, it is easy to check that
Q ∼p εQ = (1 − εp)1/pQ (see [12, Lemma 2.2 (vi)]). Just by replacing these
expressions, we immediately get that (2.2) is equivalent to

(2.3) vol(Q)− vol
(

(1− εp)1/pQ
)
≤ vol

(
(1 + εp)1/pQ

)
− vol(Q).

Taking into consideration that the volume functional is homogeneous of degree
n and that vol(Q) > 0 (because Q has interior points), we deduce that (2.3) is
equivalent to (2.1) and we �nish the proof. �
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Remark 2.1. Lemmas 2.2 and 2.3 show that a general Convexity Lemma
does not exist for p > n, since (2.1) does not hold for p > n.

For K,L ∈ Kn we write R0(K;L) := inf{t > 0 : K ⊆ tL} to denote the
relative circumradius at the origin of K with respect to L.

Lemma 2.4. Let E ∈ Kn with 0 ∈ intE, Q ∈ Kn00(E) and let 1 < p ≤ n.
Then, for all 0 ≤ ε ≤ 1/R0(E;Q), we have that

vol(Q)− vol(Q ∼p εE) ≤ vol(Q+p εαQEE)− vol(Q),

with αQE := R0(Q;E)R0(E;Q).

Proof. Since E ⊆ R0(E;Q)Q we have that Q ∼p εE ⊇ Q ∼p εR0(E;Q)Q,
and thus vol(Q ∼p εE) ≥ vol(Q ∼p εR0(E;Q)Q). On the other hand,
Q ⊆ R0(Q;E)E, which yields Q +p εR0(E;Q)Q ⊆ Q +p εαQEE. Since 0 ≤
εR0(E;Q) ≤ 1, we have by Lemma 2.3 that

vol(Q)− vol(Q ∼p εE) ≤ vol(Q)− vol(Q ∼p εR0(E;Q)Q)

≤ vol(Q+p εR0(E;Q)Q)− vol(Q)

≤ vol(Q+p εαQEE)− vol(Q). �

From Lemma 2.4 we deduce that, for all 1 < p ≤ n,
vol(Q)− vol(Q ∼p εE) ≤ vol(Q+p εE)− vol(Q) + F (ε),

for all 0 ≤ ε ≤ 1/R0(E;Q), with

(2.4) F (ε) := vol
(
Q+p εαQEE

)
−vol(Q+p εE) ≥ 0,

because

(2.5) αQE = R0(Q;E)R0(E;Q) ≥ R(Q;E)R(E;Q) =
R(Q;E)

r(Q;E)
≥ 1,

where R(K;L) := inf{t > 0 : there exits x ∈ Rn with x + tL ⊇ K} is the
relative circumradius of K with respect to L.

Lemma 2.5. Let E ∈ Kn with 0 ∈ intE, Q ∈ Kn00(E), 1 < p ≤ n, and let

F (ε) as in (2.4), with 0 ≤ ε ≤ 1/R0(E;Q). Then, there exists a constant C > 0
(which depends on Q and E) such that F (ε) ≤ Cεp, for all 0 < ε ≤ 1/αQE.

Proof. We write, for brevity, α = αQE . See Lemma 2.4 and (2.5). If
α = 1, then F (ε) ≡ 0 and the result becomes true. Suppose that α > 1, and
let us consider the function k : [1, α]× Sn−1 → (0,∞) given by

k(t, u) := h(Q+p tεE, u).

By the continuity of support functions and the p-sum of convex bodies, the
function k is continuous in each variable. The following claim is a technical
step, which is proved with standard arguments. Nevertheless, we will include
here a detailed proof for the sake of completeness.
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Claim 2.1.

lim
s→0

k(t+ s, u)− k(t, u)

s
=
∂k(t, u)

∂t
= εptp−1h(E, u)ph(Q+p tεE, u)1−p

uniformly on Sn−1, for all t ∈ (1, α).

Proof of Claim 2.1. Notice �rst that 0 < ε ≤ 1/α is a �xed number. Let
t ∈ (1, α) and η > 0. We are going to prove that there exists some δ > 0 such
that

|s| < δ =⇒
∣∣∣∣k(t+ s, u)− k(t, u)

s
− ∂k(t, u)

∂t

∣∣∣∣ < η, for all u ∈ Sn−1.

As a consequence of the mean value theorem applied to the function t1/p, p ≥ 1,
we have that for α, β ≥ 0, there exists some γ between α and β such that

(2.6) α1/p − β1/p =
1

p
(α− β)γ(1−p)/p,

and similarly

(2.7) αp−1 − βp−1 = (p− 1)(α− β)γp−2.

Taking α = h(Q, u)p + (t + s)pεph(E, u)p and β = h(Q, u)p + tpεph(E, u)p in
(2.6) we deduce that there exists some t+ θ between t+ s and t such that

k(t+ s, u)− k(t, u)− s∂k(t, u)

∂t
=

= h
(
Q+p (t+ s)εE, u

)
− h
(
Q+p tεE, u

)
− s∂k(t, u)

∂t

= α1/p − β1/p − s∂k(t, u)

∂t

=
1

p
εph(E, u)p

[
(t+ s)p − tp

]
h
(
Q+p (t+ θ)εE, u

)1−p − s∂k(t, u)

∂t
,

because h(Q, u)p + (t + θ)pεph(E, u)p = h
(
Q +p (t + θ)εE, u)p. Again by the

mean value theorem, we have that (t + s)p − tp = sp(t + w)p−1, with t + w
between t+ s and t. Notice that |θ|, |w| ≤ |s|. Thus,

k(t+ s, u)− k(t, u)− s∂k(t, u)

∂t
=

= sεph(E, u)p

( t+ w

h
(
Q+p (t+ θ)εE, u

))p−1 −( t

h
(
Q+p tεE, u

))p−1
 .

In the following, we will use the inradius of Q at the origin, r0(Q) := max{δ >
0 : δBn ⊆ Q} > 0, and we will write R0(K) := R0(K;Bn) to denote the
circumradius of K at the origin.
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By applying (2.7) with α = (t + w)h
(
Q +p tεE, u

)
and β = th

(
Q +p

(t+ θ)εE, u
)
we have that there exists some Γu,w,θ > 0 between α and β (this

number is bounded so that Γp−2u,w,θ ≤ C
′ for all u ∈ Sn−1) such that

∣∣∣∣k(t+ s, u)− k(t, u)

s
− ∂k(t, u)

∂t

∣∣∣∣ =

=
εph(E, u)p[

h
(
Q+p εE, u

)
h
(
Q+p (t+ θ)εE, u

)]p−1×
×
∣∣∣[(t+ w)h

(
Q+p tεE, u

)]p−1 − [th(Q+p (t+ θ)εE, u
)]p−1∣∣∣

≤
(
εR0(E)

)p
r0(Q)2(p−1)

(p− 1)Γp−2u,w,θ

∣∣(t+ w)h
(
Q+p tεE, u

)
− th

(
Q+p (t+ θ)εE, u

)∣∣
≤ C̃

(
t
∣∣h(Q+p (t+ θ)εE, u

)
− h
(
Q+p tεE, u

)∣∣+ |w|R0(Q+p E)
)
,

(2.8)

where we have used that tε ≤ αε ≤ 1 implies h
(
Q+p tεE, u

)
≤ h(Q+pE, u) ≤

R0(Q+p E) and we have denoted

C̃ := (p− 1)C ′
(
εR0(E)

)p
r0(Q)2(p−1)

.

Again by the mean value theorem we have that there exists some ξ between t
and t+ θ such that

(2.9) (t+ θ)p − tp = θpξp−1.

It is important to observe that if |s| (and so |θ|) is small enough, then we will
have that |ξ| ≤ 3t

2 . Now (2.9) together with (2.6) with α = h(Q, u)p + (t +
θ)pεph(E, u)p and β = h(Q, u)p + tpεph(E, u)p allows to deduce the existence
of some t+ ∆ between t+ θ and t (with |∆| ≤ |θ| ≤ |s|) such that

h
(
Q+p (t+ θ)εE, u

)
− h
(
Q+p tεE, u

)
= α1/p − β1/p

= [(t+ θ)p − tp] εph(E, u)p
1

p
(h(Q, u)p + (t+ ∆)pεph(E, u)p)

1−p
p

= θξp−1εph(E, u)ph
(
Q+p (t+ ∆)εE, u

)1−p
.

Going over (2.8) again and using the above inequalities we �nally get∣∣∣∣k(t+ s, u)− k(t, u)

s
− ∂k(t, u)

∂t

∣∣∣∣ =

≤ C̃

(
t|θ|
(

3t

2

)p−1
(εR0(E))p

1

r0(Q)p−1
+ |w|R0(Q+p E)

)
≤ Ĉ|s| < η, for all u ∈ Sn−1
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whenever |s| < δ := min
{ η
C∗ ,

t
2

}
, where

C∗ := C̃

((
εtR0(E)

)p( 3

2r0(Q)

)p−1
+ R0(Q+p E)

)
.

We have proved thus that

(2.10) lim
s→0

k(t+ s, u)− k(t, u)

s
=
∂k(t, u)

∂t

uniformly on Sn−1. It remains to see that the right-hand side of (2.10) equals

to εptp−1h(E, u)ph
(
Q+p tεE, u

)1−p
. But this is a straightforward veri�cation.

In fact, since k(t, u) = (h(Q, u)p + tpεph(E, u)p)1/p we get by the chain rule
that

∂k(t, u)

∂t
=

1

p
(h(Q, u)p + tpεph(E, u)p)

1
p
−1 · ptp−1εph(E, u)p

= εptp−1h(E, u)ph
(
Q+p tεE, u

)1−p
,

and we �nish the proof of Claim 2.1. �

Now we need a result proved by B�or�oczky, Lutwak, Yang and Zang:

Lemma 2.6 ([3, Lemma 2.1]). Let k : I × Sn−1 → (0,∞) be a continuous

function, where I is an open interval of R. Suppose that

lim
s→0

k(t+ s, u)− k(t, u)

s
=
∂k(t, u)

∂t

uniformly on Sn−1. If {Kt}t∈I is the family of Wul�-shapes associated with kt
(i.e., Kt =

⋂
u∈Sn−1

{
x ∈ Rn : 〈x, u〉 ≤ kt(u)

}
), then

dvol(Kt)

dt
=

∫
Sn−1

∂k(t, u)

∂t
dSKt(u),

where SKt(u) := S(Kt[n− 1], u).

Claim 2.1 together with Lemma 2.6 yields then

dvol(Qt)

dt
=

∫
Sn−1

∂k(t, u)

∂t
dSQt(u),

where Qt := Q+p tεE.
Since p > 1, we have that h(Qt, u)1−p ≤ r0(Q)1−p for all u ∈ Sn−1. On the

other hand, h(E, u)p ≤ R0(E)p for all u ∈ Sn−1. Moreover, since 0 ≤ ε ≤ 1/α,
we have that ∫

Sn−1

dSQt(u) =

∫
Sn−1

h(Bn, u) dS(Qt[n− 1], u)

= nV(Bn, Qt[n− 1]) = S(Qt)

≤ S(Qα) = S(Q+p εαE)

≤ S(Q+p E).
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Then,

F (ε) = vol(Qα)− vol(Q1) =

∫ α

1

(∫
Sn−1

∂k(t, u)

∂t
dSQt(u)

)
dt

= εp
∫ α

1
tp−1

(∫
Sn−1

h(Qt, u)1−ph(E, u)p dSQt(u)

)
dt

≤ R0(E)p

r0(Q)p−1
εp
∫ α

1
tp−1

(∫
Sn−1

dSQt(u)

)
dt

≤ Cεp,

where

C :=
R0(E)p

r0(Q)p−1
S(Q+p E)

αp − 1

p
> 0. �

Theorem 2.1. Let E ∈ Kn with 0 ∈ intE, K ∈ Kn00(E) and let 1 < p ≤ n.
Then, the function λ 7→ vol(Kp

λ) is di�erentiable at the origin, with

d

dλ

∣∣∣
λ=0

vol(Kp
λ) = 0.

Proof. For ε > 0 small enough we have that Kp
0 = K and

Kp
0−ε = Kp

−ε = K ∼p εE, Kp
0+ε = Kp

ε = K +p εE.

Then, by Lemmas 2.4 and 2.5, we obtain that

d−

dλ

∣∣∣
λ=0

vol(Kp
λ) = lim

ε→0+

vol(K)− vol(K ∼p εE)

ε

≤ lim
ε→0+

vol(K +p εE)− vol(K)

ε
+ C lim

ε→0+
εp−1

=
d+

dλ

∣∣∣
λ=0

vol(Kp
λ).

The reverse inequality follows from [9, Proposition 2]. Finally, from [9, Theo-
rem 3] we conclude that there exists

d

dλ

∣∣∣
λ=0

vol(Kp
λ) =

d+

dλ

∣∣∣
λ=0

vol(Kp
λ) = 0. �
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