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Let (R, rUs, sVr,S) be a Morita context. We study the connection between
the classes of preradicals PR(R) and PR(S) of the categories of modules R-Mod
and S-Mod. Two mappings between PR(R) and PR(S) are constructed from
the functors Homg(U,-) and Homs(V,-). We investigate several properties of
these mappings, in particular their behavior relative to the order, intersection
and heredity. Similar methods were used earlier for preradicals in an adjoint
situation.
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1. INTRODUCTION. PRELIMINARY DEFINITIONS
AND FACTS

The purpose of this article is the elucidation of relations between the
preradicals of two module categories R-Mod and S-Mod in the case when there
is given an arbitrary Morita context (R, zUs, sVg,S). Then the functors HY =
Hompg(U,-) and HY = Homg(V,-) between these categories are considered

(—)”

and two mappings PR(R) PR(S) are defined by them between

the classes of preradicals of the categories R-Mod and S-Mod.

The main results of this work show the properties of these mappings, in
particular the preservation of order relations, of intersections and of heredity of
preradicals. The special cases of preradicals defined by the trace ideals of the
given context are studied. Some similar results were proved earlier for adjoint
functors [4,8,9]. The torsions in Morita contexts are studied in [5-8].

Now we shall describe more precisely the notions and the situation to be
studied. Let R be a ring with unity and R-Mod be the category of unitary
left R-modules. The homomorphisms of left R-modules are written on the
right of elements. The product (composition) of R-morphisms f: M — N and
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€

g: N — P is denoted as f-g: M — P, where (m)(f-g) def (mf)g for
every m € M.

A preradical r of R-Mod is a subfunctor of the identity functor
1z : R-Mod — R-Mod, i.e. r is a function which separates in every mod-
ule M € R-Mod a submodule r(M) C M such that [r(M)]f C r(M’') for
every R-morphism f: M — M’ of R-Mod. We denote by PR(R) the class of
all preradicals of the category R-Mod [1,4].

The Morita context (R, rUs, sV&,S) consists of two rings R and S, and
of two bimodules RUg and V3 with bimodular morphisms:

(,): U®sV — R, L]: VegU— S,
which satisfy the relations of associativity:
(u,v)u' = ulv, ], [v,u]v" = v (u,")

for u,u’ € U and v,v' €V [2,3,10,11].

The images of these morphisms I = (U,V) <« R and J = [V,U] <« S are
ideals in R and S, respectively, and are called the frace ideals of the given
Morita context.

The notion of Morita context is widely used in algebra with diverse goals
and has its origin in the investigations of K. Morita on equivalence of module
categories. Each bimodule defines a pair of adjoint functors. The preradicals
in an adjoint situation are studied, in particular, in [4,8,9].

For Morita contexts in [5,6,8] a bijection is shown between two sublattices
of the lattices of torsions of R-Mod and S-Mod. It is defined by the action of
the functors HY and HV to the injective cogenerators of torsions.

In the present paper, we will analyze the connection between the prerad-
icals of the categories R-Mod and S-Mod, determined by the pair of functors:

HY=Homp(U,~)

R-Mod S-Mod,
HY=Homs (V)

where (R, zUs, sVg,S) is an arbitrary Morita context. The pair (HY, H") is
accompanied by two natural transformations:

0 g poa — HYHY, ¥ ls_moa — H'HY,

which are defined as follows. For every module X € R-Mod we have the
R-morphism ¢, : X - HYHY(X) determined by the rule:

(1.1) U (v(:z: gox)) dof (u,v) x,

where x € X, v € V, u € U. Similarly, for every module Y € S-Mod the
S-morphism ¢, : Y — HYH(Y) is defined by the rule:
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(1.2) v (ulyty)) <= [v,uly,

where ye Y, ueU,veV.
The natural transformations ¢ and v are compatible with the functors
Yand HV in the following sense. For every module X € R-Mod we have the
relation:

(1.3) HU((PX) = wHU(X)'
Similarly, for every module Y € S-Mod the following holds:
(1.4) Hv(wy) = (pHv(Y).

2. MAPPINGS BETWEEN THE CLASSES OF PRERADICALS

Let (R, grUs, sVg,S) be an arbitrary Morita context. We consider the
HY=Hompg(U,-)

functors R-Mod S-Mod with the natural transformations
HY=Homg(V,-)

0 Iz mea = HYHY and ¥ : Lg_yoqa — HYHY, defined by the rules (1.1) and

(1.2). In this situation, we will define two mappings:

PR(R) PR(S)

between the classes of preradicals of categories R-Mod and S-Mod.

The mapping 7 ~» r* from PR(R) to PR(S) is defined as follows. Let
r € PR(R) and Y € S-Mod. Applying H" and using r, we obtain in R-Mod
the exact sequence:

v Ty
0— r(HV(Y)) R(eIN HY(Y) = (:) YY) /r(HY(Y)) = 0,
where ZHV<Y> is the inclusion and ﬂ'HV(Y) is the natural epimorphism. Further,

we apply the functor HY, adding the morphism

) T -s

HY[HY(Y)/r(HY(Y))].

) HU(iI;V(Y))
_ >

0— HU(T(HV(Y)) HYHY(Y)

DEFINITION. For every preradical r € PR(R) we define in S-Mod the
function r* by the rule:

% def
(21) r (Y) Ker [1/1 HU( HV(y))]
for every module Y € S-Mod.
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The other form of the module r*(Y) is indicated in
LEMMA 2.1. 7*(Y)={y € Y |U(yv,) Cr(H(Y))}.
Proof. By the definition we have:

yer*(Y)evueU, ulyy,)+r(H(Y))=0sVuel,

u(yy) € r(HYY)) & Ulyyy,) Cr(H(Y)). O

REMARK. If y € r*(Y), then [V,U]y C V (r(H"(Y))).

Indeed, by Lemma 2.1:

y €r'(Y) = Ulydy) Cr(H'(Y)) = V(U(ydy)) SV (r(H'(Y))).

Now by the definition of 3 (see (1.2)) we obtain: V(U(y,)) = [V,Uly,
therefore [V,U]y C V (r(HY(Y))).

Further, the exactness of the sequence from the previous diagram permits
us to show the other possibility to express the function r*.

LEMMA 2.2. For every preradical r € PR(R) and every Y € S-Mod the
following relation holds:

(2.2) F(Y) = [Im HY iy, )] 657

Proof. Since Im H"(i va) Ker HY(7 HV(Y)) we have:
[Im HU( HV(y))]w; = [Ker HU( HV(y))]w;l
def 4
= Ker[ty - HY ()] L r(Y). O

THEOREM 2.3. For every preradical v € PR(R) the function r* defined
by the rule (2.1) (or (2.2)) is a preradical of the category S-Mod.

Proof. Let r € PR(R) and ¢ : Y — Y’ be an arbitrary morphism of
S-Mod. Using HY and r we obtain in R-Mod the commutative diagram:

r

(% TV
0——r(HY(Y)) =22 HY(Y) =2 HY(Y) /r(H"(Y)) —0
(HY(g)) HV(g) (/)Y ()

Y)

Y
—=H(Y')/r(H"(Y")) —=0,

0——> r(HV(Y’)) % H (Y’)

where r(H"(g)) is the restriction of H"(g) (by the definition of preradical),
which implies the morphism (1/r)(H"(g)).
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Now by HY and v we have in S-Mod the commutative diagram:

U T )
(Y)Y v HVHY(Y) o g [HY(Y)/r(HY(Y))]
: lg J{HUHV(g) HY(1/r) (HY(g)]
y HU(ﬂ}TIV(Yl)) \i
P (Y!) — Y gy — O gt gy vy Je(BY (V)]

By the definition of r*(Y) it is clear that (r*(Y))[v, - HY(m HV(Y))] =0,
therefore (r*(Y))[v, - HY (" TV oy )-HY[(1/r) (H"(g))]] = 0. Since the diagram
commutes, we obtain (r*(Y))[g - Y, - HY(m) TV iy ))] = 0. This means that

(r*(Y))g € Ker [1/) ,-HY (7" TV oy ))] det r*(Y') for every g: Y — Y. Therefore
r* is a preradical of S-Mod. [

In that way for the given Morita context (R, zUs, sVi,S) the mapping

PR(R) — " 4 PR(S) is defined by the functors H” and HY, using the

natural transformation . In a completely similar manner we can define the
inverse mapping PR(S) B A PR(R) with the help of the same functors
HY and HYV, using the natural transformation .
Namely, if s € PR(S) and X € R-Mod, then in S-Mod we have the
sequence:
HU(X) H Uix)

0— s(HY(X)) —— HY(X) —= H(X) /s(HY(X)) — 0.

nat

Applying HY and adding ¢, we obtain in R-Mod the situation:

X
=~ ~
-~
iw L
X ~
HY (s =<
(WHU(X)) ~

) HV(i:IUU())
_ >

0— HV(S(HU(X)) HYHY(X) —— 0~ gV [HY(X)/s(HY(X))].

We define the function s* by the rule:
* def
(2.3) s*(X) = Ker [ HV( HU(X))]
or

(2.4) s*(x) 2L

[Im Hv( HU(X))] 90;1'

From the complete symmetry of the studied situation and of used methods, it
is clear that the function s* is a preradical of R-Mod.
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Thus we have two mappings PR(R) PR(S) which are com-

pletely similar and this fact permits us to investigate only one of them, trans-
ferring without proofs the results from one mapping to the other.

3. PARTICULAR CASES

With the purpose of illustrating the previous constructions, we will show
now the action of the defined mappings in some particular cases: for the extreme
(trivial) preradicals O and 1, and also for the preradicals defined by the trace
ideals I <« R and J < S of the given Morita context. The ideal I = (U,V) of
R defines the preradical (pretorsion) ;) of R-Mod by the rule:

rn(X)={zre X |z =0} = Kerg,,

for every X € R-Mod ([|10]). Similarly, the ideal J = [V,U] of S defines in
S-Mod the preradical (pretorsion) 7, such that:

T(J)(Y) = {y c Y|Jy = O} — KGI’@ZJY’

where Y € S-Mod.

a) Let r = Op, i.e. 7(X) =0 for every X € R-Mod. Then for Y € S-Mod
we have r(HY(Y)) = 0, therefore H"(m HV(Y)) = lyuuvy, and by the defini-
tion r*(Y) = Kerty,, where ¢, : Y — HYHY(Y') and

Kergp ={yeY|yy, =0} ={yecY|[V,U]ly=0} ={yeY| Jy=0}.

This means that O, = 7. By symmetry we have: O/ = r;. We remark
that 7 is the least preradical of the form r* for some r € PR(R).

b) Let r=1, i.e. 7(X)=X for every X € R-Mod. Then for Y € S-Mod
we have H(Y) = r(HY(Y)), so =’ vy, = 0- Therefore HY(m HV(Y)) =0 and
(% HU( HV(Y) 0. Then Ker [wy HU( va)] =Y and by the definition
r*(Y) =Y forevery Ye S-Mod, which means that 1, = Is. By the symmetry:
:[ls* — ]].R

c) Let r = r;y € PR(R) and we show the corresponding pre-
radical 7, € PR(S). TFor Y € S-Mod by the definition 7,j(Y) =
Ker [y, - HY(m va)], where n“v)( o HYY) = HYY) /1) (HY(Y)) is the
natural epimorphism. By the definition of 7, for every f € HY(Y') we have:

Using this fact and the definition of 1, (see (1.2)) we obtain:

(V) = {yeY|yy eKe 'Y, )} ={ye¥ |y -n2, =0
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= {yeY|Uw) CKermy, = ny (H(V))}

& {yeY[UN(UH) =0} ={y e Y|(UIV.U)w¥) = 0}
2 {yev | [VUv,Ully =0} = {yeY| (V,U]- [V,U])y = 0}
= 7<'J2)(Y).

Therefore 7" = 7,2). Similarly: 7} = 7,2.

Summarizing the four cases mentioned above, now we can represent the
general situation as follows:

PROPOSITION 3.1. a) 0. = 1, O = npy;

b) 1.5 = 1g, 15 = 1g;

) Ky =Tz Kh = ke U

Further we will show the relation between the preradicals 1, € PR(R)
and 1, € PR(S). For that we will define a mapping r~- 7’ such that to every
preradical r € PR(R) corresponds a function r’ defined on I'm HY C S-Mod.
Namely, having r € PR(R) and X € R-Mod we consider the inclusion
i : r(X) = X and the image HY(i%,): HY(r(X)) — HY(X) in S-Mod.
We define the function 7’ by the rule:

(3.2) ' (HY(X)) 2L 1 (HY(,)).

Then 7’ acts in Im HY C S-Mod and separates the submodule r/(HU(X)) in
H(X) for every X € R-Mod. This function possesses the following property,
which shows its concordance with the morphisms of R-Mod.

PROPOSITION 3.2. For every preradical v € PR(R) and every R-mor-
phism f: X — X' the following relation holds:

[ (HY(X)) ] (HY(f)) € ' (HY(X")).
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Proof. For r € PR(R) and f: X — X’ we have the diagram:

r(X) x X

| c
I'f lf
\ ir

r(X) —= X/,

where f is the restriction of f. Then in S-Mod we obtain the situation:

HY(i%)

— T
HY(r(X)) — Im H(i%,) — HY(X)

I |
| HU(F) | HU(f) iHU(f)
\ \i
HY(r(X")) — HII}?TI%U(Z';,) —= > HU(X').
— %

Therefore:
Im [H(i - H'(f))] = Im [H"(f) - H'(i%,)] € H(i%),
i.e. [ImHY(iy)|(HY(f)) € ImHY(iL,), which by the definition (see (3.2))
means that [/ (HY(X))](HY(f)) € ¥ (HYX")). O
Let (r,s) be a pair of preradicals, where r € PR(R) and s € PR(S). We
will say that these preradicals are conjugated if r'(HY(X)) = s(HY(X))

and s'(HY(Y)) = r(HY(Y)) for every X € R-Mod and Y € S-Mod. Then
the connection between the preradicals 7;) and 7, can be expressed as follows.

PROPOSITION 3.3. The preradicals r; € PR(R) and r,; € PR(S) are
conjugated, i.e. Im H(ix") =1, (HYX)) and Im HY(ix") = ry, (HV(Y))
for every X € R-Mod and Y € S-Mod.

Proof. For X € R-Mod by the definition 7,,(X) = Ker ¢, . We consider
in R-Mod the exact sequence:
RO

0 — Kerp, —— X —— HH'(X),
which implies in S-Mod the exact sequence:
HY (I) HU(QO )
0 — HY(Ker ) —— 20— HY(X) =2+ HUHVHY(X),
wHU(X)

where H"(py) = v xy (see (1.3)). Therefore:

Im HY(i\") = Ker H(p,) = Ker Vru(x) Qet o (HY(X)).

By symmetry the second relation of proposition also holds using (1.3). O
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For every preradical r» € PR(R) we denote by
P(r) ={X € R-Mod | r(X) = 0}
the class of all r-torsionfree modules. From the last proposition we get the

COROLLARY 3.4. HYP(rp) € P(ry), HY(P(ry) € Plry).

Proof. If X € P(ry), then 71, (X) = Kerp, =0 and it = 0. There-
fore Im H(iy") =1, (HY X)) =0, i.e. HU(X) € P(n,)). O

To conclude this section we show the connection between the mappings
r~ 1" and r ~ r* defined above.

PROPOSITION 3.5. For every preradical v € PR(R) and for every module
X € R-Mod we have the relation:

r'(HY(X)) € r*(HY(X)).
Proof. In the given conditions we consider the diagram:

Px

X HVHY(X)
LﬂTi& UTi;VHU(X>
r(X) - - P, r(HVHY(X))
By HY it implies in S-Mod the situation:
OO0 —— ) o x)
THU(ZX oo THUU;;VHU(X))

HY(,.)
H(r(X)) - - -—=- >~ HY[r(HYHY(X))],
where HY(py) = Yyu(x)- By the definitions it follows that:

% def .7 -
PHUX)) EE (I H ) [t

P(HYX)) 2L Im HYE).
Since the diagram commutes, we have:
Im[H(iy) - H(p)] = [Im[H"(iy) - Ypuix)]
= Im[H@) - H'(ivv )] € Im H (igv,0))-
Applying wgllj(x) we obtain:
Im HY() € {Im [HYG) - daooo ] by S [Im HY (i000) [
which by the definitions means that +'(HY(X)) C r*(HY(X)). O
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4. “STAR” MAPPINGS AND ORDER RELATIONS

Now we will verify the behavior of the mappings PR(R) % PR(S)

*

defined above relative to the partial order in the classes of preradicals of R-Mod
and S-Mod. Recall that the partial order in PR(R) is defined as follows:

rp <ry & 1(X) Cra(X)

for every module X € R-Mod.

THEOREM 4.1. If r1,r9 € PR(R) and r1 < ro, then in the class PR(S)
we have 7 < 15", i.e. the mapping r ~ r* is monotone.

Proof. Let Y € S-Mod. Then the relation r; < ro implies the inclusion
i 7r (HV(Y)) —S oy (HV(Y)) and we have in R-Mod the situation:

ri(H'(Y)) HYY)/r (HY(Y))
| 7 |
| < 1“‘ |
. 1 Z, iy i
: ;L‘ZC 11(;;2 :
y = y
ro(HY(Y)) HY(Y)/ro(HY(Y)),

where 7 is defined by the inclusion i. By HY and v we obtain in S-Mod the
diagram:

HY[HV(Y)/r1(HY(Y))]

\
HY[HY(Y)/ro(HY(Y))],

where ¢, - HY(m) - HYmw) = 1, - HY(m2), so the kernels of these morphisms
coincide. Therefore

Ker [y, - H'(m)] < Ker[th,- H(m1) - H"(7)] = Ker [¢h - H"(72)].

By the definition this means that r*(Y) C r,*(Y) for every Y € S-Mod, i.e.
rif <ryt. O
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By symmetry we conclude that the inverse mapping PR(.S) i> PR(R)

also is monotone: s1 < s9 = 57 < 55",
In connection with the order relations in the classes of preradicals we
mention one more fact on the “star” mappings.

THEOREM 4.2. For every preradical r € PR(R) the following relation
holds: r < r**

Proof. Let r € PR(R) and X € R-Mod. By the rule (2.1) for ¥ =
def

HY(X) we have r*(HY(X)) == Ker [1h,vy, - HU(”:;VHU(M)L where the natural
epimorphism
TVt ) HYHY(X) —— HYHY(X)/r(H"H"(X))

implies in S-Mod the composition of morphisms:

U(r

YU, Uix) 7THVHU(X))

HY(X) 2 HYHVHY(X) HU[H'HY(X) /r(H'HY(X))].

Now we apply the mapping PR(S) & PR(R) to the preradical r* €
PR(S) and module X € R-Mod (see (2.3) or (2.4)).

Using HY and r* we have in S-Mod the natural epimorphism 7" U(x>
HY(X) —— HY(X)/r*(HYX)). By H" and ¢ now we obtain in R-Mod
the composition of morphisms:

X X HYHY(X) ) [HY(X) /r*(HY(X))].

By the definition: 7**(X) 2 Ker (o - HY (7 HU(XN

To establish the relation of this module with r(X) we consider in R-Mod
the following commutative diagram:

0 r(X) : X T X /r(X

| nat |
I 7(ey) Px 1 (1/7) ()
' j Vi <x> Y
0 ——r(HYHY(X)) —> H'HY(X) "= HVHY(X)/r(H"HY(X)) — 0,

where the lateral morphisms are implied by ¢, and r. Applying HY we obtain
in S-Mod the commutative diagram:
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HU )
c HU<<PX)
r*(HY(X)) —— HY(X) HYHVHY(X) HY(X)/r* (HY(X))
=~ Vf{U(X) U g —
~ i H (7(7‘ ) = —
\LHU(‘NX) T~ \f l HVHU():) PR ie
" Via/m el A A
HY(X/r(X)) — — — — = > HY[HVEY(X)/r(HVHY(X))] Imf ,

where by f is denoted the composition ¢y, - HU(W}’;VHU(X)), therefore

r*(HY(X)) Lot Ker f. By the first isomorphism theorem we have

Y X)/r* (HU )) > I'm f. We denote by g the composition of this isomor-
phism with the inclusion Im f C HY[HVHY(X)/r(HVHY(X))]. Then it is
clear that 7THU<X) g = f and that ¢ is a monomorphism.

Now we observe that by the relation (2.3) we have H"(py) = ¢yu(x) and
using the commutativity of diagram it follows that:

Yrvixy - H (M) = Hey) - H (M) = H(m) - HY[(1/r) ()],

therefore 77, o 9= HY(my)-HY[(1/7)(py)]- Using HY and ¢ we obtain now

Y
in R-Mod the commutative diagram:

HV(TI'T* )
P (X) — X — 2 HYHY(X) T HY[HYX) [ (HY(X)]
|
i lHVHU(w§) \ HY(g)
V] T
X X/T(X) VHU(X/T(X ) ff L(l/,)(fx)] HVHU[HVH /7’( VHU X))]

Since HY(g) is a monomorphism, from the commutativity it follows that:
r(X) = Ker [ HV( U(X))] = Ker [ HV( HU(X)) -HV(g)]

= Ker [} ¢y, HH[(1/r)(¢y)]] 2 Kerm = r(X).
Thus 7*(X) 2 r(X) for every X € R-Mod, i.e. ™ >r. O

By symmetry we have the relation s** > s for every preradical s € PR(S).

5. INTERSECTION AND HEREDITY FOR “STAR” MAPPINGS

In this section, we will show other examples of good behavior of “star”
mappings, namely the preservation of intersection of preradicals, as well as of
hereditary property for preradicals.
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Let {r,| a € A} C PR(R) be an arbitrary family of preradicals of R-Mod.
The intersection /A 7, of these preradicals is defined by the rule:

ac
(N re)(X) = () ral(X)

ac ae

for every X € R-Mod. Further we intend to verify the preservation of this lat-
tice operation by the “star” mappings defined above. For that we formulate two
preliminary statements, which show the concordance of kernels and preimages
with the intersection of submodules (Lemmas 5.1 and 5.2).

For the family of preradicals {ry,| o € A} C PR(R) in the construction
of r,* and (A ry) * the following natural epimorphisms are used:

aeA
7TTHaV(Y) D HYY) — HY'(Y)/ra(H'(Y)),
A 7a
) — Em AR,

acA
where Y € S-Mod. For these morphisms the following relation holds.

A ra
ac
LEMMA 5.1. Ker [HY (7357 )] = argm [Ker HY (m5,))]-
A ra
Proof. By the definition of HY we see that H U(wﬁ,?‘y)) transfers every

morphism f: U— HY(Y) in the composition f- 77"?/?1 . Therefore:

A Ta A 7o
Ker HY(m ;\E,Q;)) = {f[:U—=HY)|f TF;.;%/?Y>: 0}

= {f: U= H ) |UFC( N\ra) (H(YV) S ra(HY(Y))}.

ac ac

Similarly, for every 7, (o € 2) we have:

Ker HY (m HV(Y)) {f:U-H"Y)|f ﬂr‘i,(y)— 0}
= {f:U—H"Y)|Uf CKer WH“V(Y) = 1 (H(Y))}.
Therefore:
() [Ker H'(x%,)] = {f:U—=HY)|Uf C ra(HY)) Vo e}
ac

= {f:U—=HW)|Uf [ (@NY)}

acd
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Comparing the obtained expressions we see the relation indicated in the

lemma. O

A similar property holds for the preimages of morphisms.

LEMMA 5.2. [ n Ker HY (%, )]y = n [(Ker HY(m )4y ]

Proof. By the definitions we have:

Y ﬂ Ker HU( TV vy )]wY Sy € m Ker HU( HVY))
aed aed
&y, € Ker H'(n HV(y)) Vo € A < ye [Ker HY(m HV(y))]w;Wa e

& ye () [(Ker HY(n, ))vy']. O
acA
THEOREM 5.3. For every family of preradicals {r,| o € A} C PR(R) we
have the relation: ( \1a)" = A 1.

ac ac
Proof. For every module Y € S-Mod by the definition we have 7. (Y) =
A 7a
Ker [¢,- HY(%,, )] and (a/e\mra)*(y) = Ker [y - H”(n}57, )] Using Lem-
mas 5.1 and 5.2 we obtain:
* U o/E\QlTa U aé\ﬂra -1
( /\Ql ) (Y) = Ker[¢-H(mY, )] = [Ker H (nz5.))]vy
aE
5.1 5.2 _
2= [[(Ker HY(x va)]wyl_ () [(Ker H(n T )5 ]
acl ac
= ﬂ Ker [¢, HV(Y))] def ﬂ ri(Y) = (/\ ) (Y),
ac ac ac
for every Y € S-Mod, which means that (A )" = A ry. O
ac ac

The similar property is true for the inverse “star” mapping: ( A sa)* =
ac

N s for every family {s, | « € A} C PR(S).

ac
Further we will study the behavior of “star” mappings relative to the

hereditary property of preradicals. Recall that the preradical r € PR(R)
is called hereditary (or: 1 is a pretorsion) if r(M) = r(X) N M for ev-
ery module X € R-Mod and every submodule M C X. This means that
class of r-torsion modules R(r) = {X € R-Mod | r(X) = X} is hereditary
(i.e. is closed under submodules).
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THEOREM 5.4. If the preradical r € PR(R) is hereditary, then the corre-
sponding preradical r* € PR(S) also is hereditary.

Proof. Let r € PR(R) be an hereditary preradical. We will prove that
for every inclusion n: N — Y of S-Mod the relation 7*(N) = r*(Y) N N
holds.

Applying the functor HY to n and using r we obtain in R-Mod the
commutative diagram with exact sequences:
) A HY(N) LAGY HY(N) /r(HY(N)) —=0

c nat T‘

r(HY(n)) HY(n) | (1/m)(HY (n))
V) AGS

HY(Y)/r(H"(Y)) —=0,

nat
where the lateral morphisms are defined by HY(n) and r, in particular
(1/r)(H"(n)) acts as follows: for every m + r(HY(N)) € HY(N)/r(H"(N))
we have:

(m+ 7 (HY(N))) [(1/r) (HY(n))] <= (m) (H"(n)) +r(H(Y)).

It is obvious that HY(n) is a monomorphism.

Using the heredity of r € PR(R) now we will show that
(1/r)(H"Y(n)) also is a monomorphism. Indeed, the left square of the above
diagram can be completed as follows:

(I (N) — e ()
T(Hv(n))// ’ l% HY(n) lw
(r(ImHV(n)) = Im HY(n)
N A
r(HY(Y)) —— e HYY)

Since r is hereditary, for the inclusion Im H"(n) C HY(Y) we have:
(5.1) r(ImHY(n)) = ImH"(n) Nr(H(Y)).
Let m = m + r(HY(N)) € Ker[(1/r)(H"(n))]. Then (m)H"(n))

r(HY(Y)) and so (m)(H"(n)) € Im H"(n) N r({:TV(Y)) 6l r(Im HY(n))
r(HY(N)). Therefore m € r(HY(N)), i.e. m =0 and Ker [(1/r)(H"(n))] =
0, which means that (1/r)(H"(n)) is a monomorphism.

m

I
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Now by the first diagram of this proof, applying HY and using v, we

obtain in S-Mod the commutative diagram:
HU(W;I‘,(N))

(V) —S o N -2 HUEY(N)

HY[HY(N)/r(H"(N))]
m:n/ nifn lHUHV(n) lHU 1/r)(HY ()]
\l HU(w;V(Y))

I
P (V) — S ¥ - HUEV(Y) — L g [HY(Y)/r(HY(Y))]
where 1*(N) 2L Ker [y, - HV(n7, )] and (V) &L Ker [p, - H(xy,,.)].
Since (1/7)(H"(n)) is a monomorphism, it is clear that HU[(l/T)( Y(n))] also
is a monomorphism.

Now we can prove that the preradical r* is hereditary, i.e. r*(N) =
r*(Y) N N for every inclusion N C Y. The relation r*(N) C r*(Y)N N is
trivial, so it is sufficient to verify that »*(Y) NN C r*(N).

Let y € r*(Y)N N. Then:

W)[n-vy H U(W;IV(Y))] =)y H U(WTHV(Y))] =0.

By the commutativity of the diagram we have:
(y) WN' HU(T(;IV(N)) : HU[(l/T)( V(”))H =0.

Since HY[(1/r) (H"(n))] is a monomorphism, it is obvious that
(y) [¥y - HU(W%V(N))] = 0, which means that y € r*(N). So we have
r*(Y)N N C r*(N), therefore r* is a hereditary preradical. [

As a general conclusion now we can affirm that for every Morita context
(R, rUs, sV&,S) there exists a good connection between the preradicals of the
categories R-Mod and S-Mod. It is obtained in the form of two (“star”) map-
pings between the classes of preradicals PR(R) and PR(S), which are defined by
the Hom-functors HY and HY (Theorem 2.3). These mappings possess some
useful properties, in particular they preserve the order relation, intersection
and hereditary (Theorems 4.1, 5.3, 5.4). The indicated results supplement the
known facts on the preradicals in an adjoint situation.
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