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GLOBAL DIRECTIONAL PROPERTIES OF SINGULAR SPACES

SATOSHI KOIKE and LAUREN�TIU P�AUNESCU

In a previous series of papers [6�10] we have discussed several local directional
properties in order to introduce local bi-Lipschitz invariants and to explore the
local structure of sets satisfying the sequence selection property (denoted by
(SSP )). As an application of them, we gave a classi�cation of planar spirals in
the Appendix of [8].

In this paper, in order to introduce global bi-Lipschitz invariants, we glob-
alise the (SSP ) structure preserving theorem, directional weak transversality
theorem and directional transversality theorem, proved in [8]. In particular, we
show a few global complex transversality results.

In addition, to study more global directional properties, we introduce the
notion of geometric directional bundle of a singular space, and prove many fun-
damental properties of it. Furthermore, we introduce a notion of GD-idempotent
related to the geometric directional bundle, aiming at distinguishing various
graphs of oscillations including the zigzag curves.
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1. INTRODUCTION

Directional properties at singular points of algebraic and analytic sets
were �rst studied by H. Whitney [27, 28], in order to show that those sets
are locally topologically trivial �brations. Indeed, Whitney introduced the
directional properties, now called Whitney, (a), (b) regularities on strati�ed
sets, and used them to achieve that purpose. The local triviality was shown
in Whitney's framework by Ren�e Thom [22,23] as Thom's 1st Isotopy Lemma,
and then generalised to the mapping case as Thom's 2nd Isotopy Lemma [4,12,
22]. Thom established these results by using controlled tubular neighbourhood
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systems. (This mathematical �eld is called the Whitney-Thom strati�cation

theory.) In [27] Whitney conjectured that a stronger triviality than topological
one holds, formulating his �bering conjecture. Recently, the Whitney �bering
conjecture was solved by A. Parusi�nski and the second author [19]. After the
work of Whitney and Thom, many more regularity conditions were introduced
on strati�ed sets, for details see D. Trotman [25]. Furthermore, several Lipschitz
equisingular conditions similar to the above Whitney and Thom's topological
ones were considered by T. Mostowski [14] and A. Parusi�nski [16�18].

In this decade, we have worked on directional properties related to the
Lipschitz equisingularity problem. In particular, we introduced in [6] a direc-
tional property called sequence selection property, denoted by (SSP ) for short,
to show that the dimension of the common direction set of two subanalytic sub-
sets is a local Lipschitz invariant. In addition, we generalised the above result
to the case of a general real closed �eld, and further showed more properties
on (SSP ) in [7]. After the above works, we have worked on condition (SSP )
in order to establish the geometry of sets satisfying (SSP ). In fact, we proved
in [8] several fundamental directional properties of sets satisfying (SSP ) with
respect to bi-Lipschitz homeomorphisms. For instance, we proved two types of
(SSP ) structure preserving theorems in [8]. In order to unify them, we de�ned
the notion of directional homeomorphism in [9], and further proved three im-
portant directional properties with respect to the directional homeomorphisms.
In the works concerning the Whitney-Thom strati�cation theory and its related
regularity conditions, directional properties are used to show triviality of family
of sets or mappings. On the other hand, we are using directional properties in
our work to introduce bi-Lipschitz invariants.

Using local directional properties shown in [8], we gave a classi�cation of
planar spirals. The research on spirals has a very long history. The structure
of important planar spirals has been clari�ed. Some local directional proper-
ties connected with the local bi-Lipschitz homeomorphisms can be useful to
distinguish such spirals. On the other hand, lots of types of oscillations includ-
ing zigzags appear in many areas of Natural Science and Social Science as the
graphs of their examining functions or measuring functions, for instance, the
density of carbon dioxide, the shift of exchange rate and so on. Local directional
properties and local Lipschitz invariants are not enough to distinguish many
of them. The purpose in this paper is to study global directional properties
and introduce global Lipschitz invariants in order to distinguish more graphs
of oscillations.

In �2 we �rst give the de�nitions of the direction set and condition (SSP )
and recall two important directional properties concerning (SSP ) and local bi-
Lipschitz transformations. Then we mention the directional dimension theorem.
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The generalised directional dimension theorems in two di�erent directions [7,10]
are also mentioned. At the end of this section, we give the list of planar spirals
whose classi�cation was shown in [8].

In �3 we discuss numerical properties concerning summation and multipli-
cation over the sets of subsets of Rn satisfying condition (SSP ). Then, in order
to introduce global bi-Lipschitz invariants, we globalise the (SSP ) structure
preserving theorem, directional weak transversality theorem and directional
transversality theorem, results which are proved in [8]. Subsequently, we show
a few global complex transversality results. In particular, we prove that the
directional complex-weak transversality (resp. the directional transversality) of
a subset of Cn (resp. a complex analytic variety) to the canonical strati�cation
of a given complex analytic variety is preserved under bi-Lipschitz homeomor-
phisms.

In �4, in order to study more global directional properties, we introduce
the notion of geometric directional bundle of a singular space as a generalisa-
tion of tangent bundle of a smooth manifold. We discuss many fundamental
properties of geometric directional bundle in this section.

In �5 we introduce the notion of GD-idempotent for a subset of Rn, notion
related to the geometric directional bundle. Then we propose the stabilisation
problem of the operation GD. We show the stabilisation problem a�rmatively
in the case where n = 2, and give a characterisation of GD-idempotent for a
subset of R2. We use this characterisation, aiming at distinguishing various
graphs of oscillations including the zigzag curves.

Throughout this paper, we use the following notations:

Let {am}, {bm} be sequences of points of Rn tending to the origin 0 ∈ Rn.
(1) If limm→∞

‖am‖
‖bm‖ = 0, then we write ‖am‖ � ‖bm‖.

(2) If there are a natural number N ∈ N and a real number K > 0 such
that

‖am‖ ≤ K‖bm‖, ∀m ≥ N,

then we write ‖am‖ - ‖bm‖ (or ‖bm‖ % ‖am‖). If ‖am‖ - ‖bm‖ and ‖bm‖ -
‖am‖, we write ‖am‖ ≈ ‖bm‖.

2. DIRECTIONAL DIMENSION THEOREM

AND PLANAR SPIRALS

In this section, we explain the directional dimension theorem treated in
[6, 7, 10] and a classi�cation of planar spirals given in [8].
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2.1. Direction set and condition (SSP)

Let us recall the direction set.

De�nition 2.1. Let A be a subset of Rn, and let p ∈ Rn such that p ∈ A,
where A denotes the closure of A in Rn. We de�ne the direction set Dp(A) of
A at p by

Dp(A) := {a ∈ Sn−1 | ∃{xi} ⊂ A\{p}, xi → p ∈ Rn s.t.
xi − p
‖xi − p‖

→ a, i→∞}.

Here Sn−1 denotes the unit sphere centred at 0 ∈ Rn.
For a subset Dp(A) ⊂ Sn−1, we denote by LDp(A) the half-cone of Dp(A)

with 0 ∈ Rn as the vertex, and call it the real tangent cone of A at p:

LDp(A) := {ta ∈ Rn | a ∈ Dp(A), t ≥ 0}.

For p ∈ A, for simplicity, we put LpD(A) := p + LDp(A), and call it the
geometric tangent cone of A at p.

In the case where p = 0 ∈ Rn, we write D(A) := D0(A) and LD(A) :=
L0D(A) for short.

We next recall the original notion of sequence selection property with
respect to the direction set at a point.

De�nition 2.2. Let A be a set-germ at p ∈ Rn such that p ∈ A. We say
that A satis�es condition (SSP ) at p, if for any sequence of points {am} of Rn
tending to p ∈ Rn, such that limm→∞

am−p
‖am−p‖ ∈ Dp(A), there is a sequence of

points {bm} ⊂ A such that,

‖am − bm‖ � ‖am − p‖, ‖bm − p‖,

i.e. limm→∞
‖am−bm‖
‖am−p‖ = 0.

Remark 2.3. Let A ⊂ Rn be a set-germ at p ∈ Rn such that p ∈ A.
(1) The cone LpD(A) satis�es condition (SSP ) at p.
(2) If A is subanalytic, then it satis�es condition (SSP ) at p. See H.

Hironaka [5] for subanalyticity.

In regard to the condition (SSP ), we recall two important local directional
properties concerning the behaviour under a local bi-Lipschitz homeomorphism.

Let A ⊂ Rn be a set-germ at p ∈ Rn such that p ∈ A, and let h : (Rn, p)→
(Rn, h(p)) be a bi-Lipschitz homeomorphism. Then we have the following.

Theorem 2.4 ([6]). Suppose that A satis�es condition (SSP ) at p. Then
we have

Dh(p)(h(LpD(A))) = Dh(p)(h(A)).
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Theorem 2.5 ([8]). Suppose that A satis�es condition (SSP ) at p. Then
h(A) satis�es condition (SSP ) at h(p) if and only if h(LpD(A)) satis�es con-

dition (SSP ) at h(p).

2.2. Directional dimension theorem

Using directional properties, we �rst proved the following result.

Theorem 2.6 ([6]). Let A, B ⊂ Rn be subanalytic set-germs at 0 ∈ Rn
such that 0 ∈ A ∩ B, and let h : (Rn, 0) → (Rn, 0) be a bi-Lipschitz homeo-

morphism. Suppose that h(A), h(B) are also subanalytic. Then we have the

equality of dimensions,

dim(D(h(A)) ∩D(h(B))) = dim(D(A) ∩D(B)).

M. Oka constructed in [15] a complex polynomial family with isolated
singularities which is µ-constant but not µ∗-constant. When we regard the
Oka family as a real family, using the above theorem we can see that the
real Oka family is not Lipschitz trivial as a family of zero-sets, nevertheless is
topologically trivial as a family of functions.

Theorem 2.6 was generalised to the case of a general real closed �eld.
Let R denote a real closed �eld with an o-minimal structure, and consider the
topology on R given by the open intervals of R, analogous to that on R. See [1]
or [2] for o-minimal structure. We have the following directional dimension
theorem.

Theorem 2.7 ( [7]). Let A, B ⊂ Rn be de�nable set-germs at 0 ∈ Rn

such that 0 ∈ A∩B, and let h : (Rn, 0)→ (Rn, 0) be a bi-Lipschitz homeomor-

phism. Suppose that h(A), h(B) are also de�nable. Then we have the equality

of dimensions,

dim(D(h(A)) ∩D(h(B))) = dim(D(A) ∩D(B)).

In the proof of Theorem 2.6 of [6], condition (SSP ) took an important
role. However it is not always a good condition over a general real closed
�eld. Instead, we had to use the assumption of de�nability to show the above
theorem.

On the other hand, J. Edison Sampaio gave in [20] a much shorter proof for
Theorem 2.6 using the Arzela-Ascoli's theorem. In this respect, we generalise
the theorem to the following form.

Theorem 2.8 ([10]). Let A, B ⊂ Rn be set-germs at 0 ∈ Rn such that

0 ∈ A ∩ B, and let h : (Rn, 0) → (Rn, 0) be a bi-Lipschitz homeomorphism.
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Suppose that A, B, h(A), h(B) satisfy condition (SSP ) at 0 ∈ Rn. Then we

have the equality of dimensions,

dim(D(h(A)) ∩D(h(B))) = dim(D(A) ∩D(B)).

Remark 2.9. The argument with the Arzela-Ascoli's theorem does not
always work on a general real closed �eld. Therefore we don't have a simpler
proof for Theorem 2.7.

2.3. Classi�cation of planar spirals

In the appendix of [8], we gave a classi�cation of planar spirals using
directional properties. For the reader's convenience we recall it below.

We consider polar coordinates (r, θ), 0 < r, θ < ∞. Let R : (0,∞) →
(0,∞) be a continuous function. We say that S0 : r = R(θ) is a spiral at
0 ∈ R2 if 0 ∈ S0, R is strictly monotone and

lim
θ→∞

R(θ) = 0 or lim
θ→∞

R(θ) =∞.

In the �rst case we write R(∞) = 0 and note that the extension R :
(0,∞]→ [0,∞) is continuous and injective. In the second case we write R(0) =
0 and note that also the extension R : [0,∞) → [0,∞) is continuous and
injective.

Let us introduce the homeomorphism germ induced by a spiral, de�ned
in polar coordinates by:

hS0 : (R2, 0)→ (R2, 0), hS0(r, α) = (r,R−1(r) + α), 0 ≤ α < 2π.

For 0 ≤ α < 2π we put Lα := {(r, α) | 0 ≤ r < ∞} and Sα := hS0(Lα).
Note that S0 is just the spiral r = R(θ) together with 0 ∈ R2.

If 0 ≤ α < 2π we denote by Rα the rotation of R2 centred at the origin
and of angle α. Then we have the following property.

Property 2.10. Sα = Rα(S0) and D(hS0(Lα)) = Rα(D(S0)).

Here we recall a result concerning the direction set of the image of an
intersection set.

Theorem 2.11 ([8]). Let h : (Rn, 0)→ (Rn, 0) be a homeomorphism, and

let U , V ⊂ Rn be set-germs at 0 ∈ Rn such that 0 ∈ U ∩ V . Suppose that the

following four conditions hold.

(1) D(U ∩ V ) = D(U) ∩D(V ).
(2) U ∩ V satis�es condition (SSP ) at 0 ∈ Rn.
(3) h(U) satis�es condition (SSP ) at 0 ∈ Rn.
(4) h is bi-Lipschitz.

Then we have D(h(U ∩ V )) = D(h(U)) ∩D(h(V )).



7 Global directional properties of singular spaces 485

We use the above theorem to classify the local structure of spirals. We
apply it as h = hS0 , n = 2, U = Lα and V = Lβ for α 6= β, α, β ∈ [0, 2π).

Let us check the assumptions in Theorem 2.11. We have

D(Lα ∩ Lβ) = D(Lα) ∩D(Lβ) = ∅,

and Lα ∩ Lβ = {0} satis�es condition (SSP) at 0 ∈ R2. Therefore the �rst two
assumptions are always satis�ed.

We �rst consider the case when #(D(S0)) > 1, which is equivalent to the
following condition: There are α 6= β, α, β ∈ [0, 2π) such that D(hS0(Lα)) ∩
D(hS0(Lβ)) 6= ∅.

On the other hand, since D(hS0(Lα ∩ Lβ)) = ∅, the conclusion of Theo-
rem 2.11 does not hold. We can therefore divide the case #(D(S0)) > 1 into
the following three cases:

(1) Let us assume that hS0 is a bi-Lipschitz homeomorphism, namely as-
sumption (4) in Theorem 2.11 is satis�ed. Then assumption (3) is not
satis�ed. Therefore S0 does not satisfy condition (SSP) at 0 ∈ R2.

(2) Let us assume that S0 satis�es condition (SSP) at 0 ∈ R2, namely assump-
tion (3) is satisi�ed. Then assumption (4) is not satis�ed. Therefore hS0

is not a bi-Lipschitz homeomorphism.

(3) S0 does not satisfy condition (SSP) at 0 ∈ R2, and hS0 is not a bi-Lipschitz
homeomorphism.

Finally, we have the remaining case when #D(S0) = 1. This condition
is equivalent to the condition that we have D(hS0(Lα)) ∩D(hS0(Lβ)) = ∅ for
∀α 6= β, α, β ∈ [0, 2π).

Let us remember several important planar spirals.

Example 2.12. Let (r, θ) be polar coordinates.

(1) An equiangular spiral or logarithmic spiral S0 is de�ned by

r = aebθ (a > 0, b < 0; 0 < θ ≤ ∞).

Then the induced homeomorphism hS0 is bi-Lipschitz (Example 3.3 in [6]).
Note that we have to replace log(x2 + y2) with 1

2 log(x2 + y2) in the example.

In our daily life an equiangular spiral is seen in the growth with self-
symmetry (D'Arcy Thompson [24]).

(2) A hyperbolic spiral S0 is de�ned by

r =
a

θ
(a 6= 0; 0 < θ ≤ ∞).

Then S0 satis�es condition (SSP) at 0 ∈ R2 [8]. A direct proof of this fact is
given by S. Miyake [13].
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(3) The Archimedean spiral is de�ned by

r = aθ + b (a 6= 0, b ≥ 0; 0 ≤ θ <∞).

The Archimedean spiral has two arms, smoothly connected at 0 ∈ R2.

(4) Fermat's spiral is de�ned by

r = ±aθ
1
2 (a > 0; 0 ≤ θ <∞).

Fermat's spiral also has two arms, smoothly connected at 0 ∈ R2.

Concerning the spirals in Example 2.12, we have the following table.

List of planar spirals

2.4. A similar classi�cation of graphs of oscillations

Let f : (R, 0) → (R, 0) be a continuous function with graph Gf , and let
h : (R2, 0)→ (R2, 0) be a homeomorphism germ de�ned by

h(x, y) := (x, y − f(x)).

Then h(Gf ) = {x-axis}. We consider Gf as an oscillation created by f .

Let us recall our important property.

Theorem 2.13 ([6]). Let A ⊂ Rn be a set-germ at 0 ∈ Rn such that 0 ∈ A,
and let h : (Rn, 0)→ (Rn, 0) be a bi-Lipschitz homeomorphism. Suppose that A
satis�es condition (SSP) at 0 ∈ Rn. Then we have

D(h(LD(A))) = D(h(A)).
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Set G+
f := Gf ∩ {x ≥ 0}. Then we have

D(h(G+
f )) = D({non-negative x-axis}) = {(1, 0)}.

Let us apply Theorem 2.13 as A = G+
f . If #D(h(LD(G+

f ))) > 1, then the
equality of the theorem does not hold. Then the homeomorphism h is not bi-
Lipschitz or G+

f does not satisfy condition (SSP ). Concerning G+
f , we have a

similar classi�cation of graphs of oscillations as that of the planar spirals (see
the list in the previous subsection).

Let G−f := Gf ∩ {x ≤ 0}. Then, concerning G−f , we have the same kind
of classi�cation as above.

This kind of classi�cation is too rough for oscillations. Local directional
properties and local Lipschitz invariants seem to be not enough to distinguish
graphs of oscillations. In this paper, we shall explain an approach to study
global directional properties and introduce global Lipschitz invariants in order
to distinguish more graphs of oscillations.

3. SETS OF (SSP ) SETS

In this section, we consider the following sets consisting of subsets of Rn
satisfying condition (SSP ):

ASSP (Rn) :={A ⊂ Rn |A satis�es (SSP ) at any point of Rn},

A0
SSP (Rn) :={A ⊂ Rn |A 6= ∅ andA satis�es (SSP) at any point of Rn}.

ClearlyA0
SSP (Rn)∪{∅} = ASSP (Rn) (the empty set ∅ satis�es condition (SSP )

at any point of Rn).
Concerning condition (SSP ) for a subset of Rn we have the following

properties.

Property 3.1. (1) Let A ⊂ Rn such that A 6= ∅.
(i) If p is not a point of the closure of A, then A satisi�es condition (SSP )

at p.
(ii) If p is an isolated point of A, then A satis�es condition (SSP ) at p.
(iii) If A satis�es condition (SSP ) at any accumulation point of A, then

A satis�es condition (SSP ) at any point of Rn.
(2) For any point p ∈ Rn, {p} ∈ A0

SSP (Rn) ⊂ ASSP (Rn).

3.1. Set-theoretical properties

In [8�10] we gave several local set-theoretical properties on condition
(SSP ). Some of them can be globalised. We give such examples in this
subsection.
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Lemma 3.2 ( [9]). Let A ⊂ Rn and p ∈ Rn such that p ∈ A. Then A
satis�es condition (SSP ) at p ∈ Rn if and only if so does A.

We have the following corollary of Lemma 3.2.

Corollary 3.3. Let A ⊂ Rn. Then A ∈ ASSP (Rn) if and only if A ∈
ASSP (Rn).

Lemma 3.4 ([8]). Let A ⊂ Rn and p ∈ Rn such that p ∈ A. If A is a �nite

union of sets, all of which satisfy condition (SSP ) at p ∈ Rn, then A satis�es

condition (SSP ) at p ∈ Rn.

The next proposition is an immediate consequence of Lemma 3.4.

Proposition 3.5. Let {Aλ} be a locally �nite family of subsets of Rn. If
Aλ ∈ ASSP (Rn) (λ ∈ Λ), then we have⋃

λ∈Λ

Aλ ∈ ASSP (Rn).

3.2. Numerical properties

Let A denote the set {am} of positive real numbers tending to 0 ∈ R.
In [10] we gave the following criterion for a sequence inA to satisfy the condition
(SSP ).

Lemma 3.6. For A ∈ A, A = {am} numbered in decreasing order, satis�es

condition (SSP ) at 0 ∈ R if and only if

am
am+1

→ 1 as m→∞.

Let R+ := {x ∈ R | x ≥ 0}. Then we have a corollary of Lemma 3.6.

Corollary 3.7. For A ⊂ R+ ⊂ R such that 0 ∈ A, the following condi-

tions are equivalent.

(1) A satis�es condition (SSP ) at 0 ∈ R.
(2) There exists a countable subset B of A such that B satis�es condition

(SSP ) at 0 ∈ R.
(3) There exists a decreasing sequence {bm} ∈ A such that limm→∞

bm
bm+1

= 1.

Proof. By de�nition, it is obvious that condition (2) implies condition
(1). By renumbering, the equivalence of conditions (2) and (3) follows from
Lemma 3.6. Therefore we show that condition (1) implies condition (2).

Consider the sequence { 1
m} ∈ A. Since A satis�es condition (SSP ) at

0 ∈ R, there exists a sequence {am} ⊂ A such that |am − 1
m | � |

1
m |.
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Let {cm} be arbitrary sequence in A. By Lemma 3.6, { 1
m} satis�es con-

dition (SSP ) at 0 ∈ R. Therefore there exists a subsequence { 1
n(m)} of {

1
m}

such that | 1
n(m) − cm| � |

1
n(m) |. It follows that

|an(m) − cm| ≤ |an(m) −
1

n(m)
|+ | 1

n(m)
− cm| �

1

n(m)
∼ cm.

Thus B := {an(m)} satis�es condition (SSP ) at 0 ∈ R. �

Remark 3.8. The equivalence of the �rst two statements follows as well
from the separability of R and by Lemma 3.2.

Remark 3.9. In [3] we use a generalisation of condition (SSP), denoted by

(̃SSP ), to prove several similar results and show that there is no bi-Lipschitz
homeomorphism of R2 that maps a spiral with a sub-exponential decay of wind-
ing radii to an unwound arc. This result is sharp as shows an example of a
logarithmic spiral.

For A, B ⊂ R, we de�ne the summation + as follows:

A+B = B +A := {a+ b | a ∈ A, b ∈ B},

where A + ∅ = ∅ + B := ∅. Using Property 3.1 and Corollary 3.7, we can see
the following properties on the summation.

Proposition 3.10. (1) If A, B ∈ ASSP (R), then A + B ∈ ASSP (R).
The unit with respect to + in ASSP (R) is {0}.

(2) If A, B ∈ A0
SSP (R), then A + B ∈ A0

SSP (R). The unit with respect

to + in A0
SSP (R) is {0}.

(3) De�ne τ : ASSP (R) × A0
SSP (R) → A0

SSP (R) by τ(A,B) = A + B.
Then τ is well-de�ned.

For A, B ⊂ R, we de�ne also the multiplication as follows:

AB = BA := {ab | a ∈ A, b ∈ B},

where A∅ = ∅B := ∅. Then we have the following.

Proposition 3.11. (1) If A, B ∈ ASSP (R), then AB ∈ ASSP (R). The

unit with respect to the multiplication in ASSP (R) is {1}.
(2) If A, B ∈ A0

SSP (R), then AB ∈ A0
SSP (R). The unit with respect to

the multiplication in A0
SSP (R) is {1}.

Remark 3.12. Note that A0
SSP (R) does not form a commutative ring, be-

cause there does not exist an inverse in general with respect to +. Nevertheless
in our context both the addition and the multiplication are associative and
commutative operations.
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3.3. (SSP) structure preserving theorem

We recall the notion of (SSP ) map for a map-germ, and de�ne the notion
for global maps.

De�nition 3.13. (1) Let A ⊂ Rm be a set-germ at p ∈ Rm such that p ∈ A,
and let B ⊂ Rn be a set-germ at q ∈ Rn such that q ∈ B. We say that a map-
germ h : (A, p)→ (B, q), q = h(p), is an (SSP ) map at (p, q) if the graph of h
satis�es condition (SSP ) at (p, q) ∈ Rm × Rn.

(2) We say that a map h : Rm → Rn is an (SSP ) map if the graph of h
satis�es condition (SSP ) at any point of the closure of the graph of h (or at
any (p, q) ∈ Rm × Rn).

In [8] we proved the (SSP ) structure preserving theorem in the local case.

Theorem 3.14. Let p ∈ Rn, let h : (Rn, p) → (Rn, h(p)) be an (SSP )
bi-Lipschitz homeomorphism, and let A ⊂ Rn be a set-germ at p ∈ Rn such that

p ∈ A. Then A satis�es condition (SSP ) at p ∈ Rn if and only if h(A) satis�es
condition (SSP ) at h(p) ∈ Rn.

As a corollary of the (SSP ) structure preserving theorem, we have the
following global result.

Corollary 3.15. Let h : Rn → Rn be an (SSP ) bi-Lipschitz homeomor-

phism. Then h induces a one-to-one correspondence

h∗ : ASSP (Rn)→ ASSP (Rn)

de�ned by h∗(A) := h(A), and similarly also a one-to-one correspondence

h0
∗ : A0

SSP (Rn)→ A0
SSP (Rn).

de�ned by h0
∗(A) := h(A).

3.4. Transversality results

We �rst recall the local notion of weak transversality, and de�ne its global
analogue.

De�nition 3.16. (1) Let A, B ⊂ Rn be set-germs at p ∈ Rn such that
p ∈ A ∩B. We say that A and B are directionally weakly transverse or weakly
transverse simply at p ∈ Rn ifDp(A)∩Dp(B) = ∅ (or LDp(A)∩LDp(B) = {0}).

(2) Let A, B ⊂ Rn. We say that A and B are directionally weakly trans-

verse or weakly transverse simply if A and B are weakly transverse at any point
p ∈ A ∩B.
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In [8] we proved the preserving of local weak transversality result.

Theorem 3.17. Let p ∈ Rn, let A, B ⊂ Rn be set-germs at p ∈ Rn such

that p ∈ A ∩ B, and let h : (Rn, p) → (Rn, h(p)) be a bi-Lipschitz homeomor-

phism. Suppose that A or B satis�es condition (SSP ) at p ∈ Rn, and h(A)
or h(B) satis�es condition (SSP ) at h(p) ∈ Rn. Then A and B are weakly

transverse at p ∈ Rn if and only if h(A) and h(B) are weakly transverse at

h(p) = q ∈ Rn.

As a corollary of the above weak transversality theorem, we have the
following global result.

Corollary 3.18. Let A, B ⊂ Rn, and let h : Rn → Rn be a bi-Lipschitz

homeomorphism. Suppose that A or B satis�es condition (SSP ) at any p ∈
A ∩ B, and h(A) or h(B) satis�es condition (SSP ) at any q ∈ h(A) ∩ h(B).
Then A and B are weakly transverse if and only if h(A) and h(B) are weakly

transverse.

By corollaries 3.15 and 3.18, we have one more corollary.

Corollary 3.19. Let h : Rn → Rn be an (SSP ) bi-Lipschitz homeo-

morphism. Then, for any A ∈ ASSP (Rn) and B ⊂ Rn, A and B are weakly

transverse if and only if h(A) and h(B) are weakly transverse.

We recall also the local notion of transversality, and similarly de�ne the
global notion.

De�nition 3.20. (1) Let A, B ⊂ Rn be set-germs at p ∈ Rn such that
p ∈ A ∩ B. We say that A and B are directionally transverse or transverse

simply at p ∈ Rn if

dimLDp(A) + dimLDp(B)− dim(LDp(A) ∩ LDp(B)) = n.

(2) Let A, B ⊂ Rn. We say that A and B are directionally transverse or
transverse simply if A and B are transverse at any point p ∈ A ∩B.

In [10] we proved the following preserving of local transversality result.

Theorem 3.21. Let p ∈ Rn, let A, B ⊂ Rn be set-germs at p ∈ Rn such

that p ∈ A ∩ B, and let h : (Rn, p) → (Rn, h(p)) be a bi-Lipschitz homeomor-

phism. Suppose that A and B satisfy condition (SSP ) at p ∈ Rn, and h(A)
and h(B) satisfy condition (SSP ) at h(p) ∈ Rn. Then A and B are transverse

at p ∈ Rn if and only if h(A) and h(B) are transverse at h(p) ∈ Rn.

As a corollary of the above local transversality theorem, we have the
following global result.
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Corollary 3.22. Let A, B ⊂ Rn, and let h : Rn → Rn be a bi-Lipschitz

homeomorphism. Suppose that A and B satisfy condition (SSP ) at any p ∈
A ∩ B, and h(A) and h(B) satisfy condition (SSP ) at any q ∈ h(A) ∩ h(B).
Then A and B are transverse if and only if h(A) and h(B) are transverse.

We have one more corollary.

Corollary 3.23. Let h : Rn → Rn be an (SSP ) bi-Lipschitz homeomor-

phism. Then, for any A, B ∈ ASSP (Rn), A and B are transverse if and only

if h(A) and h(B) are transverse.

3.5. Complex transversality results

Let us recall the complex tangent cone. Let A ⊂ Cn be a set-germ at
p ∈ Cn such that p ∈ A. The complex tangent cone of A at p is de�ned as
follows:

LD∗p(A) :={v∈Cn :∃{Ci}⊂C, ∃{vi}⊂A\{p}→p ∈ Cn s.t. lim
i→∞

ci(vi−p) = v}.

Let CDp(A) := {cv ∈ Cn : c ∈ C, v ∈ Dp(A)} for p ∈ Cn.
Concerning CDp(A), we have the following property.

Lemma 3.24 ([8]). LD∗p(A) = CDp(A).

By the above lemma, we can easily see the following.

Lemma 3.25. LD∗p(A) = LD∗p(A).

We recall one more lemma.

Lemma 3.26 ([8]). Let p be a point of an analytic subvariety V ⊂ Cn, and
let A ⊂ Cn such that p ∈ A. Then we have

LD∗P (V ) ∩ LD∗p(A) = {0} if and only if LDP (V ) ∩ LDp(A) = {0}.

We next de�ne the complex version of weak transversality similarly to the
real case.

De�nition 3.27. (1) Let A, B ⊂ Cn be set-germs at p ∈ Cn such that
p ∈ A ∩ B. We say that A and B are directionally complex-weakly transverse

or complex-weakly transverse simply at p ∈ Cn if

LD∗p(A) ∩ LD∗p(B) = {0}.

(2) Let A, B ⊂ Cn. We say that A and B are directionally complex-weakly

transverse or complex-weakly transverse simply if A and B are complex-weakly
transverse at any point p ∈ A ∩B.
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Now we recall Shi�man's theorem.

Theorem 3.28 (B. Shi�man [21]). Let U be open in Cn, and let E be

closed in U . Let A be a pure k-dimensional analytic set in U \E, and let A′ be
the closure of A in U . If E has Hausdor� (2k − 1)-measure zero, then A′ is a
pure k-dimensional analytic set in U .

Using Shi�man's theorem and the above lemmas, we can show the follow-
ing lemma.

Lemma 3.29. Let V ⊂ Cn be an analytic variety, let W be an analytic

subvariety of V with dimW < dimV , and let A ⊂ Cn. Let p ∈ Cn such that

p ∈ V \W ∩ A. Then V \W and A are complex-weakly transverse at p if and

only if V \W and A are weakly transverse at p.

Proof. We �rst remark that by Theorem 3.28, V \W is an analytic set in
Cn. We assume that V \W and A are complex-weakly transverse at p, namely

LD∗p(V \W ) ∩ LD∗p(A) = {0}.

By Lemma 3.25, this condition is equivalent to

LD∗p(V \W ) ∩ LD∗p(A) = {0}.

Then it follows from Lemma 3.26 that the above condition is equivalent to

LDp(V \W ) ∩ LDp(A) = {0}.

Since LDp(V \W ) = LDp(V \W ), this condition is equivalent to

LDp(V \W ) ∩ LDp(A) = {0},

namely V \W and A are weakly transverse at p. �

By de�nition, the next global result follows from the above local lemma.

Proposition 3.30. Let V ⊂ Cn be an analytic variety, let W be an ana-

lytic subvariety of V with dimW < dimV , and let A ⊂ Cn. Then V \W and A
are complex-weakly transverse if and only if V \W and A are weakly transverse.

Recently, J. Edison Sampaio proved in [20] a very useful result on Lipschitz
regularity. Here we recall it.

De�nition 3.31. Let x0 ∈ X ⊂ Rn be a subanalytic set. We say that X is
Lipschitz regular at x0 if there exists an open neighbourhood of x0 in X which
is bi-Lipschitz homeomorphic to an Euclidean ball.

Theorem 3.32 (J. Edison Sampaio [20]). Let X ⊂ Cn be an analytic

variety. If X is Lipschitz regular at x0 ∈ X, then x0 is a smooth point of X.
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Remark 3.33. Let us consider the notion of topological regularity similarly
to the Lipschitz one. It is known by L�e D�ung Tr�ang [11] that if X ⊂ Cn is a
hypersurface and topologically regular at x0 ∈ X, then x0 is a smooth point of
X. But this does not always hold in the non-hypersurface case. On the other
hand, the above result in the Lipschitz case holds in the general case, not only
in the hypersurface case.

Let V ⊂ Cn be an analytic variety. We set V := Σ0(V ). If V is smooth,
we stop here. But if V is not smooth, let us denote by Σ1(V ) the set of non-
smooth points of V . Note that Σ1(V ) is an analytic subvariety of V with
dim Σ1(V ) < dimV . Then if Σ1(V ) exists and is smooth, we stop here. But if
Σ1(V ) exists and is not smooth, let us denote by Σ2(V ) the set of non-smooth
points of Σ1(V ). Note that Σ2(V ) is an analytic subvariety of Σ1(V ) with
dim Σ2(V ) < dim Σ1(V ). We continue this procedure until Σk(V ) is smooth
for some k, 0 ≤ k ≤ dimV . Note that we are assuming that Σj(V ) is not
smooth for 0 ≤ j < k.

By the above construction, we get a �ltration of a complex analytic variety
V by complex analytic subvarieties:

V = Σ0(V ) ⊃ Σ1(V ) ⊃ · · · ⊃ Σk(V ).

Then we set

Sj(V ) := Σj(V ) \ Σj+1(V ) (0 ≤ j < k − 1), Sk(V ) := Σk(V ).

Note that

V =
k⋃
j=0

Sj(V )

is a disjoint union where dimSj(V ) < dimSj−1(V ) for 1 ≤ j ≤ k and each
Sj(V ) is smooth for 0 ≤ j ≤ k. Therefore

Sc(V ) := {S0(V ), S1(V ), · · · , Sk(V )}

gives a smooth strati�cation of V . We call Sc(V ) the canonical strati�cation
of V .

Let V, W ⊂ Cn be analytic varieties. Then V andW admit the canonical
strati�cations

Sc(V ) := {S0(V ), S1(V ), · · · , Sk(V )}, Sc(W ) :={S0(W ), S1(W ), · · · , Sm(W )}.

Then we have the following theorem.

Theorem 3.34. Suppose that there exists a bi-Lipschitz homeomorphism
h : Cn → Cn such that h(V ) = W . Then k = m, and h(Sj(V )) = Sj(W ) for
0 ≤ j ≤ k, in other words, h(Sc(V )) = Sc(W ).
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Proof. By Theorem 3.32 we can see that a smooth point of V corresponds
to a smooth point of W by the bi-Lipschitz homeomorphism h. It follows that

h(S0(V )) = S0(W ), h(Σ1(V )) = Σ1(W ).

Thus we can show this theorem, using the downward induction on the dimension
of Σj(V ) and Σj(W ). �

Concerning the above canonical strati�cation of a complex analytic vari-
ety, by Proposition 3.30, Corollary 3.18 and Theorem 3.34, we have the following
transversality theorem.

Theorem 3.35. Let V, W ⊂ Cn be complex analytic varieties, and let

A ⊂ Cn. Suppose that there exists a bi-Lipschitz homeopmorphism h : Cn → Cn
such that h(V ) = W . Then A is complex-weakly transverse to the canonical

strati�cation Sc(V ) of V if and only if h(A) is complex-weakly transverse to the

canonical strati�cation Sc(W ) of W .

In [8] we introduced the local notion of transversality for complex singular
varieties. Let us recall it, and give the global notion.

De�nition 3.36. (1) Let V,W ⊂ Cn be analytic varieties and p ∈ V ∩W.
Then we say that V and W are directionally transverse or transverse simply at

p ∈ Cn if the following equality holds:

dimC LD
∗
p(V ) + dimC LD

∗
p(W )− n = dimC(LD∗p(V ) ∩ LD∗p(W )).

(2) Let V,W ⊂ Cn be analytic varieties. Then we say that V and W are
directionally transverse or transverse simply if V and W are transverse at any
point p ∈ V ∩W .

Remark 3.37. (1) The above notion of transversality can be generalised
for general sets V, W ⊂ Cn.

(2) Let V ⊂ Cn be an analytic variety, and let V1 be an analytic subvariety
of V . Then, for p ∈ V \ V1, LD

∗
p(V \ V1) = LD∗p(V ).

In [8] we proved the following transversality theorem in the local case.

Theorem 3.38. Let p ∈ Cn, let V, W ⊂ Cn be analytic varieties such that

p ∈ V ∩W , and let h : (Cn, p)→ (Cn, h(p)) be a bi-Lipschitz homeomorphism.

Suppose that h(V ), h(W ) ⊂ Cn are analytic varieties. Then V and W are

transverse at p ∈ Cn if and only if h(V ) and h(W ) are transverse at h(p) ∈ Cn.

By Theorem 3.38 and Remark 3.37, we have a global transversality
theorem.

Theorem 3.39. Let V, W ⊂ Cn be analytic varieties, let V1 be an ana-

lytic subvariety of V , and let h : Cn → Cn be a bi-Lipschitz homeomorphism.
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Suppose that h(V ), h(W ), h(V1) ⊂ Cn are analytic varieties. Then V \ V1

and W are transverse if and only if h(V \ V1) = h(V ) \ h(V1) and h(W ) are

transverse.

By Theorems 3.34 and 3.39, we have the following transversality theorem.

Theorem 3.40. Let U, V, W ⊂ Cn be complex analytic varieties. Suppose

that there exists a bi-Lipschitz homeomorphism h : Cn → Cn such that h(V ) =
W , and that h(U) ⊂ Cn is an analytic variety. Then U is transverse to the

canonical strati�cation Sc(V ) of V if and only if h(U) is transverse to the

canonical strati�cation Sc(W ) of W .

4. GEOMETRIC DIRECTIONAL BUNDLES

In this section, we introduce the notion of geometric directional bundle,
and describe several fundamental properties of it.

De�nition 4.1. Let A ⊂ Rn, and let W ⊂ Rn such that ∅ 6= W ⊂ A. We
de�ne the direction set DW (A) of A over W by

DW (A) :=
⋃
p∈W

(p,Dp(A)) ⊆W × Sn−1 ⊆ Rn × Sn−1.

Remark 4.2. Note that in general the inclusion DA(A) ⊂ DA(A) is strict.

Moreover DA(A) = DA(A) and is not necessarily equal to DA(A); take for
instance A = {1/n, n ∈ N}.

We call
GDW (A) := W × Sn−1 ∩DA(A),

the geometric directional bundle of A over W, where DA(A) denotes the closure
in Rn × Sn−1.

Let Π : Rn × Sn−1 → Sn−1 be the canonical projections de�ned by
Π(x, a) = a. In case W = {p} for p ∈ A, we write

GDp(A) := Π(GD{p}(A)) ⊆ Sn−1.

This is the set of all possible limits of directional cones Dq(A), q ∈ A, q → p.
For understanding directional properties it is also important to study the

sets
GDW (A) = (W × Sn−1) ∩DA(A),

which we call the complete geometric directional bundle.
We consider the half cone of GDp(A) with 0 ∈ Rn as the vertex

LGDp(A) := {tv ∈ Rn | v ∈ GDp(A), t ≥ 0}.
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We call it the real tangent bundle cone of A at p.

Similarly we de�ne the geometric bundle cone of A at p, to be its transla-
tion by p

LpGD(A) := p+ LGDp(A).

Here we give some elementary properties of geometric directional bundle.

Property 4.3. Let W, A ⊂ Rn such that W ⊂ A.
(1) If W ⊂ A, then DW (A) ⊂ GDW (A).

(2) If V ⊂W , then GDV (A) ⊂ GDW (A).

(3) DW (A) = DW (A) ⊂ GDW (A).

(4) DW (A) ∪ GDW (A) ⊂ GDW (A).

Proof. We show only (3). The others follow similarly.

Since Dp(A) = Dp(A) for p ∈ W , we have DW (A) = DW (A). On the
other hand, we have

DW (A) =
⋃
p∈W

(p,Dp(A)) ⊂W ×Sn−1∩
⋃
p∈A

(p,Dp(A)) = W ×Sn−1∩DA(A)

= GDW (A). �

In Property 4.3 (4) the opposite inclusion does not always hold, in other
words, the equality does not always hold. Actually, we have the following
negative examples.

Example 4.4. (1) Let Z ⊂ R2 be an equiangular zigzag such that 0 ∈ Z
(see Fig. EAZZ), and let A := Z \ {0}. Set W := A. Then we can see that

D{0}(A) ⊂ GDW (A), but D{0}(A) * DW (A) ∪ GDW (A).

O

Fig. EAZZ.

(2) Let Pi,n := (1/i, 1/n) ∈ R2 for i, n ∈ N. Set

A := {Pi,n ∈ R2 : i > n2 > 0}.
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Then 0 ∈ A \ A and DPi,n(A) = ∅ (i > n2). It follows that GD0(A) = ∅ and
D0(A) = {(0, 1)}. Therefore we have D0(A)∪GD0(A) = {(0, 1)}. On the other
hand, we have GD0(A) = {(1, 0), (0, 1)}. Thus

D0(A) ∪ GD0(A) ( GD0(A).

Remark 4.5. DA(A) is not always closed even if A = A. For instance, we
can see this fact in the case of the above equiangular zigzag Z in Example 4.4
(1).

Property 4.6. Let W, A ⊂ Rn suth that W ⊂ A. Then the following

properties hold.

(1) GDA(A) = DA(A).

(2) GDA(A) = DA(A).

(3) DW (A) ∩DA(A) ⊂ GDW (A).

(4) GDW (A) = GDW (A) ∪ (W × Sn−1 ∩DA\A(A)).

Proof. Properties (1)�(3) are immediate consequences of the de�nitions
of direction set and geometric directional bundle. We can see property (4) as
follows; this property points out the limits of directional cones coming from
A \A:

GDW (A) = W × Sn−1 ∩DA(A)

= (W × Sn−1 ∩DA(A)) ∪ (W × Sn−1 ∩DA\A(A))

= GDW (A) ∪ (W × Sn−1 ∩DA\A(A)). �

Remark 4.7. As mentioned in Remark 4.5, DA(A) =
⋃
p∈AD{p}(A) is not

always closed, but⋃
p∈A

GD{p}(A) = (A× Sn−1) ∩DA(A) = DA(A)

is always closed.
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At the end of this section, we give some fundamental properties of geo-
metric directional bundle concerning the union.

Property 4.8. Let Uλ (λ ∈ Λ), A ⊂ Rn such that Uλ ⊂ A for any λ ∈ Λ.
Then we have

GD⋃
λ∈Λ Uλ

(A) =
⋃
λ∈Λ

GDUλ(A).

Property 4.9. Let U,A,B ⊂ Rn suth that U ⊂ A ∩B. Then we have

GDU (A) ∪ GDU (B) = GDU (A ∪B).

Property 4.10. Let U,Aλ (λ ∈ Λ) ⊂ Rn suth that U ⊂ Aλ for any

λ ∈ Λ. Then we have ⋃
λ∈Λ

GDU (Aλ) ⊂ GDU (
⋃
λ∈Λ

Aλ).

Remark 4.11. In Property 4.10 the equality does not always hold. Let
U = {0} where 0 ∈ R3, and let

Λ := {λ = (λ1, λ2, 1) ∈ Q2 × {1} | λ2
1 + λ2

2 = 1} ⊂ R3.

For λ ∈ Λ, Aλ denotes the half line passing through λ and with 0 ∈ R3 as
the starting point.

Let C := {(x, y, z) ∈ R3 | x2 + y2 = z2}. Then we can see that⋃
λ∈Λ

GD{0}(Aλ) = C ∩ S2 and GD{0}(
⋃
λ∈Λ

Aλ) = D ∩ S2,

where D := {(x, y, z) ∈ R3 | x2 + y2 ≥ z2}.

5. GD-IDEMPOTENCE

Let A ⊂ Rn such that 0 ∈ A. Then we simply write GD(A) := GD0(A).
For m = 2, 3, · · · , we de�ne

GDm(A) := GD(LGDm−1(A)).
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We consider the notion of stabilisation concerning the operation GD.

Question 1. Is the operator GD stabilised? Namely, for A ⊂ Rn with
0 ∈ A, does there exist a natural number m ∈ N such that

GDm(A) = GDm+1(A) = GDm+2(A) · · · ?

We have a positive answer to the above question in the case where n = 2.

Proposition 5.1. Let A ⊂ R2 such that 0 ∈ A. Then we have

GD3(A) = GD4(A) = GD5(A) = · · · .

In other words, the operator GD is stabilised at degree 3.

Proof. By de�nition, GD(A) = GD0(A) = Π−1({0}) ∩ BA. Therefore
GD(A) is closed in R2, and GD(A) ⊂ S1.

We �rst consider the case #(GD(A)) = ∞. Since GD(A) is compact, it
has an accumulation point p ∈ S1. Let `p be the half line passing through p and
with 0 ∈ R2 as the starting point, and let us denote by S1

+(p) the closed unit
semicircle connecting p and −p anti-clockwise. Then Dq(LGD(A)) ⊃ S1

+(p) for
any q ∈ `p \ {0}, or Dq(LGD(A)) ⊃ S1

+(−p) for any q ∈ `p \ {0}. Therefore
we have GD2(A) ⊃ S1

+(p) or GD2(A) ⊃ S1
+(−p). It follows that GD3(A) =

GD(LGD2(A)) = S1. Thus we have

GD3(A) = GD4(A) = GD5(A) = · · · .

We next consider the case #(GD(A)) <∞. Let us express GD(A) as

GD(A) = {p1, · · · , ps,−p1, · · · ,−ps, q1, · · · , qt},

where all the elements pi,−pj , qk in the right side are di�erent. Then we have

GD2(A) = GD(LGD(A)) = {p1, · · · , ps,−p1, · · · ,−ps, q1, · · · , qt,−q1, · · · ,−qt}.

It follows that

GD2(A) = GD3(A) = GD4(A) = · · · . �

Example 5.2. For i, j ∈ N, let ai,j := (1
i ,

1
ij ) ∈ R2. If we �x j ∈ N, then

ai,j are points on the half life `j passing through (1, 1
j ) and with (0, 0) as the

starting point. Set A := {ai,j ∈ R2|i, j ∈ N}.
Let `0 be the positive x-axis with (0, 0), and let `∞ be the positive y-axis

with (0, 0). Then we have

LGD(A) = `1 ∪ `2 ∪ · · · ∪ `0 ∪ `∞.

Let pj be the intersection of S1 and `j for j ∈ N. Then we have

GD2(A) = GD(LGD(A)) = S1
+((1, 0)) ∪ {−p1,−p2, · · · } ∪ {(0,−1)}.
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Therefore GD3(A) = S1. It follows that GD3(A) = GD4(A) = GD5(A) = · · · ,
but GD2(A) 6= GD3(A).

Let us consider the following notion in order to distinguish subsets of Rn.

De�nition 5.3. Let A ⊂ Rn such that 0 ∈ A. We say that GD is idempotent

for A or A is called GD-idempotent, if GDGD(A) = GD(A).

We make an observation for the stabilisation of the operator GD.

Observation 1. Let A ⊂ Rn such that 0 ∈ A. Suppose that there exists

a positive integer m ∈ N such that GDm(A) has an interior point as a subspace

of Sn−1. Then we have LGDm+1(A) = Rn.

Proof. Let P be the interior point of GDm(A). Then there exists ε > 0
such that Uε(P ) ⊂ GDm(A), where Uε(P ) is an ε-neighbourhood of P in Sn−1.
Therefore we have

LUε(P ) ⊂ LGDm(A).
It follows that

Rn = LGD(LUε(P )) ⊂ LGD(GDm(A)) = LGDm+1(A) ⊂ Rn.

Therefore we have LGDm+1(A) = Rn. �

As a corollary of Observation 1, we have the following.

Corollary 5.4. Let A ⊂ Rn such that 0 ∈ A. Suppose that there exists

a positive integer m ∈ N such that GDm(A) has an interior point as a subspace

of Sn−1. Then for A, the operator GD is stabilised at degree m if and only if

LGDm(A) = Rn.
In particular, if D(A) has an interior point as a subspace of Sn−1, then

A is GD-idempotent if and only if LGD(A) = Rn.

Let us apply the notion of GD-idempotent to the graphs of oscillations.
As in subsection 2.4, let us denote by G the graph of a continuous function
f : (R, 0)→ (R, 0), and set G+ := G ∩ {x ≥ 0} and G− := G ∩ {x ≤ 0}.

Lemma 5.5. If #D(G+) > 1, then D(G+) has an interior point as a

subspace of S1.

Proof. Let S1
≥0 := {(cos θ, sin θ)| − π

2 ≤ θ ≤ π
2 } ⊂ S1. For −π

2 ≤ θ ≤ π
2 ,

set Aθ := (cos θ, sin θ) ∈ S1
≥0.

Since #D(G+) > 1, there exist −π
2 ≤ θ1 < θ2 ≤ π

2 such that Aθ1 , Aθ2 ∈
D(G+). Let θ be any element of S1

≥ such that θ1 < θ < θ2, and let `Aθ be
the half line passing through Aθ and with (0, 0) as the starting point. Then,
using the mean value theorem, we can show that `θ ∩G+ contains a sequence
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of points converging to (0, 0). Therefore we have Aθ ∈ D(G+). It follows that
D(G+) has an interior point as a subspace of S1. �

By Corollary 5.4 and Lemma 5.5, we have the following criterion for G+

to be GD-idempotent.

Criterion 5.6. Suppose that #D(G+) > 1. Then G+ is GD-idempotent

if and only if LGD(G+) = R2.

We have a similar criterion for the GD-idempotent of G− to that of G+.

Example 5.7. By Criterion 5.6, we can see that G+ of the equiangular
zigzag Gf is not GD-idempotent.

Example 5.8. The semicircle oscillation consists of in�nitely many semi-
circles as follows:

O

By Criterion 5.6, we can see that G+ of the semicircle oscillation is
GD-idempotent.

In the case where #D(G+) = #D(G−) = 1, we cannot apply the above
criterion. We call such an oscillation �at. We give an example of �at zigzag.

Example 5.9 (Equiangular �at zigzag). Let A be the equiangular �at
zigzag as follows.

O

Then GD(G+) consists of 5 points, but GDGD(G+) consists of 6 points. There-
fore GDGD(G+) 6= GD(G+).
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On the other hand, both of D(A) and GDGD(A) consist of the same 6
points. Therefore we have GDGD(A) = GD(A).

It follows that G+ is not GD-idempotent but A is GD-idempotent like the
equiangular zigzag (see Example 5.7 also).

Example 5.10 (Super quick �at zigzag). Let A be the super quick �at
zigzag as follows.

O

Then we have D(A) = GD(A) = {(±1, 0)}. A satisi�es condition (SSP ) at
0 ∈ R2. Since A is �at, it induces a bi-Lipschitz homeomorphism.

We can see also that G+ and A are GD-idempotent. Therefore the
GD-idempotence ofG+ distinguishes the super quick �at zigzag from the equian-
gular �at zigzag.
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