THE STRONG LEGENDRE CONDITION
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Let M be a smooth manifold with boundary and bounded geometry, Op M C
OM be an open and closed subset of the boundary of M, P be a second order
differential operator on M, and b be a first order differential operator on M. Our
operators act on sections of a vector bundle £ — M with bounded geometry.
We prove the regularity and well-posedness in the Sobolev spaces H*(M;E),
s > 0, of the mized Dirichlet-Robin boundary value problem

Pu=fin M, u=0o0n dpM, afqubu:OonaM\@DM

under the following four natural assumptions. First, we assume that P satisfies
the strong Legendre condition and the first order terms are small. (In the scalar
case, the strong Legendre condition reduces to the uniformly strong ellipticity
condition.) Second, we assume that all the coefficients of P and all their covariant
derivatives are bounded. Third, we assume that b > 0 and that there is ¢ > 0
and an open and closed subset 9g M C OM \ dpM such that Rb > el on IrM.
Finally, we assume that the distance to Or M U0p M is uniformly bounded on M
and that Or M U Op M intersects all components of OM (i.e. (M,0rM UdpM)
has finite width).

We include also some extensions of our main result in different directi-
ons. First, the finite width assumption is required for the Poincaré inequality
on manifolds with bounded geometry, a result for which we give a new, more
general proof. Second, we consider also the case when we have a decomposition
of the vector bundle E (instead of a decomposition of the boundary). Third, we
also comnsider operators with non-smooth coefficients, but, in this case, we need
to limit the range of s. Finally, we also consider the case of uniformly strongly
elliptic operators and discuss the equivalence between the uniform Agmon con-
dition and the Garding inequality. The main novelty of our results is that they
are formulated on a non-compact manifold.
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1. INTRODUCTION

This is the third paper in a series of papers devoted to the spectral and
regularity theory of differential operators on a suitable non-compact manifold
with boundary M using analytic and geometric methods. In this paper, we
extend the well-posedness result of [7], the first paper of the series, from the
case of the Laplace operator to that of operators (or systems) with non-smooth
coefficients satisfying the strong Legendre condition. Considering systems is
important in practical applications. We also take advantage of the general re-
gularity results in [33], the second paper in this series, to obtain results on
Robin boundary conditions. The Robin boundary conditions “interpolate” be-
tween Dirichlet and Neumann boundary conditions, so are natural to consider.

We have made an extra effort to make this paper readable independently
of the previous two papers by recalling the main definitions and results from
those papers.

1.1. Geometric and analytic settings

We make several assumptions on the geometry and on the operators.
Let us begin by describing our geometric setting. We fix in what follows a
smooth m-dimensional Riemannian manifold with boundary and bounded geo-
metry (M, g), see Definition 2.6. In particular, OM is smooth and a manifold
with bounded geometry in its own right. Also, we fix a vector bundle ¥ — M
with a metric and a compatible connection V. We let R” denote the curva-
ture of the connection V¥. We assume that all the covariant derivatives V¥R
are bounded. Moreover, we assume our boundary to be partitioned, that is,
that we are given a disjoint union decomposition

(1) OM = 0pM UONyM LUOrM

where OpM, OnM and OrM are (possibly empty) open and closed subsets
of OM and U is the disjoint union. The indices of the notation reflect that
these will become the parts of the boundary where we will impose Dirichlet,
Neumann, and Robin boundary conditions, respectively. Let A C M. Recall
from [7] that (M, A) is said to have finite width if, in addition to the bounded
geometry assumption on (M, g), dist(p, A) is uniformly bounded in p € M and
A intersects all boundary components of M.

Let us now describe our analytic setting, which, in particular, will des-
cribe our operators. All the differential operators considered in this paper will
be assumed to have bounded, measurable (i.e. L*°) coefficients. The most
important ingredients are a bounded sesquilinear form a on T*M ® E and
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a first order differential operator b on E|srr. They give rise to an operator
Play: HY(M;E) — H'(M; E)* by

(2) <]5(a’b)(u),v> ::/ a(Vu, Vv) dvolg—l—/ (bu,v) g dvolyg,
M OpM

where dvol denotes the volume form with respect to the underlying metric and
(, ) denotes the pairing between a space V and its conjugate dual V*. (The
spaces H! are recalled in the main body of the paper). See Section 2.2.2 for
more details. We note that Gesztesy and Mitrea have considered also non-local
operators b, see [31] and the references therein. Let also @ and Qi be first

order differential operators acting on sections of E. They define linear maps
Q,Q%: HY(M;E) — H*(M; E)*. First, we let

(3) HLH(M;E):={uc H(M;E)| u=0on dpM}.

Our regularity and well-posedness results will be for the second order differential
operator

(4) P =P,y +Q+Qi: Hy(M; E) — Hp(M; E)*,

which encodes also the Robin boundary conditions. Ignoring these boundary
conditions via the restriction H5,(M; E)* — H}(M; E)*, we obtain the “typi-
cal” second order differential operator (in divergence form)

(5) P:=Pupn+Q+Qi: Hh(M;E) — H '(M;E) ~ Hy(M; E)*.

This operator is hence independent of b, unlike P.

We will use the operator P to study mixed Dirichlet-Robin boundary con-
ditions, as follows. Let v be the outward unit vector field at the boundary and
OF the conormal derivative associated to P. We consider the mized Dirichlet-
Robin boundary value problem:

Pu = f inM,
(6) uw = 0 ondpM,
OPu+bu = 0 ondyMUORM.

The relation between this boundary value problem and P is that, in a certain
sense that will be made precise below using the maps ji of Equation (19), we
have that P(u) = (Pu,d}u + bu). (See [33] for a more detailed discussion of
the difference between P and P and the role of boundary conditions and [22,30]
for some related results.) We note that the operator 97 of the last equation of
(6) depends only on a and Q. If P = A, the Laplacian, then 0 = 9, is the
usual normal derivative.

As in [11,31], we shall typically assume for our main results that P sa-
tisfies the strong Legendre condition, which is the condition that the bilinear
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form a defining the principal part P,y of the operator P be strongly coercive
(Definition 4.1). For scalar operators, the strong Legendre condition is equi-
valent to the uniform strong ellipticity condition, but, for systems, the strong
Legendre condition is more restrictive.

If T is a (possibly unbounded) operator on a Hilbert space H, we shall
write T > e if (T€,&) > €(&,€) for all £ in the domain of T" and denote RT :=
$(T + T*). Recall that U denotes the disjoint union. Our main result is the
following well-posedness result.

THEOREM 1.1. Let £ € N, £ > 1, and assume that:
(i) (M,0pM UOrM) has finite width;
(ii) P := Pp) + Q + Q7 has coefficients in W (M; End(E)) and satisfies
the strong Legendre condition;
(iii) Rb > 0 and there is € > 0 such that Rb > € on OpM.
(iv) Thereis d > 0 depending on €, a, b, and (M, g) such that ® (Q+Q7) > —9.
Then, for all k € N, 1 < k < ¢, Pu := (Pu, (0 u + bu)lonnop,ar) defines an
1somorphism

P: H*Y(M; E) N {ulopnr =0} = HY(M; E) ® H*Y/2(OM \ dpM; E).

This theorem follows directly from Theorem 4.7 and 4.8. In fact, it does
not matter what b is on dpM. In particular, the condition b > 0 is necessary
only on OM \. OpM.

1.2. Comments

The proof of our main result, Theorem 1.1 combines the Poincaré inequa-
lity with regularity. More precisely, by replacing H*~'(M; E) @ H*1/2(M \
OpM; E) with HL(M; E)* as the range for P, our theorem makes sense also for
k = 0. This pattern of proof follows the classical case [4,7,18,23,38,40,43,51,53|.
Using the trace theorem [34], we can also consider non-homogeneous Dirichlet
boundary conditions in H¥t1/2(9pM; E). What is essentially different in the
non-compact case is how these two steps (Poincaré inequality and regularity)
are dealt with.

For instance, the Poincaré inequality follows from the finite width as-
sumption, using the results from |7]. We moreover know, from that paper, that
the assumption that (M,0pM UJrM) has finite width is necessary in general.
Indeed, if M is a subset of R"” with the induced metric such that (M,0M) is
not of finite width, then the theorem is not true anymore. A counterexample is
provided by a domain that coincides with a cone in a neighborhood of infinity.
The finite width assumption on (M,0pM U JrM) is needed in order to obtain
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the Poincaré inequality, which implies the special case k& = 0 of our theorem,
see Theorem 4.7 (and is essentially equivalent to it).

For regularity, we can use either positivity (or coercivity) or a uniform
version of the Shapiro-Lopatinski conditions. We refer the reader to [33], where
this issue is dealt with in detail.

The reader may have wondered what happens in the strongly elliptic case
(for systems). In that case, the coercivity (i.e. the Garding inequality) is equi-
valent to the uniform Agmon condition for the boundary conditions, see Sub-
section 4.3.5. If the uniform Agmon condition is satisfied, then one obtains the
analog of Theorem 1.1 for P replaced with P + R, for some real, large enough
R>0.

1.3. Earlier results and novelty of our results

Recently, many results on Robin boundary conditions were obtained, al-
most all devoted to bounded domains with non-smooth boundaries. This is the
case with the nice papers by Dancer and Daners [21], Daners [22], and Gesztesy
and Mitrea [30,31], to which we refer for more references. As seen from our
result, our focus is rather on unbounded domains, but we assume a smooth
boundary. This allows us also to obtain certain regularity results for our pro-
blem that do not make sense in the Lipschitz case. In fact, our main theorem,
Theorem 1.1, is new even in the case of pure Dirichlet or pure Neumann boun-
dary conditions.

One of the new issues that one has to deal with in the case of unboun-
ded domains is the Poincaré inequality. The L'-Poincaré inequality for scalar
functions and for OpM = OM was proved in [47]. The form that we need is
in [7]. In view of its importance and for further applications, we extended the
Poincaré inequality from [7] to functions vanishing on suitable subsets A C M
by using a new proof based on uniform coverings. The extension is that we no
longer assume that A be an open and closed subset of OM, but we need a
slightly stronger condition than that of (M, A) being of finite width.

Theorem 1.1 was proved in [7] for P = Py o) = Ay > 0, where g is the
metric and P, ) is as defined in Equation (2) above. If P = P, o) with £ =C
(the one dimensional trivial bundle) and a is real and smooth, Theorem 1.1
then follows also from the results of [7] by replacing the metric g with the
equivalent metric a, since in the scalar case the strong Legendre condition is
equivalent to the condition that P be uniformly strongly elliptic. The general
case, namely P = P, ) + Q + @, where Q and Q1 are first order differential
operators, presents the following additional difficulties:

(i) If @ + Q7 # 0, we cannot reduce P to a Laplacian, even if a is smooth;
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(ii) @ may be not real,

(iii) a may not be smooth;

(iv) the bundle E may be topologically non-trivial or of higher dimension.
The first three extensions are relatively easy to deal with. We deal with Q) # 0
or 1 # 0 by assuming that the negative part of Q) + Q* + Q1 + (7 is small
enough (Condition (iv) of Theorem 1.1). The case when a is not real simply
requires to use a complex version of the Lax-Milgram Lemma. In the case a is
not smooth, we simply restrict the regularity of the resulting solution. These
three extensions of the results in [7] do not follow from the results of that paper,
but can be obtained using the methods of that paper and those in [33|, once
the additional background material in Section 2 is taken into account.

The last extension, ((iv)), (to E non-trivial, that is, to systems) causes the
most headaches and, so far, to the best of our knowledge, is not dealt with in
a completely satisfactory way anywhere. To extend our results to systems, we
chose to consider the condition that P satisfies the strong Legendre condition.
This condition is satisfied by the Hodge Laplacian dd* + d*d, but is often too
restrictive for applications. The weaker condition (that P be uniformly strongly
elliptic) is satisfied in many applications, but it seems that for systems it does
not provide results as strong as the ones that one obtains for scalar equations.
Nevertheless, one can obtain coercivity under some additional assumptions,
see 4.3.5.

We have also included Robin boundary conditions. Except for a few re-
sults and definitions that we recall from [7,33], the first two papers of this series,
our paper can be read independently of those papers, as we recall in Section 2
the most important definitions and results from those papers.

1.4. Contents of the article

The article is organized as follows. Section 2 is devoted to preliminaries,
including a discussion of Sobolev spaces, of differential operators on Riemannian
manifolds from a global point of view, and to some background material on
manifolds with bounded geometry from [7]. The proof of the Poincaré inequality
is in Section 3. The last section contains the proofs of our main results, which,
in turn, yield Theorem 1.1. We also discuss there some extensions of our results
in Subsection 4.3, including the uniform Agmon condition.

2. BACKGROUND, NOTATION, AND PRELIMINARY RESULTS

We recall here some basic material, for the benefit of the reader. We also
use this opportunity to fix the notation. For instance, M will always denote
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a smooth m-dimensional Riemannian manifold, possibly with boundary. The
metric of M will be denoted by ¢ and the associated volume form will be
denoted by dvoly. The boundary is denoted by OM, and is assumed to be
smooth, for simplicity, although some intermediate results may hold in greater
generality. We assume that the boundary is partitioned as in Equation 1. See |7]
or [33] for concepts and notation not fully explained here.

2.1. General notations and definitions

We begin with the most standard concepts and some notation.

2.1.1. VECTOR BUNDLES

Let E — M be a smooth real or complex vector bundle endowed with
metric (.,.)g and a connection

VE:T(M;E) - T(M;E®T*M).
We assume that V¥ is metric preserving, which means that
X(E&me=(Vx&n)e+ (& Vxn)e.
We endow the tangent bundle TM — M with the Levi-Civita connection.

Definition 2.1. A vector bundle £ — M with given connection has totally
bounded curvature if its curvature and all its covariant derivatives are bounded
(that is, |[V*RF|| < oo for all k). If TM has totally bounded curvature, we
shall then say that M has totally bounded curvature.

2.1.2. SOBOLEV SPACES

Let us recall the basic definitions related to Sobolev spaces. See [6,10,24,
35,37,52] for related results. The LP-norm ||ul|1r(ar,E) of a measurable section
of u of ' is then

Hu||7£p(M;E) = /M lu(z) |5 dvoly(z), if 1<p< oo, and
HUHLOO(M;E) := ess-sup |u(7)|g,
zeM

as usual. Let £ € Zy = NU{0}. We define LP(M; E) := {u| ||ul|Lr(rs;5) < 00}
and

WP(M;E) :={u| Viue IP(M; EQT* M), Vj </}
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We let WP .= (), WhP.
If M has a smooth boundary OM and OpM C OM is an open and closed
subset of M, we define

(7) ng(M; E) = closureyepp, 5 Co” (M \ OpM; E),

the closure in WP (M; E) of the space of smooth sections of E — M that have
compact support not intersecting dp M. As usual, we shall use the notation

(8) H'(M;E) := W (M;E) and Hh(M;E) := W5 (M; E)

in the Hilbert space case (p = 2). If O9pM = OM, we simply write Wg’p(M; E)
.= W5P(M; E) and H4(M; E) := Wo?(M; E). For manifolds with bounded
geometry, these spaces can be characterized using the trace theorem, see [34].
As in [30,33], we denote by V* the complex conjugate dual of the Banach
space V. If —s € N, we define H*(M; E) ~ H;*(M; E)*. If M has no boundary
and s € R, then the spaces H*(M; E) are defined by interpolating the spaces
HYM;E), £ € 7. See [18,36,40,51] for the case of manifolds with boundary.

2.2. Differential operators

We recall now differential operators on manifolds from a global point of
view.

2.2.1. GENERAL DEFINITIONS

A differential operator of order k is an expression of the form P :=

Zj'::o a;jV7, with a; a section of End(F) @ TM®/. A differential operator
P = Z?:o a; V7 will be said to 'hcwe coefficients in W5 for £ € 7, U {oo} if
a; € WH(M;End(E) ® TM®7) for all 0 < j < k. If £ = 0, we shall say that
P has bounded coefficients. If ¢ = oo, we shall say that P has totally bounded
coefficients. We then obtain a bounded operator
k
P=> ajVi: WHP(M;E) - WOP(M; E), £ 0.
j=0

2.2.2. BILINEAR FORMS AND OPERATORS IN DIVERGENCE FORM

We now consider differential operators in divergence form, which will allow
us to treat the Robin boundary conditions on same footing as the Dirichlet
boundary conditions. See [33] for more details. See also [22,31]. Assume that,
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for each x € M, we have a sesquilinear map a;: TyM @ E; x Ty M @ E, — C.
The family (a,) defines a section a of the bundle (T*M ® E) ® (T*M ® E))'.
We say that the section a = (ay)zenr is a bounded, measurable sesquilinear form
on T*M ® E if it is an L>-section of ((T*M ® E) ® (I*M ® E))’. Let us also
consider a first order differential operator b on E|gps. The Dirichlet form B, )
on H},(M; E) associated to such a bounded family of sesquilinear forms a and
endomorphism section b is then

(9)

B (u,v) = Bﬁqa ) (u,v) :== / a(Vu, Vv) dvol, —|—/ (bu,v) g dvoly, .
’ M OM~OpM

Note that (Pap)(uw),v) = B (u,v) by (2). If Q is a first order differen-
tial operator with bounded coefficients, then it also defines a continuous map
Q: Hy(M; E) — L*(M; E) C Hh(M; E)*. The adjoint Q* of Q will then map
Q*: Hy(M; E) — HL(M; E)* as well. The sesquilinear form Bap) and the
differential operators () and @)1 then define the differential operators Is(a,b), P,
and P of Equations (2-5).

Definition 2.2. We shall say that P = P(avb) +Q + Q’{ HH(M;E) —
HL(M;E)* and P := Pap) + Q + Q7 are second order differential operators in
divergence form if a is a bounded, measurable sesquilinear form on T"M ® F,
b = by + by is a first order differential operator on FE|gys, with by with W1
coefficients and by a bounded, measurable endomorphism of E|gys, and @ and
Q1 are first order differential operators with bounded coefficients. In particular,
P will have bounded coefficients.

Remark 2.3. We have by definition
(10) (Pu,v) := B(u,v) := (Vu, Vo) + (bu,v)anrapn + (Qu, v) + (u, Q1v)

where, we recall, (.,.) denotes the dual pairing and (.,.)x denotes the L>2-
product on the manifold N (in case N = M we omit the index).

2.2.3. BOUNDARY VALUE PROBLEMS

We are interested in differential operators in divergence form P: H},(M; E)
— HL(M; E)* because we have the equivalence of the following two problems
(i) The operator P: Hh(M; E) — H}(M; E)* is an isomorphism.
(ii) For each F € HL(M;E)* and h € H'/?2(0pM; E), the “weak” problem

{P<u><v>

F(v) forallve HL(M;E)
=h on OpM
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has a unique solution u € H'(M; E), depending continuously on F and
h.

The well-posedness of these problems implies then the well-posedness of

(iii) Let f € L2(M;E), h € H3?(0pM; E), and hy € H'/?(dM \ dpM; E).
The boundary value problem

Pu =f in M
(11) u =h on OpM
OPu+bu =hy on OM\OpM

has a unique solution u € H?(M; E), depending continuously on f, h,
and hi. This is obtained by taking F(v) := [,,(f,v)g dvolg +f8M\6DM
(g,v)E dvolp, and using higher regularity. See Corollary 4.10 below.

For higher regularity of the data, we obtain the usual formulation of mixed
boundary value problems. See Subsection 4.2. In particular, see [22,31,33] for
the need of @7 in the statement of the main theorem (Theorem 1.1) and for
how Q7% affects the boundary conditions (i.e. the boundary operator 92"). Note
that the well-posedness of Problem (11) implies right away that of Problem (6).
The converse is also true in view of the trace theorem of [34], since OM was
assumed to be smooth.

The best way to understand the operator 9! is using boundary triples
[15,46]. See [22,33] for explicit definitions of 97" in local coordinates.

2.3. Manifolds with boundary and bounded geometry

We first recall some basic material on manifolds with boundary and boun-
ded geometry from [7], to which we refer for more details (see also [26,48]). As
in [7], we will only assume that our manifolds are paracompact (thus we will
not require our manifolds to be second countable).

If x,y € M, then dist(x,y) denotes the distance between x and y with
respect to the metric g. If N C M, then

(12) Ur(N):={x € M| Jy e N, dist(z,y) <r}

will denote the r-neighborhood of N, that is, the set of points of M at distance
< rto N. Thus, if E is a Euclidean space, then BF(0) := U.({0}) C E is
simply the ball of radius r centered at 0.

Let N be a hypersurface in M, 4.e. a submanifold with dim N = dim M —1.
We assume that N carries a globally defined normal vector field v of unit
length, simply called a wnit normal field, which will be fixed from now on.
The Levi—-Civita connection for the induced metric on N will be denoted by
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VY. The symbol IV will denote the second fundamental form of N (in M:
IV(X,Y)v:=VxY - VIY).

Let expi)\/[: T,M — M be the exponential map at p associated to the
metric and

Tinj(p) 1= sup{r | expé\/[ . B ”M(O) — M is a diffeomorphism onto its image}

Tinj(M) = piéﬂ]& Tinj(p)-

Definition 2.4. A Riemannian manifold without boundary (M, g) is said
to be of bounded geometry if rinj(M) > 0 and if M has totally bounded curvature.

If M has boundary, then 7iy;(M) = 0. Let exp(x,t) := exp (tvy).

Definition 2.5. Let (M™, g) be a Riemannian manifold of bounded geome-
try with a hypersurface H = H™~! € M and a unit normal field v on H. We
say that H is a bounded geometry hypersurface in M if the following conditions
are fulfilled:

(i) H is a closed subset of M;
(ii) [[(VE)*IH || L= < oo for all k > 0;
(iii) expt: H x (=§,0) — M is a diffeomorphism onto its image for some

6> 0.

As we have shown in |7], we have that the Riemannian manifold (H, g|x)
in the above definition is then a manifold of bounded geometry. See also [25,26]
for a larger class of submanifolds of manifolds with bounded geometry. We
shall denote by 75 the largest value of § satisfying the last condition of the last
definition. Recall from [48] the following definition (the precise form below is
from [7]):

Definition 2.6. A Riemannian manifold M with (smooth) boundary has
bounded geometry if there is a Riemannian manifold M with bounded geometry
satisfying

(i) M is contained in M;
(ii) OM is a bounded geometry hypersurface in M.

Ezample 2.7. Lie manifolds have bounded geometry [8,9]. It follows that
Lie manifolds with boundary are manifolds with boundary and bounded geo-
metry.

For our well-posedness results, we shall also need to assume that M C
Ur(OpM UOrM), for some 0 < R < oo, and hence, in particular, that dp M U
OrM + 0.
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Definition 2.8. If M is a manifold with boundary and bounded geometry,
if AC OM and M C Ug(A), for some 0 < R < oo, we shall say that (M, A)
has finite width.

Since we let dist(z,y) = oo if x and y belong to different components of
M, the condition that (M, A) have finite width then implies, in particular, that
A intersects every component of M. See [5,13,14,26,28,29, 39| for applications
of manifolds of bounded geometry.

Vector bundles with totally bounded curvature defined on manifolds with
bounded geometry are called vector bundles with bounded geometry.

3. THE POINCARE INEQUALITY

We now give a new proof of the Poincaré inequality in [7,47] and generalize
it by allowing more general subsets of the boundary where the function vanishes.
We assume from now on that M is a Riemannian manifold with boundary and
bounded geometry.

3.1. A uniform Poincaré inequality for bounded domains

We shall need the following extension of the Poincaré inequality (see [17,
20] or [27, §5.8.1]), which is proved (essentially) in the same way as the classical
result.

PROPOSITION 3.1. Assume that € is a connected domain of finite volume
in a Riemannian manifold (M, g) such that H'(Q) — L*(Q) is a compact
operator. Let K C L*(Q)* be a bounded, weakly closed set of continuous linear
Junctionals such that L(1) # 0 for all L € K. Then there is C > 0 such that,
for any f € HY(Q) and any L € K, we have

/nyPdvolg < C(A\ny2dvolg+\L(f)2).

Proof. Let us assume, by contradiction, that the contrary is true. Then
we can find a sequence f, € H'(Q) and a sequence L, € K such that

(13) /Q\fny%zvolg > n(/Q|an\2dvolg+|Ln(fn)|2>.

By replacing f,, with ||an;111(Q)fn, we may assume that [|fn||g1q) = 1. Then

Equation (13) gives that Vf, — 0 in L?(Q2) in norm and that L, (f,) — 0.
Since the unit ball in a Hilbert space is a weakly compact set (by the
Alaoglu-Bourbaki theorem) and we are dealing with a separable Hilbert space
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(so the weak topology on the unit ball of H'(Q) is metrisable), the sequence f,,
has a subsequence weakly converging in H!(Q) to some v € H'(). We replace
the original sequence with that sequence. Then V f,, converges weakly to Vv
in L(9), since V: HY(Q) — L%(Q) is continuous. Therefore Vv = 0 since we
have seen that Vf, — 0 in L?(f2) in norm. Since ) is connected, it follows
that v is a constant.

Since H(Q2) — L%(Q) is a compact operator (by assumption), we obtain
that f, converges to v in norm in L?(2). Since K was assumed to be bounded
and weakly closed, it is weakly compact. We thus have that, by passing to a
subsequence, we may also assume that L, converges weakly to some L € K.
We thus obtain that L, (f,) — L(v), and hence L(v) = 0. Since v is a constant
and L(1) # 0 (since L € K), we obtain v = 0. This gives

L= falto) = 1l o) + IV Fall2i) = l0llZ2(q) +0 =0,
which is a contradiction. O

We can replace the assumption that K C L?(Q)* be a bounded, we-
akly closed set of continuous linear functionals with the assumption that K C
H'(92)* be a (norm) compact subset. We shall need the following two corolla-
ries (which hold in greater generality, but, for simplicity, we state the case that
we need).

COROLLARY 3.2. Let § be an open ball in R™ and e > 0. Then there exists
C > 0 such that, for any B C Q a subset of measure > €, we have

/QIfIQd:c < C(/QIVf|2dx+/B\f|2d:r)

for all f € HY(Q).

Proof. We consider K := {L € L*(Q)*| ||L|| < vol(Q)2,L(1) > €} which
is norm closed, convex, and bounded. Hence it is weakly compact. Then
L(u) := [gudvoly is in K, whenever B C € is a subset of measure > e.
Proposition 3.1 then gives

/Qf|2dx < C(LVf|2dx+\[dex|2)7

for some C' independent of f € H'(Q2) and of B (of measure > ¢). The result
then follows from the Cauchy-Schwarz inequality applied to f and the charac-

teristic function of B: | [ fdxz|? < (fB dm) [5 | f2dz < vol(Q) [ |f|*dz. O

Similarly, we obtain the following corollary.
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COROLLARY 3.3. Let Q be an open ball in R™, Q = Q' x [0,7], and € > 0.
Then there exists C > 0 such that, for any B C Q x {0} a subsel of measure

> €, we have
/|f|2dx < C</|Vf]2dx—|—/ \f|2dx’>.
Q Q B

3.2. Proof of the Poincaré inequality

Next we globalize the above inequalities to manifolds M with boundary
and bounded geometry. We assume — following Definition 2.6 — that M is
embedded in a boundaryless manifold M of the same dimension, of bounded
geometry and without boundary, such that OM is a bounded geometry hyper-
surface in M. Recall that U,(A) denotes the set of points of M at distance
< r to A. We use the notation in [7], which we recall now: Let {p,},ecr be a
subset of M and 0 < 3r < min{rinj(M), rinj(OM),rg}, where 75 is the largest
value of 0 satisfying the last condition of Definition 2.5 for H = OM and for
M replaced with M. We let W, := W, (r) := U,(p,), if p, is an interior point
of M; otherwise we let W, := W, (r) := exp™ (BT (0) x [0,7)).

Definition 3.4. Let (M™, g) be a manifold with boundary and bounded
geometry and assume 0 < 37 < min{7inj(M), rinj(OM), 9} as above. A subset
{py}yer is called an r-covering subset of M if the following conditions are
satisfied:

(i) For each R > 0, there exists Ni € N such that, for each p € M, the set

{~ € I| dist(py,p) < R} has at most Ny elements.

(ii) For each v € I, we have either p, € OM or d(p,0M) > r.
(iii) M C U:ozl W,(r).

We have the following Poincaré-type inequality, which allows us to consi-
der more general Dirichlet boundary conditions.

THEOREM 3.5. Let (M,g) be a Riemannian manifold with boundary of
bounded geometry, E — M be a hermitian vector bundle with a metric preser-
ving connection, and A C M be a measurable subset. We assume that there
ezists an r-covering subset {py} er and S C {y € I| p, € OM} satisfying the
following properties:

(i) dist(zx,S) is bounded on M;
(ii) there exists € > 0 such that, for any v € S, volgar (ANWS) > evolga (W5).
Then there exists Cpr,a > 0 such that

/ |£I2 dvol, < CM,A(/ |Vf|2dvolg—|—/ [f2 dvoly, ),
M M A
for any smooth, compactly supported section f of E.
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Proof. The vector bundle case follows from the scalar case by Kato’s ine-
quality, see the end of the proof. So let us assume in the beginning that FE is
the trivial real line bundle and hence that f is a smooth, real-valued, compactly
supported function on M.

Let us assume, for the simplicity of notation, that we have a countable
set of indices  for our r-covering set, which is equivalent to having a countable
basis of topology. We first enlarge the given set {p,} to be an r/3-covering set
(but still use r to define the sets W,; we need that in order to ensure that two
neighboring W,’s will meet in a large enough set). Let Sp := S C N. Define,
by induction, Sp+1 to be the set of v € N'\ U?:o S; such that p, is at distance
at most 2r/3 to Sy. Then, for N large enough, we have N = Sy US; U...U Sy,
since there exists (by assumption) R > 0 such that dist(z,S) < R, for all
x € M. For each v € Sy 1, £ > 0, we choose a predecessor w(7y) € Sy such that
dist(p, Pr(y)) < 27/3.

Below, C' > 0 is a constant (close to 1) that yields a comparison of the
volume elements on M and on the coordinate charts . := kp,, corresponding
to the r-covering defined by the r-covering set {p, }yen:

(14)
Kp: BM7H0) x [0,7) = M, rp(x,t) = expL(exng(:v),t), itpe oM
kp: B'(0) = M, kp(v) = expi)w(v), otherwise.

(So W, is the image of k, .) The constant C' depends only on r and M,
but not on v € N, since M has bounded geometry and we have chosen r less
than the injectivity radius of M. If v € Sy := 5, then Corollary 3.3 gives for
Q:= B 1(0) x [0,r) and B := k3 (ANW,) C B*"1(0) x {0}

(15) / \f|2dvolggc/ yfoMdeSCCQ(/ IVE(f o ky)|Pda
W, 9) Q
+/ |fon,y|2dvolag)
B

< cc’cg( IV f|2dz + \f|2dvolag).
W'y WryﬂA

Here V¥ is the covariant derivative with respect to the euclidean metric and
C' is the constant in the equivalence of the local H'-norms with respect to
the euclidean metric and g. Again, since (M, g) is of bounded geometry, this
constant does not depend on . On the other hand, by the bounded geometry
assumption and the choice of the W, if v ¢ Sy, the sets W, and W3 will
intersect in a set of volume (or measure) > e for some € > 0 independent of
and g if dist(py,pg) < 2r/3. Then using Corollary 3.2 (for © := B)"*(0) and
B := ;Y (W,NWg) C B"(0), and = m(v)) and similar calculations to (15)
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we obtain
(16) / | f|? dvol, <C(CQ/ |Vf]2dvolg+/ deolg).
Wy Wy Wi (y)

Iterating Equation (16) and using Equation (15) we obtain that there
exists Cy > 0 such that for v € Si we have

(17) /W 2 dvol, < Ck(Zk:/
. =0

Wity

ny\2dvolg+/W \f|2dvolag).

7r’“(“/)ﬁA

(This equation reduces to Equation (15) if £ = 0.) Since our cover is uniform,
there exists Ny € N such that no point in M belongs to more than Ny sets of
the form W.,,. We can also assume that the Cp < Cy < ... < Cp (recall that we
stop at ). Using these observations and summing up (17) over 7, we obtain

/M | f? dvol, < ’Yi::l/ww | f|? dvol,,
0o k
soxd (3

. Vf|2dvolg+/
v=1 j5=0 ]

I () Wﬂk(w)

/12 dvoly )
NA

< (N+1)NOCN(/ |Vf\2dvolg+/A]f|2dvolag),
M

which is the desired inequality in the scalar case where Cps 4 = (N + 1)NoCn
(note that k depends on z, but we have k < N, which explains the factor N 41
in Cp,4).

For general vector bundles E with metric connection, we have the Kato in-
equality |V|f|g| < |V f|g. Using then the inequality just proved for f replaced
by |f| we have

/M|f|2dvolg <Cum.a (/M|V\f|y2dvolg+/A|fy2dvolag)
SCM,A(/ \Vf]deolg—i-/ |f]2dvolag>.
M A

This completes the proof. O

Ezample 3.6. Let M = [0,1] x R. Then A = (J,c; {0} x [2k, 2k + 1]
satisfies the assumptions of our theorem, however, that would not be the case
if we replaced A with {0} x [0, 00).

We obtain the following result (proved for A = 0M in [47] and, in general,
for A= 0pM in [7])
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COROLLARY 3.7. Let (M, g) be a Riemannian manifold with boundary of
bounded geometry, let A C OM be an open and closed subset such that (M, A)
has finite width. Moreover, let E — M be a hermitian vector bundle with a
metric preserving connection. Then there exists Cpr 4 > 0 such that

/ | f|? dvol,, ch,A(/ |ny2dvolg+/ |fy2dvolag),
M M A
for any smooth, compactly supported section f of E.

Proof. This follows right away from Theorem 3.5 by taking any r-covering
set {py} and S ={y|p, € A}. O

We have the following extension of the Poincaré inequality

COROLLARY 3.8. Let us keep the assumptions of Corollary 3.7. Then
/ | f|? dvol, < C@A/ IV* £|? dvoly,
M M

for any f € H*(M; E), vanishing of order k at A.

Proof. Both the left hand side and the right hand side are continuous
with respect to the H*-norm. We have that C>°(M \ A;E) is dense in {f €
H*(M;E)| 8Ju = 0on A,j < k — 1} (see [7] and the references therein, for
instance). The proof is then obtained by iterating Corollary 3.7. O

4. WELL-POSEDNESS

We now prove our well-posedness results, under the assumption that P
satisfies the strong Legendre condition, that (M, 0pM UOrM) has finite width,
and that £ — M has totally bounded curvature (in which case, we recall, E
is said to have bounded geometry). See Subsection 4.3 for an extension of our
results to the case when we have a decomposition E|gy = Ep @ Er @ En of
the vector bundle E|gys, instead of a decomposition of the boundary OM.

Recall that, by the definition of finite width, our assumption that (M, dp
M UOrM) has finite width implies, in particular, that M is of bounded geome-
try. Also, recall that we assume that all our differential operators have bounded
coefficients.

4.1. Coercivity

In order to study the invertibility of operators like P, one often uses
An easy way to obtain strongly coercive operators is to

7

“strong coercivity.
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combine the “strong Legendre condition” with the Poincaré inequality. See,
however, Subsection 4.3 for a discussion of uniformly strongly elliptic operators
and of the Garding’s inequality. We now recall the needed concepts, using the
terminology of [1,19]. See also [30,31,41,51].

Definition 4.1. Let a be a bounded, measurable sesquilinear form on T* M
® E. We say that a satisfies the strong Legendre condition if there exists v, > 0
such that

(18) Ra(C,0) > va|C%, forall (e T*"M @ E.

Note that this is a condition at every Ty M ® E, and that it is uniform in
x. It would be more appropriate then to say that a satisfies the uniform strong
Legendre condition. For simplicity, we have chosen not to do that. However,
in agreement with the standard terminology, we use the terminology uniformly
strongly elliptic for operators that are strongly elliptic with uniform constants.
We can now introduce the operators in which we are interested.

Definition 4.2. Let P = P(ayb) +Q+QT be a second order (linear) differen-
tial operator in divergence form on the vector bundle E — M (Definition 2.2),
with @ and @ first order differential operators (as usual). We shall say that
P (or P) satisfies the strong Legendre condition if a does. (Recall that it is a
standing assumption that P has bounded coefficients.)

Thus P satisfies the strong Legendre condition if, and only if, P, ;) does.
Moreover, if P satisfies the strong Legendre condition, then it is uniformly
strongly elliptic. One of our results next amounts to the fact that, if the Poin-
caré inequality is satisfied, if P = P, ;) satisfies the strong Legendre condition,
if Rb>€, ¢>0o0n 0rM and Rb > 0 on OM, and if condition (iii) of Theo-
rem 1.1 is fulfilled, then P will also be “strongly coercive,” a concept that we
now recall.

Definition 4.3. Let V be a Hilbert space and let S: V' — V* be a bounded
operator. We say that S is strongly coercive (on V') if there exists v > 0 such
that

R (Su,u) > 5lfull}-

In other words, the smooth family (ay).ens of sesquilinear forms a,: T M
® E xTiM ® E — C satisfies the strong Legendre condition if, and only if, it
is uniformly strongly coercive.

LEMMA 4.4. Let us assume that (M,0pM UOrM) has finite width. Then
the semi-norm

Il = IVl + [ Juldvols,
OpM
is a norm on H},(M; E) that is equivalent to the H'-norm.
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Proof. Using the trace theorem [34], there is ¢ > 0 such that |||u]|| <
cllul|gi. The reverse inequality is obtained as follows: Let co be the best
constant in the Poincaré inequality of Corollary 3.7 for A = 9pM U drM and
sections vanishing on OpM. Then |lul|%, < (1 + co)|[u]|[®. O

The strong Legendre condition and Poincaré’s inequality combine to yield
strong coercivity:

PROPOSITION 4.5. Let P = P, be a second order (linear) differential
operator in divergence form on the vector bundle E — M (see Definition 2.2).
Assume that (M,0pM U OrM) has finite width, that P satisfies the strong
Legendre condition, that Rb := $(b+b*) > 0 on OM (as operators), and that
there exists € > 0 such that b > € on OrM, then P is strongly coercive on
HL(M;E). (So Q= Q1 =0 in this result.)

Proof. The definition of ]5(@71)), Equation (2), gives for all u € H}(M; E)
that

R (Plapyu)(u) = / Ra(Vu, Vu) dvolg + / R (bu, u) dvoly,
M OM~0p M

) mingye, €
> qallVal+e [ Julavola, > minfaas el > PO gz

OrM

where the last step is by Lemma 4.4. The proof is complete. [
The relation &b := %(b—i— b*) > €, as operators, means, as customary, that

R(BC, ¢) = (R, C) > €]|C]22,

for all ¢ € HY(OrM; E).
We are interested in strongly coercive operators in view of the Lax-Milgram
Lemma (see, for example, [32, Section 5.8]).

LEMMA 4.6 (Lax-Milgram lemma). Let S: V' — V* be a strongly coercive
map with R(Su,u) > v||ul|}. Then S is invertible and [|S™!| <~

Combining the above results (Proposition 4.5 and the Lax-Milgram
Lemma 4.6), we immediately obtain the following theorem which is the analog
result of Theorem 1.1 for k = 0.

The theorem uses the definitions of P and P explained in Definition 2.2.
Recall that 15((Z p) 1s defined by the sesquilinear form a, by the first order dif-
ferential operator b acting on Ep,pr, by the first order differential operators @
and @1, and, finally, by the relation P = Pab +Q+ Ql All operators are
assumed to have bounded coefficients. Moreover Pap) 1s the associated second
order operator obtained by partial integration from ]3(&71,) ignoring boundary
terms, that is, P = P, + Q + Q7.



104 B. Ammann, N. Grofle and V. Nistor 20

THEOREM 4.7. Let (M, g) be a Riemannian manifold with boundary. As-
sume that:
(1) (M,0pM UOrM) has finite width.
(ii) P = Py + Qu + Q7 satisfies the strong Legendre condition and has
bounded coefficients, as usual;
(iii) b > 0 and there is € > 0 such that b > € on OrM.
(iv) there is 6 = 6(a,b, g) > 0 small enough such that R(Q + Q1) > —0.
Then P: H(M; E) — H)L(M; E)* is an isomorphism.

Note that R(Q + Q) = R(Q + Q1). In particular, the condition R(Q +
Q1) > —0 means that

for all ¢ € HL(M; E).

4.2. Higher regularity

We continue to assume that M is a smooth manifold with smooth boun-
dary and bounded geometry. In this section, we record what is one of our main
applications of the Poincaré inequality, that is, the well-posedness of the mixed
Dirichlet-Robin problem on manifolds with finite width in higher Sobolev spa-
ces. Even the particular case of the Poisson problem with Neumann or Dirichlet
boundary conditions is new in the setting of manifolds with bounded geometry.
These results extend the well-posedness result in energy spaces of the previous
subsection to higher regularity Sobolev spaces. They follow by combining the
well-posedness in energy spaces with the regularity results in [33].

To this end, we assume that P has coefficients in W for some fixed
k > 1. We also continue to assume that P = p(a,b) +Q+ Q*{ (again with P and
P defined as in Definition 2.2) satisfies the strong Legendre condition and R b
is strictly positive on dr and nonnegative everywere. We have seen then that
]3(&71,) is strongly coercive.

Let us define

(19) j: H*Y(M; E) @ H"V*(M \ 9pM; E) — Hb(M; E)*

by ]k(f7g)(w) = fM(f)w) dVOlg_‘_faM\aD]y[(ng) dVOlagy lf k Z 17 jO = Zda lf
k = 0. Note, however, that, for k¥ = 0, we have an exact sequence
0— HY2(M\ dpM;E) — H5(M; E)* - H(M;E) — 0,

which explains our notation. If Pu = j,(f,g), we shall write OPu+bu =g
and Pu = f. This explains the difference between P and P. See [33] for more
details.
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The following result was proved in [33, Corollary 7.5], using that the
Neumann and Robin problems satisfy regularity. See also [2,3,41,44].

THEOREM 4.8 ([33]). Assume that the operator P = P, )+Q+Q1 satisfies
the strong Legendre condition, that it has coefficients in W5, k > 1, and Rb
is an order zero operator. Then there exists ¢ > 0 such that

HUHHI"'H(M;E) sc (HPUHH"’—l(M;E) + ||U”H1(M;E)
+ wlopm | ge+1/20p00m) + 107w+ bull gr-120m\0, M) )

for anyu € HY(M; E) such that Pu € jp(H*Y(M; E)@H"*Y/2(0M\dpM; E)).
For k = 0 the statement is trivial (once suitably reformulated).

The meaning of this result is also that, if uw € HY(M;E), ulp,m €
H*1/2(9pM; E), and Pu € Im(ji,) = ji(H*Y(M; E)® H*1/2(M\dpM; E))
with 0Fu + bu € H*1/2(M \ dpM; E), then, in fact, u € H*1(M; E).

To prove Theorem 1.1, we first notice that the assumption that &b > 0
implies that Rb := (b + b*) is of order zero, since b is of order (at most) one.
Theorem 1.1 is therefore a consequence of Theorems 4.7 and 4.8.

4.3. Applications and extensions

We include now some consequences and extensions of our main result,
Theorem 1.1. For simplicity, we assume here that our differential operators
have totally bounded coefficients.

4.3.1. SPLITTING OF E

Let us assume that we are given a splitting
(20) Eloy = Ep ©@ Er ® Ey

as a direct sum of three smooth vector bundles with bounded geometry. We
denote by pp,pr,pn the associated orthogonal projections £ — Ep, Er, En.
We then replace the space H}(M; E) with

(21) V:={uc HY(M;E)| ppu = 0}.

Up until this point, we had ED = E‘aDM, ER = E|8RM7 and EN = E’@[\;M'
The more general framework introduced here is needed in order to treat the
Hodge-Laplacian.
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4.3.2. ASSUMPTIONS UNDER THE SPLITTING OF E

In general, here is how the assumptions change in the new setting:

(i) The Poincaré inequality becomes the assumption that the modified norm

alll® = 1 Vull3, + lprul3a
is equivalent to the H'-norm on V.
(ii) We continue to assume that P has coefficients in W6,
(iii) The differential operator b is then assumed to satisfy Rb > epgr for some

e > 0.

(iv) Also, we continue to assume that R(Q + Q7) > —46, for some § small

enough, with ¢ depending on a, €, and (M, g).

Then Theorem 1.1 remains valid in this setting. This is equivalent to
Corollary 4.10 formulated in detail below. Before discussing this theorem, let
us notice that condition (i) replacing the Poincaré inequality is somewhat tricky,
as seen in the following example.

Ezample 4.9. Let M = [0, 1] with the standard, euclidean metric. Then
both (M,{0}) and (M, {1}) are of finite width, so they satisfy the Poincaré
inequality (for scalar functions, that is, for £ = C). Let now E = C2 It
is enough to take EFr = {0}, but V as in (21). We thus need to specify Ep
above M = {0,1}. Two seemingly similar choices will give completely different
results.

Indeed, let Ep = {0} @ C above {0}. Then Assumption (i) on the equi-
valence of norms is satisfied if Ep = C & {0} above {1}, but is not satisfied
if Ep = {0} & C above {1}. The first case corresponds to putting together
(M,{0}) and (M, {1}), whereas the second case corresponds to putting toget-
her (M,{0,1}) and (M, (). In the second case, the Poincaré inequality is clearly
not satisfied (since u = 1 is allowed).

4.3.3. BOUNDARY VALUE PROBLEMS

Recall the discussion on boundary value problems in Section 2.2.3. As
usual, Theorem 1.1 gives results on boundary value problems. We formulate,
nevertheless, the result in the more general framework relying on a decomposi-
tion of E as in Equation (20).

COROLLARY 4.10. We consider the setting of Section 4.3.2. Then the
boundary value problem
Pu f e H=Y(M;E) in M
(22) ppu = ho € HHY/2(OM; Ep) on OM
(1—pp)OFu+bu) = hy € H"V/2(OM; Er ® Ey) on OM
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is well-posed (i.e. it has a unique solution u € H'*1(M; E) that depends conti-
nuously on hy and hy ).

4.3.4. SELF-ADJOINTNESS

As in [7], we obtain the following corollary.

COROLLARY 4.11. Let us assume that P is as in Section 4.3.2 and, more-
over, that it has coefficients in WH> and is formally self-adjoint, that is, that
(Pu,v) = (u, Pv) for u,v € C°(M ~ OM; E). Then P with domain

D(P) :={u € H*(M;E)| ppu =0, (1—pp)(0Fu+bu) =0}
1s self-adjoint.

See also [21, 22,30, 31|, where bounded domains, but with Lipschitz or
more general boundaries, were considered. As in those papers, one obtains also
consequences for the corresponding parabolic equations.

4.3.5. COERCIVITY IN GENERAL AND GARDING’S INEQUALITY

As is well known, results such as Corollary 4.11 are closely related to
Gérding’s inequality. This inequality is usually obtained for uniformly strongly
elliptic operators. Indeed, following [1]|, we can extend our results to uniformly
strongly elliptic operators as follows.

Recall that an operator P is coercive on V C H'(M; E) if it satisfies the

Gérding inequality, that is, if there exist v > 0 and R € R such that for all
ueV
(23) R(Pu,u) = yllullFp sy — BlwlEear,m)-
Then P + A is strongly coercive for ®(A) > R, and hence Theorems 1.1 and
4.7 remain true for P replaced with P + A. Coercive operators on bounded
domains were characterized by Agmon in [1] as strongly elliptic operators sa-
tisfying suitable conditions at the boundary (which we shall call the “Agmon
condition.”). We shall need a uniform version of this condition, to account for
the non-compactness of the boundary.

Let ngo) be the principal part of the operator P and C’;,(DO) be the principal
part of the boundary conditions (pp, (1 — pp)(0F + b)) with coefficients frozen

at some x € OM, as in [33]. Let B! be the associated Dirichlet bilinear form

to ngo) equipped with the above boundary conditions (again with coefficients
frozen at z). This is as in Equation (9). In particular, we have the projection

pg?x: E, — (Ep), that enters in the boundary conditions defined by C’,go).
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This defines a boundary value problem on the half-space T, M and a bilinear
form on T,”M that is continuous in the H'-seminorm |u|g1 = ||Vul|p2.

Definition 4.12. We say that P (or the form B of Equation (10)) satisfies
the uniform Agmon condition (on OM ) if it is uniformly strongly elliptic and
if there exists C' > 0 such

B ) = (POuw) 4 [ (60 )da’ > Clfy,
TOM

for all z € M and all u € C° (T, M) that satisfies p(Doj)xu =0 (on T,0M =

T M).

We have then the following result that is proved, mutatis mutandis, as the
regularity result in [33], to which we refer for more details.

THEOREM 4.13. We use the notation in 4.3.1, in particular,
V:={uec HY(M;E)| ppu = 0}.

We have that P (equivalently, the form B of Equation (10)) is coercive on V.
iof, and only if, it satisfies the uniform Agmon condition on OM.

The idea of the proof, in one direction, is to consider v with a shrinking
supports towards x using dilations and to retain the dominant terms. In the
other direction, one uses the standard partitions of unity on manifolds with
(boundary and) bounded geometry. See [33,51] for details of this method.

Remark 4.14. The reader may have noticed that our Robin boundary con-
ditions are of the form 9" 4+ b. It makes sense, of course, to consider boundary
conditions of the form ad? 4 b, where a is an endomorphism of Er @ Ey. If a
is invertible, this changes nothing. However, significant differences arise if a is
singular. See, for instance, the recent preprint [42] and the references therein.

See [12,16,45,49,50] for an approach to boundary value problems on non-
compact manifolds using pseudodifferential operators and for related recent
results.
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