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Our goal in this note is to obtain an extension of a result known as the Port-
manteau theorem (see, for instance, Theorem 2.1 of Chapter 1, pp. 16-17 of
P. Billingsley, Convergence of Probability Measures, Second Edition, Wiley, New
York and Toronto, 1999, or Theorem 3.1 of Chapter 3, pp. 108-110, of S.N. Ethier
and T.G. Kurtz, Markov Processes: Characterization and Convergence, Wiley,
Hoboken, New Jersey, 2005).

As in the Portmanteau theorem, our result consists of several equivalent
assertions.

The theorem that we obtain is stated using the vector space of all con-
tinuous bounded functions with bounded supports and the vector space of all
uniformly continuous bounded functions with bounded supports.

Like in the Portmanteau theorem, we deal with sequences of probability
measures. However, when dealing with our more general type of convergence,
the limit of the sequence is not necessarily a probability measure.
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1. INTRODUCTION

Asusual, by a Polish space we mean a metric space whose topology defined
by the metric is separable and complete.

Let (X, d) be a Polish space.

Let B(X) be the Borel o-algebra defined by the metric topology on X,
and let M(X) be the real Banach space of all real-valued signed measures on
(X,B(X)), where M(X) is endowed with the total variation norm.

Like in many of our earlier works, we let By(X) and Cy(X) be the real
Banach spaces of all real-valued bounded Borel measurable functions on X and
of all continuous bounded real-valued functions on X, respectively, the norms
on both By(X) and Cy(X) being the uniform (sup) norm.
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290 Radu Zaharopol 2

As in Szarek and Zaharopol |7], we will use the notations
(o) = [ £ duta)
X

for f € By(X) and p € M(X);
B(zg,r) = {z € X |d(z,z9) < r} = the open ball with center x¢ and radius r,

forzg € X and r € R, r > 0;

A and }iz the closure and the interior of a subset A of X, respectively.

As usual, we say that a subset A of X is bounded if A can be included in
an open ball (of finite radius); that is, if there exist xg € X and r € R, r > 0,
such that A C B(xq, ).

Given f : X — R, we will use the notation supp f = {z € X | f(x) #0} =
the support of f.

We will denote by C]g:) (X) the vector space of all bounded continuous
functions f : X — R with bounded support.

Also, let C’é‘;eb) (X)) be the vector space of all real-valued uniformly conti-
nuous bounded functions on X that have bounded supports.

Now, let (un)nen be a sequence of elements of M(X), and let p € M(X).

We say that (un)nen converges to p along CSSD)(X) if, for every f €

Ch) (X)), the sequence (£, ftn)) ey converges to (f, p).

Similarly, we say that (u,)nen converges to p along C}glsmb)

f € P (X), the sequence ((f,pin))ey converges to (f, ).

As usual, given a subset A of X, we use the notation 0A = A\fi: the
boundary of A.

Following Ethier and Kurtz’s monograph [5] (see p. 108), or Gugushvili
[6], given a Borel subset A of X, and v € M(X), v > 0, we say that A is a
v-continuity subset of X if v(0A) = 0.

Our goal in this paper is to prove the following theorem:

(X) if, for every

THEOREM 1.1. Let pp)nen be a sequence of probability measures, pu, €
M(X) for every n € N. Also, let p € M(X), p> 0.
The following assertions are equivalent:
(a) The sequence (tn)nen converges to u along C]g? (X).
(b) The sequence (fin)nen converges to p along Cé:Cb) (X).
(¢) The following two statements hold true:
(cl) For every closed bounded subset F' of X, we have
lim sup pin (F) < pu(F).

n—00
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(c2) For every open bounded subset G of X, we have
liminf 1, (G) > p(G).

(d) For every bounded Borel p-continuity subset A of X, we have that
the sequence (pn(A))nen converges to p(A).

Note that Theorem 1.1 is obviously true if X is a finite set. Thus, we will
assume from now on that X is infinite; if D is a countable dense subset of X,
then D is an infinite set, as well (such a countable dense subset of X exists
because X is separable).

Theorem 1.1 is an extension of a well-known result referred to as the
Portmanteau theorem (see, for example, Theorem 2.1, pp. 16-17, in Chapter
1 of Billingsley’s monograph [1], or Theorem 2.1, pp. 3-4, of Billingsley [2], or
Theorem 3.1, pp. 108-110, in Chapter 3 of Ethier and Kurtz’s monograph [5],
or Theorem 6 of Gugushvili [6]).

The convergence of sequences of probability measures that appears at
(a) and at (b) of Theorem 1.1 in this paper is significantly more general than
the convergence in the Cy(X)-weak topology of M(X) that appears in the
Portmanteau theorem (for details on the Cy(X)-weak topology of M(X), see
Section 1 of Szarek and Zaharopol [7], see also Section 1.1 of [8]; for various
kinds of topologies on spaces of measures, see Section 4.6, Section 4.7, and
Chapter 8 of the impressive monograph of Bogachev [3]).

Indeed, it is well-known and easy to prove that if a sequence (vy,)nen of
Borel probability measures converges in the Cy(X)-weak topology of M(X) to
an element v of M(X), v > 0, then, necessarily, v is a probability measure; by
contrast, if a sequence (vp)nen converges to an element v of M(X), v > 0, in
the sense described at (a) or (b) of Theorem 1.1 of this paper, then v may fail
to be a probability measure.

The paper is organized as follows: in the next section (Section 2), we
discuss several families of continuous functions that are used in the work; in
Section 3, we present several properties of continuous functions; in the last
section (Section 4), we use all the results discussed earlier in order to prove
Theorem 1.1.

2. USEFUL FAMILIES OF CONTINUOUS FUNCTIONS

We will employ the notations introduced so far. Thus, we assume given a
Polish space (X, d).
As usual, if A is a nonempty subset of X and x € X, we use the notation
d(x,A) = inf d(x,y).
(@.4) = inf d(@.)
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Let A € X, A # (). We will denote by g4 the function g4 : X — R defined
by ga(z) = d(z, A) for every x € X.

LEMMA 2.1. Given a nonempty subset A of X, the function ga is uni-
formly continuous.

Proof. Let A be a nonempty subset of X.
Using Theorem 5.1.6, pp. 50-51 of Dixmier [4]|, we obtain that

‘d(x’A) - d(yvA)‘ < d(x,y),

or

(2.1) 94(x) — ga(y)| < d(z,y)

for every z € X and y € X.
Clearly, in view of the inequalities (2.1), we obtain that g4 is uniformly
continuous. [

Let ¢ : R — R be defined by

1 if 2<0
(2.2) pz)=¢ 1—2z if 0<z<1
0 if z>1

LEMMA 2.2. The function ¢ is uniformly continuous.

Proof. We have to prove that for every ¢ € R, € > 0, there exists § € R,
0 > 0, such that |¢(z) — ¢(y)| < € whenever |z — y| < 4.

To this end, let ¢ € R, € > 0, and set § = %

We will assume that e < 1 (obviously, we can make this assumption).

Now let 2 € R and y € R be such that |z —y| < d.

We may and do assume that x < y (because if x > y, we just switch the
roles of x and y).

Clearly, it is enough to prove that |¢(z) — ¢(y)| < € in the following five

cases:
Case I: x<y<0;
Case II. 2 <O0andy € (0,1);
Case III: 2 € (0,1) and y € (0, 1);
Case IV: z € (0,1) and y > 1,
Case V: 1<z <y.

Case I and Case V: If x <y <0, orif 1 < <y, then using the definition
of ¢ (see the equality (2.2)), we obtain that |¢(z) — ¢(y)| =0 < e.
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Case 1I: Using the definition of ¢, we obtain that
(2.3) [¢(z) = o) =1 -(A—-y)l=y.
Sincex <0and [z —y|=y—x < g, it follows that
e ¢
2.4 S <z _
(2.4) y<x-+ 5 <5 <¢
In view of (2.3) and (2.4), we further obtain that |¢(z) — ¢(y)| < e.

Case III: Since z € (0,1) and y € (0,1), using (2.2), we obtain that

9(2) = o) = (1 —2) = (L —y)| = [y —a| < S <=

Case IV: Since = € (0,1) and y > 1, using (2.2), we obtain that
|¢(fﬂ)—¢(y)|:|1—~T—0|=1—x§y—$<%<5. O
LEMMA 2.3. Let F be a closed nonempty subset of X andlete € R, € > 0.
(a) The function gl([,f) : X — R defined by gﬁf)(x) - <1 B d(i’F)> Vo

for every x € X, is bounded and uniformly continuous.

(b) If, in addition, F is also a bounded subset of X, then ggf) is a
bounded uniformly continuous function and has a bounded support.

Proof. (a) Let € € R, € > 0, and let F' be a closed nonempty subset of X.
Set F. = |J B(y,¢).

yeF
It is easy to see that

o @ B) zeF\F
IS5
(2.5) 9r () =19 1 y if xeF

0 if zeX\F.

for every z € X.
Using (2.5), we obtain that 0 < ggf)(a:) < 1 for every x € X. Therefore,
gl(lf) is a bounded function.

We will now prove that ggf) is uniformly continuous.

To this end, we will show that
d(z, F
(2.6) ¢ (@) = ¢ <<€>)

for every z € X.
Note that if we prove that (2.6) holds true for every = € X, then we obtain
that ggf) is uniformly continuous. Indeed, using Lemma 2.1, we obtain that the
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d(z, F)

function = — , x € X, is uniformly continuous; since, by Lemma 2.2,

€
the function ¢ is uniformly continuous, we obtain the uniform continuity of
ggf), as well.

In order to prove that (2.6) holds true for every x € X, it is enough to

prove that (2.6) is true in the following three situations:

(i) € X\ Fy
(i1) © € F.\ F;
(1) © € F.
(i) Let z € X \ F;. Using the equality (2.5), we obtain that g;f) () =0.
d(z, F
On the other hand, d(z, F') > ¢ because x € X \ F, so (z, F) > 1; there-

€
fore, using the definition of ¢ (the equality (2.2)), we obtain that

(1P~

3

(#i) We now assume that © € F. \ F.

F
In view of (2.5), we obtain that ggf) (r)=1— d(x;)

d(z, F
Since z € F. \ F, it follows that 0 < d(z,F) < ¢, so (2, € (0,1);
S

therefore, using the definition of ¢ (see (2.2)), we obtain that

() -y de)

£ £
Thus, (2.6) holds true for x € F; \ F.

(iii) Let z € F.
Using the equality (2.5), we obtain that gg) (x) =1.

Since = € F, it follows that d(z, F) = 0, so ¢ (d(az{;F)> = ¢(0) =1 (see

the equality (2.2)).

(b) Assume that (in addition to being a closed nonempty subset of X) F
is also bounded.

We have to prove that g;f) has bounded support.

To this end, we will prove that:

(1) supp (gﬁf)) =F;
and
(2) F. is a bounded subset of X.
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(1) We have to prove that

(2.7) supp (gfﬁ)) C F.
and
(2.8) F. Csupp (g).

Proof of the Inclusion (2.7). Let g € supp (g;f)). Then, there exists a

convergent sequence (zp)nen of elements of X such that g;f)(zn) # 0 for every

n € N and such that (z,),en converges to z.
Using the equality (2.5), we obtain that z, ¢ X \ F;, so z, € F; for every
n € N. Since (z,)nen converges to z, it follows that z € Fy.

We have therefore proved that if z € supp <g§f)>, then z € F.. Thus,
(2.7) holds true.

Proof of the Inclusion (2.8). Let z € F.. Thus, there exists a sequence
(zn)nen such that z, € F; for every n € N, and such that (z,)nen converges to

z.
d(zp, F
Since z, € F., it follows that d(z,,F) < e, so M
€
n € N.
Thus, using the equality (2.5), we obtain that ggf) (zn) # 0 for every

< 1 for every

n € N. Since (zp)nen converges to z, it follows that z € supp (ggf)). Thus,

z € supp (g&?) whenever z € F.. Accordingly, (2.8) holds true.
(2) Since F' is bounded, it follows that there exists xg € X and n € R,
n > 0, such that ' C B(zg,n). We now note that

(2.9) F. C B(xo,n+¢).

Indeed, if z € F., then there exists x € F such that d(z,z) < e; therefore,
d(z,z0) < d(z,z) +d(z,z0) < e+n.

Using the inclusion (2.9), we obtain that F. C B(xg,n +¢), so F. is a
bounded set.

Since (1) and (2) hold true, we obtain that ggf) has bounded support. [

Let D be a countable dense subset of X. As pointed out in Introduction,
we may and do assume that D is infinite.

Since D is an infinite countable subset of X, there exists a sequence
(i )nen of elements of D such that:

(i) z; # x; for every i € Nand j € N, ¢ # j, and

(ii) D = {=z;|i € N}; that is, the range of the sequence (z;);en is the
entire set D.
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For every + € N and j € N, let f;; : X — R be defined by
fij(x) =2(1 — jd(z,z;)) vV O for every x € X.

d(zx, x; . .
Since fij(x) =2 x 1— (mi:r) VO | for every i € N, 5 € N, and

J
x € X, and since the singletons {z;}, i € N, are closed bounded subsets of X,
(5) (5)
J J

it follows that f;; = 9ih where 9inh is the function that appears in Lemma

1
2.3 for FF = {x;} and e = — for every i € N and j € N.
J

Using Lemma 2.3, we obtain that f;;, i € N, j € N, are uniformly con-
tinuous functions with bounded supports (actually, from the proof of (b) of

1
Lemma 2.3, we obtain that supp f;; = B <:ci, > for every i € N and j € N).
J

Next, for every open bounded subset G of X, and every m € N, we define
1
L& = {(i,j) eENxN igm,jgm,B<xi,,> gG}.
J

m
Now, for every m € N and every open bounded subset G of X,

let gﬁg) : X — R be defined by gﬁf)(gp) = 0 for every z € X if ng) — 0,
and gr(v?) (z) = Z fij(x) | ATif L,ﬁ?) is nonempty and z € X.
(i.d)ELY)

LEMMA 2.4. Let G be an open bounded subset of X, and let m € N. Then

the function g7(nG) 1s bounded, has bounded support, and is uniformly continuous.

Proof. 1t is easy to see that

(2.10) 0 < g{(z) < 16(2)

for every z € X, so g7(nG ) is obviously a bounded function.

Taking into consideration that G is a bounded subset of X, we obtain

that G is bounded as well. Thus, using again the inequalities (2.10), we obtain

that the function 97(7? ) has bounded support.

We now prove that gﬁ,? ) is uniformly continuous. We first note that if

L7(nG) = (), then gff) (x) = 0 for every z € X, so, obviously, gff) is uniformly
continuous in this case. Thus, we may and do assume that Lg,? ) is nonempty.
Set hgr?) = Z fU
(i-)€Ly)
Since Lg,? ) is a finite set, and since f;; is uniformly continuous for every i

and j, it follows that hq(f) is uniformly continuous, as well.



9 Sequences of probabilities 297

Clearly,
(2.11) g\ = pl&) A1,
Let e € R, £ > 0. Since h( ) is uniformly continuous, it follows that there

exists 0 € R, § > 0, such that ‘h(G)( ) — ﬁf)(y)‘ < & whenever x € X and

y € X satisfy the inequality d(z,y) < 6.
Our goal now is to prove that, for every x € X and y € X such that
d(x,y) < 0, we have that

(2.12) 949 @) — 6P| <.

To this end, let x € X and y € X be such that d(z,y) < 6. We have to
study the following five cases:
(a) h$,§)( ) =0 and hgg)(y) = 0.
) () - 1 (y) = 0 and (WS (@)
)0 < A (z) < 1and 0 < A (y) < 1.
d)()<h(G)( )<1and {9 (y)>1, or K (2) > 1 and 0< A (y) < 1.
) B () > 1 and B (y) > 1.

( +(19m) " >0
(
(
(e

We now discuss the five cases.

(a) and (e). If x and y are in case (a) or in case (e), using the equality
(2.11), we obtain that ‘gy(f)(x) —g,(nG)(y)‘ = 0, so, obviously, the inequality
(2.12) holds true.

(b) Since we assume that Sy (x) - h&) (y) =0 and

(MO @)+ (MPW)” > 0.

we distinguish two situations:

((0)-1) i (@) = 0 and iz (y) > 0,
and

(()-2) B (2) > 0 and S (y) = 0.

Note that it is enough to prove that (2.12) holds true only for x and y

in the situation ((b)-1) because if x and y are in the situation ((5)-2), then,
by switching the roles of x and y, we obtain that x and y are in the situation

((6)-1).
Proof of (2.12) for x and y in the situation ((b)-1). Since we assume that
h,(f)(:z:) =0 and h,(nG)( ) > 0, we obtain that g( )( ) =0 and

g(y) = (hﬁnG) A 1) (y) < WO (y).
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Since we also assume that d(z,y) < J, we further obtain that

@) = nD ()| < e

Since ‘h;?) (x) — &) (y)‘ = B (y), it follows that &) (y) <e.

o) (@) = g ()] = 9D () < WP (w) < =
Thus, the inequality (2.12) holds true whenever

Accordingly,

A (z)=0 and A (y)>o0.

m

(¢) Since we now assume that 0 < (&) (r) <land 0 < (&) (y) < 1, we

obtain that g,(nG) (x) = L&) (x) and gﬁf) (y) = L&) (y).

Since we also assume that d(x,y) < ¢ (so, &) (x) — o) (y)| <€), we
obtain that (2.12) holds true.

(d) We now assume that

(d1) 0 < KD (@) <1 and K (y) > 1,
or that
(d2) K (z) > 1 and 0 < AT (y) < 1.

As in case (b), it is enough to prove that (2.12) holds true for z and y in
the situation (d1), because if  and y are in the situation (d2), we can prove
that (2.12) is true by switching the roles of = and y.

Proof of (2.12) in the situation (d1). In this situation, we obtain that
g (z) = hi (x) and g (y) = 1.

Since we also assume that d(x,y) < J, we obtain that

1 @) = n )| < e
It follows that (2.12) holds true in this case because
99 @) — 49 W)| = 4P W) — ¢ (@) = 1= hD (@) < WD) — hP (@) < e.

Since the inequality (2.12) holds true in all cases (a)-(e), it follows that
(2.12) holds true for all x € X and y € X such that d(z,y) < J; therefore, gfnG)
is uniformly continuous. [

PROPOSITION 2.5. For every open bounded subset G of X, and for every

m € N, we have g,(nG) € C’élleb)(X).

Proof. Use Lemma 2.4. [
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3. PROPERTIES OF CONTINUOUS FUNCTIONS

Our goal in this section is to discuss several properties of certain con-
structions, constructions which involve continuous functions.

As usual in this work, we assume given a Polish space (X, d).

We will need the following (known) lemma:

LeEMMA 3.1. Let F' be a nonempty closed subset of X. Then:
(a) For every sequence (ex)ken of real numbers that is decreasing (i.e.,

e > €y for every k € N) and that converges to zero, we have that ﬂ E, =

F, where Fy, , k € N are the subsets of X defined in the proof of (a) of Lemma
2.3.
(b) For every sequence (e )ren of strictly positive real numbers that con-
[e.@]

verges to zero, we have that (| F, = F.

k=1
) [ Fe=F.

eeR
e>0

The proof of the lemma appears implicitly in the proof of the implication
(a) = (b) of Theorem 2.1 of Billingsley [2], or in the proof of the implication
(i) = (i1) of Theorem 6 of Gugushvili [6].

LEMMA 3.2. Let F be a closed nonempty subset of X, and let (e)ken

be a sequence of strictly positive real numbers such that (ep)peny converges

to zero. Then the sequence (ggfk)(:v))k N converges pointwise to 1p on X
€
(here, g;fk), k € N, are the functions defined at (a) of Lemma 2.3; that is,
d(z, F
gl(g'“)(x) = <1 — (ac,)> VO for every x € X and k € N).
€k

Proof. Let (er)ren be a sequence of strictly positive real numbers that

converges to zero. We have to prove that the sequence (ggf’“))k N satisfies the
€

following condition: for every x € X, the sequence <g§f’“)>k€N converges and
1 if ze€F
kEToog( e >:{ 0 if ze€X\F
Thus, it is enough to prove that the following two assertions are true:
(A) If € F, then the sequence (of real numbers) (g;fk)(:c))kEN con-
verges to 1.
(B) If z € X \ F, then the sequence (gﬁf“(x))kEN converges to zero.
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Proof of (A). Let x € F. Using the equality (2.5), we obtain that

ggk)(;p) =1 for every k € N. Thus, obviously, (g}fk)($)>k N converges to 1.
€

Proof of (B). Let x € X \ F. Set ay = d(z, F'). Since F is a closed subset
of X, it follows that a, > 0.

Taking into consideration that (ex)ren converges to zero, we obtain that
there exists k, € N such that e, < oy, for every k € N, k > k.

We obtain that d(x, F') > e, so x ¢ F,; using the equality (2.5), we
further obtain that gl([fk)(:v) =0 for every k € N, k > k.

We have therefore proved that all the terms of the sequence <g§f’“) (w)) e
€

are equal to zero except possibly a finite number of them. Hence, (g;f’“) (a:)) en
€

converges to zero. [

If F is a closed nonempty subset of X, if 4 € M(X) is a positive element

(a finite measure), and if ¢ € R, € > 0, then the function g;f) is u-integrable

(because, by (a) of Lemma 2.3, gl(;c) is uniformly continuous and bounded, so

ggf) is a bounded Borel measurable function; since p is a finite measure, it

follows that ggf) is p-integrable). Accordingly, the assertion of the following

lemma makes sense:

LEMMA 3.3. As before, let F' be a closed nonempty subset of X. Also, let
pwe M(X), u>0. Then lim <g§f),u> does exist and is equal to p(F).
e>0
Proof. In order to prove the lemma, it is enough to prove that for every
sequence (gx)ken of real numbers such that g > 0 for every k& € N, and such

that (ep)reny converges to zero, we have that the sequence (<g§f’“),,u>>k N
€

converges to u(F).

To this end, let (ex)ren be a sequence of real numbers such that e, > 0
for every k € N, and such that (e)ren converges to zero.

We now note that:

), k € N, are u-

(1) As explained before the lemma, the functions g,
integrable.

(i) Using the equality (2.5), we obtain that 0 < g;fk)(x) < 1x(z) for
every ¢ € X and k € N.

(#ii) The function 1x is p-integrable because p is a finite measure.

(iv) The sequence (ggk)>k€N converges pointwise to 1p on X (by

Lemma 3.2).
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In view of the fact that the above assertions (7), (i), (44), and (iv) hold
true, we obtain that we can apply the Lebesgue dominated convergence theorem

to the sequence <g§f’“)>k N with respect to the measure pu.
€

Using the Lebesgue dominated convergence theorem, we obtain
that hm fg z) dp(x) does exist and is equal to [ 1pdp = p(F).
X

Thus, the sequence <<g§,’“),u>)k  converges to u(F). O
€

We will now discuss several facts that will be used in the proof of the
implication (d) = (a) of our main result in this paper (Theorem 1.1).

In our approach, we will use an idea of the proof of (iv) = (i) of The-
orem 6 (Portmanteau Lemma) of Gugushvili |6] (see also the proof of (d) =
(a) of Theorem 2.1, pp. 3-4 of Billingsley [2]).

Let p € M(X) be a probability measure. Also, let g € C’SS)) (X), g >0,
g # 0. Since g is a bounded function, and since g > 0, there exists b, € R,
by > 0, such that 0 < g(x) < by for every z € X.

Set D = {z € (0,by] | n({z € X |g(2) = x}) > 0}. Note that the set
D&g) is at most countable (empty, finite, or countable) because p is a finite
measure.

Now, let € € R, € > 0. Clearly, there exists a partition Pb(s) 0= x((]“b’j) <
:z:g‘fb’f) < < Il(qb 9 — by of the interval [0, by] such that J:”bg, i=1,2,...k,
do not belong to Dg ), and such that o (P( €) ) < e (where o <Pl)(;?u) is the size
(or the norm) of Pb(g?M; for details on the size of a partition, see Section 4 of
Szarek and Zaharopol [7]).

Thus, let Pb( )ﬂ
partition of [0,by] (that is, P( ) has the following properties: o <Pl)(;?u) < g,

andx géD,L for everyz—1,2,...,k).

Set A p© {z €eX ‘x ﬁbg <g(z) < xE"I‘;g)} —g! ([xgﬁf)bfx%f)))
for every i =1,2,... k.

(.9) (wg) . (1,9)

:O:xOb <x1b <xkb = by be such a

k
Next, let v, : X — R be defined by v, (z2) = > Z(‘ngb A P(E> (2)
bg W bg I i=1 g

for every z € X.
Also, let w

(&)
Pbg N bgn i=1

for every z € X.

: X — R be defined by w ) () = z (1 g)l . p© (2)
bg,n

'ng
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LEMMA 3.4. The functions V(o) and Wpe) are Borel measurable,
bg,u bg,u

<g<w (in the sense that

()
Pbg,/»‘«

(3.1) vpe (2) < 9(2) Swpe (2)

bg,p bg,u

for every z € X).

i—1,b5> Tijp, ) 182

Proof. Since ¢ is a continuous function, and since [1‘ ]
€ B(X) for every i =

Borel subset of real numbers, it follows that AZ, P
) bgaﬂ
1,2,...,k, so both V(o) and W) are Borel measurable functions.
bg,p bg,p

We now prove that the inequalities (3.1) hold true for every z € X. To
this end, let z € X.

Taking into consideration the manner in which the partition Pb(:,)u is defi-
ned, we obtain that there exists a unique i € {1,2,...,k} such that
xgﬁ’lg,)bg <yg(z) < x%f).

(:9)

(1,9
i—1 i,bg

Thus, UP(E) (z) = .
bg,u

hold true for z. O

, so the inequalities (3.1)

)

We will use the notation g~(z) = {z € X |g(z) = 2}, 7 € R.
LEMMA 3.5. (a)

= g S (e ) o (1)

’ bg-,l’«

for everyi=2,3,....,k.
(b) <8A.P<s) ) =0 for every i =2,3,...,k.
WPy

Proof. (a) Let ¢ € {2,3,...,k}. Clearly, the inclusion (3.2) holds true if

8Al. ple) IS empty. Thus, we may and do assume that OAi P # .
g, W bg,u
o
Let z € 0A Si oA 0A \ 0A d si X
et z . () . Since e | =0A. () , and since
i,p(S) z,Pb(g?H Z’Pb(g?u z,Pb(g?M

’ bgaH
is a metric space, we note that there exist:

— a sequence (pn)nen of elements of AZ. p() » such that (Pn)neN converges
" bg,p

to z,
and

— a sequence (7n)nen of elements of X \ A, such that (9,)nen con-

’Pb(g) 9
g-H
verges to z, as well.
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Since g is continuous, and since the sequences (pn)nen and (7p)nen con-
verge to z, it follows that (g(pn))nen and (g(nn))nen converge to g(z).

Since p, € A pe) it follows that g(p,) € [J:Ef’lg)bg,a:%f» for every

n €N, so g(z) € {x(.“’g? 219
Since n, € X\ A g) , it follows that g(n,) ¢ [xl(*_"lg)bg7 E/l‘)gg)> for

every n € N, so, since (g(1n))nen converges to g(z), and since g(z) belongs to

[xz(»ﬁ’fv)bg,xg’gg)}, we obtain that g(z) = J:Z(“f)b , or else g(z) = (“ 9), ; that is,

g(z) € {alg), 2t}
Accordingly, z € g~ ! (xi“f)b ) Ug~ ( %9)). Thus, the inclusion (3.2)
holds true.

b) Using (a) and the fact that 29 ¢ D9 for every i = 1,2,...,k, we
i,bg K
obtain that (6) is true. O

LEMMA 3.6. Let € M(X), g € C(X), g > 0, PY,, and A, P
bg,u
i=2,3,...,k, be as before. Assume also that there exists a sequence (Hn)::eN

of elements of M(X) such that p, > 0 and ||| = 1 for every n € N, and
such that the following condition is satisfied:

(C) The sequence (pn(A))nen converges to u(A) whenever A is a bounded
Borel measurable subset of X such that p(0A) = 0.

Then, for every i = 2,3,...,k, the sequence (Mn (AA P >> conver-
"% g neN

es to A o ).
g ,U< I’Pb(g?l‘>

Proof. Let i € {2,3,...,k}. Using (b) of Lemma 3.5, we obtain that

is a Borel
bq o bg,u
bounded set, we obtain that we can use condition (C), and we conclude that

<,un <A P >> converges to [ (A P > O
bg:r/ / neN bg:p

4. WEAK TYPE CONVERGENCE OF SEQUENCES
OF MEASURES

I <(’9A > = 0. Thus, taking into consideration that A. i P©

In this section, we prove the main result of the paper (Theorem 1.1) and
we state an open problem which was our motivation for obtaining the result.
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Proof of Theorem 1.1. (a) = (b). Since C’k()lsmb) (X) C CSSD) (X), it follows
that, if (un)nen converges to p along C’Sz) (X), then, obviously, the sequence
({(g, tn))nen converges to (g, ) whenever g € CéISle) (X).

Accordingly, (pin)nen converges to u along C’élsmb) (X).

(b) = (c). Assume that (u,)nen converges to u along C’élsmb) (X).
We have to prove that (b)) = (¢-1) and that (b)) = (¢-2).

Proof of (b) = (c¢-1). Assume that (un)nen converges to p along
Ct()?b) (X), and let F' be a closed bounded subset of X. We have to prove
that the inequality (1.1) holds true.

Clearly, (1.1) is true whenever F' is the empty set. Thus, we may and do
assume that F # ().

For every e € R, € > 0, let ggf) : X — R be defined by
d(z, F
g5 (z) = (1 _ 4 F) )> AO

£

for every x € X (note that the functions géf), e € R, e > 0, appear also at (a)

of Lemma 2.3).

Using Lemma 2.3, we obtain that gl(pg) € CISSJCb) (X) for every e € R, e > 0.

Since we assume that (b) holds true, we obtain that, for every ¢ € R,
€ > 0, we have that the sequence (<g§§), ,un>>nEN converges to <g§f), M>-

We now define a function 7 : (0,+00) — R as follows: n(e) = < l(ps),,u>
for every e € R, £ > 0.

Next, we note that n is increasing. Indeed, let €1 € R and g2 € R be such
d(z,F) _ d(x, F) d(z, F) d(z, F)

2 ; 80 — < - for every
€1 €9 €1 €2

that 0 < €1 < €9. Then,

reX.

Using the equality (2.5), we obtain that 0 < ggfl)(as) < g;fQ)(:z:) for every
recX.

Thus, 7 is increasing because we have n(e;) < n(e2) for every £; € R and
€9 € R such that 0 < g1 < &9.

By Lemma 3.3, lim n(e) does exist and

e>0

(4.1) lim n(e) = u(F).

Using the equality (2.5), we obtain that
(4.2) 1p < g%
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for every e e R, € > 0.
Since py,, n € N, are probability measures, using (4.2), we obtain that

(43 pin(F) < (g, 10 )

for every n € Nand € € R, £ > 0.
Using (4.3), we obtain that

(4.4)
lim sup p1n (F) < limsup <91(176)7Mn> = lim <gf§),un> = < f;f),u> = n(e)
n—+o00 n—+00 n—+00

for every e e R, £ > 0.
Finally, using (4.4) and (4.1), we obtain that
lim sup g, (F) < lim n(e) = pu(F).

n—-40o >0

Thus, the inequality (1.1) holds true.

Proof of (b) = (¢-2). Let G be an open bounded subset of X.
We have to prove that the inequality (1.2) holds true.

To this end, let g7(nG), m € N, be the functions defined before Lemma 2.4.

Since, as pointed out in the proof of Lemma 2.4, 0 < gﬁnG) < 1g, it follows

that

X X

for every m € N and n € N.
The inequalities (4.5) can be restated as follows:

(4.6) pn(G) > /gy(nG) dptn
X

for every m € N and n € N.
Using (4.6), we obtain that for every k € N, we have

(4.7) pe(G) = inf /gﬁnG) dptn.
X
Accordingly,
(4.8) u(G) = inf /gﬁf) dpn
X

for every k € N and | € N such that k£ <.
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Using (4.8), we obtain that

> (@)
(4.9) nf yu(G) = ffi%/gm dpin

X

for every k € N and m € N.
Since l11>1£ w(G) < sup mf w1 (G) for every k € N, using (4.9), we obtain that
= ]G

supinf 1;(G) > inf fgm dun for every k € N, so, for every m € N, we have
jeN =] n>k

sup inf y;(G) > sup inf / (&) Ay,
jeN 2] keN N> 4

We can restate the above inequality as follows:

(4.10) liminf 1, (G) > lim inf/gﬁ,?) dpn

n—-+o00 n—-+o0o
X

for every m € N.
(ucb)

Since gﬁn) € Oy, (X)) for every m € N (see Proposition 2.5), using the
assumption (b), we obtain that the sequence q g,(nG ) dun) converges to
neN
fgﬁ,?) du, so (4.10) becomes
X

(4.11) liminf p,(G) >

n—-+o0o

o
K
)
(o
=

for every m € N.

We now note that the sequence (gﬁf )) N converges pointwise to 15 (in
me

the sense, of course, that ( ©) (w))  converges to 1g(z) for every z € X).
me
(@)

Since 0 < g’ < 1 for every m € N, and since p is a (positive) finite me-
asure (so, the function 14 is p-integrable), it follows that we can apply the Le-

besgue dominated convergence theorem to the sequence of functions (97(,? )>
meN

with respect to the measure u.

We obtain that the sequence (97(,? )) N converges, and
me
(4.12) tiw [ ol du= [10dn=ul(G).
X X

In view of (4.12), using (4.11), we obtain that the inequality (1.2) is valid.
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(¢) = (d). Let A be a bounded Borel subset of X such that u(0A) = 0.
Since A is bounded, it follows that both A andA are bounded, as well.

— o
Therefore, we can use statement (c-1) for A and statement (c-2) forA.
We obtain that

[e)

(4.13) lim sup(jin (A)) < p(A) = pd) < lim inf (1, A)).

n——4o0o n—+400

o

Since pn,@) < pn(A) for every n € N, it follows that

414 lim inf i @A) < liminf 1, (A) < i n(A).
(4.14) ;g;gou@)_ﬁgggou()_gfgu()
Combining the inequalities (4.13) and (4.14), we obtain that
(4.15)
liminf 1, (A) = liminf p1,,(A) = p(A) = p@) = limsup p, @A) = limsup p,, (A).

n—+00 n—+00 n—+oo n—+o00

Using the equalities (4.15), we further obtain that
liminf i, (A) = p(A) = lim sup p,, (A).
n—+00 n—+00

Thus, the sequence (un(A))nen converges to pu(A). We have therefore
proved that, for every bounded p-continuity subset A of X, the sequence

(1 (A))nens converges to f(A).

(d) = (a). Under the assumption that (d) holds true, we have to prove
that, for every g € C’é:)(X), the sequence ({g, iin))nen converges to (g, u).
Thus, assume that (d) holds true.

We will prove the convergence of the sequence ((g, fin))nen in two steps:

Step 1. At this step we will prove that ({g, ttn))nen converges to (g, ) for
every g € C&')(X), g=>0.

Step 2. Here we will prove that ((g,tn))nen converges to (g, u) for

every g € C’k()? (X).

Step 1 (Full Details). As pointed out after Lemma 3.3, in our discussion
we will use the approach of the proof of (iv) = (i) of Theorem 6 (Portmanteau
Lemma) of Gugushvili [6] (see also the proof of (d) = (a) of Theorem 2.1,
pp. 3-4 of Billingsley [2]).

Let g € CSSD) (X), g > 0. Clearly, ({g, pin))nen converges to (g, u) if g = 0.
Thus, we may and do assume that g # 0.

Since g is a bounded function and g > 0, there exists b € R, b > 0, such
that 0 < g(z) < b for every z € X.
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Also, let Dl(f) be the set defined before Lemma 3.4.

We will show that ((g, un))nen converges to (g, u), by proving that for
every € € R, € > 0, there exists n. € N such that |(g, u,) — (g, )| < € for every
n €N, n>n..

To this end, let € € R, ¢ > 0.

Next, let P: 0 =129 < z1 < --- < xx = b be a partition of the interval

[0, b] such that o(P) < m (where o(P) is the norm (or mesh) of P)

and such that x;, ¢ = 1,2,...,k, do not belong to beg). (Such a partition does
exist because (as pointed out when we defined Dl(f) (before Lemma 3.4)), the
set D,&g ) is at most countable.)

Set A; = {2z € X|mi_1 < g(2) < 2} = g Y ([xi_1, 7)) for every i =
1,2,... k.

k
Next, let v : X — R be defined by v(z) = ) x;_114,(2) for every z € X.
i=1

k
Also, let w: X — R be defined by w(z) = > x;14,(2) for every z € X.
i=1

Using Lemma 3.4, we obtain that v(z) < g(2) < w(z) for every z € X.

Taking into consideration that p,, n € N, and p are finite (positive)
measures, by integrating each side of the above inequalities with respect to
tn, n € N, and with respect to p, and using the definitions of the functions v
and w, we obtain that

(416) Zmz lﬂn S/ d,Ufn szﬂn
X

for every n € N, and

k
(4.17) Zwl 1(Aq) < /g )dp(z) < Z
4 P

i=1
Using Lemma 3.6, we obtain that the sequence (p,(A;))nen converges to
w(A;) for every i =2,3,... k.
Thus, there exists n. € N large enough such that

| (Ai) — u(A)] < k(b+ 1+ p(X))

for every n € N, n > n., and every i = 2,3,... k.
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For n € N, n > ng, it follows that

[ 9@ dua) - / 9(2) dp(2)

X X
/ ) dpin (2 szﬂn me
X
n me(Ai) - / 9(2) du(2)
. - X
(it o) St s
=1 X

k
+ (Z rip(Ai) - / o(2) du(Z))

X

k
<Z xz,un z sz lﬂn Z)) + Z xi’un(AZ) - M(Alﬂ
(Z xiu(A Zml 11u(A >

Taking into consideration that z¢ = 0, that
€

— i —n<o(P) < — =
T =x1 =20 <0 )<b+1+mu(X)’

that |pn(A4;) — p(4;)] < m for every n € N, n > ng, and every

i = 2,3,...,k, that z; — z;_; < o(P) for every ¢ = 1,2,...,k, and that
Ay, As, ..., A are mutually disjoint Borel subsets of X, we obtain that for
n € N, n > n., we have

k
<Z ﬂfz,un z sz 1Nn z)) + le|un(‘41) - H(Al”
k —
+ (szu ZIBZ 114(A )

k
—xl,un Al +Z i — Li— 1)#11 +le‘,un z) _M(A'L)|
i=1

1=
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k
taip(Ar) + 3 (@i — mio1)p(A)
=2

1=2
k
g
K2 11— A'L
k k c
(A1)
Easelad 1+§U ; k(b + 1+ p(X))

k
b+1+u <UA> Z b+1+u(X))

(04

K
9 9

b+ 1+ p(X +Z$ik(b+1+u( X)) +b+1+u(X)“(X)
k

g
§b+1+,u Z; b+1+u oy kit
“br i) PR i a0) T hr e a0

= T (b)) =

Thus, we have proved that for every ¢ € R, ¢ > 0, there exists n. € N
such that [(g, un) — (g, )| < € for every n € N, n > n..
Therefore, the sequence ((g,pn))nen converges to (g,u) whenever

g€ (X), g>0.

Step 2. We now prove that the sequence ((g, iin))nen converges to (g, i)
() x
whenever g € C, [ (X).
To this end, let g € C’éb)( X).
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Set g =gVvO0and g~ = (—g) VO (here, we may think of g as an element
of By(X); therefore, in By(X), the functions g+ and g~ are well-defined and
belong to By(X)).

It is easy to see that both g™ and g~ are continuous bounded functions
and have bounded supports.

Thus, gt € C]gz)(X) and g~ € Céz) (X).

Since g™ > 0 and g~ > 0, using Step 1, we obtain that the sequences
(g™, tn))nen and ({g, pin))nen converge to (g+, u) and (g, u), respectively.

Since (g, pn) = (g%, pun) — (g7, pn) for every n € N, and since
(g, 1) = {gt,u) — (g7, ), it follows that the sequence ({g, jin))nen converges
to (g,pn). O

We will conclude the paper with two open problems.

The terminology we will use here is inspired by the terms introduced by
Ethier and Kurtz in Section 4 of Chapter 3 of [5].

A subset A of CSS))(X ) is said to be convergence determining for the
convergence along C’SS)) (X) if every sequence (fin)nen of elements of M(X)
such that p, is a probability measure for every n € N, and every u € M(X),
w > 0, have the property that (p,)nen converges to p along C’SS))(X) whenever
the following condition is satisfied:

(CS:) (X),A) The sequence ({g, pin))nen converges to (g, ) for every g € A.

Similarly, given a subset S of C’t()lleb) (X), we say that S is convergence

determining for the convergence along C]g;mb) (X) if any sequence (un)nen of

probability measures in M(X) and any u € M(X), u > 0, have the property
that (pn)nen converges to p along C’S;Cb) (X) if the condition (Célleb) (X),S)
below is satisfied:

(CéZCb) (X),S) The sequence ({g, pin))nen converges to (g, u) whenever g € S.
Question 1. Is there a countable convergence determining set A for the
convergence along Ck()? (X)?

Question 2. Is there a countable convergence determining set S for the

C(ucb)

convergence along Cy, ' (X)?

A positive answer to any of the above questions would allow us to complete
the ergodic decomposition defined by transition probabilities in Polish spaces
to a decomposition quite similar to the decomposition defined by transition
probabilities in locally compact separable metric spaces.

Note that even proofs of the existence of such sets, without explicit met-
hods of obtaining the sets, are enough for the completion of the ergodic decom-
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position. Of course, having also methods for constructing such sets would be
very useful for practical and theoretical purposes.
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