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Using G method, we construct a Gibbs sampler in a generalized sense on Sy,
the set of permutations of order n, which attains its stationarity at time 1, its
stationary probability distribution being the Mallows model through Kendall
metric (a model for ranked data). This chain leads to a fast exact (not approxi-
mate) Markovian method for sampling from S,, according to the Mallows model
through Kendall metric. The method has n — 1 steps because the transition
matrix of chain is a product of n — 1 (stochastic) matrices. On the other hand,
for the Mallows model through Kendall metric, this chain can be used for other
things — we compute the normalizing constant and, by Uniqueness Theorem,
certain important probabilities.
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1. AUXILIARY RESULTS

In this section, we present the basic result from [9] we need. We then give
three results on S,,, the set of permutations of order n — the first one refers
to certain components of certain permutations, the second one refers to certain
systems of generators for S,,, the last one refers to Kendall metric.

Set

Par (E) = {A| A is a partition of E'},
where E' is a nonempty set. We shall agree that the partitions do not contain
the empty set.

Definition 1.1. Let Ay, Ay €Par(FE). We say that Ay is finer than Ag if
VYV € Ay, AW € Ay such that V C W.
Write A1 < Ay when Ay is finer than As.
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In this article, a vector is a row vector and a stochastic matrix is a row
stochastic matrix.
The entry (i,j) of a matrix Z will be denoted by Z;; or, if confusion can
arise, Z; ;.
Set
(m)={1,2,....,m} (m>1),
Nym = {P| P is a nonnegative m x n matrix },
Sm.n = {P| P is a stochastic m x n matrix },
N, = Nn,na
Sn = Snn-
Let P = (Pyj) € Ny Let 0 # U C (m) and @ # V C (n). Set the

matrices

_ vV _ vV o_
Py = (Pij)ieU,je(n)’ Pt = (Pi')ie<m>,jev’ and Py = (Pij>ieU,jeV'

Set

(i iefsr,sm0msy = {51} {52} {se})
({i})ie{sl,sz,...,st} € Par ({317 825 s St}) :

Definition 1.2. Let P € N,,,. We say that P is a generalized stochastic
matriz if da > 0, Q) € S, , such that P = a@).

Definition 1.3 ([9]). Let P € Ny, . Let A €Par((m)) and ¥ €Par((n)).
We say that P is a [A]-stable matriz on ¥ if PE is a generalized stochastic
matrix, VK € A,VL € 3. In particular, a [A]-stable matrix on ({i}) is
called [A]-stable for short.

Definition 1.4 ([9]). Let P € Np,,,. Let A €Par((m)) and ¥ €Par((n)).
We say that P is a A-stable matriz on 3 if A is the least fine partition for which
P is a [A]-stable matrix on ¥. In particular, a A-stable matrix on ({i});c, is
called A-stable while a ((m))-stable matrix on ¥ is called stable on X for short.
A stable matrix on ({i}) is called stable for short.

ie(n)

i€(n)
Let Ay €Par((m)) and Ay €Par((n)). Set (see [9] for Ga, A, and [10] for
aAhAQ)

Ga,n, ={P| P €Sy and P is a [Aq]-stable matrix on Ay}
and

Gayny ={P| P € Ny p and P is a [Aq]-stable matrix on Ag}.
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When we study or even when we construct products of nonnegative ma-
trices (in particular, products of stochastic matrices) using Ga, a, or Ga,,A,,
we shall refer this as the G method.

We now give the basic result from [9] we need.

THEOREM 1.5 ([9]) Let P, € G(<m1>),A2 C Sm1,m2v Py € GAQ,A;), -
S’mz,mga ceey P?"b—l € GAn—l,An g Smn—hmn’ Pn S GATL’({Z})
Then

C .
i€(mny1) T S 1

P Ps...P,
is a stable matrixz (i.e., a matriz with identical rows, see Definition 1.4).

Proof. See [9]. O

Consider the group (S,, o), where S, is the set of permutations of order
n (n > 1) and o is the usual composition of functions. (uy,us,...,ux) is a cycle
of length k, where k, ui, ug, ..., up € (n), us # w, Vs, t € (k), s # t; (u1)
is a degenerate (improper) cycle and (u,u2) is a transposition. Set (u) =Id,
Yu € (n), where (u) is a degenerate cycle, Yu € (n), and Id is the identity
permutation. Set

C,={1), (2,1), ..., (n,n—1,..,1)}, ¥n>1.

(Cn, C Sp,Vn > 1.) C,, is a set of cycles of S,, : (1) is a degenerate cycle
((1) =Id), (2,1) is a cycle of length 2 (a transposition), ..., (n,n—1,...,1) is a
cycle of length n.

Let n > 3. Let 1 < s <n—2.Let ny, ny, ..., ng € (n), n; # ny, Vi, j € (s),
i # j. The set (n) —{n1,na,...,ns} has n —s elements. Denoting these elements
by w1, wa, ..., Wn_s, we have

(n) —{ny,ng,...ns} = {wy,wa, ..., wp_s}.
Suppose that w; < wg < ... < wy—s. Set
Cn,nl,nz,...,ns = {(wl) ) (w27 wl) LAY (wn,s, Wn—s—1 -+ wl)} :

(Crnnima,ms Sy and wy = min {wq, w, ..., Wn—s}.) Chonyon,...n, 1S also a set
of cycles of S, ((wy) is a degenerate cycle ((w1) =Id)).

Let ¢ = (u1,ug, ..., u) be a (degenerate or not) cycle (¢ € S, 1 < k <n).
Set

g () = max {uy,ug, ..., up}.

We call g () the greatest element of .

THEOREM 1.6. Let n > 2. Letl € (n—1). Let 1 € Cp, 72 € Gy, g(ry)5 -
71 € Crg(m),g(r2)sng(rir) (G(T1)5 g(12), -y g (T1-1) vanish when | = 1). Then

(pom_10..0om)(k)=g(1), Vk € ()

(i.e., the first | entries of Tjorj_10...0m are g (11), g (12), ..., g (1) , respectively).
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Proof. Let k € (1) .

First, we show that
(tpoTg—10...071) (k) =g (1) .

Case 1. k = 1. Obvious.

Case 2. k > 1 (when [ > 1). By hypothesis, 7 € Cy, g(1),g(r2),....9(re_1) =
{(wy), (wo,w1), ..., (Wp—kt1,Wn—k, ..., w1)}, where wy < wy < ... < Wp_k41
and {wy,wa, ..., wp_gr1} = (n) —{g(m1),9(m2),...,9 (Tk—1)} . Notice that any
cycle 7, contains wi, the smallest element of set {wy, wa, ..., w,—g+1}. Now, we
consider the sequence k, k — 1, ..., 1. If K < g (1), we have

m(k)=k—1

(because k > 1); since 71 (k) = k — 1, we delete k from this sequence and,
consequently, we obtain the sequence k — 1, k — 2, ..., 1. If k > g (71) , we have

71 (k) = k;

since 72 € C), 4(7,), We delete g(71) from the sequence k, k — 1, ..., 1 and,
consequently, we obtain a sequence with k£ — 1 elements too. Since the two
obtained sequences have the same length, kK — 1, we use a common notation for
them, agl), agl), - a,il_)l, and, when k > 2, suppose that agl) > agl) > > a,(gl_)l

(agl) = k—1 in the first sequence with k—1 elements and agl) = k in the second

sequence with k — 1 elements, ...). Obviously,
71 (k) = agl).

Further, we proceed in this way for 7o, using the sequence left agl), aél), e

a,gl_)l — we do this when k£ > 2 (k is fixed; if £ = 2, we do not proceed in this

way for 75 anymore, see below). In this case, if agl) < g(m2), we have

o () =

(because k > 2); since o (a%”) = ag), we delete agl) from the sequence agl),

agl), - a,(fl_)l and, consequently, we obtain the sequence aél), agl), - a,(cl_)l. If

o

n (o) =d
: (1 1) (1)
since 73 € Cp, g(r),g(rs), We delete g (m2) from the sequence a1, ay ', ..., a;,

and, consequently, we obtain a sequence with k — 2 elements too. Since the two
obtained sequences have the same length, kK — 2, we use a common notation for

> g (72), we have
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2) @2 (2) (2) (2)

them, ay”’, ay”’, ..., a;_,, and, when k > 3, suppose that a;”" > ay’ > ... >
a,(i)z. Obviously,
T2 (ag1)> = ag2).
Proceeding in this way for 73, 74, ..., Tx_1, we obtain a sequence having only
one element, agk_l). Obviously,
k—2 k—1
Th_1 (ag )) = ag ),
agk_l) is the smallest element from the sequence k, k — 1, ..., 1, different from
g(11), g(12), ..., g(Tk—1) (see the way it was obtained again). So,
agk_l) = w;.

Finally, we have
(hkoTh—10...0m) (k) =7 ((Th—1 0 ...071) (k) =

=Tk (a(k_l)) =7k (w1) = g (k) -
Second, we show that
(mom_10..0o7m) (k) =g (1)

(recall that k € (1)).
Case 1. [ =1. Obvious (I =1=k =1).
Case 2. 1 > 1.
Subcase 2.1. | = k. Obvious (by the first part of proof).
Subcase 2.2. 1 > k. Since (1 07g_10...071) (k) = g (1) and 7441 €

Crg(r1),9(ra),sg(mi)s Tk+2 € Crig(r)g(ra)ng(misn)s 0 T E Cnig(r1),9(72),mg(mi 1)
we have

(mom_jo..om)(k)=(nom_10..0741) ((TgoTh—10...071) (k) =
=(momn-10..0m41) (9() =g (7). O
THEOREM 1.7. Let n > 2. Let og € S,,. Let

Ap = {Tl 07,_10...0T1 00,00 ‘ 71 € Cn, T2 € Cpg(ry)y -

vy T € Cn’g(ﬁ)79(7.2)7“.79(7.171), o] €Sy, 0y (U) =wv, Yv € <l>}, vl e <TL — 1>
(9(11), g(m2), ..., g (11—1) vanish when | =1). Then
Ap; =S, Vie(n-1).

Proof. Let | € (n—1). Since (S,,0) is a group, we have A,; C S,.
Therefore, |A, ;| < [S,| =n! (]| is the cardinal). To finish the proof, we show
that |A, ;| = nl.
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The number of permutations o; € S,, with o; (v) = v, Yv € (), is equal
to (n —I)!. Since 1 € C, and |Cp| = n, 72 € Gy, 4(r,) and !C’ng(n |l=n—-1, ..,
7 € gyt tr1) 0 [Cogiriygten) gt ] =7 — 1+ 1, 3 follows that
|Ap, | is at most equal to

nn—1)..(n—0+1)[(n—=10)!] =nl
We show that
T107-10...07T1001000 = U] O Uj—19...0 U1 OV OOy

if and only if 7, = g, Vg € (I}, and 0} = v}, where 71, 1 € Cy, T2 € C,, g1y,

f2 € Crg(uy)s = T E Crg(r),g(r2)mg(ri1)s M1 E Criglu)g(us),gluu)> TV €
Sn, o1 (v) =y (v) = v, Vv e (l).

“<«<=" Obvious.

“ =" Since o( can be eliminated, we eliminate it. So, we suppose that

Tp07-10..07T100] = ] O H—1©...0 41 OV
It follows that
(nom-10..omo0y) (k)= (mopm-10..0uouv)k), Vke ().
Therefore, by Theorem 1.6 we have

g(m)=g(), g(r)=9gWu2), ., 9(n) =g (),

S0,
TL = M1, T2 = {2, -y T] = My,
and, as a result of these equations,

g] = .

We conclude that
’An,l‘ =nl. O

Theorem 1.7 says that we can work with A, ; instead of S, VI € (n — 1)
(this fact will be used in Theorem 2.1).
Let 0,7 €S,,. Set

K(om)= Y 1[o@)-0a() (@) —7()) <0,

1<i<j<n
where

1[<o<z’>—o—<j>><r<i>—7<j>><01—{ L (o ()= (1) (7 () =7 (1) <0,

-
0 if (o (i)=0o (7)) (7 (1)—7(5)) =0,
Vi, j € (n). K is a metric on S,,, called the Kendall metric (see, e.g., [1] or [§]).
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THEOREM 1.8. Let n > 2. Let oy € S,,. Consider on S,, the Kendall
metric. Then

K (1pomj_1 0...0m 00y 00¢,00)=|71] — 1+ K (131 0Tj—2 ©...0T] 007 00¢, 09) ,

VI € (n—1) (warning! oy appears in two terms of the above equation), where
1 € Cp, 7o € Cn,g(n)’ ey T € Cn,g(ﬁ),g(m)7---19(7'1_1)’ o, € Sy, op(v) = v,
Vv e (l), and 7] is the length of 7, (a degenerate cycle has length 1) — 1,1 o
Ti—g0..o7 and g(11), g(72), ..., g(1—1) vanish when | = 1.

Proof. Since K is right-invariant (see, e.g., [1]), the equation we must show
is equivalent to

K(rpor_yo..omoo,ld)=|n| -1+ K(rj_107-20..0700,1d),

Vi € (n — 1) . We shall show the latter equation. More precisely, we shall show
that

K(rom_jo..omoo,ld)— K (r_10m_90..0m00,1d) = |7] — 1,

Vie(n—1).
Let I € (n—1). Since the above equation is obvious for 7, =Id, further,
we suppose that
T = (wt,wt,l, ...,wl) s

where t > 2 (w; < wa < ... < wy). It follows that |7| = ¢. Let i1, 42, ..., 3t € (n),
iq # 1y, Va,b € (t), a # b. Suppose that

(Ti—10Tj—20...071 007) (ig) = Wa,Va € (t).

(If I =1, since 1;_1 0 779 o ... o 71 vanishes when [ = 1, we have o0} (iy) = w,,
Va € (t).)
Let i, j € (n), i # j. Below we consider four cases.

Case 1. i, j € {i1,12,...,4¢} . We have

(m—1om_g0..omo0y) (i1) =w <wp = (M_107—20...071007) (ip)

and
(mom_j10..omooy) (i1) =w >wp—1 = (p07m-10...07100) (ip),

Vb e (t) — {1} . We also have

(j—10m—920...071007) (ig) = Wg < wp = (Tj—1 0 Tj—2 0 ...0 T 0 07) (ip)
and

(pom_10...om00) (ig) = Wg—1 < wp—1 = (Mp07T_10...071 007) (1) ,
Va,b € (t) — {1}, a < b. Therefore,

(rj107_90...0om007) (i) < (10720 ...0100) (j)
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and
(mom_1o..omooy) (i) >(nom_10..0m00)(j)
when i € {i1} and j € {i2,13,...,9;:} only. Further, we show that
1< jifie {Zl} and j € {iz,ig, ...,it}
(i < j is of interest to us, see the definition of K). This follows from i1 < g,

13, ..., it. We show that
11 < 19, 13, ...y Bt

By Theorem 1.6, (;o7m_jo...omo0y)(l) = g(m) = wy. It follows that
(Tl_l 0Tj—290...0T1 0 O'l) (l) = w1

and, consequently,
i1 =1.

Consider that I > 1. By Theorem 1.6, the first [—1 components of ;_j07;_90...0
Troopare g(m), g(m), ..., g(1—1), respectively. As 7; € C,,
and 77 = (wy, wi—1, ..., w1), it follows that

,9(71),9(72)5--,9(T1-1)

(10720 ..07m1007) (ia) =we ¢ {g(11),9(12),....,g(T1—1)},Va € (t).

Therefore, we have
11,12, ..., 0t > 1.

Since i1 = [, we have i1 < 19, i3, ..., 1. Now consider that [ = 1. It follows that
11 = 1. Therefore, we also have i1 < i3, i3, ..., it. So, for [ > 1, we have i1 < iq,
i3, ..., it. Finally, we have (see the result we must show and definition of K
again)

1[[(nom—10...0m00y) (i) — (mom_10...om00y) ()] [Id (1) — Id ()] < 0]—
—1[[(1—107;_20...011007) (i) — (Tj_1071_90...0m 007) ()] [1d(7) —1d(5)] <0] =

_ 1 ifze {il}, ] c {ig,ig,...,it} (Z < ]),
) 0 ifi, e {io, iz, i} (i< jori>j).

Case 2. i, j ¢ {i1,42,...,7:}. This case holds when ¢ < n — 2. Since 1,
J & {i1,42,...,7t}, we have

(i-10m_90...omoa0y) (i), (m_10m_90..0o7m00)(j) ¢ {wy,ws,..,w}.
Suppose that (the first subcase)
(110720 ..0m007) (i) < (T1-10T—20...0T1007) (j) -
It follows that

(pom_10..omo00y) (i) < (mom_10..omo0y)(j)
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because
(mom_10..omo0y) (i) =(r—107_20..07 007) (7)
and
(Tl ©0T7T[—-10...0T10 O'l) (]) = (Tl—l 0T[—20...0T10 UZ) (j) .
Further, we have
1[(rpom_10..omooy)(i)—(nom_10..om o0y (j)] [Id () — Id (j)] <0]—
—1“(7’5_1OTl_QO...OTloUl) (’i)—(Tl_loTl_Qo...OTloUl) (])] [Id (i)—Id (])] <0]:0

both when i < j and when ¢ > j (i < j is of interest to us, see the definition of
K). The subcase when

(1-10m—90..0m007) (i) > (1110720 ...011007) (J)

is similar to the above subcase.

Case 3. 1 € {i1,12,...,0t}, j & {i1,12,...,3:} . (Recall that iy, ig, ..., iz > 1,
see Case 1 again.) This case holds when t < n — 1.

Subcase 3.1. i € {i1,i2,...,4t}, j € ({ — 1) . This subcase holds when [ > 1.
Since i1, 42, ..., 7 > [, we have 7 > 7, so, this subcase is not of interest to us.

Subcase 3.2. 1 € {i1,i2,...,0t}, j € (n) — ((I = 1) U {ir,i2,....0:}) ((I—1)
vanishes when [ = 1). Since (11 07_90...07 007) (ig) = wg, Ya € (t), and
g (1) = wy, we have

(_10m-920...0mo0) (i) € (g(m))
({9 (m)) ={1,2,...,9(m)}). Further, we show that

(1omso..omoa)(j) ¢ (g(n)) .

Consider that [ > 1. Since j ¢ (I — 1) and, by Theorem 1.6, the first [ —1 entries
of ;_1o0m_g90..0om ooy are g(m), g(m), ..., g(1-1), respectively, we have
(1omgo...omoo)(j) ¢ {g(m),9(2),....9(m-1)}.

Since j ¢ {i1,i2,...,7:} and (_1 0720 ...0m 00}) (ia) = wa, Ya € (t), we

have
(i—10m_g0..0o7007) (j) ¢ {w1,wa,...,w } .

As T € Cn,g(ﬁ)79(7'2),--~79(T171)7 T = (wt, Wt—1, ey wl), and g(n) = wy, we have
(9 (n)) S {w1, w2, ...;w} U{g(m1),9(72) ... 9 (n-1)}-
Since (see above)

(m—1om_go..omoa)(j) ¢
¢ {wr, wa, .., wi} U{g (1) ,9(12), ., 9(1-1)} 2 (g (m)),
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we have

(m—1om—g0..0om00)(j) & (9(n)).
Now consider that | = 1. As 1 € C, (w, = a, Ya € (t); therefore, 7 =
(t,t—1,..,1)) and j € (n) — {i1,%2,...,%} (i1 = 1 when [ = 1, see Case 1;
therefore, j # 1), we have

o1 (4) ¢ (g (n)) = (t)

(recall that 71 0 79 o... o 7y vanishes from (7;_1 0o 7j_g 0 ...071 007) (j) when
[ = 1; recall that o1 (iq) = wa, Ya € (t); recall that o1 (1) = 1). So, for [ > 1,
(-1 0m—g0...omoay)(j) ¢ (g(m)). Further, since (17,1 07_20...07 00y)
(1) € (g(m)) and (1_107_90...07m007)(j) & (g (7)), we have

(110720 ..0om007) (i) < (11-10T—20...011007) (j) -
Since (rjom_10..om00y) (i) € (9(m)) and (om_10..0m007)(j) =
(j10m_20..0o7007)(j) ¢ (g(7)), we have
(pom_10..omo0y) (i) < (mom_jo..omoa)(j).
Finally, we have
1[(mom_10..omooy)(i)—(pom_10..0o7m00y) ()] [Id () — Id (j)] <0]—
—1[[(1—107_20...011007) (i) — (T1_10T;_20...071007) (j)] [Id (¢) —1d (j)] < 0] =0

both when ¢ < j and when ¢ > j.

Case 4. i & {iy,i9,....0t}, j € {i1,72,...,0:} . This case holds when ¢t <
n— 1.

Subcase 4.1. i € (I — 1), j € {i1,49,...,7:} . This subcase holds when [ > 1.
Since i1, ig, ..., i > [ (see Case 1 again), we have i < j. Suppose that (the first
sub-subcase)

(—1om_g0..0o700y) (i) < (m_10m_20..011007)(j).
As j € {i1,12,...,4¢}, it follows that Ja € (¢) such that j = i,. Therefore,
(i_10m_90..om007)(j) =(r_107-20...071 007) (ig) = Wq.
As 7 is a cycle, 3b € (t) such that
(pom_10..0o7007) (ip) = Wy

(recall that (11 o Tj_g 0 ... 011 0 07) (i) = Wy, Yu € (t), and 7} = (wy, We—1, ...,
wy)). Therefore, since (;o1_10...0m007) (i) =(r_10T_20 .01 007) (1),
we have (using what we supposed in this sub-subcase)

(pom_10...om00y) (i) < (pom_10..07 007) (ip) = Wq.
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Obviously, ¢ < 4. We associate the pair of inequalities
i < J = la
(1-10m—20...0om00y) (i) < (rj-107—20...0m1007) (j) = wq
with the pair of inequalities
1 < 1p,
(mom_10..0omo0y) (i) <(rom_j0..07100)(ip) = W,.
By this association (trick) we have (see the definition of K and result we must
show again)
1[(rpom_10...ompo0y) (i) — (om_10...0m00y) (4)] [Id (i) — Id (4)] <0]—
—1[[(1j—107_90...0m1007) (i) — (T_10T1—20...0m1007) (7)] [Id (i) —1d (§)] < 0] =0.

The sub-subcase when
(1-10m—20..0m00y) (i) > (1j-10T—20...011007) (j)

is similar to the above sub-subcase.

Subcase 4.2. i € (n) — ((I — 1) U {i1,%2,...,3t}), j € {i1,42,...,9;} . Similar
to Subcase 3.2.

From Cases 1—4, we have

K(rpom_10..omoo,ld)— K(rj-10m_90..0om00;,1d)=|7] -1

([7] — 1is due to Case 1). O

2. OUR MARKOVIAN METHOD

In this section, we present Mallows model and our fast Markovian method
for sampling exactly (not approximately) from S, the set of permutations of
order n, according to the Mallows model through Kendall metric. In addition
to sampling, for this special Mallows model, the Markov chain we construct can
do other things — we compute the normalizing constant and, by Uniqueness
Theorem, certain important probabilities.

Recall that Rt = {z|z € Rand z > 0}.

Let
ed(apo)
—, Vo €8S,

Z
where 0 e RT (0<f<1lorf>1),00€S, (n>1),disametric on S,, and

7 — 2{: edﬁnow.

gES,

Mg —
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The probability distribution 7 = (75),cs, (on Sy) is called the Mallows model
through metric d (see [7]; see, e.g., also [1, 4, 8]). This is a model — an
exponential model when 6 # 1 — for ranked data (see the above references).
Here we considered a generalization of the classical Mallows model (through
metric d) — 0 < 6 <1 in the classical case.

In this article, the transpose of a vector z is denoted by 2’. Set e = e (n) =
(1,1,..,1) e R*, Vn > 1.

Below we give the main result of this article.

THEOREM 2.1. Let n > 2. Let m = (75), g, be the Mallows model through
Kendall metric. Consider a Markov chain with state space S,, and transition
matric P = Py Py...P,_1, where P, | € (n — 1), are stochastic matrices on Sy,

(Pl)‘rlorl,lo...m'loo'[oaoﬁf =
ifé=pom_ 107 _90...0
TpoT)_10T]_90...0T] 0000( 0Ty © 07 0 0 fOT some

TvoT)_10T]_90...0T]1 00700
% € Crg(ra).g(r),emg(nia)>

ec
YS%n,9(m1).9(r2), (T _1)

’Lff 75 @YOTI_10T]_20...0
0 oty 007000, Vp €
€ Crng(r1)g(r2),ng(mior)s

vl e <7”L — 1> , V1 € Cp, V1o € Cn,g(n)v .., V1 € CN,Q(Tl)79(7'2)1---79(7'1—1)’ Vo, € Sy,
o (v)=v,Yve(l),Y¢eS, (n_10m-90..0om and g(71), g(12), -y g(T1-1)
vanish when | = 1), where o is the parameter from S, of Mallows model through
Kendall metric. Then

P=én
(therefore, the chain attains its stationarity at time 1 and, obviously, m is its
stationary probability distribution (limit probability distribution)).

Proof. Set

Ly .. ={miom_10...omo0000| 01 €Sy,01(v) =v,Yv & (I) },

vl e (TL - 1) , V€ Cp, V1o € Cmg(ﬁ)? .., V7 € Cn,g(ﬁ)7g(7—2)7...,g(n_1)- We have
U LT1,T2,...,TL = An,l = STIJVZ € <TL - ]->
T1E€CH

72€C0 4(r)

T1€C,, 4(r1),9(r2)s-9(71_1)

(see Theorem 1.7). We show that

Lrirm N Lm,umm,uz =0
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if Ju € (I) such that 7, # pu, where Il € (n —1), 71, u1 € Cp, T2 € Cp g7y,
112 € Crgu)s o T € Crg(r) g(ra),g(mior)s H1 € Crig(un).g(puz),..glu—y)- FOr this
we suppose that Ju € (I) with 7, # p,, such that

Lri gm0 Ly iy # 0

Let w € Ly ry,....ry N Ly o, - We have
W=T]0T/_10...0T 00009 = 4] O f4j—1 O ... O i1 © ¢ © T,

where oy, ¢; € Sy, 07 (v) = ¢ (v) = v, Yv € (l). Proceeding as in the proof of
Theorem 1.7 (oy is eliminated, ...), we obtain

TL = [1, T2 = 2, -, TL = i, O = @y.

Therefore, we obtained a contradiction.
The above results lead to the fact that

(Lrimo,.o.m)
T1ECH

7260 4(r))

M€, g(r1)9(r2)s-9(T1_1)

is a partition of A,,; (A,,; =S,), VI € (n — 1) . Set the partitions (this can now
be done)

Al-&-l = (L7177'27--~7Tl> s
T1€CH
72€Cn (1)

Tlecn,g(n),9(72)7~~,g(n_1)

Vi € (n —1). Obviously, we have A, = ({0}),¢s,, -
By hypothesis and Theorem 1.8 we have

(Pl)Tlon_lo...onoalom)—>§ =

if¢é=pom_j10m_90...0
o7 © 07 0 0 for some

¢ € Crg(n)g(r),mg(nior)s

QK(“F’OTl—loTlff""OTl ovlooo,a‘o)
Z eK(VOT171OTZ72O...O7'100'l000,O'0)

ec
= YSn,9(m1),9(m2) - 9(T—1)

if€#£porm_107_90...0
0 oTy 007000, Yo €

€ Cnvg(Tl)79(72)7"'79(7-171)’
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ifé =pom_j10m_90...0
glel—1 o7y 0 gy 0 0 for some
1+60+024...+on—! C
® € Un,g(r1),9(r2),9(ri—1)

f{#@pom_10720...0
0 oty 007000, Yo €
e C,

79(71)79(7'2)7"‘79(7-[71)’

vl e (n — 1> , V€ Cp, Vo € Cmg(Tl)’ .., V1 € Cn,g(n),g(Tz),...,g(Tl_l)7 Yo, € Sy,
o1 (v) = v, Yo € (l), V¢ € Sy, where |p] is the length of (cycle) ¢. (Recall that
a degenerate cycle has the length 1 and 14+ 60462+ ... + 0" = % if
6 # 1.) Tt follows that

P e GAl,Asz Vie(n—1).

Since P = P P>...P,_1, by Theorem 1.5, P is a stable matrix. Consequently,
T, 9 is a probability distribution on S,,, such that

P = e
It is easy to see that
o (P)yr =77 (P),,,Vl € (n—1) Vo, T €S,
(Sp = Ay, Vi € (n—1)). This thing implies
P =mnvle(n-1),

and, further,
P =m.
Finally, we have
7 =7nP =me =1,
S0,
P=¢dn. 0O

We comment on Theorem 2.1 and its proof.

1. Any l-step of the chain with transition matrix P = Py P...P,_1 is
performed via Py, Ps, ..., P,_1, i.e., doing n — 1 transitions: one using P, one
using P, ..., one using P,_1. This chain: a) attains its stationarity at time
1 — one step due to P or n — 1 steps due to Py, Ps, ..., P,_1; b) belongs to
our collection of hybrid Metropolis-Hastings chains from [10] (this follows from
C Ln,frg ..... s Vil € (n—2), V7 € Cn, V1o € Cn,g(ﬁ)""’ V’Tl+1 S
Crg(r1),9(72),...g(m)» Where n > 3 (hint: use Theorem 1.6), etc.; for our collection,
see also [11-12]); ¢) is a cyclic Gibbs sampler in a generalized sense because
the state space is, here, S,, ratios used to define the transition probabilities of
matrices P, | € (n — 1), are similar to those of (usual) cyclic Gibbs sampler
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with — not leaving the finite framework — finite state space (this chain also
belongs to our collection of hybrid Metropolis-Hastings chains from [10], see
[11]), and matrices Py, Pa, ..., P,—1 are used cyclically. (For finite Markov
chain theory, see, e.g., [5], and for the Gibbs sampler, see, e.g., [6].)

2. To define transition probabilities of Py, [ is fixed (I € (n — 1)), we used
states from A,, ;. So, using P, the chain passes from a state, say, v of A, ; to
a state, say, d of A,,; also. For the next matrix, P41, when [ +1 <n —1, we
need states from A, ;,1, so, when we run the chain, we must rewrite ¢ using
the generators of A, j41.

3. There exists a case, a happy case, for which rewriting the states from
Comment 2 is not, practically speaking (see below), necessary, namely, when
o; =Id. So, to avoid rewriting the states, we consider the chain with initial
state o¢ (warning! o is here and o; is in the previous sentence). In this
case, (po),, = 1, po is the initial probability distribution of chain. Obviously,
poP = m because P = ¢'m. (Moreover,

poP™ =7, ¥Ym > 1,Vpg, po = initial probability distribution.)

From
gg = (1) oldoog € An,l

(o1 =Id), the chain passes in one of the states — the rule is very simple —

oo=(1)oog=(1)oldoog € Ay 1,
(2,1)000=(2,1)0ldoog € Ay 1,

(n,n—1,..,1)0o00=(n,n—1,...,1)oIdoog € A, 1.
Suppose that it passed in the state (3,2,1) o 0p. From
(3,2,1) 009 = (1)0(3,2,1) 0Id o gy € Ay
(o9 =Id), the chain passes in one of the states

(3,2,1) 000 =(1)0(3,2,1) 009 =(1)0(3,2,1) oldogg € A, 2,
(2,1)0(3,2,1) 000 =(2,1)0(3,2,1)0oIdogp € Ap 2,
(4,2,1) 0 (3,2,1) 009 = (4,2,1) 0 (3,2,1) 0 Id 0 09 € A,
(n,n—1,...,4,2,1)0(3,2,1)oop=(n,n — 1,...,4,2,1) 0 (3,2,1) o Id 0 5¢g € Ay 2.

Suppose that it passed in the state (5,4,2,1) o (3,2,1) o 0¢, etc. For these
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transitions of the chain, we use the probability distributions

1 0
<1+6+02+...+0"—1’ 1+0+6%2+ .. 46V

92 anl
1+60+602+ ...+ 77 1+0+92+...+9”1)
(for P1),
1 0
140+602+. 4672 14+0+62+.. 4602
92 9n—2
1460+6%2+.. +6n2" 77 1+0+02+...+9n2>
(fOI' PQ), ceey

0
140116

(for P,_1). These probability distributions have something in common with the
geometric distribution. (For the geometric distribution, see, e.g., [2, pp. 498—
500].)

4. By P = €/7 we can compute the normalizing constant Z. Indeed, since
Sn D L1y D Lay2) 2 - O Lay@),..(n—1) = {oo} (recall that, by Theorem
1.6, L7—17727.__7Tl+1 C Lﬁﬂ—z,_._ﬂ—“ Vil € <n — 2> s V1 € Cn, V1o € Cn,g(ﬁ)’ . VT[.H S
Crg(r1),9(r2),.ng(m)s Where n > 3), P is a block diagonal matrix (eventually by
permutation of rows and columns), VI € (n—1) — {1}, and P, € Ga, A,
VI € (n—1) (moreover, P} is a Aj-stable matrix on Ay, VI € (n—1)), we
have (using P = €'r)
B 1 1 1
Sl 04602+ 0 140462+ 402 T 140
On the other hand,

Too

So,
Z=01+0)(14+0+06*)..1+0+6>+...+0"").

If 8 # 1, we have

1—-6*1—-6 1—0"
Z = .

1-01-60 "1-90

This result is known, see, e.g., [3] (there, o9 =Id and # > 1 (using our no-
tation)), but our computation method is new, probabilistic (Markovian), and
interesting.
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5. Using Uniqueness Theorem from [11] (the presentation of this result is
too long, so, we omit to give it here), we can compute certain important proba-
bilities of the Mallows model through Kendall metric. Indeed, by Uniqueness
Theorem we have

QLTﬂ*l

PLT = o= )
(Ln)= 2 o= gy

UELTI
(|71] is the length of 7). Note that
L, = {0’ oeSy, 0(061(1)) =g(n)}, V¥ eC,
(L, is the set of permutations from S,,, each permutation having the component
i equal to g (1), where i = o' (1) (therefore, og (i) = 1)). In particular, if
oo =Id, we have
Ly ={clo€Sn, o(1)=g(n)}, V11 € Cn

(L., is, here, the set of permutations from S,,, each permutation having the
component 1 equal to g (71)). Further, by Uniqueness Theorem we have

vV € C,

To

P(LTLTQ) o o€Lry,ry . 0“2}_1
P(L,) Y 7% 14046024 .. 4672
o€l
V11 € Cn, V72 € Cp g(ry)s 80,
1 ; _ _
(002 Fon1)(1+0+02+.. 107 2) it =), ==(2),
QLTQT—l .
(1+6462+.. 46" (1+6+62+..4672) ifr=(1), »#(2),
P (L7 r) = e

(1+9+02++9n71)(1+9+92++97L72) lf Tl # (1) ) T2 = (1) )
[r11+[m21-2
0 .
07T+ A0 TG LTI # (1), = # (1).

Note that
LTl,Tz = {O } ocESy, o (0'0_1 (1)) = 9(7-1) y O (O'o_1 (2)) =g (7-2) } s
V71 € Gy, V72 € Cy 4(r,)- In particular, if o9 =Id, we have
Lrym={clo€Sny, c(1)=g(n), 0 (2)=g(n)},

V11 € Cp, V1 € Cyy . To compute P (L, 7,.5) , etc., we use (see Uniqueness

79(71)

Theorem)
To lru]—1
P (L7'177—2,--.,Tu) — UELTI,TQ ..... Tu _ 9
P (L ryyirus) > T 110+ 621 .. +onw
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V1 € Cp, Vo € Cmg(n), ey VTy € Cn,g(q.l),g(q_z)’_“79(7.1#1) B<u<n-—1).

6. o¢ =Id is the best case of our sampling method. To illustrate this fact,
we consider og = (12345) . Consider that the initial state of chain is 0g. From
(12345) , since

Cs = {(1) ) (27 1) ) (37 2, 1) ) (4» 3,2, 1) ) (57 4,3,2, 1)} ,
the chain passes in one of the states
oo = (12345), (21345), (31245), (41235), (51234)

(see Comment 3 or, direct, Theorem 2.1; see also Theorem 1.6), the transition
probabilities being
1 0
1460+62+603+64 1+0+460246346%

62 63 04
14+0+024+6034+04"14+0+02+03+0% 1+0+02+03+0Y
respectively (see Theorem 2.1). This sequence of probabilities is decreasing
when 0 < 6 < 1 (recall that 0 < 6 < 1 is the classical case) and increasing
when 6 > 1. Note that (21345) is obtained from (12345) modifying the first
two components of (12345), (31245) is obtained from (12345) modifying the
first three components of (12345), etc. Suppose that the chain passed in the
state (31245). (31245) = (3,2,1) 0 (12345), so, 71 = (3,2,1) and g (1) = 3. In

this case, to pass in the next state, we use

neCsz={(1), (2,1), 4,2,1), (5,4,2,1)}.

g (1) € {1,2,4,5} — the elements from this set are placed after 3 in (31245)
(this fact is important for the implementation of our method in the special case
oo =Id). From (31245), the chain passes in one of the states

(31245), (32145), (34125), (35124),

the transition probabilities being
1 0 62 63
14+0+602+602 1+04+6024+63 1+0+602+603 1+60+602+0%

respectively. This sequence of probabilities is also decreasing when 0 < 6 <
1 and increasing when 6 > 1. Note that (32145) is obtained from (31245)
modifying the first two components after 3 of (31245), (34125) is obtained from
(31245) modifying the first three components after 3 of (31245), etc. Suppose
that the chain passed in the state (34125). (34125) = (4,2,1) o (31245), so,
o = (4,2,1) and g (72) = 4. In this case, to pass in the next state, we use

T3 € 05,3,4 = {(1) ) (27 1) ) (5727 1>} .
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g(m3) € {1,2,5} — the elements from this set are placed after 3 and 4 in
(34125) . Etc. Now, we consider the general case o9 € S,. Since (S,,0) is a
group and K is right-invariant, we have

K (0,1d) = K (0 000,00), Yo €Sy,

S0,

Z HK(U,Id) — Z GK(UOUQ,UO)

oES, o€Sy

(the terms of this equation are normalizing constants) and

QK(J,Id) eK(aoao,cro)
Z K (o,1d) - 2 K (o000,00)
oESy o€Sy

(the terms of this equation are probabilities), Vo € S,,. It follows that the
general case g € S;, can easily be obtained from the simple case o9 =Id using
the bijective transformation o — o o0 — if, using the simple case o9 =Id, we
generate a permutation, say, x, then x o g¢ is the result of generation for the
general case og € S,,. So, for any oy € S,,, our exact sampling method is simple
and fast — faster when g9 =Id than when og #Id, faster when 0 < § < 1 than
when 6 > 1.

In [3], it is presented a method for sampling from S,, according to the
Mallows model through Kendall metric when oy =Id and 6 > 1 (using our
notation).

Finally, we give an example to illustrate Theorem 2.1, its proof, and the
above comments, excepting Comment 6 (this contains an example for itself).

Example 2.2. Consider the Mallows model through Kendall metric on S3
with og = (312) . By Theorem 2.1 (and its proof) we have

(123)  (321) (132) (231) (213) (312)

(123) om0 Shm 0 om0
(321) 0 e 0 e 0 e
(132) om0 5hm 0 Em 0
F ) T N T i e
CY | w0 im0 e 0
(312) 0 mwhe O mEe 0 e
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and (123) (321) (132) (231) (213) (312)
(123) [ T 19
(321) | T T
(132) i %
Py = (231) R
(213) 2 i
(312) -

because, for Py,
(123) = (2,1) 0 (2,3) 0 (312) € Az 1,
(321) = (2,1) oId 0 (312) € A3,
(132) =(3,2,1) 0 (2,3) 0 (312) € A3,
(231) = (3,2,1) 0Id 0 (312) € A3,
(213) = (1) 0 (2,3) 0 (312) € A3,
(312) = (1) oIld 0 (312) € A3
and, for Ps,
(123) = (3,1) 0 (2,1) o Id 0 (312) € A3 9,
(321) = (1) 0 (2,1) oId 0 (312) € A3,
(132) = (2,1) 0 (3,2,1) oId 0 (312) € A3,
(231) =(1)0(3,2,1) 0Id 0 (312) € A3 o,
(213) = (3,2) o (1) oId 0 (312) € A3,
(312) = (2) o (1) o Id 0 (312) € Ags.

Further, we have

Ly ={(213),(312)}, Loy = {(123),(321)}, Lze,1) = {(132),(231)}

(the permutations from Ly, La1), L(32,1) have the component 2 equal to 1,
2, 3, respectively),

Ly =1{312)}, Lu)32) = {(213)},
Ly, ={321)}, L1 = {(123)},
Lo, =1{(231)}, Li2,er ={(132)},
Ay = (S3),

Az = (L(l)’ Ly, L(3,2,1)),
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Az = (Lay@» Laoyeor Lenw: Lenen: Leznm Leanen)-
Obviously, Az = ({0}) ,¢s, and, moreover, Az = Ay < Ay, Az # Ay # Aq. It s
easy to see that P € Ga, Ay, Po € Gayny, and 7, (P),. =7 (P)).,, VI € (2),
Vo, 7 € S3. By Theorem 2.1 or direct computation, P = e'z. Since 7, = %, it
is easy to see, using P = ¢/, that Z = (1 +6) (1 + 0+ 02) . Obviously, P is a
block diagonal matrix and Ag-stable matrix on Ag. Moreover, P, is a Ag-stable
matrix, see Definition 1.4. P; is a stable matrix both on A; and on Asy. By
Uniqueness Theorem from [11] or direct computation we have

1 0 0*
PLo) =155 Plen) = g5 Plean) = T35

1 0
P(L =

(1+0+6%)(1+6) (Lay@2) 1+0+6%)(1+0)

0 P(L ) = 62
(1+0+62)(1+0) ED.EU) T 10+ 602) (1+6)

62 63

Leanm) = grareare D Eenen) = arrmare

Obviously, our exact sampling Markovian method has, here, 2 steps (due to Py
and PQ).

P(Layw) =

P (L)) =

“We conclude saying that we believe that the homogeneous Markov chain
framework is too narrow to design fast algorithms of Metropolis-Hastings type.
Moreover, we believe that our hybrid Metropolis-Hastings chain works better
than the Metropolis-Hastings chain, at least on S, the set of permutations of
order n, and on {0,1,...,h}".” We said this in [10, p. 227]. We say this again
because, being guided by |9, 10] and, especially, [11], the achievements from [12]
and this article of our hybrid Metropolis-Hastings chain are impressive: fast
exact samplings, computing the normalizing constants (exactly), computing
certain important probabilities. The Metropolis-Hastings chain cannot do these
things — we think so.
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