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We consider two eigenvalue problems, associated with a continuous function and
with his approximation through a simple (step) function. We prove that their
corresponding eigenvalues have very different properties.
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1. INTRODUCTION

Consider puy < po and an increasing piecewise - C'! function such that

(1) p:(0,L) =R, pw < p(x) < po.

We study the eigenvalue problem

2) ~(pfe + Ruf = K e, € (0,L), k>0
(3) (1fef)H(0) = pwk f20),  (ufof)” (L) = —pok f*(L);

where T and ~ are lateral limit values, k is a parameter (wave number) and
o, f are the eigenvalues and eigenfunctions.

We consider the same problem (2)-(3) when p is approximated through a
simple (step) function pg, with jumps in some interior points x; € (0, L); then
(118)+ is a Dirac distribution. The corresponding eigenvalues and eigenfunctions
are denoted by fg,0g. The functions u, ug are “very close” if the number of
interior points x; is very large (see the Figure 1 below).

When p is linear and continuous, we get an upper bound of ¢ which is not
depending on k. Moreover, we prove that o becomes arbitrary small (positive)
with increasing L. On the contrary, we get fg such that the corresponding og
become infinite with increasing k, independent of L.

The main results of this paper is following. Even if the step function
is is very close to u, there exists a strong difference betwen the eigenvalues
corresponding to pug and p.
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Figure 1: Approximations of a continuous function by simple (step) functions.

The system (1)-(2) is related with the linear stability of the displacements
in a Hele-Shaw cell (a technical device described in [1], [10]). The three-layer
Hele-Shaw model is studied in [2], [8], [9]. The papers [3]-[6] are concerning the
multi-layer Hele - Shaw model. In these models, the boundary conditions (3)
contain also o. Therefore, even if the system (1)-(2) is much more simpler, we
have a “singular behavior” of the eigenvalues. Some contradictions concerning
the multi-layer model are proved in [11].

The very strong dependence of the eigenvalues of an algebraic matrix, as
functions of the coefficients, has been highlighted in the well-known book [12].

2. WHEN p IS A CONTINUOUS FUNCTION

We consider the linear continuous function p such that

(4) () = (4o — pw)e/L+ s Va € [0, L]
We multiply with f in (2), we integrate on [0, L] and get
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(5) (1S f)F(0) = (ufaf) ™ (L)+

L ) ) L ) ]C2 L )
/ ply +k / wf =/ P f
0 0 o Jo
The relations (2)-(3) and (5) give us
L
k? fo Nxf2
T .
pwk f2(0) + pokf2(L) + [y (nf2 + k2 f?)
We neglect some positive terms in the denominator and for the linear p we
obtain

(6) or =

L
Jo maf? _ po — pw

7 < .
Jo nf? Lisw
In the general case, when u(x) is an arbitrary continuous function on [0, L]
(not related with uw and pp), from (6) we obtain the following estimate for
the corresponding eigenvalue, denoted by o¢:

Maz, (pe)

8 oc < ——— .
®) Min, ()
Both above estimates are not depending on k. Moreover, the relation (7) gives
us

(7) oy, <

(9) L —o00=o0r—0.

3. WHEN p IS APPROXIMATED BY A SIMPLE (STEP)
FUNCTION pig

We divide (0, L) in N small intervals, separated by the interfaces x;,
(10) x; =1iL/N, i=0,1,...N; x0=0, ay=L.
For i =1, ..., N we introduce the step function

(1) ps(@) =pw +ilp], € lwion, @) [p] = (ko — pw]/(N +1).

When N = 3 we have

- three “intermediate ” values p;, such that puy < 1 < pe < psz < po;

- four equally spaced interfaces g = 0, 1 = L/3, x9 = 2L/3, 3 = L
such that

)

ps(x) = pw + pi, © € [2i-1, 74);
- four equal jumps p —pw = plo—p1 = p3—pi2 = po—p3 = (Lo —pw)/4.
From now on, we omit the subscript g.
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The step function (11) is very “close” to the function (4) when N is large
enough. The derivative p, is a Dirac distribution, therefore (see Remark 2
below)

i=N—-1

(12) /0 el = 3 P

i=N-—1

L
(1) = [ whef)s = 0 £ D) — (L o) + > Wt

where [F); = F*(x;) — F~(x;). As pu; is constant on each small interval, we
get

(14) —fex + K f =0, z€ (vii1, 1)
We consider the following particular solution of (14):

ek$ , T € [:UO) xN*l];
(15) flz) = { Flan_1)e @1 2 ¢ [en_1, zn].

The above function f is continuous, but f; is not and (recall xnx = L)
(16)  f(zn_1) = PWN=DN - pigy) = FCova1=L) — RLIN=2)/N

We multiply (2) withf, then from (12), (13), (15) we get
_ X R f?

17
{17) ~ DEN + Y =N
i=N—-2
(18)  DEN = mkf§ +pnkff + Y ik f? = (uv-1+ )k fRa,
i=1
(19) I = / pilfy + K1), fi= flwa).
Ti—1
Remark 1. For large N we have DEN > 0. For this, we need (see (18))
1=N—-2
(20) i+ pn R+ Z Jif? > (uv-1+ pn) fRro1.
i=1

We recall (16) and use the well known relation
yryP ey =N /(1) y =Y

therefore (20) is equivalent with

N-1
Ko — :U'W)er;L(N—2)/N + Ho = kw Y

N+1 N+1 —y-—1

p + (ho — >
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HO — PW \ okL(N—-1)/N
— 22— .
(ho N1 ¢
The last inequality holds for N large enough, when (N —1)/N — 1, (N —
2)/N — 1.

By direct calculation we get

LEMMA 1.
C
@) f@) =" o) = [(24R2) = I < MA@+ L)
a
The main result of this section is set out in the following proposition.
ProposITION 1.
(22) o — o0 when k— oo.
Proof. From the relations (17), (20), (21), we get

—N-1 .
R > -
T ag+ Zzi\[_l a;e2kzi 4 qne2kz’

a; > 0.

We prove that the maximum value of the exponential is the same in the nu-
merator and the denominator of the above ratio. Indeed, from the relations
(15) - (16) it follows

2(N -1)L L(N —2)

kz

flon) =e7, 2 N N

Therefore N DL LN — 2
233]\[_1:2( ]_\7) > 2 (N_ )222.

It was very important that jumps [u]; were positive. [

Remark 2. We give a proof for the formula (12). Consider u : [a,c] - R,
b€ (a,c), p(z) = A,z € [a,b); w(x) = B,z € [b,c]. We see that p,(x) =0
for almost every x € [a, ¢]. Only in the point x = b, we have

1iz(b) = lim 1(d) — plb —€) — lim B - A'

e—0 € e—0 €

The next property is verified by a sufficiently smooth function F': there exists
a point x € (b — ¢,b) such that fbb_e F(x)dx = €F(x). Therefore, when ¢ — 0
we get

c b
[ )P - /b o) F(2)dz — [y F(b), [y = st (b) = (b) = B—A.

—€
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