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In this article, we introduce the space D([0,1]; D) of functions defined on [0, 1]
with values in the Skorohod space D, which are right-continuous and have left
limits with respect to the J; topology. This space is equipped with the Skorohod-
type distance introduced in [13]. Following the classical approach of [4,5], we
give several criteria for tightness of probability measures on this space, by char-
acterizing the relatively compact subsets of this space. In particular, one of
these criteria has been used in the recent article [1] for proving the existence of a
D-valued a-stable Lévy motion. Finally, we give a criterion for weak convergence
of random elements in ([0, 1]; D), and a criterion for the existence of a process
with sample paths in D([0, 1]; D) based on its finite-dimensional distributions.
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1. INTRODUCTION

The area of limit theorems for stochastic processes has been growing
steadily in the last 50 years, especially after the publication of Billingsley’s
seminal monograph [4]. This area has developed from the original investiga-
tions of Donsker 7] and Skorohod [11,12] regarding the asymptotic behaviour
of the partial sum process associated with independent identically distributed
(ii.d.) random variables. These results state that if the variables have finite
variance, the partial sum process converges in distribution to the Brownian
motion, whereas if the variables have regularly varying tail probabilities with
index « € (0,2), the partial sum process converges in distribution to an a-stable
Lévy motion.

In the recent article [1], we proved an extension of this later result to
random elements with values in the Skorohod space D = DJ[0,1] of cadlag
functions on [0,1] (i.e. right-continuous functions with left limits), the limit
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being an infinite-dimensional process called the D-valued a-stable Lévy motion.
This study was motivated by the fact that nowadays, data is no longer observed
at fixed moments at time, but is recorded continuously over a fixed period of
time (or a region in space), which can be modeled by the interval [0,1]. This
approach was initiated in article [6] in which the authors considered the example
of the high-tide water level observed continuously at any location along the
northern coast of the Netherlands. Another example is the evolution of a stock
price which is monitored continuously between 9 a.m and 5 p.m. when the stock
market operates; if the price is likely to exhibit a sudden drop or increase, then
its behaviour over this 8-hour window can be viewed as the sample path of a
random process with values in .

In [1], we proved that the D-valued a-stable Lévy motion {Z<t>}te[0,1£
arises as the limit in distribution of the partial sum process {S,(t) = a,,
Eg]l Xi}te[o,l] associated with a sequence (X;);>1 of i.i.d. random elements
in D, which are “regularly varying” in the sense introduced in [9]. Moreover,
the sample paths of this process belong to the space D([0,1];D) of functions
defined on [0, 1] with values in DD, which are right-continuous and have left-limits
with respect to Skorohod Ji-topology on D. Therefore, the law of {Z(t)}e(o,1]
is a probability measure on ([0, 1];D). For any element x = {z(t)};¢[o,1] in
D([0,1]; D), x(t) is a cadlag function denoted by z(t) = {z(t,5)}seo1)- We
interpret ¢t as the time variable and s as the space variable.

The goal of the present article is to provide some of the technical details
which are missing from the companion article [1], related to the weak conver-
gence and tightness of probability measures on the space D([0, 1]; D), providing
in this way some useful tools for developing new limit theorems for random
elements in . In order to do this, we need first to develop a compactness
criterion for subsets of ([0, 1];1D). We note that the space D([0,1]; D) is en-
dowed with a Skorohod-type topology which was introduced in [13] for spaces
of the form D([0,1];S), where S is a Polish space, i.e. a complete separable
metric space. The main result of the present article is Theorem 3.4 which gives
a criterion for tightness of probability measures on D([0,1]; D). This result is
new in the literature and has been used in the recent article [1]| for proving the
existence of the D-valued a-stable Lévy motion with « > 1 (see the proof of
Theorem 3.14 of [1]). The problem of weak convergence and tightness for prob-
ability measures on the space D([0, 00); S) of cadlag functions defined on [0, co)
with values in a Polish space S was also studied in [8] (Chapter 3, Sections 5-9),
but the particular result that we obtained when S = ID is not discussed in this
reference.

Although it does not have a direct relationship with the results that we
present here, we should mention that a version of the It6-Nisio theorem for the
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sum of ii.d. random processes with sample paths in D([0,1]; E) was proved
in [2|, when E is a separable Banach space. The space D equipped with the
uniform norm is a Banach space, but is not separable, and therefore the result
of 2] does not apply to D([0, 1]; D).

This article is organized as follows. In Section 2, we introduce the space
D([0, 1]; D) and discuss some of its properties. In Section 3, we present some cri-
teria for tightness and weak convergence of probability measures on D([0, 1]; D).
One of these criteria, namely Theorem 3.8 below, has been used in the proof
of Theorem 3.14 of [1]. In Section 4, we refine the criterion for weak conver-
gence and we derive a result about existence of a process with sample paths
in ([0, 1]; D). These results generalize classical results from [4,5] and may be
useful in future investigations.

2. BASIC PROPERTIES OF D([0,1]; D)

In this section, we introduce the space D([0,1]; D) of cadlag functions on
[0,1] with values in D (equipped with the Ji-topology), and we examine its
properties following very closely the discussion contained in Section 12 of [5]
for cadlag functions with values in R.

We begin by recalling some basic properties of the Skorohod space D, the
space of functions z : [0, 1] — R which are right-continuous and have left limits.
On this space, we consider the supremum norm: ||z = sup,cp 7 [2(s)]-

The Skorohod distance dj, on D is defined as follows: for any z,y € D,

di, (2,y) = Inf {[A —el| V]| —y o All},

where A the set of strictly increasing continuous functions from [0, 1] onto [0, 1]
and e is the identity function on [0,1]. The space D equipped with distance
dj, is separable, but it is not complete. There exists another distance dgl on
D, which is equivalent to dj,, under which D is complete and separable. This
distance is given by (see (12.16) of [5]):

(1) dj, (z,y) Zigg{llAllov |z —y o All},
for any z,y € D, where ||| = sup,. |log w . Note that:

(2) sup |A(s) —s| < eI — 1 forall A €A,
s€0,1]
and therefore

g, (zy) _
(3) d(z,y) < e 1 forall z,y€D.
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Taking A = e in (1), we obtain:

(4) dy, (z,y) <|[lz —y[| forall z,yeD.
Note that
(5) dj, (,0) = d% (,0) = ||lz|| forall zeD.

For functions (xy)p>1 and x in D, we write z, Nyt d?,l (zp,x) — 0.
For any set T C [0, 1] and for any = € D(D), we let
w(z,T) = sup |z(s1)— z(s2)]-
Ss1,52€T
A set {ti}OSigv with 0 = tg < t1 < ... < t, = 1 is called d-sparse if
ming<j<y(t; — t;—1) > 6. For any § € (0,1), we consider the following moduli
of continuity of a function z € ID:

/ — 7 . .
(6) w'(z,08) = gﬁ max w(z, [ti-1,t:)),

where the infimum is taken over all §-sparse sets {t; }o<i<y, and

M W@ = s (o) — ()| A fas) — (s)]):
51<5<52,50—51<0

We denote by D the Borel o-field of D, which coincides with the o-field
generated by the projections m, : D — R, ¢ € [0, 1] given by m(x) = x(¢).

We introduce now the set ([0, 1]; D) of functions « : [0, 1] — D such that:

(1) z is right-continuous with respect to Ji, i.e. for any ¢ € [0,1) and for
any (tx)rk>1 C [0, 1] with ¢ — t and t; > ¢ for all k, we have x(tx) i\ x(t);

(ii) « has left limits with respect to Jp, i.e. for any ¢ € (0, 1], there exists
z(t—) € D such that for any (tx)r>1 C [0,1] with t; — ¢ and ¢, < ¢ for all k,
we have x(ty) i\ x(t—).

For any ¢ € [0, 1], z(¢) is an element of D, which we denote by {x(¢,s);s €
[0,1]}. In applications, ¢ may be interpreted as time variable, and s as space
variable (see [1]).

The next result shows that a function in D([0, 1]; D) is uniformly bounded
in t and s.

LEMMA 2.1. For any x € D([0,1]; D), the set {x(t);t € [0,1]} is relatively
compact in (D, J1), and therefore sup;cjo 1y [|2(¢)]| < oo.

Proof. Let A = {x(t);t € [0,1]} and {z(t,)}n>1 be an arbitrary sequence
in A. There exists a monotone subsequence (ty, )i>1: either ¢, | tort,, Tt

Then either z(t,,) S x(t) or x(tp,) S x(t—). This shows that any sequence
in A has a Jy-convergent subsequence. So, A is relatively compact in (D, Jp).
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The last part follows by the characterization of relative compactness in (D, J;)
given by Theorem 12.3 of [5]. O

We denote by || - [|p the super-uniform norm on D([0, 1]; D) given by:

[zl = sup [Jz(£)]].
te(0,1]
We let dp be the Skorohod distance on D([0, 1]; D), given by relation (2.1)
of [13]:

0 o) = ol (A~ el V po(ay 0 N}
where pp is the uniform distance on D([0, 1]; D):
(9) po(z,y) = sup dj, (x(t),y(t)).
te(0,1]

By relation (5), it follows that for any = € D([0, 1]; D),
(10) dp(x,0) = pp(x,0) = |||

Note that for any x,y € D([0,1]; D), we have:
(11) dp(z,y) < pp(z,y) < [l =yl

By definition, dp(xy,x) — 0 if and only if there exists a sequence (Ap)n>1
C A such that
(12) sup [Ap(t) —t| =0 and sup dJ, (z,(Aa(t)),2(2)) — 0.
tel0,1] t€[0,1]
Similarly to D, the uniform topology on D([0, 1]; D) is stronger than the Skoro-
hod topology on this space: if pp(zp,x) — 0 then dp(z,,x) — 0 (take A\, =€
n (12)). The following result is also similar to the classical case.

LEMMA 2.2. a) If dp(zp,x) — 0, then x,(t) AN x(t) for any continuity
point t of x (with respect to Jy).

b) If dp(zy,x) — 0 and z is continuous on [0, 1] with respect to Ji, then
pp(Zn, x) = 0.

Proof. Let (Ap)n>1 C A be such that (12) holds. a) Then
dJ, (zn(t), 2(t)) < dJ, (za(t), 2(An(1)) + dJ, (z(Ma(t)), 2(t)) — 0.

b) Since z is continuous on the compact set [0, 1], it is also uniformly
continuous. Hence

pp(xn, @) < sup d (zn(t), 2(Aa(z(t))))+ sup dJ, (z(An(2(t))),2(t)) = 0. O
te[0,1] t€[0,1]

The next result shows that the super-uniform norm is continuous on

D([0, 1]; D).
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LEMMA 2.3. If (xn)n>1 and x are functions in D([0,1];D) such that
dp(zpn,x) = 0 as n — oo, then ||z, ||p — [|z|lp as n — .

Proof. Let (Ap)n>1 C A be such that (12) holds. By (10), we have:

1z © Anllp = 2lp| = [pp(2n © An, 0) = pp(z,0)| < pp(@n © An, ) = 0.
The conclusion follows since ||z, o Ap|lp = ||zn|lp (because A, is a one-to-one
map). O

For any set T C [0, 1] and for any = € D([0, 1]; D), we let

w]]])(.%',T) = . SFIE)Td?h (m(t1>,1’(t2))
1,t2

The following result is proved similarly to Lemma 1 (page 122) of [5].

LEMMA 2.4. For any x € D([0,1]; D) and € > 0, there exist 0 = tg < t; <
... <ty =1 such that

wp(z, [ti—1,t:)) <e forall 1=1,... 0.

A consequence of this result is that for z € D([0, 1];D) and € > 0, there
can be at most finitely many points ¢ € [0,1] such that d5 (z(t),z(t—)) > e.
Hence, any function = € D(]0, 1]; D) has a countable set of discontinuities with
respect to Ji, which we denote by Disc(x). The maximum jump of z is defined
by:
j(x) = sup df, (a(t), (t-))

te(0,1]
For any ¢ € (0,1) and = € D([0, 1]; D), we let
/ — 3 . .
(13) wp(,9) = glf} Inax wp (7, [ti-1,t:)),

where the infimum is taken over all d-sparse sets {t; }o<i<o-
Clearly, the function wp(x, -) is non-decreasing. The following two results
give some further properties of wp(x, 9).

LEMMA 2.5. For any x € D([0, 1]; D),

(14) lim wp(z,0) = 0
6—0

wp(z,0) < wp(x,28)  for any &€ (0,1/2),
wp(z,0) < 2wp(z,d8) + j(z)  for any & € (0,1).

Proof. To prove the first relation, let € > 0 be arbitrary and {¢; }o<i<o
be the sequence given by Lemma 2.4. Pick 0 < 6. < ming<;<,(t;—ti—1). For any
d € (0,9:), {ti Yo<i<v is 6-sparse, and hence wp(z, §) < maxi<i<y wp(x, [ti-1,t;))
< e. The last two relations are proved similarly to (12.7) and (12.9) of [5], using
the triangle inequality in (DD, dgl). We omit the details. O
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LEMMA 2.6. wp(-,0) is upper-semicontinuous on D([0,1]; D) equipped with
dp.

Proof. Let z € D([0,1]; D) and € > 0 be arbitrary. We have to prove that
there exists n > 0 such that wp(y,d) < wp(x,d) + € for any y € D([0, 1]; D)
such that dp(z,y) < n. This follows by the same argument as in Lemma 4
(page 130) of [5], replacing |y(t) — z(A(t))] by dJ (y(t),z(A(t))) and using the
triangle inequality in (D, d?h)‘ O

The space D([0,1]; D) equipped with dp is separable, but it is not com-
plete. Similarly to the distance d91 on D, we consider another distance d]% on
D([0,1]; D), given by:

(15) @ (wy) = it YOV ooz y 0 N}

Then dp(z,y) < e®@¥) — 1 for all z,y € D([0, 1]; D).
Similarly to Theorems 12.1 and 12.2 of [5], and using the fact that D is

separable and complete under dol, we obtain the following result. (See also
Theorem 2.6 of [13].)

THEOREM 2.7. The metrics dp and d2 are equivalent. The space D([0, 1];
D) is separable under dp and d%), and is complete under d]%).

The following result characterizes the relatively compact subsets of
D([0,1]; D), being the analogue of Theorem 12.3 of [5].

THEOREM 2.8. A set A C ID([0,1]; D) is relatively compact with respect to
dp if and only if it satisfies the following three conditions:

(1) SUPgeA HxHD < 005

(i) limgs_yo SUpLea SUDye(0,1] w' (:v(t), 5) =0;

(iii) lims_yo sup,e 4 wp(x,d) = 0.

Proof. Note that conditions (i) and (4i) are equivalent to saying that the
set U = {x(t);x € A,t € [0,1]} is relatively compact in (D, J;) (see Theo-
rem 12.3 of [5]).

Suppose that A is relatively compact in D([0, 1]; D). We first prove that
U is relatively compact in (D, J;). Let {z,(tn)}n>1 be an arbitrary sequence
in U, with z,, € A and ¢,, € [0,1]. Since A is relatively compact, there exists
a subsequence N C N such that dp(zp,z) = 0 as n — oo,n € N. Let
(An)n>1 C A such that (12) hold as n — oco,n € N. The sequence (t,)nen has
a monotone convergent sub-sequence (t,)nen’ with N’ C N: either ¢, 1T t or
tn L tasn — oo,n € N'. Since \,! is strictly increasing, either A\, 1(t,) 1 ¢

or \,1(t,) | t asm — oco,n € N'. Therefore, either z(\, (t,)) K\ x(t—) or
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z(\ 1 (t)) 2 z(t) as n — oo,n € N'. In the first case,

dJ, (zn(tn), 2(t=)) < dJ (za(ta), (051 () + dJ, (A (t0)), 2(t-)) = 0,

asn — oo,n € N'. In the second case, d5 (xn(tn),z(t)) = 0asn — co,n € N'.
This shows that the sequence {zy(t5)}n>1 has a Ji-convergence subsequence.

To prove (iii), we apply Dini’s theorem, as stated in Appendix M8 of
[5]. Since wp(+,1/n) is upper semi-continuous for any n, and wp(z,1/n) | 0
for any = € D(]0,1]; D), this convergence is uniform on compact sets. Hence
SUpgea wh(z,n™) — 0 as n — oo. Condition (iii) follows since wf(x,-) is
non-decreasing.

Next, suppose that the set A satisfies conditions (i)—(iii). Since D([0, 1];D)
is complete with respect to d%, the closure A of A is also complete. To show
that A is compact, it suffices to show that A is totally bounded with respect
to d, (see Theorem of Appendix M5 of [5]). This follows as in the sufficiency
part of the proof of Theorem 12.3 of |5], by choosing H to be a finite e-net of
theset U in D. O

To give a second characterization of the relatively compact subsets of

D([0,1];D), we consider the following modulus of continuity: for any z €
D([0,1];D) and § € (0,1),
(16) wD(x, 0) = sup (d?,l (x(t),z(t1)) A d%l (z(ta), x(t)))

t1 <t<ta, t2—t1<0

We have the following result.
LEMMA 2.9 (Lemma 2.2 of [1]). For any z,y € D([0,1]; D), we have:
wp(z +y,0) < wp(@,8) + 2||yl|p-

As in the classical case, it follows that wf(z,d) < wp(x,d) (see the proof
of (12.28) of |5]). The following result is the analogue of Theorem 12.4 of [5].

THEOREM 2.10. A set A C D([0,1]; D) is relatively compact with respect
to dp if and only if it satisfies the following three conditions:

(i) supzeq [[#]lp < oo;

(ii")

(a) lims—sosupsepq) w” (2(t),0) =0
(b)  lims_oSUp,ea SUPsepo 1) [2(2,6), 2(¢,0)| =0
(C) liHl(5—>0 SUDPzecA SUPte[O,l] ‘l’(t, 1- ,.CC(t, 1- 6)‘ = 0;

(i)
(a) lims_owp(z,0) =0
(b) lims_,oSupgeca dgl ((9),2(0)) =0
(¢) lims_yoSupgeqa d91 (x(1-),z(1 —46)) =0.
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Proof. If A is relatively compact, then conditions (i)—(iii) of Theorem 2.8
hold. Condition (ii’) follows by applying inequality (12.31) of [5] to the function
z(t) € D, for any ¢ € [0,1]. Condition (iii") follows by the following inequality
(proved similarly to (12.31) of [5]):

(17) wip(z,08) V dgl (z(6),2(0)) Vv d%l (z(1=),2(1 = 6)) < wp(x,20).

Suppose that conditions (i), (ii’) and (iii’) hold. The fact that A is rela-
tively compact will follow by Theorem 2.8, once we show that conditions (ii)
and (iii) of this theorem hold. Condition (ii) follows from (ii’) by applying
inequality (12.32) of [5] to the function z(¢) € D for any ¢t € [0,1]. Condition
(iii") follows by the following inequality

(18)  wp(x,0/2) < 12{wp(x,0) + dOJl (z(6),2(0)) + df)]l (z(1-),z(1 —9))}.
This is proved similarly to inequality (12.32) of [5], using the triangle inequality

in D and the fact that z, 2 z implies that dOJ1 (Tn,y) — d?]l (z,y) for any
yeD. O

We conclude this subsection with a discussion about measurability and
finite-dimensional sets in ID([0, 1]; D). Let Dp be the Borel o-field of D([0, 1]; D)
with respect to dp. For any t € [0, 1], we let 77 : D([0, 1]; D) — D be the projec-
tion given by 7P (x) = x(t). By Lemma 2.3 of [13], 7P is Dp/D-measurable for
any t € [0,1]. By Theorem 2.7 of [13], Dp coincides with the o-field generated
by the projections 7P for ¢ € [0, 1]. Similarly to the classical case, the function
7 has the following continuity properties.

LEMMA 2.11. a) 7y and 77 are continuous with respect to dp.
b) For any t € (0,1), ©P is continuous at x with respect to dp if and only
iof x 18 continuous at t with respect to Ji.

Proof. a) Assume that dp(zy,x) — 0. Let (Ay)n>1 C A be such that (12)
holds. In particular, since A\,(0) = 0, we obtain: alOJ1 (5(0),2(0)) — 0. This
shows that g (z,,) i mo(z). Similarly, 7P (2,) i\ m1(x).

b) Suppose that z is continuous at ¢ with respect to Jj. Assume that
dp(zn, ) — 0. Then 77 (x,) N 7P (z), by Lemma 2.2.a). Suppose next that
x is discontinuous at t with respect to Ji, i.e. d (z(t—),z(t)) > 0. Let
An € A be such that A\, (t) =t —1/n, and X is linear on [0,¢] and [¢, 1]. Define
Tn(s) = £(An(s)). Then dp(xn,z) — 0, and 7P (z,) = z,(t) = z(\u(t) =
z(t—1/n) i\ x(t—), and so 7 (x,,) does not converge in .J; to z(t). This shows
that 7} is discontinuous at z with respect to dp. [

For an arbitrary set T' C [0, 1], we let D;I?’T be the class of finite-dimensional

sets of the form (7 1) H(H)forsome0<t; <...<tp,<1,t; €T, He Dk
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and k > 1. Note that the o-field generated by D?T coincides with o {nP;t € T},
the minimal o-field with respect to which the maps 77, ¢ € T are measurable.

THEOREM 2.12. If T C [0,1] is such that 1 € T and T is dense in [0, 1],
then:

a) Dp is the o-field generated by ’D]If)T;

b) D?T 1s a separating class of Dp, i.e. if P and Q are two probability
measures on (D, Dp) such that P(A) = Q(A) for any A € D?T, then P = Q.

Proof. a) Since 7P is Dp-measurable, o{r;t € T} C Dp. To prove
the other inclusion, it suffices to show that the identity ¢ : D([0,1];D) —
D([0,1];D) given by i(z) = x is o{r;t € [0,1]}/Dp-measurable. For this,
we use the same argument as in the proof of Theorem 12.5.(iii) of [5]. For any
o = {ti}i=o,..k such that 0 = ¢ty < t; < ... < t, = 1, we define the map
Ay D([Ov 1];]1))) — D([07 1];]1)) by AU(‘T) = Zfﬂ x(ti—l)l[ti—lyti) + x(l)l{l}(t)'
Similarly to Lemma 3 (page 127) of [5], it can be proved that

(19) maxi<i<i(t; — ti—1) < d implies that dp(As(x),z) <0V wp(z,9).
For any ¢ as above, we consider also the map V, : D1 — D([0,1]; D)
given by Vo (a) = Y1) i1l , o (B)+anliry(t), for a = (ap, ..., ) € DFFL

The function V, : DF! — D([0,1];D) is pp-continuous (hence
dp-continuous), where D*+1 is endowed with the product topology: if o, o €

DF are such that % N a; asn — oo, fori =0,...,k, then
pp(Vo(a™), Vo(a)) = sup d?]l (Vm(a”)(t),Vm(oz)(t)) = max d?]l (o', ;) — 0.
t€[0,1] 0<i<k

It follows that V, is D**!/Dp-measurable. If t; € T for all i, then A, is
o{nP;t € T}/Dp-measurable, since A, =V, o 7'('1]%,“.’25 and 7'('1]%,.“’15 is o{np;t €
T} /DE+ - measurable.

For any m > 1, choose op, = {t["}i=0,. k. such that ¢* € T and
max; (/" — t7 ;) < 1/m. By (14) and (19), it follows that dp (A, (z),z) — 0
as m — oo. This proves that the identity map 4 is the pointwise limit (with
respect to dp) of the sequence (A,, )m>1 of o{nP;t € T}/Dp-measurable
maps. Since Dp is the Borel o-field corresponding to dp, it the map ¢ is also
o{nP;t € T}/Dp-measurable.

b) This follows by Theorem 3.3 of 3], since D?T is a m-system generating
Dp. O

k k

The characterization of tightness of probability measures on D([0, 1]; D)
given in Section 3 relies on certain events involving the functions wy (-, d) and
wi(+,9). Measurability of these functions is essential for this purpose. Before
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establishing this, we need the following simple result (which is valid in any
metric space).

LEMMA 2.13. The map ® : D x D — [0,00) given by ®(z,y) = dy, (2,y)
s continuous with respect to the product of Ji-topologies on D x D.

Proof. 1f z, 4 2 and Yn A y, then d91 (TnyYn) — dgl (z,y) since

|d, (2, yn) — d5, (2, 9)] < 1dS, (@0, yn) — dT, (@, ya)| + 1dT, (2, yn) — d5, (2,))|
< d%, (v, 2) +dJ, (Yn,y). O

LEMMA 2.14. The functions wi(-,0) and wi(-,0) are Dp-measurable.

Proof. The measurability of wp(-,0) follows by Lemma 2.6. For wy(-,9),
note that in the definition (16) of wf(x,d), we may take t1,t,ts to be rational
numbers. By Lemma 2.13, ® is D x D-measurable, and so the map @ow?tl given
by x — dgl (x(t),xz(t1)) is Dp-measurable, for any ¢;,t € [0,1]. Therefore, the
map T — dgl (x(t),z(t1)) A df}l (z(t2),z(t)) is Dp-measurable, for any rational
numbers t1,t,to € [0,1] with t; < ¢ < t3. The conclusion follows since the
supremum of a countable collection of measurable functions is measurable. [

Finally, we recall the definition of a random element in D([0, 1]; D).

Definition. Let (2, F,P) be a probability space. A map X : Q —
D([0,1]; D) is called a random element in D([0, 1]; D) if X is F/Dp-measurable,
i.e. X(t)is F/D-measurable for any t € [0,1].

3. WEAK CONVERGENCE AND TIGHTNESS

In this section, we study the weak convergence and tightness of probability
measures on the space (D([0,1]; ), Dp), following the discussion contained in
Section 13 of [5] for probability measures on (D, D). We provide some of the
details which are missing from [5]|) since they are more delicate and require
special attention in our situation.

Recall that if (P,),>1 and P are probability measures on (D([0,1}; D), Dp),
we say that (P,)n>1 converges weakly to P if [ fdP, — [ fdP for any dp-
continuous bounded function f : D([0,1];D) — R. In this case, we write
P, % P. Since D([0, 1]; D) is separable, there is a distance on the set of proba-
bility measures on (D([0, 1]; D), Dp) (called the Prohorov distance), which gives
rise to the topology of weak convergence (see page 72 of [5]).

If (X5)n>1 and X are random elements in D([0, 1];D) (possibly defined
on different probability spaces) with respective laws denoted by (Pp,)n>1 and
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P, we say that (X,,)n>1 converges in distribution to X if P, % P. In this case,

we write X, i X.

For any probability measure P on (D([O, 1]; D), DD), we let Tp be the set
of t € [0, 1] for which the projection 7 is dp-continuous a.s. with respect to P.
Note that 0,1 € Tp. If t € (0,1), then ¢t € Tp if and only if P(J;) = 0, where
Jy = {x € D([0,1]; D); ¢ € Disc(x)}.

Using the same argument as in the classical case (page 238 of [5]), it can
be shown that P(J;) > 0 is possible for at most countably many ¢ € (0,1).
Hence, the complement of Tp in [0, 1] is countable. The following result follows
by the continuous mapping theorem.

LEMMA 3.1. Let (Py)n>1 and P be probability measures on (D([0,1]; D),
Dp) such that P, = P. Then P, o (727--.,%)71 A Po (Wg);’.."tk)il Jor any
t1,...,t € Tp.

We recall the following definitions.

Definition. A family II of probability measures on (ID([0, 1]; D), Dp) is
tight if for every n > 0, there exists a dp-compact set K in ([0, 1]; D) such
that P(K) > 1—mn for all P € II.

Definition. A family II of probability measures on (D([0,1}; D), Dp) is
relatively compact if for every sequence (P,),>1 in II, there exists a subsequence
(Pn,)k>1 which converges weakly to a probability measure @ (which is not
necessarily an element of II).

The following result follows by Prohorov’s theorem, since ([0, 1]; D) is
separable and complete (see Theorems 5.1 and 5.2 of [5]).

THEOREM 3.2. A family II of probability measures on (D([0,1]; D), Dp) is
tight if and only if it is relatively compact.

The next result is an important tool for proving weak convergence in
D([0,1]; D). Its proof is the same as in the classical case (see Theorem 13.1
of [5]). We include it for the sake of completeness.

THEOREM 3.3. Let (P,)n>1 and P be probability measures on (D([0, 1]; D),
DD) such that

(20) P,o (WEV_”%)_l A Po (7?27”_7%)_1 in DF, for any tq,...,tp € Tp

and (Pp)n>1 1s tight. Then P, = p.

Proof. It is enough to prove that for any subsequence (ng)g>1, there

exists a further sub-subsequence (k;);>1 such that Pnkl A Pasl— (see e.qg.
Appendix 5.1.2 of [10]).
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Let (nk)g>1 be an arbitrary subsequence. By Theorem 3.2, (P,)p>1 is
relatively compact. Hence, there exists a sub-subsequence (k;);>1 such that
Py, 2 Q as | — oo, for some probability measure Q on (ID([O, 1];ID)),DD). By
hypothesis, P, o (7727._“)_1 A Po (7‘[‘2 tk)_l as | — oo, for any t1,...,t; €
Tp. By Lemma 3.1, P, o (mp ) L Qo (mp 4) "t as I — oo, for any
t1,...,tx € Tp. Uniqueness of the limit implies that:

Po(rp ) '=Qo(mp )" forallty,....ty € TpNTg.

1111

The set T' = TpNTg contains 0 and 1, and is dense in [0, 1] (since its complement
in [0,1] is countable). By Theorem 2.12, Dy 7 is a separating class of Dp, and
hence P=Q. O

We continue now with a discussion about tightness. The next result gives
a criterion for tightness, being the analogue of Theorem 13.2 of [5] for the
space D([0,1]; D). This result has been used in the recent article [1] for the
construction of the D-valued a-stable Lévy motion with o > 1 (see the proof of
Theorem 3.14 of [1]). Conditions (i) and (iii) of this result are similar to (13.4)
and (13.5) of [5], but (ii) is a new condition, due to the space variable s of an
element in D([0, 1]; D). Recall that w’(z(t),d) is given by (6), whereas wy(z, §)
is given by (13), for any x € D([0,1]; D) and ¢ € [0, 1].

THEOREM 3.4. A sequence (Pp)n>1 of probability measures on (D([0, 1];
]D)),DD) 1s tight if and only if it satisfies the following three conditions:

(i) We have:
(21) lim hmsupP ({z; |z]lp > a}) =

a—00 s
(ii) For any e >0,
(22) lim lim sup P, ({z; w'(z(t),6) > € for some t € [0,1]}) = 0.

=0 n—oo
(i) For any e > 0,
(23) lim lim sup P, ({z; wp(z,8) > e}) =

0—0 n—oo

Proof. We use a similar argument as in the proof of Theorem 13.2 of [5]
(see also the proof of Theorem 7.3 of [5]). Suppose that (P,),>1 is tight. Let
n > 0 and £ > 0 be arbitrary. We have to prove that there exist a > 0, § € (0,1)
and an integer ng > 1 such that for all n > ny,

(@) Pu({z; [lzllp > a}) <7
(24) (b) P, ({:L’, w'’ (:L’(t), 5) > ¢ for some t € [0, 1]}) <n
(¢) Po({z; wp(z,6) >¢) <n.
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We will show that (a)—(c) hold with ng = 1. By Theorem 3.2, (P,)n>1
is relatively compact. Hence, there exists a compact set K in ([0, 1]; D) such
that P,(K) > 1—nforalln > 1. The set K is characterized using Theorem 2.8.
More precisely, we know that:

(@) supyex allp < 0o
(25) (V') lims—y0 SUP,e i SUPgefo,1) W' (z(t),8) =0
() lims_yosup,ex wp(z,0) =0

Due to (a'), we can choose a > sup,cg ||z||p arbitrary. Then K C {z;|z|p <
a} and so,

P,({z; [|z||p > a}) < Po(K°) <n foralln>1.

By (b'), there exists § € (0,1) such that w'(z(t),d) < e for all z € K,t € [0,1].
Hence, K C {z; w'(z(t),0) < e for all ¢ € [0, ]} and so

1
P, ({z; w'(2(t),8) < e for some t € [0,1]}) < P,(K°) <n foralln>1.

By (), there exists § € (0,1) such that wp(z,d) < € for all x € K. Hence,
K C {x; wp(z,0) < e}, and so

Py ({z; w'(z,6) <e}) < Po(K°) <n foraln>1.

Suppose next that conditions (i)—(iii) hold. Let n > 0 and € > 0 be
arbitrary. Then there exist a’ > 0, ' € (0,1) and an integer ng > 1 such that
(24) holds for all n > ng (with o’ and ¢’ replacing a and 6). We first prove that
(24) actually holds for all n > 1, for some values a and ¢ which will be given
below. Fix i € {1,...,n9 — 1}. Since ([0, 1];D) is separable and complete,
the single probability measure P; is tight, and therefore it satisfies conditions
(1)-(iii). Hence, there exists a; > 0 and ¢; € (0, 1) such that

R-({x; 1| > az}) <7
P;({z; w'(z(t),8;) > e for some t € [0,1]}) <7
P ({z; wD(x 5) >e) <.

Then (24) holds for all n > 1, with a = max{a’, max;<p,—10a;} and 6 =
min{é’,minigno_l 52}

Let B = {z;||z||p < a}. Then P,(B) > 1 —n for all n > 1. By parts (b)
and (c) of (24) with e = 1/k and 7 replaced by /2", there exists &, € (0,1)
such that for all n > 1,

n n

where By, = {z;supc(o 1) w'(2(t),0k) < 1/k} and Cy = {z;wp (>, 0;) < 1/k}.
Let A= Bn (ﬁkzl Bk) N (ﬂk21 C’k) and K = A. For any n > 1, P,(K) >
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P,(A) > 1 — 3n, since

Po(A%) < Pu(BY) + Y Pu(BY) + Y PulC) Sn+ Y 5p+ > 51 =3n.

k>1 k>1 k>1 k>1
We show that K is compact in D([0,1]; D). By Theorem 2.8, this is equivalent
to showing that K satisfies (25). Since ||z||p < a for any = € B and A C B, we
have sup,c4 ||z|lp < a. This shows that (a’) holds. Note that for any k > 1,
SUPge A SUPsefo,1) W (2(t),0k) < 1/k (since A C By), and so (b') holds. Finally,
for any k > 1, supye wpy(z, ;) < 1/k (since A C Cf), and hence (/) holds.
This proves that (P,)p>1 is tight. O

The following result gives a replacement for condition (i) in Theorem 3.4.
This condition is the analogue of (13.6) of [5].

COROLLARY 3.5. Condition (i) of Theorem 3.4 can be replaced by the
following condition:

(i) for each t in a dense subset T of [0, 1] which contains 1, we have:
(26) lim hmsupP ({z; |lz(t)]| > a}) = 0.

a— 00

Proof. Suppose that condition (i) of Theorem 3.4 holds. Then (') clearly
holds, since {z;||z(t)|| > a} C {z;||z||p > a} for any t € T..

Suppose next that conditions (i) and (iii) hold. We prove that (i) holds,
using a similar argument as in the Corollary on page 140 of [5]. Let n > 0 be
arbitrary. By condition (iii), there exist § € (0,1) and an integer n; > 1 such
that

(27) P, ({z;wp(z,6) > 1}) <n for all n > ny.

Let {t;}i=1,.» be a d-sparse set with 0 =ty < t; < ... < t, = 1 such
that wp(z, [ti—1,t;)) < wp(z,6)+1foralli=1,...,v. Choose points 0 = sg <
51 < ...< s, =1such that s; € T"and s; —s;_1 <dforall k=1,... k. Let

m(z) = maxi<;j<k [|z(s;)|. By (26), limg—oo limsup,, o, Pn({z;m(z) > a}) =
0. So, there exist a > 0 and ny > 1 such that

(28) Po({z;m(z) > a}) <n for all n > ny.
We claim that for any = € D([0, 1]; D),
(29) lzllp < wp(z,d) + 1+ m(z).

To see this, note that since {¢;}; is d-sparse, each interval [t;_1,t;) contains at
least one point s;, that we call s;,. Forany i =1,...,v and for any ¢t € [t;_1,;),

lz(@)ll = dj, (x(t),0) < dj, (2(t), 2(s;,)) + dJ, (2(s;,), 0)
= dj, (x(t), 2(s5,)) + lla(s5.)]-
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Hence,
sup [Jz(t)[| < wp(=, [ti1, ) + 2(s)ll < wp(,0) + 1+ m().
tG[tifl,ti)
Relation (29) follows since [|z(|p = max{maxi<i<v Supsc, _, 1,) lz(@)]]; [2(1)][/}-
Let ng = max(ny,n2). From (27), (28) and (29), we infer that
P, ({z; |zllp > a+2}) < Po({z; wp(z, 8)+m(z) > a+1}) < 2n for all n > ny.
This concludes the proof of (i). O

The following result is the analogue of relation (13.8) of [5] (or Theo-
rem 15.3 of [4]), and it plays a crucial role in article [1] (see Theorem 2.4 of [1]).

THEOREM 3.6. A sequence (Pp)n>1 of probability measures on (D([0, 1];
]D)),DD) is tight if and only if it satisfies condition (i) of Theorem 3.4 and the
following two conditions:

(it") For any e > 0,

(a) limg_yo limsup,,_,o Pn({z; w"(z(t),0) > & for some t € [0,1]}) = 0;
(b) lims_o limsup,,_,. Pn({z; |x(t,0) — x(t,0)| > € for some t € [0,1]})=
(c) Timg o limsupy o0 Pa({2 |26, 1-) — (t,1 — 8)] > ¢
for some t € [0,1]}) = 0.
(iii") For any e > 0,

(a) lims_,0 lim SUPp 00 P’n({xv wﬁ)/)(xa 6) 2 6}) = 0;

(b) limgs_,olimsup,,_,., Pn({z; dgl (x(é),x(O)) >e}) =0;

(¢) limg_,olimsup,, ., Pn({z; d?]l (z(1-),2(1 —6)) > €}) =0.

Proof. This follows directly from Theorem 3.4. To see this, note that
(it') is equivalent to (ii) of Theorem 3.4, due to inequalities (12.31) and (12.32)

of [5]), whereas (iii’) is equivalent to (iii) of Theorem 3.4, due to inequalities
(17) and (18). O

The following result is the analogue of Theorem 13.3 of [5].

THEOREM 3.7. Let (Py,)n>1 and P be probability measures on D([0,1]; D)
such that (20) holds, (P,)n>1 satisfies parts (ii') and (iii’.a) of Theorem 3.6,
and P satisfies

(30) g%andgﬁu)ﬂ1—®)zd):o for all £ > 0.

Then P, 5 P.

Proof. By Theorem 13.1, it is enough to prove that (P,),>1 is tight. For
this, we use Theorem 3.6. We first check condition (i') given by Corollary 3.5,
with T" = Tp. Let t € Tp be arbitrary. The sequence {P, o (7rt) }n>1 is
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relatively compact in D being weakly convergent. By Prohorov theorem, this
sequence is tight. Hence, for any n > 0, there exists a compact set K in
D such that [P, o (7)"'](K€) < n for all n > 1. By Theorem 12.3 of [5],
M = sup,ek ||yl < oo. For any a > M, {y € D;[|y|| > a} C K¢ and

P, ({z;|z(t)|| > a}) < [Poo(rP) (K <n foralln>1.

Next, we check that part (b) of (iii’) holds. Let ¢ > 0 and 1 > 0 be arbi-
trary. By the right continuity of elements in D([0, 1]; D), P ({x; d5, (x(9),z(0)) >
e}) = 0asd — 0. Choose § € Tp small such that P({x;d} (z(6),2(0))}) <
By (20), P, o (7%125)71 % Po (735)*1 in D?. By Lemma 2.13, the set A =

{(y1,92) € }D>2;d(}1 (y1,92) > €} is closed in D? with respect to the product of
Ji-topologies. By Portmanteau theorem, it follows that

lim sup Po({a;d%, (2(5),2(0))}) < P({x;d%, (z(6),2(0))}) < n.

S

We prove that part (c) of (iii’) holds. By the left continuity of elements in
D([0,1]; D), P({az;d(}1 (z(1-),z(1—0)) > e}) — 0as § — 0, for any ¢ > 0. By
(30), it follows that P({x;d5, (x(1),z(1—)) > e}) = 0, for any € > 0. Hence,
P({z;dy, (#(1),2(1=)) > 0}) = 0. The rest of the argument is the same as for
part (b). O

The previous theorem can also be stated in terms of random elements, as
follows.

THEOREM 3.8. Let (Xp,)n>1 and X be random elements in D([0,1]; D)
defined on the same probability space. Let Tx = {t € [0,1]; P(X(t) = X(t—)) =
1}. Suppose that:

a) (Xn(t1), ..., Xn(te)) % (X (11), ..., X (1)) in DF, for any t, ...t €
TX;

b) Y, (X(1),X(1—-8)) 50 asé—0;

c) for any e > 0,
,0) > ¢ for some t € [0,1]}) =0,

(t)
—Xn(,o)\>€f0r50mete[ 1]) =0,
) — Xn(t, 1 —0)| > ¢ for somet € [0,1]) =

lims_,g limsup,,_,~ P ( w”
limg_,q lim sup,,_,., P(| Xy (t J)
lims_,¢ lim sup,, ., P(|Xn(t, 1—

d) for any e > 0,

(31) lim lim sup P(wp)(X,,,8) > €) =0 for all e > 0.

0—=0 n—oo

Then X, 4 X in D([0,1]; D) equipped with dp.



196 Raluca M. Balan and Becem Saidani 18

Remark. Hypothesis ¢) of Theorem 3.8 may be difficult to verify in prac-
tice. In the proof of Theorem 3.14 of [1], this hypothesis is verified by showing
that
(32) inf sup P(||Xn — Xpnollp >€) =0 foralle>0.

n0=1n>ng

Since for any ng > 1, the single probability measure P o Xgol is tight in

D([0,1]; D), part (it) of Theorem 3.6 gives:

lims_,o P ({w” (Xn,(t),8) > € for some ¢ € [0,1]}) =0,
lims_,o P(| Xn, (t,0) — Xy (t,0)| > € for some ¢ € [0,1]) =0,
limgs_,o P(| Xno (t,1—) — Xy (8,1 — 9)| > & for some t € [0, 1]) = 0;

Hypothesis ¢) then follows from (32), using the following inequalities:
W (Xn(t),0) < w”(Xpy(t),0) + 2| X5 — Xnollp
[ Xn(t,0) = X (£, 0)] < | X (£,6) = Xng (£, 0)] + 2| X0, — Xiyy [
’Xn(ta 1_) - Xn(tv 1- 6)‘ < ’X'ﬂo(t? 1_) - Xno(t7 1- 5)| + 2HXn - XnoHD'

4. CRITERIA FOR EXISTENCE AND CONVERGENCE

In this section, we give a criterion for weak convergence of random ele-
ments in ([0, 1]; D), and a criterion for the existence of a process with sample
paths in D([0,1]; D) based on its finite-dimensional distributions. Both these
results rely on some maximal inequalities which are of independent interest.

The first two results are analogue of Theorems 10.3 and 10.4 of [5], stated
in terms of the Skorohod distance dgl.

THEOREM 4.1. Let T be a Borel set in [0,1] and {X (t)}ier a collection of
random elements in D defined on the same probability space (2, F, P) such that
the map T >t — X (w,t) is right-continuous with respect to Jy, for any w € Q.
(If T is finite, this imposes no restriction.) For any r,s,t € T withr < s <,
let

(33) mll, =d% (X(r), X (s)) AdY, (X(s), X(1))

rst

and Ly, (X) = Sup, s ter. r<s<t m?l.. Suppose that there exist o > 1/2, § >0
and a finite measure p on T such that for any A\ > 0 and for any r,s,t € T
with r < s <'t,
1
J
(34) P(my 2 A) < 335 (TN (r, 1)y
Then there exists a constant K depending on o and B such that for any A > 0,

(35) P(Ly(X) > \) <

WMQQ(T)'
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Proof. We follow the same idea as in the proof of Theorem 10.3 of [5],
replacing increments of the form | X (t) — X (s)| by dY (X (t), X(s)).

Case 1. T = [0,1] and p is the Lebesgue measure. Let Dy = {i/2%;0 <
1< 2’“}. Define By, be the maximum of all mtjllm3 for all t1,t9,t3 € Dy with t1 <
to < t3 and A; be the maximum of m;’llmg with t; = (i — 1)/2F, to = /2% and
t3 = (i+1)/2F fori=1,...,2F—1. It can be proved that By, < 2(A;+...+A)
for any k£ > 1. Note that By < By for all £ > 1. We claim that:

(36) Ly, (X) = lim By.
k—00

To see this, let € > 0 be arbitrary. Let t1,%9,t3 € T be such that t; < to < t3.
For each k > 1, there exist t]f,tk,t]§ € D; with t’f < tlz“ < t’§ such that
tf L tias k — oo, for i = 1,2,3. Since t — X(t) is right-continuous with
respect to Ji, X (tF) i\ X(t;) as k — oo, for i = 1,2,3. By Lemma 2.13,
ar = dgl(X(tlf),X(t%‘)) — a = dgl(X(t1),X(t2)) as k — oo and bk =
dy, (X(t5), X(t5) — b = d9, (X (t2), X (t3)) as k — oo. Hence, there exists
ke such that ap, > a —¢c and b, > b—¢€. So,aANb<ap, Nby, +c < By, +e.
Since t1, ta, t3 were arbitrary, we obtain that Ly, (X) < By, +e¢.

From (36), it follows that Ly (X) < 2% .-, Ax. From this, we deduce
relation (35) using (34) to estimate the tail probability of A (see page 110
of [5]).

The other cases follow as in the proof of Theorem 10.3 of [5]. O

COROLLARY 4.2. If condition (34) of Theorem 4.1 only holds for t —r <
26, then

P(Lj(X,0) >\ < (T) sup p** YT NIt t+24]),

u

M7 0<t<1-26

where Ly (X,0) is the Supremum of mJ, for all v,s,t € T with r < s < t
0,1

and t —r < 8, and m??, is given by (33). In particular, if T = [0,1], then
Ly (X,0) = wp(X, ).

The following result gives a criterion for convergence in distribution in the
space D([0,1]; D). being the analogue of Theorem 13.5 of [5].

THEOREM 4.3. Let (X,,)n>1 and X be random elements in D([0, 1]; D) de-
fined on the same probability space, such that hypotheses a),b),c) of Theorem 3.8
hold. If there exist o > 1/2, 8 > 0 and a non-decreasing continuous function
F on [0,1] such that for any r,s,t € [0,1] with r < s < t, for any A > 0 and
for any n > 1,

P(d},(Xn(r), Xn(s)) A dJ, (Xn(s), Xa(t) > A) < /\‘115 [F(t) = F(r)*,

then X, %X in D([0,1]; D) equipped with dpy.
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Proof. We apply Theorem 3.8. Hypothesis (31) of this theorem is verified
using Corollary 4.2 with 7'=[0,1]. O

The goal of the remaining part of this section is to give a criterion for the
existence of a process with sample paths in ([0, 1]; D). For this, we first need
to state a variant of Theorem 4.1 using the uniform norm || - || on D (instead of
the Skorohod distance d91)'

THEOREM 4.4. Let T' be a Borel set in [0,1] and {X (t)}er a collection
of random elements in D defined on the same probability space (Q, F, P) such
that the map T > t — X(w,t) is right-continuous with respect to the uniform
norm on D, for any w € Q. (If T is finite, this imposes no restriction.) For
any r,s,t € T withr < s <t, let

(37) My = [ X(r) = X (s)|| A X (s) = X(B)]]
and Ly (X) = SUp,. s ter, r<s<t Myst- Suppose that there exist « > 1/2, > 0

and a finite measure p on T such that for any A > 0 and for any r,s,t € T
with r < s <'t,

(38) P(myy 2 A) < A4ﬁ {u(T 0 (ry1])32e
Then there exists a constant K depending on o and B such that for any X\ > 0,

(39) P(Lu(X) > A) < Xw“ (1)

COROLLARY 4.5. If condition (38) of Theorem 4.4 only holds for t —r <
26, then

P(Ly(X,6) > ) < (T) sup p** YT NIt t+24]),

K
2l 0<t<1—26
where L, (X,0) is the supremum of myy for all r,s,t € T withr < s <'t
and t —r < &, and mYy, is gwen by (37). In particular, if T = [0,1], then
L,(X,0) =wl!(X,0), where

wy(z,0) = sup  ([la(t) —z(t)l| Allz(t) — z(t)]])

t1 <t<tg,to—t1<6

for any x € D([0, 1]; D).

In the particular case when 7T is a finite set, we obtain the following result,
which is of independent interest.

THEOREM 4.6. Let &1,...,&, be random elements in D([0,1]; D), Sk =
&4+ ...+& fork=1,...,n, and So = 0. Suppose that there exist « > 1/2,
B>0andu; >0,i=1,...,n such that for any A > 0,

k

1 2a

P(IS; = Sill A 18k = i1 2 N) < 555 (D2 w)
j=it+1
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Then there exist a constant K depending on o and 8 such that for any A > 0,

P(M, > \) < /@(iu)m
=1

where M,, = maxo<i<j<k<n (HSJ — SzH A HSk — S]H)

We are now ready to state the criterion for existence of a process with
sample paths in D([0, 1]; D).

THEOREM 4.7. Let {X(t)}sej0,1) be a collection of random elements in D
defined on the same probability space (Q, F, P) such that:

a) there exist « > 1/2, 8 > 0 and a non-decreasing continuous function F
on [0,1] such that for any t1,te,ts € [0,1] with t1 < to < t3 and for any X\ > 0,

1

P(IX(#) = X(#)I A X (82) = X(@)| 2 A) < 135 [F () = F(0)]*

b) for any ¢ > 0,

lim lim sup P (w' (X (i/2"),6) > € for some 0 < i <27") = 0;
=0 n—oo

c) for any t € [0,1) and for any sequence (t,)n>1 in [0, 1] with t, — t and
tny1 < tn for anyn >1, d91 (X (tn), X (1)) 0.

Then, there exists a collection {Y () }ico,1) of random elements in D de-
fined on the another probability space (', F',P'), such that the map t
Y (', t) is in D([0,1]; D) for any w' € ', and the vectors (X (t1),..., X (tx)) and
(Y(t1),...,Y(ty)) have the same distribution in DF, for any ty,... 1, € [0,1]
and for any k > 1.

Proof. We argue as in the proof of Theorem 13.6 of [5]. We consider two
cases.
Case 1. Suppose that there exists dp € (0,1/2) such that for all h € (0, dy),

(40) P(X(0)=X(h)=1 and P(X(1)=X(1-h))=1.

Let T' = Up>1T), where T), = {t];i = 0,1,...,2"} and ¢} = ¢/2". For
any n > 1, we define

(41) Xa(t) = X(8) forall ¢ € [17,17,,)
fori=0,1,...,2" — 1, and X, (1) = X(1). Note that
(42) t € Ty, implies that X,,(¢) = X (¢) for all n > k.

We will prove that
(43) (Po X, Y),>1 is tight in D(]0, 1]; D).
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By Prohorov’s theorem, it will follow that (Po X, 1),> is relatively com-
pact in D([0, 1]; D). Hence, there exist a subsequence (ng)r>1 and a probability
measure @ on (D([0, 1]; D), Dp) such that P,, = Q. Let 1Y (t) }eepo,1) be a col-
lection of random elements in D with law ), defined on the other probability
space (', F', P'). For instance, we may take (', F', P') = (I([0,1]; D), Dp, Q)
and Y (t) = np forall t € [0,1]. Then (X(t1),..., X (t)) and (Y (t1),...,Y (tx))
have the same distribution in D*, for any ti,...,t; € A, and the same thing
remains true for arbitrary points t1, ..., in [0, 1] due to hypothesis ¢) and the
right continuity of the sample paths of {Y'(¢)};c[o,1) with respect to Ji, since
for each t; € [0,1),7 =1,...,k there exists a sequence (t]");,>1 C A such that
t* L t; as m — oo.

It remains to prove (43). For this, we apply Theorem 3.6 to P, = Po X, 1.
Condition (ii’) of this theorem is equivalent to condition (ii) of Theorem 3.4,
which is the same as our hypothesis b) (using definition (41) of X,,(¢)).

We begin by checking condition (iii’) of Theorem 3.6. Let ¢ > 0 and > 0
be arbitrary. We prove that there exist § € (0,1) and an integer ng > 1 such
that for all n > ny,

(a) Pup(Xy,0)>e)<n
(44) (b)  P(d5, (Xn(8), Xn(0)) > ) <1
(c) P(dY, (Xn(1=), Xp(1—0)) >e) <7

For part b), let 6 < &9 and n > 1 be arbitrary. Choose k such that
k/2™ <6 < (k+1)/2". Then X, (§) = X(k/2") = X(0) a.s. and X,,(0) = X(0).
Hence d?,l (Xn(8), X,,(0)) = 0 a.s. For part ¢), let § < dp/2 and n > ng where
no is such that 27" < §p/2. Choose [ such that {/2" < 1—-4§ < (I +1)/2™
Then X, (1 —6) = X(I/2") = X(1) as. since 1 —=1/2" =5+ (1 -5 —1/2") <
0+ 1/2™ < dg. Since 6 < dp is arbitrary, this also shows that X, (1—) = X (1)
a.s. for any n > ng. Hence, d91 (Xn(1-), X, (1= 6)) =0 as.

To prove part (a) of (44), it suffices to show that P(w!/(X,,d) >¢) <n
since wp)(z,0) < wy,(z,0) for any x € D([0,1];D). This can be proved exactly
as on page 144 of [5], by applying Corollary 4.5 to the discrete-time process
{Y,(t) }rer, given by Y, (t) = X, (t) = X (t), and the measure p, on T}, given
by pn({tl'}) = F(t}') — F(t!_ ;). The process Y, satisfies hypothesis (38) of
Corollary 4.5, due to our hypothesis a). Note that w! (X, ) < L(Y,,20).

Finally, we prove that condition (i) of Theorem 3.4 holds. Let n > 0 be
arbitrary. We will prove that there exist ¢ > 0 and an integer ng > 1 such that

P(|| Xpllp > a) <2n for all n > ny.

Let € > 0 be arbitrary. Choose ¢ € (0,1) and ng > 1 such that part (a)
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of (44) holds. Choose k > 1 such that 27k < §. We claim that for all n > k,
(45) [ Xnllp < wh(Xn,d) + max 1 (i/2)].

To see this, note that clearly || X, (1)|| < max;—qr || X (i/2%)|]. Let t €
[0,1) be arbitrary. Say i/2F < t < (i + 1)/2%. We have two situations:
dy, (Xn(t), X,,(i/2")) is either smaller or larger than 49, (Xn(t), X ((i41)/28)).
We consider only the case when it is smaller, the other case being similar. By
(5) and the triangle inequality in D, we have

IXn (@)l < d, (Xn(t), Xn(i/25) + 1 X (i/2°)]| < wp(Xn, ) +max 1Xn(i/2)])-

From (45) and part (a) of (44), it follows that for all n > ny,
P(||Xnllp > a) < P(w(Xn, ) +max | X (i/2°)|| > a,w}(Xs,6) < ¢)
i<2

+ P(wp(Xp,8) > €)
< P(max 1X(i/2%)]] > a — ) + P(wp(Xn,0) > €) < 2n,
i<2

for all a>ag and some ag > ¢ large enough, since lima_,, P(max; o | X (1/2%)]|
> A) =0. -

Case 2. In the absence of condition (40), let dp € (0,1/2) be arbitrary.
For any ¢ € [0,1], define X (t) = X(f(t)) where

0 ift e [0,50)
f(t) =< (t—250)/(1—20) ifte [do, 1~ do]
1 if t € (1= do,1]

Since the map ¢ : [dp, 1 — do] — [0, 1] given by ¢(t) = (t — do)/(1 — 2do) is
a bijection, X (s) = X (dp+ (1 —20d0)s) for all s € [0, 1]. The process X satisfies
hypotheses a), b), c) of the theorem, and also condition (40). Therefore, by
Case 1, there exists a collection {Y(t)};c(o,1) of random elements in D defined

on the another probability space (€', F', P’), such that the map ¢ ?(w’,t)
is in D([0,1}; D) for any w' € ', and the vectors (X(t1),...,X(tx)) and
(Y(t1),...,Y(tx)) have the same distribution in D¥, for any ¢1,...,% € [0,1]

and for any k > 1. We define Y (s) = Y (p + (1 — 28p)s) for all s € [0,1]. O
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