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Let X (t) denote the wear of a machine and Y (¢) the number of items it produces
per unit time. A system of stochastic differential equations is considered for the
vector process (X(t),Y(t)). The aim is to find the average time it takes the
two-dimensional diffusion process to hit a certain boundary for the first time.
The appropriate Kolmogorov backward equation is solved explicitly by making
use of the method of similarity solutions.
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1. INTRODUCTION

Let X (t) denote the wear of a machine at time ¢. Because wear cannot
decrease, many authors have used a gamma process, which is a pure-jump
increasing Lévy process, as a model for X (¢); see, for instance, [5]. Others have
used one-dimensional diffusion processes, in particular Wiener processes; see [7|
and the references therein. Ghamlouch el al. [2| have proposed a model based
on a jump-diffusion process. Depending on the infinitesimal parameters of the
diffusion processes, these processes can yield satisfactory results. However, any
one-dimensional diffusion (or jump-diffusion) process will both increase and
decrease in any time interval.

In order to obtain a more realistic model, we will consider (see [6]) two-
dimensional (degenerate) diffusion processes {(X(¢),Y(¢)),t > 0} defined by
the system of stochastic differential equations

(1) dX(t) = Y(t)dt,
(2) Ay (t) = fIY(@®)]dt+ {o[Y ()]}/2dW (2),
where {W(t),t > 0} is a standard Brownian motion and {Y(¢),t > 0} is a dif-

fusion process that always remains positive, so that wear always increases, as
required. Y'(¢) could be, for instance, the operating speed of the machine. The
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function f(-) in Eq. (2) is the infinitesimal mean of the process {Y(¢),t > 0},
while v(+) > 0 is its infinitesimal variance.

In this note, Y (t) will be taken as the number of items produced by the
machine per unit time (at time t), and we will assume that

(3) dY (t) = Y ()dt + Y () dW (2).

Hence, the process {Y(t),t > 0} is a geometric Brownian motion with infinites-
imal mean —y and infinitesimal variance 2. As is well known, if Y(0) > 0,
the process will indeed always remain positive. Notice also that Y (¢) tends to
decrease (because the infinitesimal mean is negative), which is realistic.

Next, let
(4) T(x,y) ::inf{tZO:X(t):k:|X(0):33,Y(0):y}7

Y(t)
where k, x and y are all positive, and x/y < k. That is, the first-passage time
T denotes the first time that the ratio X (¢)/Y (t) becomes too large, so that the
useful life of the machine is over or, at least, the machine should be repaired.
We see that this could be due to the fact that the machine is too old, or that
its production per unit time has decreased too much.

We are interested in computing the expected value of the random vari-
able T'. In reliability theory, perhaps the most important quantity is indeed the
expected lifetime of the machine or, in general, the device of interest. For in-
stance, a manufacturer is interested in knowing this expected lifetime, in order
to estimate the cost of the warranty it offers.

Let p(t; x,y) denote the probability density function of the random vari-
able T'(x,y). This function satisfies the Kolmogorov backward equation
(5) %y%yy(ﬂc, y) —ypy(@,y) +ypa(@,y) = pe(z,y).

It follows that the moment-generating function of T' (or the Laplace transform
of its probability density function)

(6) M(z,y;a) .= FE [e_aT(r’y)} ,
where a is a positive constant, satisfies the partial differential equation
(7) %yQ Myy(z,y;a) —yMy(z,y;a) + y Mz (2, y;0) = aM(z,y;a)
and is such that (because T'(z,y) =0 if x/y = k)
(8) M(z,y;a) =1 if z/y =k.

Next, since

(12
9) E [e—amy)} = 1-aB[T(z,y)] + 5 B[z, y)] — ..,
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Eq. (7) implies that
(10) m(z,y) = E[T(z,y)]

is a solution of

1
(11) §yzmyy(ﬂf7y) —ymy(x,y) +yme(z,y) = —1,

subject to the boundary condition
(12) m(z,y) =0 ifx/y==~F.

In the next section, we will solve the boundary-value problem (11), (12)
explicitly by making use of the method of similarity solutions.

2. MEAN VALUE OF T(z,y)

Asmentioned in the previous section, the function M(z, y; a):= E[e~¢T(®¥)]
satisfies Eq. (7), subject to the boundary condition (8). Using the results in [4],
we could derive an exact and explicit expression for M. From this expression,
we could theoretically obtain the function m(z,y) by computing

.. OM(z,y;a)
(13) m(z,y) = —lgfg 5

However, because M is expressed in terms of special functions (Whittaker func-
tions and confluent hypergeometric functions, to be precise), making use of the
above formula is actually very difficult. It is much easier to solve directly (11),
(12) instead.

Lefebvre [4] (see also [3]) showed that M (z,y;a) can actually be written
as follows:

(14) M(z,y;a) = N(z;a),

where z := x/y. That is, he used the method of similarity solutions to solve
the partial differential equation (7). He also proved that the solution, subject
to the appropriate boundary conditions, was unique.

We will proceed in the same way here. That is, we can assume that

(15) m(z,y) = n(z),
with the similarity variable z being defined above. Then, we find that Eq. (11)
is transformed into the ordinary differential equation

(16) %ZQn"(z) b2+ D)n(2) = —1.

The boundary condition (12) becomes
(17) n(k) = 0.
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Fig. 1 — Expected value of the random variable T'(z,y),

as a function of x/y, when k = 1.

08
06
04

02

0 2 4 5 B 10

Fig. 2 — Expected value of the random variable T'(z,y),

as a function of x/y, when k = 10.

Next, making use of the mathematical software Maple, we find that the
solution of (16), (17) may be written as

1 /k c1€2/* — 2u3 + 2u? — 4u + 8e*“Ei(1,2/u)
z

(18) () =5 :

in which ¢; is an arbitrary constant and Ei is the exponential integral defined
by (see [1, p. 228])

(19) Ei(1, 2) = /100 .

du,
u

t

k ¢2/u
Now, we can show that [~ ¢

du diverges as z decreases to zero. It
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follows that we must choose the constant ¢; = 0 in (18). Hence, we can state
the following proposition.

PROPOSITION 2.1. The mean value of the first-passage time T(x,y) de-

fined in (4) is given by
2 /k u3—u2+2u—462/“Ei(1,2/u)d

(20) me,y) = 5

To conclude this section, we present in Fig. 1 and Fig. 2 the function
m(x,y) when we choose the constant £ = 1 and k = 10, respectively. We see
that it is strictly decreasing, as it should be.

u.
1
z/y u

3. AN EXTENSION

In Section 2, we assumed that the wear X (¢) of the machine at time ¢
depended on the variable Y (¢). We mentioned that Y (¢) could be the operating
speed of the machine. In practice, there can be many variables that influence
X(t). For example, in addition to the operating speed, temperature is an
important variable. Moreover, in some applications the variations of X (¢) could
also depend on the value of X (¢) itself, and not only on the variables Y3 (t), Ya(¢),

. We could also accept that there are sometimes small decreases in the values
taken by X (t) because of measurement errors, etc. Therefore, we now consider
the system of stochastic differential equations

¢ 2 v2/\11/2
(21) dX(t) = mdt + o X () dt + {02 X?(t)}/? dBy(t),
(22) dYi(t) = mwYi(t)dt+ {07 Y2 (1)} /2 dBi(t),

where ¢ # 0, a; # 0, o; > 0 and the processes {B;(t),> 0} are independent
Brownian motions, for ¢ = 0,1,...,n.

We define
n
(23)  T(x,y1,...,Yn) = inf{t >0: X(t) [[[Vi(0)]% = k1 or k:g},
i=1
given that X(0) = z and Y;(0) = y; for i = 1,...,n. We assume that k; <
Hz 1 yz < k;2
The moment-generating function
(24) (I)('Ia Y1y 5Yn; 7) =F [6_’YT(E’y1""’y")}
satisfies the Kolmogorov backward equation
(25)
c
i=1Yi

i=1
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subject to the boundary conditions

(26) D(z,y1,. . Yn;y) =1 ifoy?i:kl or ks.
i=1

Now, based on the above boundary conditions, we look for a solution of
the form

(27) Q(z,y1, .. Yniy) = ¥(2),

where
(28) zi=u Hyf”
i=1

Under this assumption, we compute

(29)
2
0P - ai ! 82@ s a; " 0P a;—1 aj oyl
%:Hyi U'(2), Tz = <Hyl ) U (2), a—yi:xaiyi HyJJ\I’(z)
i=1 =1 J#i
and
2
0%® _1 2 a
(30) W_ a;y;"’ H U(z) + wai(a; - HyJ\I/
Yi J#i J#i

Hence, we find that the partial differential equation (25) is transformed
into the ordinary differential equation

(31) fZUQaQZQ\IJ" Zo— a;(a; —1)29'(2)

+ Zuiaiz‘lﬂ(z) + iang U (2) + (c+ poz) U'(2) = yU(2).

That is, we must solve

(32) = {00 + Za } 207 (2)
{ M0+Z< o7 ai 11)+mai>
subject to

(33) U(k1) = W(ka) =
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Let

and
(35) —Mo—}—Z( oZa;( Z—l)+,uiai>.

Making once again use of the mathematical software Maple, we can find the
general solution of

(36) 220" (2) + (¢ + B2) V' (2) = yU(2).
We can therefore state the following proposition.

PROPOSITION 3.1. The function ®(x,y1,...,yn;y) = ¥(2) is given by

a2 A_ 2 2
B(z) = - MAzﬁ{ClM(B—I—A o? o —I-A7 c)

202 a2 a2z
B+A—-0a® >+A ¢
(37) +CQU ( 2052 ) 062 ) Oé2Z )
in which
(38) A= /a* + (4vy —28)a? + B2,

M(,-,-) and U(-,-,-) are confluent hypergeometric functions ([1, p. 504]), and
the constants c1 and co are uniquely determined from the boundary conditions

U(ky) = U(ks) = 1.

4. CONCLUDING REMARKS

An exact and explicit expression has been obtained for the expected value
of a random variable that represents the useful life of a machine. In the model
that was considered, the variable X (¢) that denotes the wear of the machine
at time t was defined in such a way that it was always increasing with time.
To obtain this behaviour, we had to consider a system of two stochastic dif-
ferential equations in which the derivative of X (¢) with respect to time was a
deterministic function of another variable, Y (¢). The process {Y (t),t > 0} was
assumed to be a geometric Brownian motion, which always remains positive.
We could have used another diffusion process that cannot become negative.
We could also have used a Gaussian process, such has a Wiener process or an
Ornstein-Uhlenbeck process, but with a reflecting boundary at the origin.
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If we had worked in discrete time instead, then we could have considered
a one-dimensional Markov chain model for the stochastic process {X,,n =
0,1,...} such that X,, increases with n. To obtain the expected value of the
random variable that corresponds to T'(z, y), we would have to solve a difference
equation, subject to the appropriate boundary condition.

Finally, a related problem for an (n 4 1)-dimensional diffusion process
was considered and solved explicitly. This problem generalizes the one in [4].
We could next compute the expected value of the first-passage time variable
defined in this generalization.
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