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One of the most useful facts when dealing with one-parameter functionals of
the family of (p-)parallel bodies is the differentiability of the volume. In this
paper, we provide an alternative proof for this differentiability at the origin in a
restricted range of values of p.
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1. PRELIMINARIES

Let K™ be the set of all convex bodies, i.e., non-empty compact convex
sets in the Euclidean space R™ endowed with the standard scalar product (-, -),
and let K be the subset of K" consisting of all convex bodies containing the
origin.

We will denote by h(K,u) = max{(z,u) : ¢ € K} the support function
of K € K" in the direction u of the (n — 1)-dimensional unit sphere S*~! in
R™. For a set M C R™, we write int M and vol(M) to denote, respectively, its
interior and its volume, that is, its n-dimensional Lebesgue measure (if M is
measurable).

The vectorial or Minkowski addition of two non-empty sets A, B C R" is
defined as

A+B={a+b:ac Abec B},

and we write A+ x := A+ {a}, for x € R". Moreover, AA = {Az : x € A}, for
A > 0. We refer the reader to the books [7,14] for a detailed study of this.

The so-called Minkowski difference can be regarded as the substraction
counterpart of the Minkowski addition: for two non-empty sets A, B C R", the
Minkowski difference of A and B is defined by

A~B={zeR":B+x C A},
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that is, A ~ B is the largest set such that (A ~ B) + B C A. Minkowski’s
difference gives rise to the notion of inner parallel bodies, a notion which has
many applications in the geometry of convex bodies. We refer the reader to [14,
Note 2 for Section 7.5] for further applications of inner parallel bodies.

In 1962 Firey introduced the following generalization of the classical Min-
kowski addition (see [5]). For 1 < p < oo and K, E € K the p-sum (or L,-sum)
of K and F is the convex body K +, ' € K whose support function is given
by

WK +p E,u) = (h(K,u)? + h(E,u)?)"?,

for all w € S*~!. The p-sum of convex bodies was the starting point of the nowa-
days known as the L,-Brunn-Minkowski (or Firey-Brunn-Minkowski) theory.

In [12] the following analogous to the Minkowski difference in the frame-
work of Firey-Brunn-Minkowski theory was introduced: for K, F € K}, E C K,
and 1 < p < oo, the p-difference of K and E is defined as

K ~, E = {x eR": (z,u) < (h(K,u)p — h(E,u)p)l/p, u € Sn_l}.
When p = 1, in both cases above the usual Minkowski sum and difference are
obtained; i.e., +1 = + and ~q1 =~ are the Minkowski addition and difference,
respectively.

In order to develop a structured and systematic study of the p-difference,

it is useful to work with the following subfamily of convex sets where also the
trivial cases are avoided (see [12] for further details):

t0(E)={KeKj:0€K~r(K;E)E},

where r(K; F) = max{r >0:z+rFE C K for some x € R”} is the relative
wnradius of K with respect to E.

For convex bodies Ki,...,K,, € K" and real numbers Ai,...,\,, > 0,
the volume of the linear combination A\ K7 + --- + A\, K, is expressed as a
polynomial of degree at most n in the variables Ay, ..., A\,
m
VOI()\lKl‘i‘"’"i_)\me) = Z V(KiU”wKin))‘h"’)‘ina
i1 yeyin=1
whose coefficients V(Kj,, ..., K;,) are the mized volumes of Ky,...,K,,. No-

tice that such a polynomial expression is not possible for the sum +, when p > 1
(see e.g. [6]). Further, it is well-known that there exist finite Borel measures

on S"~1, the mized area measures S(Ks, ..., Ky, -), such that
1
V(Kl,...,Kn):/ (K1, u) dS(Ka, ..., Kn,u).
n Snfl

We refer to [14, Chapter 5] for an extensive study of mixed volumes and mixed
area measures. If only two convex bodies K, E € K" are involved in the above
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sum, the arising mixed volumes V(K[n — i], E[i]) =: W;(K; E) are called the
quermassintegrals of K (relative to E); [i] to the right of a convex body in-
dicates that it appears i times. In particular, we have Wy (K; E) = vol(K),
W, (K; E) = vol(E) and S(K) := nW;(K; By,) is the surface area of K. We
notice that

1
Wi(K: B) = n/ WK w) dS(K 0 — i — 1], Eli], ).
S§n—1
Let £ € Kf and K € K§y(E). The full system of p-parallel bodies of K
relative to E, 1 < p < oo, is defined as follows [12].

Definition 1.1. Let E € K and K € Ky(E). For 1 <p < oo,

v JE~p INE i —x(KE) <A <0,
A K 4, AE i 0< ) < oo

K% is the p-inner (respectively, p-outer) parallel body of K at distance |\l
relative to F.

Differentiability properties of functions that depend on one-parameter fa-
milies of convex bodies play an important role in some proofs in Convex Ge-
ometry, see e.g. [14, Theorem 7.6.19 and Notes to Section 7.6]. In particular,
for £ € K™ with interior points and K € K™, the differentiability of functi-
ons depending on the full system of 1-parallel bodies was already addressed by
Bol [1] and Hadwiger [8]. In this case (p = 1), the considered functions are the
(relative) quermassintegrals W;(K3; E), i =0,...,n — 1.

One of the most useful classical tools in this context is the differentiability
of the function vol(K}) on —r(K; E) < A < 0. Further results and applications
of the differentiability of quermassintegrals with respect to the one-parameter
family of 1-parallel bodies can be found in [10] and the references therein.

In [9] Herndndez Cifre, Martinez Ferndndez and Saorin Gémez proved,
among other related results, the differentiability of the quermassintegrals
W;(KY;E), i =0,...,n—1, on the range (0,00). Moreover, as in the classical
case (p = 1), the differentiability of the volume functional vol(K?%) was also
established, based on bounds of left and right derivatives of quermassintegrals.

The aim of this work is to provide a different proof, under the spirit
of looking for a Matheron-type lemma, of the differentiability of the volume
functional vol(K7¥) at A = 0 for the range 1 < p < n. We think that our techni-
que could be employed to obtain similar results in the Firey-Brunn-Minkowski
theory.
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2. DIFFERENTIABILITY OF Vol(Kf) AT THE ORIGIN
(for 1 <p<n)

The aim of this section is to prove the differentiability of the function
A — vol(K?) at the origin for 1 < p < n. In order to do that, we need some
previous results. In [13] Matheron proved the following Convezity Lemma:

LEMMA 2.1 (|13, Convexity Lemmal). Let K, E € K™ with E C K. Then,
for all 0 < e <r(K;FE), it holds

vol(K) — vol(K ~ eE) < vol(K + ¢E) — vol(K).

Our first step is to show that the Convexity Lemma remains true for
1 < p < n if the convex bodies K and E are the same. Before doing that, we
will need a technical inequality:

LEMMA 2.2. Let 1 <p<nand0<e < 1. Then,
(2.1) 1—(1—e?)P < (1+eP)VP —1.

Proof. If p = n, then (2.1) holds trivially. Suppose that 1 < p < n, and
let us consider the function ¢ : [0,1) — R given by o(e) := (1 + )P + (1 —
eP)"/P — 2. The function ¢ is differentiable on (0,1), with derivative

90,(6) — ngpfl [(1 4 Ep)(n—p)/p _ (1 - 8p)(n—p)/pj| .

Since 1 < p < n, the function ¢ — t"~P)/" ig strictly increasing in (0, 00),
which implies that ¢(g) > 0 for all 0 < € < 1. Then, p(g) > ¢(0) = 0, for all
0<e<1,and (2.1) is proved. O

LEMMA 2.3. Let Q € K™ with 0 € int Q and let 1 < p < n. Then, for all
0<e<1, it holds

(2.2) vol(Q) — vol(Q ~p Q) < vol(Q +, Q) — vol(Q).
Proof. Firstly, we notice that for all u € S”~! we have that
(@ +p Q. u)” = h(Q.u) +e?h(Qu)? = h((1 +")PQ, )",

from where Q +,eQ = (1 +5p)1/1’Q. On the other hand, it is easy to check that
Q ~p eQ = (1 — &P)/PQ (see [12, Lemma 2.2 (vi)]). Just by replacing these
expressions, we immediately get that (2.2) is equivalent to

(2.3)  vol(Q) — vol ((1 - 5”)1/7’Q> < vol ((1 + gp)l/pQ) —vol(Q).

Taking into consideration that the volume functional is homogeneous of degree
n and that vol(Q) > 0 (because @ has interior points), we deduce that (2.3) is
equivalent to (2.1) and we finish the proof. [
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Remark 2.1. Lemmas 2.2 and 2.3 show that a general Convexity Lemma
does not exist for p > n, since (2.1) does not hold for p > n.

For K,L € K" we write Ro(K; L) := inf{t > 0: K C tL} to denote the
relative circumradius at the origin of K with respect to L.

LEMMA 2.4. Let E € K" with 0 € int E, Q € Ky(E) and let 1 < p < n.

Then, for all 0 < e < 1/Ro(E;Q), we have that
vol(Q) — vol(Q ~p eE) < vol(Q +p eagrFE) — vol(Q),
with agr := Ro(Q; E)Ro(E; Q).

Proof. Since E C Ro(F; Q)Q we have that Q ~, eE O Q ~), eRo(E; Q)Q,
and thus vol(Q ~, eE) > vol(Q ~p, cRo(E;Q)Q). On the other hand,
Q C Ro(Q; E)E, which yields Q +, eRo(E;Q)Q C Q 4+, eagrE. Since 0 <
eRo(E; Q) < 1, we have by Lemma 2.3 that

vol(Q) — vol(Q ~p, eE) < vol(Q) — vol(Q ~p eRo(E; Q)Q)
< vol(Q +p eRo(E; Q)Q) — vol(Q)
<vol(Q +p eagpFE) —vol(Q). O

From Lemma 2.4 we deduce that, for all 1 < p < n,
vol(Q) — vol(Q ~p, eE) < vol(Q +p eE) — vol(Q) + F(e),
for all 0 < e <1/Ro(E;Q), with
(2.4) F(g) := vol(Q +p eagpE) —vol(Q 4+, cE) > 0,

because

_ . : : . (Q E) S
where R(K; L) := inf{t > 0 : there exits x € R" with x + tL D K} is the
relative circumradius of K with respect to L.

LEMMA 2.5. Let E € K™ with 0 € int E, Q € Kijp(E), 1 < p <n, and let
F(e) asin (2.4), with0 <e < 1/Ro(E;Q). Then, there exists a constant C > 0
(which depends on Q and E) such that F(e) < CeP, for all 0 < e < 1/agg.

Proof. We write, for brevity, @ = agp. See Lemma 2.4 and (2.5). If
a =1, then F(e) = 0 and the result becomes true. Suppose that o > 1, and
let us consider the function & : [1,a] x S*~! — (0, 00) given by

k(t,u) == h(Q +p teE, u).
By the continuity of support functions and the p-sum of convex bodies, the
function k is continuous in each variable. The following claim is a technical

step, which is proved with standard arguments. Nevertheless, we will include
here a detailed proof for the sake of completeness.

>1,
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CLAIM 2.1.
ti PO 80 ZMEw)  OMEY) gy g (@ 1y e, u) P
s—0 S ot

uniformly on S*~1, for all t € (1, ).

Proof of Claim 2.1. Notice first that 0 < ¢ < 1/« is a fixed number. Let
t € (1,a) and n > 0. We are going to prove that there exists some > 0 such
that

k(t+s,u) —k(t,u)  Ok(t )
s ot

ls| <6 = <mn, forallueS"t

As a consequence of the mean value theorem applied to the function t/7, p > 1,
we have that for o, 8 > 0, there exists some v between « and g such that

(2.6) al/P — gl/pr = l(a — Byy-p)/p,
p
and similarly

2.7 @t Bt = (p = fa— B,

Taking a = h(Q,u)? + (t + s)PePh(E,w)P and f = h(Q,u)P + tPePh(E, u)? in
(2.6) we deduce that there exists some ¢ + 6 between ¢ + s and ¢ such that

k(t+s,u) — k(t,u) — 58k§£ Y-
— h(Q +p (t + s)eE, u) - h(Q Tp t€E7u) a Sakgi; :
Ok(t, u)
_ 1/ _ pl/p _ MW
o B ST or

Ok(t,u)

ot
because h(Q,u)? + (t + 0)PePh(E,u)P = h(Q +p (t + 0)cE,u)P. Again by the
mean value theorem, we have that (t + s)? — t? = sp(t + w)P~!, with ¢ + w
between ¢ + s and ¢. Notice that |0], |w| < |s|. Thus,
ok(t,u)

o

p—1 p-1
- t+w B t
Ty (h(@ o (E+ 9>5E7u>> <h<Q *p “E’“))

In the following, we will use the inradius of Q at the origin, ro(Q) := max{d >
0:90B, C Q} > 0, and we will write Ro(K) := Ro(K; By) to denote the
circumradius of K at the origin.

= SHE [+ 97 = P]h(Q 4 (1 0)eE) P =

k(t+s,u) —k(t,u) —s
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By applying (2.7) with o = (¢ + w)h(Q +p tsE,u) and 8 = th(Q +p
(t+0)eFE, u) we have that there exists some Iy, ,, 9 > 0 between « and (3 (this
number is bounded so that Fﬁje < C' for all u € S"1) such that

(2.8)
’k(t—i— s,u) — k(t,u)  Ok(t,u)| _
S ot
ePh(E, u)P

T (@ 4y B ) h(Q 4y (t+ OB )]

x ‘ [(t + w)h(Q +p te B, u)]P " = [th(Q +, (t + O)cE, u)]””’
< (eRo(B))"
= ro(Q)*PY)
< C(t|h(Q +p (t +0)eE,u) — h(Q +p teE,u)| + [w|Ro(Q +, E))

where we have used that te < ae < 1 implies h(Q +pteE, u) <WQ+p E,u) <
Ro(Q +p E) and we have denoted

(p— DT 2, [(t+ w)h(Q +p teE,u) — th(Q +, (t + 0)eE, u)|

(ER()(E))p

rO(Q)2(p_1) ’

Again by the mean value theorem we have that there exists some & between t
and t + 0 such that

(2.9) (t+0)P —tP = GpeP~ 1.

It is important to observe that if |s| (and so |0]) is small enough, then we will
have that [¢| < 2. Now (2.9) together with (2.6) with a = h(Q,u)? + (t +
0)PePh(E,u)P and B = h(Q,u)P + tPePh(E, u)P allows to deduce the existence
of some t + A between ¢ + 6 and ¢ (with |A| < |0| < |s|) such that

h(Q +, (t+ 9)£E,u) — h(Q +p teE,u) =ql/P — gl/p
= [(t+6)" — "] " h(E, U)p; (W(Q )P + (t + AVPPh(E, ) 7

C:=(p-1C

— 0P P h(E, u)Ph(Q +p (t + A)eE,u) ' P
Going over (2.8) again and using the above inequalities we finally get

k(t+s,u) —k(t,u)  Ok(t, u)
s ot

< (tle\ (?’;) (eRo(E))”

<C|s|<n, forallues!

rO(Ql)p_l + [w|Ro(Q + E))
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whenever [s| < 0 := min { %, £}, where

- 3 p-l

We have proved thus that

(2.10) lim E(t+s,u) — k(t,u) _ Ok(t,u)
s—0 S ot
uniformly on S"~!. It remains to see that the right-hand side of (2.10) equals
to ePtP~Lh(E, u)ph(Q +p teF, u)l_p. But this is a straightforward verification.
In fact, since k(t,u) = (h(Q,u)? —i—tpaph(E,u)p)l/p we get by the chain rule
that
Ok(t,u) 1

ot (W(Q,w)? + PP h(E, u)?)r " - pt?~ P h(E, u)?

= ePtP h(B, u)Ph(Q +p teE,u) ' P,
and we finish the proof of Claim 2.1. O

Now we need a result proved by Bérdczky, Lutwak, Yang and Zang:

LEMMA 2.6 ([3, Lemma 2.1]). Let k : I x S"~! — (0,00) be a continuous
function, where I is an open interval of R. Suppose that
lim kE(t+s,u) — k(t,u) _ Ok(t, u)
s—0 S ot
uniformly on S*~1. If {K;}ies is the family of Wulff-shapes associated with k;
(i.e., Ky = Nyesn-1{z € R™ : (z,u) < k(u)}), then
dvol(K%) / O0k(t,u)
—_— = ——=dS
dt o B,

where Sk, (u) := S(K[n — 1], u).

Claim 2.1 together with Lemma 2.6 yields then
dvol(Qy) Ok(t,u)
il 7 hebdh St Rl |
dt /Snl at SQt (U)’

where Q¢ :== Q +, teE.

Since p > 1, we have that h(Qy, u)' P < 1o(Q)' P for all u € S*~1. On the
other hand, h(E,u)? < Ro(E)P for all u € S*~!. Moreover, since 0 < ¢ < 1/a,
we have that

/ dSg,(u) = / h(Bn,u)dS(Q¢n — 1], u)
Snfl S’Vlfl

=nV(By,Qi[n —1]) = S(Q¢)
<S(Qa) = S(Q +p eak)
<S(Q+, E).
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Then,
F(e) = vol(Qn) — vol(Q1) = /1 i < /S N 8/@2: w) dth(u)) dt
=P /1a tP~1 (/Sn_l h(Q¢,u) Ph(E, u)P dSq, (u)> dt
< Wsp /f Pl </Sn_1 dSQt(u)) dt
< CeP,
where
c:—j&g)) sQ+,B)Y =150 O

THEOREM 2.1. Let E € K™ with0 € int E, K € K{jy(E) andlet1 < p < n.
Then, the function A — vol(K?Y) is differentiable at the origin, with

d
— 1(K?) = 0.
D rmo N
Proof. For € > 0 small enough we have that K} = K and
Ky .=K'. =K ~,cE, Kj, ., =KP=K+,cE.

Then, by Lemmas 2.4 and 2.5, we obtain that

d~ 1. VOI(K) —vol(K ~ cFE)
X o LN =l -
(K E) — vol(K
< lim vol(K +p e E) — vol( )—G—C’lim g1
e—0+t € e—07t
d+ »
= a )\ZOVOI(K)‘).

The reverse inequality follows from |9, Proposition 2|. Finally, from [9, Theo-
rem 3| we conclude that there exists

V01K§ vol(KY) =0. O

d)\‘ d/\’
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