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Let (M, g0) be a complete Riemannian manifold with a pole x0 and (N, h) be
a Riemannian manifold. We show that if f : (M, η2g0) → (N, h) is an expo-
nentially harmonic map such that η (a smooth function on M) satis�es some
condition (?), then certain monotonicity formula is derived. We study the mo-
notonicity of exponentially harmonic maps under a few di�erent circumstances
and discuss their vanishing.
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1. INTRODUCTION

In 1990, exponentially harmonic maps were �rst explored by Eells and Le-
maire [11]. Afterwards, Duc and Eells [10], M. Hong [15], J. Hong and Yang [16],
Chiang, Pan, Wolak and Yang [2�7], Cheung and Leung [8], Liu [14], Zhang,
Wang and Liu [20], and others also investigated exponentially harmonic maps.
In 2002, Kanfon, Füzfa and Lambert [17] discovered the applications of ex-
ponentially harmonic maps on Friedmann-Lema��tre universe, and constructed
some new models of exponentially harmonic maps which were coupled with gra-
vity based on a generalization of Lagrangian for bosonic strings coupled with
diatonic �eld. In 2011�2012, Omori [18,19] obtained Eells-Sampson's existence
theorem and Sacks-Uhlenbeck's existence theorem for harmonic maps via ex-
ponentially harmonic map. Exponentially harmonic maps and harmonic maps
are di�erent. There are exponentially harmonic maps which are not harmo-
nic maps, and there are harmonic maps which are not exponentially harmonic
maps either (cf. [16]).

Let (M, g0) be a complete m-dimensional Riemannian manifold with a
pole x0, (N, h) be an n-dimensional Riemannian manifold, and f : (M, η2g0)→
(N, h) be an exponentially harmonic map (where η is a smooth function onM).
Denote by r(x) = distg0(x, x0) the g0-distance function relative to the pole
x0. Set B(r) = {x ∈ M : r(x) ≤ r}. It is known that ∂

∂r is an eigenvector of
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Hessg0(r2) associated with the eigenvalue 2. Denote by µmax (resp. µmin) the
maximum (resp. minimal) eigenvalues of Hessg0(r2)− 2dr ⊗ dr at each point
of M − {x0}. We obtain a theorem as follows: Suppose that η satis�es the
condition (?) ∂ log η

∂r ≥ 0 and there is a positive constant C such that

(m− 2)r
∂ log η

∂r
+
m− 1

2
µmin + 1−max{2, µmax} ≥ C.

Then ∫
B(σ1)

e
|df |2

2
|df |2
2 dv

σC1
≤

∫
B(σ2)

e
|df |2

2
|df |2
2 dv

σC2

for any 0 < σ1 ≤ σ2. In particular, if
∫
B(R) e

|df |2
2
|df |2
2 dv = o(RC), then f is con-

stant. As a corollary, if f : (M, η2g0)→ (N, h) is a non-constant exponentially
harmonic map and η satis�es the condition (?), then∫

B(σ1)
e

|df |2
2 dv

σC1
≤

∫
B(σ2)

e
|df |2

2 dv

σC2

for any 0 < σ1 ≤ σ2. We also investigate the monotonicity of an exponenti-
ally harmonic map with the radial curvature Kr of M . We �nally study the
monotonicity of exponentially harmonic maps on a star-like domain.

2. EXPONENTIALLY HARMONIC MAPS

An exponentially harmonic map f : (M, g) → (N, h) from an m-dimen-
sional Riemannian manifold into an n-dimensional Riemannian manifold is a
critical point of the exponential energy functional

Ee(f) =

∫
M

e
|df |2

2 dvg,

where dvg is the volume form ofM determined by the metric g. More precisely,
a C2 map f : M → N is exponentially harmonic if it satis�es the Euler-
Lagrange equation of the exponential energy

d

dt
Ee(ft)

∣∣
t=0

= 0,

for any compactly supported variations ft : M → N with f0 = f .
In Proposition 2.1, we derive the �rst variation of the exponential energy

of f in a di�erent way but equivalent to [2�4]. Let ∇ and ∇N be the Levi-Civita
connections of M and N , respectively. Denote ∇̃ the induced connection on
f−1TN given by ∇̃XW = ∇N

df(X)W , where X is a tangent vector �eld of M

and W is a section of f−1TN .
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Proposition 2.1. If f : (M, g)→ (N, h) is a C2 map, then

d

dt
Ee(ft)|t=0 = −

∫
M

(τe(f), V ) dvg,

where V = d

dtft|t=0.

Proof. Let φ : (−ε, ε) × M → N be de�ned by φ(t, x) = ft(x), where
(−ε, ε) ×M is equipped with the product metric. We extend the vector �elds
∂
∂t on (−ε, ε), and X on M to vector �elds on (−ε, ε) ×M , and still denote

those by ∂
∂t , X. Then V = dφ( ∂∂t)|t=0. We use the same notations ∇ and ∇̃ for

the Levi-Civita connection on (−ε, ε)×M and the induced connection φ−1TN .
Let {ei}mi=1 be a local orthonormal frame on M . We calculate

d

dt
Ee(ft)|t=0 =

∫
M

[
e

|dft|
2

2
∂

∂t

|dft|2

2

]
|t=0 dv

=

∫
M

[
e

|dft|
2

2
1

2

∂

∂t

( m∑
i=1

(dft(ei), dft(ei)
)]
|t=0 dv

=

∫
M

[
e

|dft|
2

2

∑
i

(
∇̃ ∂

∂t
dφ(ei), dφ(ei)

)]
|t=0dv

=

∫
M

[
e

|dft|
2

2

∑
i

(∇̃eidφ(
∂

∂t
), dφ(ei))

]
|t=0dv

=

∫
M
e

|df |2
2

∑
i

[
ei

(
dφ(

∂

∂t
), dft(ei)

)
−
(
dφ(

∂

∂t
), ∇̃eidft(ei)

)]
|t=0dv

where we used

∇̃ ∂
∂t
dφ(ei)− ∇̃eidφ(

∂

∂t
) = φ([

∂

∂t
, ei]) = 0,

in the fourth equality.

Let Xt be a compactly supported vector �eld on M such that (Xt, Y )g =
(dφ( ∂∂t), dft(Y ))h for any vector �led Y on M . Then

d

dt
Ee(ft)|t=0 =

∫
M

e
|df |2

2

∑
i

[
ei(Xt, ei)g −

(
dφ(

∂

∂t
), ∇̃ ∂

∂t
dft(ei)

)
h

]
|t=0 dv

=

∫
M
e

|df |2
2

[
div(Xt)−

∑
i

(
dφ(

∂

∂t
), ∇̃ ∂

∂t
dft(ei)−dft(∇eiei)

)]
|t=0dv

=

∫
M

[
div(e

|df |2
2 Xt)−

(
dφ(

∂

∂t
), e

|df |2
2 (τ(ft)+dft ·grade(f )

)]
t=0

dv

= −
∫
M

(τe(f), V ) dv,
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where we applied the divergence theorem in the last equality, τ(f) =
∑m

i=1{∇̃ei
df(ei)− df(∇eiei)} is the tension �eld of f . �

De�nition 2.2. A map f : (M, gij)→ (N, hαβ) is exponentially harmonic
if the exponential tension �eld of f

τe(f) = e
|df |2

2

(
τ(f) + df · grad e(f )

)
= 0,

where e(f) = |df |2
2 is the energy density of f . In terms of local coordinates, f

satis�es

gij
( ∂2fα

∂xi∂xj
− Γkij

∂fα

∂xk
+ Γ′

α
βγ

∂fβ

∂xi
∂fγ

∂xj

)
+ gilgjmhβγ

∂fα

∂xl
∂fγ

∂xm
∂2fβ

∂xi∂xj

− gilgjmhβγΓkij
∂fα

∂xl
∂fβ

∂xm
∂fγ

∂xk
+ gijglmhβγΓ′

β
µν

∂fµ

∂xi
∂fν

∂xl
∂fγ

∂xm
∂fα

∂xj
= 0,

where τα(f) = gijfαi|j = gij(fαij − Γkijf
α
k + Γ′αβγf

β
i f

γ
j ) is the tension �eld of f ,

and Γkij and Γ′αβγ are the Christo�el symbols on M and N .

For a 2-tensor Q ∈ Γ(T ∗M ⊗ T ∗M), its divergence divQ ∈ Γ(T ∗M) is
given by

divQ(X) =
m∑
i=1

(∇eiQ)(ei, X),

whereX is any smooth vector �eld onM . For two 2-tensors Q1, Q2 ∈ Γ(T ∗M⊗
T ∗M), their inner product is de�ned by

〈Q1, Q2〉 =

m∑
i,j=1

Q1(ei, ej)Q2(ei, ej),

where {ei} is an orthonormal frame on M with respect to g. For a vector �eld
X ∈ Γ(TM), denote by θX its dual one form, i.e., θX(Y ) = (X,Y )g, where
Y ∈ Γ(TM). The covariant derivative of θX gives a 2-tensor �eld ∇θX :

∇θX(Y, Z) = ∇Y θX(Z) = (∇YX, Z)g.

If X = ∇η is the gradient �eld of a C2 function η on M , then θX = dη and
∇θX = Hess η.

Lemma 2.3. Let Q be a symmetric (0,2)-type tensor �eld and let X be a

vector �eld. Then

(2.1) div(iXQ) = (divQ)(X) + 〈Q,∇θX〉 = (divQ)(X) +
1

2
〈Q, LXg〉,
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where LX is the Lie derivative of the metric g in the direction of X. Let

{e1, · · · , em} be a local orthonormal frame on M . We obtain

1

2
〈Q, LXg〉 =

m∑
i,j=1

1

2
〈Q(ei, ej), LXg(ei, ej)〉

=
m∑

i,j=1

Q(ei, ej)(∇eiX, ej)g = 〈Q, ∇θX〉.

(cf. [1, 9]).
LetD be a bounded domain ofM with C1 boundary. Applying the Stokes'

theorem, we have∫
∂D

Q(X,n)dsg =

∫
D

(
div(Q)(X) + 〈Q, 1

2
LXg〉

)
dvg,(2.2)

where n is the unit outward normal vector �eld along ∂D.
The exponential stress-energy tensor of a C2 map f : M → N between

Riemannian manifolds is de�ned by

Se(f) = e
|df |2

2 (
|df |2

2
g − f∗h).

The exponential stress-energy tensor of f is conserved if divSe(f) = 0. The
following proposition was mentioned by Eells and Lemaire [11], and Chiang
provided a di�erent proof in [2].

Proposition 2.4. If f : (M, g)→ (N,h) an exponentially harmonic map,

then

divSe(f) = −
(
τe(f), df(X)

)
= 0,

where X is a vector �eld on M. Hence, the associated exponential stress-energy

tensor of f is conserved.

If f is an exponentially harmonic map, then we obtain∫
∂D

Se(f)(X,n)dsg =

∫
D
〈Se(f),

1

2
LXg〉dvg,(2.3)

by applying (2.2) to Q = Se(f) and Proposition 2.4.

3. MONOTONICITY

Let (M, g0) be a complete m-dimensional Riemannian manifold with a
pole x0 and (N, h) be an n-dimensional Riemannian manifold. Denote by
r(x) = distg0(x, x0) the g0-distance function relative to the pole x0. Put B(r) =
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{x ∈ M : r(x) ≤ r}. It is known that ∂
∂r is an eigenvector of Hessg0(r2)

associated with the eigenvalue 2. Denote by µmax (resp. µmin) the maximum
(resp. minimal) eigenvalues of Hessg0(r2)−2dr⊗dr at each point ofM−{x0}.
Suppose that f : (M, g)→ (N, h) is a stationary map (via exponential energy)
with g = η2g0, 0 < η ∈ C∞(M). It is obvious that the vector �eld n = η−1 ∂

∂r
is an outer normal vector �eld along ∂B(r) ⊂ (M, g).

Theorem 3.1. Let f : (M, η2g0)→ (N, h) be an exponentially harmonic

map. Suppose that η satis�es the condition (?): ∂ log η
∂r ≥ 0 and there is a

constant C > 0 such that

(m− 2)r
∂ log η

∂r
+
m− 1

2
µmin + 1−max{2, µmax} ≥ C.

Then ∫
B(σ1)

e
|df |2

2
|df |2
2 dv

σC1
≤

∫
B(σ2)

e
|df |2

2
|df |2
2 dv

σC2
(3.1)

for any 0 < σ1 ≤ σ2. In particular, if
∫
B(R) e

|df |2
2
|df |2
2 dv = o(RC), then f is

constant.

Proof. In (2.3), take D = B(r) and X = r ∂∂r = 1
2∇

0r2 (the covariant
derivative ∇0 determined by g0), we have∫

B(r)
〈Se(f),

1

2
LXg〉dvg =

∫
∂B(r)

Se(f)〈X, n〉dsg.(3.2)

Firstly, we calculate the left-hand side of the above equation and obtain

〈Se(f),
1

2
LXg〉 = 〈Se(f), r

∂ log η

∂r
g〉+ 〈Se(f),

1

2
η2LXg0〉

= r
∂ log η

∂r
〈Se(f), g〉+

1

2
η2〈Se(f), Hessg0(r2)〉,(3.3)

by a straightforward computation. Let {ei}mi=1 be an orthonormal frame with
respect to g0 and em = ∂

∂r . We may assume that Hessg0(r2) is a diagonal
matrix with respect to {ei}. Note that {êi = η−1ei} is an orthonormal frame
with respect to g. Therefore,

1

2
η2〈Se(f), Hessg0(r2)〉 =

1

2
η2

m∑
i,j=1

Se(f)(êi, êj)Hessg0(r2)(êi, êj)

=
1

2
η2
[ m∑
i=1

e
|df |2

2
|df |2

2
Hessg0(r2)(êi, êj)

−
m∑

i,j=1

e
|df |2

2 (df(êi), df(êj))Hessg0(r2)(êi, êj)
]



7 Remarks of exponentially harmonic maps 243

=
1

2
e

|df |2
2
|df |2

2

m∑
i=1

Hessg0(r2)(ei, ei)

−1

2
e

|df |2
2

m∑
i=1

(df(êi), df(êi))Hessg0(r2)(ei, ei)

≥ 1

2
e

|df |2
2
|df |2

2
[(m− 1)µmin + 2]− 1

2
max{2, µmax}e

|df |2
2

m∑
i=1

(df(êi), êi))

=
1

2
e

|df |2
2
|df |2

2
[(m− 1)µmin + 2]− 1

2
max{2, µmax}e

|df |2
2 |df |2

≥ 1

2

[
(m− 1)µmin + 2− 2max{2, µmax}

]
e

|df |2
2
|df |2

2
,(3.4)

and

〈Se(f), g〉 = me
|df |2

2
|df |2

2
− e

|df |2
2 (df(êi), df(êj))h(êi, êj)g

= me
|df |2

2
|df |2

2
− e

|df |2
2 |df |2 ≥ (m− 2)e

|df |2
2
|df |2

2
.(3.5)

It follows from (3.3), (3.4), (3.5) and the condition (?) that

〈Se(f),
1

2
LXg〉 ≥

[
r
∂ log η

∂r
(m− 2) +

m− 1

2
µmin + 1−max{2, µmax}

]
e

|df |2
2
|df |2

2
≥ Ce

|df |2
2
|df |2

2
.(3.6)

Secondly, applying the co-area and following fact:

|∇r|2g =
m∑
i=1

(êir)
2 =

m−1∑
i=1

η−2(eir)
2 + η−2

=

m−1∑
i=1

η−2
[
(ei,

∂

∂r
)g0

]2
+ η−2 = η−2 (i.e., |∇r |g = η−1 ),

we have∫
∂B(r)

Se(f)(X, n)dsg =

∫
∂B(r)

e
|df |2

2

[ |df |2
2

(X, n)− (df(X), df(n))h

]
dsg

= r

∫
∂B(r)

e
|df |2

2
|df |2

2
ηdsg −

∫
∂B(r)

e
|df |2

2 rη−1(df(
∂

∂r
), df(

∂

∂r
))hdsg

≤ r
∫
∂B(r)

e
|df |2

2
|df |2

2
ηdsg = r

d

dr

∫ r

0

∫
∂B(t)

[e
|df |2

2
|df |2
2

|∇r|
dsg

]
dt

= r
d

dr

∫
B(r)

e
|df |2

2
|df |2

2
dv.(3.7)
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We obtain from (3.3), (3.6) and (3.7) that

0 ≤ C
∫
B(r)

e
|df |2

2
|df |2

2
dv ≤ r d

dr

∫
B(r)

e
|df |2

2
|df |2

2
dv,

i.e.,

d

dr

∫
B(r) e

|df |2
2
|df |2
2 dv

rC
≥ 0.

Consequently, ∫
B(σ1)

e
|df |2

2
|df |2
2 dv

σC1
≤

∫
B(σ2)

e
|df |2

2
|df |2
2 dv

σC2
(3.8)

for any 0 < σ1 ≤ σ2. �

Corollary 3.2. Let f : (M, η2g0)→ (N, h) be a non-constant exponen-

tially harmonic map. Suppose that η satis�es the condition (?). Then∫
B(σ1)

e
|df |2

2 dv

σC1
≤

∫
B(σ2)

e
|df |2

2 dv

σC2
(3.9)

for any 0 < σ1 ≤ σ2.

Lemma 3.3. Let (M, g) be a complete Riemannian manifold with a pole

x0 and Kr the radial curvature of M.

(i) If −a2 ≤ Kr ≤ −b2 with a ≥ b > 0 and (m− 1)b− 2a ≥ 0, then[
(m− 1)µmin + 2− 2max{2, µmax}

]
≥ 2(m− 2a

b
).

(ii) If − E
(1+r2)1+ε

≤ Kr ≤ F
(1+r2)1+ε

with ε > 0, E ≥ 0 and 0 ≤ F < 2ε,

then[
(m− 1)µmin + 2− 2max{2, µmax}

]
≥ 2
[
1 + (m− 1)(1− F

2ε
)− 2e

E
2ε

]
.

(iii) If − α2

γ2+r2
≤ Kr ≤ β2

γ2+r2
with α ≥ 0, β2 ∈ [0, 1/4] and γ ≥ 0, then[

(m− 1)µmin + 2− 2max{2, µmax}
]

≥ 2
[
1 + (m− 1)

1 +
√

1− 4β2

2
− 2

1 +
√

1 + 4α2

2

]
.

(cf. [9, 12,13]).

Theorem 3.4. Let (M, g) be a complete Riemannian manifold with a pole

x0. Suppose that the radial curvature Kr of M satis�es one of three conditions
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(i), (ii) or (iii) in Lemma 3.3. If f : (M, g) → (N,h) is an exponentially

harmonic map with A > 0, then∫
B(σ1)

e
|df |2

2
|df |2
2 dv

σA1
≤

∫
B(σ2)

e
|df |2

2
|df |2
2 dv

σA2
(3.10)

for any 0 < σ1 ≤ σ2, where

(3.11) A =


m− 2a

b if Kr satis�es (i),

1 + (m− 1)(1− F
2ε)− 2e

E
2ε if Kr satis�es (ii)

[1 + (m− 1)
1+
√

1−4β2

2 − 21+
√
1+4α2

2 ] if Kr satis�es (iii).

In particular, if
∫
B(R) e

|df |2
2
|df |2
2 dv = o(RA), then f is constant.

Proof. Setting η = 1 in Theorem 3.1 and applying Lemma 3.3, we have

d

dr

∫
B(r) e

|df |2
2
|df |2
2

rA
dv ≥ 0.

Hence, we obtain∫
B(σ1)

e
|df |2

2
|df |2
2 dv

σA1
≤

∫
B(σ2)

e
|df |2

2
|df |2
2 dv

σA2
(3.12)

for any 0 < σ1 ≤ σ2. �

Corollary 3.5. Let (M, g) be a complete Riemannian manifold with a

pole x0. Suppose that the radial curvature Kr of M satis�es one of three con-

ditions (i), (ii) or (iii) in Lemma 3.3. If f : (M, g)→ (N, h) is a non-constant

exponentially harmonic map with A > 0, then∫
B(σ1)

e
|df |2

2 dv

σA1
≤

∫
B(σ2)

e
|df |2

2 dv

σA2

for any 0 < σ1 ≤ σ2.

De�nition 3.6. The energy functional E1(f) =
∫
M e

|df |2
2
|df |2
2 dv of a map

f : M → N is slowly divergent if there exists a positive function φ(r) with∫∞
R0

dr
rφ(r) = +∞(R0 > 0) such that

lim
R→∞

∫
B(R)

e
|df |2

2
|df |2
2

φ(r(x))
dv <∞.(3.13)
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Theorem 3.7. Let f : (M, η2g0)→ (N, h) be an exponentially harmonic

map. Suppose that η satis�es the condition (?) and E1(f) is slowly divergent,

then f is constant.

Proof. In the proof of Theorem 3.1, we have

C

∫
B(R)

e
|df |2

2
|df |2

2
dvg ≤ R

d

dr

∫
∂B(R)

e
|df |2

2
|df |2

2
ηdsg.(3.14)

Assume that f is a non-constant map. Then there exists R0 > 0 such that for
R ≥ R0 ∫

B(R)
e

|df |2
2
|df |2

2
dv ≥ C1,(3.15)

where C1 is a positive constant. It follows from (3.14) and (3.15) that∫
∂B(R)

e
|df |2

2
|df |2

2
ηdsg ≥

C1 · C
R

,(3.16)

for R ≥ R0. Consequently,

lim
R→∞

∫
B(R)

e
|df |2

2
|df |2
2

φ(r(x)
dv =

∫ ∞
0

dR

φ(R)

∫
∂B(R)

e
|df |2

2
|df |2

2
ηdsg

≥
∫ ∞
R0

dR

φ(R)

∫
∂B(R)

e
|df |2

2
|df |2

2
ηdsg

≥ C · C1

∫ ∞
R0

dR

Rφ(R)
=∞,

which contradicts with (3.13). Hence, f must be constant. �

De�nition 3.8. A bounded domain D ⊂ M with C1 boundary ∂D is
star − like if there exists an interior point x0 ∈ D such that

〈 ∂

∂rx0
, n〉 ≥ 0,

where n is the unit outer normal to ∂D, the vector �eld ∂
∂rx0

is a unit vector

�eld such that for any x ∈ (D − {x0}) ∪ ∂D, ∂
∂rx0

is also a unit vector �eld

tangent to the unique geodesic joining x0 and pointing away from x0 (cf. [9]).

It is clear that any convex domain is star-like.

Theorem 3.9. Let f : (M, η2g0)→ (N, h) be an exponentially harmonic

map and D ⊂M be a bounded star-like domain with C1 boundary with the pole

x0 ∈ D. Suppose that η satis�es the condition (?) on D. If f |∂D ≡ constant ≡
P ∈ N , then f is constant in D.
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Proof. In the proof of Theorem 3.1, letting X = r ∂∂r with r = rx0 we have

〈Se(f),
1

2
LXg〉 ≥ Ce

|df |2
2
|df |2

2
≥ 0.(3.17)

Since f |∂D = P and df(ξ) = 0 for any tangent vector ξ of ∂D, we obtain the
following on ∂D

Se(f)(X,n) = rSe(f)(
∂

∂r
, n)

=
[
e

|df |2
2
|df |2

2
(
∂

∂r
, n)g − e

|df |2
2 (df(

∂

∂r
), df(n))h

]
= r(

∂

∂r
, n)g

[
e

|df |2
2
|df |2

2
− e

|df |2
2 |df |2

]
= −r( ∂

∂r
, n)ge

|df |2
2
|df |2

2
≤ 0.(3.18)

It follows from (3.2), (3.17) and (3.18) that

0 ≤
∫
D
Ce

|df |2
2
|df |2

2
dv ≤ 0,

which implies that f is constant on D. �
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