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1. INTRODUCTION

In this paper, we discuss local and global properties of nonnegative solu-
tions for the heat equation generated by Dirichlet fractional Laplacian nega-
tively perturbed by the potentials ﬁ, ¢ > 0. As a consequence we shall prove
complete instantaneous blow-up of nonnegative solutions provided c is larger
than some critical value c*.

Let 0 < o < min(2,d) and Q be an open subset  C R? containing zero. We
denote by L := (—A)2|q the fractional Laplacian with zero Dirichlet condi-
tion on Q¢ (as explained in the next section).

We consider the perturbed heat equation

ou c .
o = Liu — WU in (0,7) x €,
(1.1) u(t,-) =01in Q¢ for all0 < t < T < o0,

u(0,x) = up(x) a.e. in €,

where ¢ > 0 and ug is a nonnegative Borel measurable square integrable func-
tion on Q. The meaning of a solution for the equation (1.1) will be explained
in the next section.
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44 A. BenAmor 2

In [4], the authors establish existence of nonnegative exponentially bounded
solutions on bounded Lipschitz domains provided

AN

(1.2) 0<e<c = —
2(45%)

They also prove that for ¢ > ¢* (the supercritical case) complete instantaneous
blow-up takes place, provided ) is a bounded Lipschitz domain.

Concerning properties of solutions, only partial information is available in the
literature. For example, in [3, Corollary 5.1] the authors prove that under some
conditions any nonnegative solution u(t,x) behaves asymptotically like

(1.3) u(t,z) ~ ¢ x| 7P D6%2(x), a.e. for large t.

where 0 < (c) < d_To‘ and 9 is the distance function to the complement of the

domain.

In the case Q = R? sharp estimates of the heat kernel of the considered
equation are recently established in [6]. Relying on these estimates one can
derive precise information about nonnegative solutions of (1.1). Moreover, in
[6, Corollary 4.11] the authors prove complete instantaneous blow-up of the
heat kernel in the supercritical case.

However, as far as we know, the problem whether a blow-up phenomena takes
place in the supercritical case is still unsolved for general domains.

In these notes we solve definitively both problems: Sharp local estimates in
Q, of a special nonnegative solution (the minimal solution) of the heat equa-
tion will be established in the subcritical case. The estimates are then used
to obtain global sharp LP regularity property. We also prove complete instan-
taneous blow-up in the supercritical case for arbitrary domains, regardless of
boundedness and regularity of the boundary.

Our strategy is as follows: At first stage we show that the considered semi-
groups have heat kernels in the subcritical case. Then sharp estimates for the
heat kernels on bounded sets are established. These estimates lead in turns to
sharp pointwise estimate of the minimal solution of (1.1) near zero.

The main ingredients at this stage are Doob transform that will transform the
forms related to the considered semigroups into Dirichlet forms and the cele-
brated improved Hardy—Sobolev inequality.

Besides, we exploit the heat kernel estimates to extend the L?-semigroups to
semigroups on some (weighted) LP-spaces.

Finally, we use the heat kernel lower bound on balls to establish blow-up on
open sets.

The inspiring points for us are the papers [14, 2, 7] where the problem was
addressed and solved for the Dirichlet Laplacian (i.e., a = 2).
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Despite the nonlocal nature of the fractional Laplacian, we record many resem-
blances between our results and those established in [14, 2, 7] for the Laplacian.

2. PREPARATORY RESULTS

From now on we fix an open subset  C R containing zero and a real
number « such that 0 < o < min(2, d). The Lebesgue spaces L?(R%, dx), resp.,
L?(2, dx) will be denoted by L2, resp., L?(Q2) and their respective norms, will
be denoted by |- |[z2, ||| 2() - We shall write [ --- as a shorthand for [p,---.
The letters C,C’, ¢, k¢ will denote generic nonnegative finite constants which
may vary in value from line to line.

Consider the bilinear symmetric form £ with domain in L?, defined by

o) = A [ [HESONGE =00 gy,
(21) D) = WW“Rd ={fe L’ E[fl:=E(f f) < oo},

where
ol'( d‘FTO‘ )

(2.2) A(d, o) = SardPT(1 — 5)

is a normalizing constant.
Using Fourier transform f(¢) = (27)~%2 [e=¢ f(x) dx, a straightforward
computation yields the following identity (see [9, Lemma 3.1])

(2.3) /mmﬂm%mzﬂﬂbHMfeWW“®%

It is well known that & is a Dirichlet form, i.e., it is a densely defined (in L?)
bilinear symmetric and closed form moreover it holds,

FeWY2ARY) = fo1:= 0V f) Al e W?2(RY) and E[fp1] < E[f].

Furthermore & is regular, i.e., C.(R%) N W/22(R9) is dense in both spaces
C.(R%) and W/22(R%) (see [10, Example 1.4.1]). For further information on
Dirichlet forms we refer the reader to [10].

The form £ is related (via Kato representation theorem [11, Theorem 2.1,
p.322]) to the selfadjoint operator commonly named the fractional Laplacian
on R?, which we denote by Ly := (—A)*/2. We note that the domain of Lg is
the fractional Sobolev space W*2(R%).

For later purposes we recall the sharp Hardy’s inequality (see [15])

(2.4) G Cl ELf] for all f € W22(RY
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with ¢* is the constant given by (1.2).
Henceforth we denote by Lg, the operator related to the Dirichlet form in
L?(Q, dx) given by

D(&n) = W”(ﬂ) = {f e W 22RY: f=0 ge. on Q)

_ y)(9(z) = 9(y))
= // \a:— dra dz dy
+ /Q F(@)g(x)wole) dr
where
1
(2.5) ka(z) == A(d, o) /Qc =g dy,
and ’q.e.” means quasi-everywhere (see [10]).

For every ¢ > 0 we denote by e —tLY the operator semigroup generated by LQ

In the case Q = RY we omit the superscript € in the notations. It is a known
Q
fact (see [5]) that et~ LY, ¢ >0 has a kernel (the heat kernel) p, Lo 0 (x,y) which

is symmetric jointly continuous and pt (x y) > 0, for allz,y € Q.
Let us introduce the notion of solution for problem (1.1).

Definition 2.1. Let V € L} (Q) be nonnegative, ug € L*(2) be non-
negative as well and 0 < T' < oo. We say that a Borel measurable function
w:[0,T) x RY — R is a solution of the heat equation

—— =Lu—Vu in (0,T)x Q,

(2.6) u(t,-) =0in QF, for all t € (0,7,
u(0,:) =up on €,
if

L uegloc([ ) L2

i OC(Q)), where £? is the Lebesgue space of square inte-
grable functions.

2. ue L, ((0,T) x Q,dt @ V(x)dz).
3. For every 0 <t < T, u(t,-) =0, a.e. on Q°.

4. For every 0 < t < T and every Borel function ¢ : [0,T) x R* — R such
that supp ¢ C [0,T) x £, ¢, % € L?((0,T) x ) and ¢(t,-) € D(Lo) and

t
/ /|“(5795)L0¢(8,56)|d8dx < 00
0 Ja
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the following identity holds true

[ (@o)t.2) ~ uol)o(0.2)) o+
(2‘7) /0 /U(S,J})(—Qﬁs(ij) +Lg¢(8,(£))dxd5

_ /Ot/u(& 2)é(s, 2)V (z) da ds.

For every ¢ > 0 we denote by V. the Hardy potential
c

Ve(w) := [z x # 0.

In [4] it is proved that for bounded 2, V =V, and 0 < ¢ < ¢* equation (1.1)

has an exponentially bounded nonnegative solution. However, for ¢ > ¢* and

Q2 a bounded Lipschitz domain then any nonnegative solution, u(t, x) blows up

completely and instantaneously, i.e.,

u(t,z) =00, t >0 a.e. .

The same statement was recently proved in [6] for Q = R

In these notes we shall, among others, fill the gap between the cases of bounded
Q and Q = R%,

In the next section we shall be concerned with properties of a special nonneg-
ative solution which is called minimal solution or semigroup solution in the
subcritical case, i.e., 0 < ¢ < ¢* and in the critical case, i.e., ¢ = ¢*. The term
minimal solution comes from the following observation: If uy is the semigroup
solution for the heat equation with potential V., A k, k € N and if u is any
nonnegative solution of (1.1) then uq := limy_, o ug is @ nonnegative solution
of (1.1) and us < uw a.e.. The observation is proved in [2] for the Dirichlet
Laplacian with Hardy potentials, in [4] for the Dirichlet fractional Laplacian on
bounded domains and in Lemma 4.1 for general domains. Finally it is proved
in [12] in a different context.

We name 1, the minimal solution and we denote it by u instead of s .

Let 0 < ¢ < ¢*. We denote by 55‘{6 the quadratic form defined by

(2.8)  dom(E}) = WS'2(Q), EF[f] = / F*(x)
whereas for ¢ = ¢*, we set
(2.9)dom (") = W?2(Q), &0 " [f] = Ealf] - /sz(:v)Vc (z) dz

In the case Q = R? we omit the subscript €.
As the closability of E'QVC* in L?(Q) is not obvious we shall apply a method
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that enables us to prove in a unified manner the closedness of Sgc as well as

- ; Vex .
the closability of &g ¢ in L?(). To that end we recall some known facts
concerning harmonic functions of Lg — FICE
We know from [3, Lemma 2.2] that for every 0 < ¢ < ¢* there is a unique

B = B(c) € (0,952] such that we(x) := |z|5(), 2 # 0 solves the equation

2
(2.10) (=A)*2w — ¢|lz|™w = 0 in the sense of distributions.
That is,
(2.11) <w, g% > —e < |z| %W, >=0, p € S.

Making use of Riesz potential it is proved in [3, Lemma 2.2] that equation
(2.10) is equivalent to

w p—
212 /C(yg_alyl *dy = cwc(z), x # 0.
|z =yl
Furthermore for 8 = B, := %%, we have ¢ = ¢*. Thereby, we-(z) = |z~ 2°,
x # 0.

Next let ¢ be a real number in (0, c*] . .
For 0 < ¢ < ¢ let QF be the w-transform of Eg‘{c, and for ¢ = ¢* let Qg be
the we«-transform of 6'(‘2/0. Accordingly we have:

dom(QG) = {f € LA(Qulde): w.f € W™ (Q)}, Q4lf] = EXwef]
= eotues)—c [ W, e dom@p).
Whereas
dom(Qg) = {f € LA(Quwidz): wef e W/ (Q)}, Q6 [f] = X [we- f]
_ 5Q[wc*f]—c*/ (we- f)? dz, f € dom(QF)
o |z@ ’

In the case = R? we shall omit the subscript R? in the above notations.
LEMMA 2.2. 1. For every 0 < ¢ < ¢, the sets C°(Q \ {0}) and
dom(Q§) N Ce(2) are cores for QF,.

2. For every 0 < ¢ < c*, the form Q§, is a Dirichlet form in L*(Q,w?dx)
and

)2
S aa We(@)we(y) drdy,

f € dom(Qg,).

Q[ f]

(2.13) Re JRd |l’— ‘d+0‘
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3. For ¢ = c¢* the form Q§ is closable in L2(Q wi dz) and

: d o )2
(2.14) lf /Rd /Rd |x _ |d+a S ara We. ()we, (y) dedy,
f € dom(Q% ).
Let Qf, be the closure of Q¢ . Then Q¢ is a Dirichlet form.

4. The form Sgc is closable.

5. The form QF is regular for every 0 < ¢ < c*.

Remark 2.3. 1. In the case Q = R? Lemma 2.2 (and Lemma 2.7 below)
can be seen as the reciprocal of [6, Theorem 5.4]. In fact the form & con-
sidered in [6] is nothing else but the w_ '-transform of Q°.

2. We show in Remark 3.5 that EXC* is in fact, not closed.

Proof. (of Lemma 2.2)
To prove the first claim, we recall some facts about the fractional Sobolev
spaces.
By assumptions 0 < « < min(2,d). Thus points have zero E-capacity. Ac-
cordingly and from the definition we obtain Woa/z’Q(Q \ {0}) = WOO‘/M(Q).
Moreover, C°(2\ {0}) is dense in I/Vo‘/2 2(9 \ {0}) with respect to the norm

JEa + - H%Q(Q). Here we refer to [1, Theorem 10.1.1, Corollary 10.1.2, p.281],

where the space W®/22(R%) coincides with the space L®/22(R%) with an equiv-
alent norm. Thus C°(2\ {0}) is a core for &£q.

We recall that W' /% 2((2) NC.(Q) is also a core for &,. Consequently all spaces

C*(2\{0}) and Wa/2 2(Q) N C.() are also cores for Eye and Sgc*, since both
forms are dommated by . On the other side f + w_ ! f maps C°(Q\{0}) into
C22(2\{0}) and Wg/>*(Q)NC.(Q) into dom(Q) NCu(R), dom(Qg)NC. (©).
All these con81derat10ns together with the fact that dom(Q ) is a core for Q¢
lead to assertion 1.

The proof of formulae (2.13)-(2.14) follows the lines of the proof of Lemma 2.7,
so we omit it.

We turn our attention now to prove the rest of the lemma.

Let 0 < ¢ < ¢*. Utilizing Hardy’s inequality we obtain

(2.15) (1— C%)Eg[f] < & < &lf], fe W (9).

As &q is closed, inequality (2.15) yields the closedness of Sgl/c, which in turns
implies the closedness of Q.
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By inequality (2.15) once again and the fact that £g is densely defined in
L?(Q, dz), we conclude that 6'(‘2/“ is also densely defined in L?(€2, dz). Thus Q§,
is densely defined in L?(Q2, w2dz). Furthermore, on the light of formula (2.13)
it is obvious that the normal contraction acts on dom(Q§,) and hence Q¥ is a
Dirichlet form.
Let us consider the critical case. As &g is densely defined in L?((2,dx) the
inequality
0 < £ 1f] < &alfl, f e Wg**(q),

implies that 8 * is densely defined in L?(€2). Consequently the form Qg is
densely deﬁned in L?(Q, w2 dz). Besides formula (2.14) indicates that Q¢ is
Markovian and closable, by means of Fatou’s lemma. Thus Sgc* is closable as
well. Moreover, according to [10, Theorem 3.1.1] Q¢ is Markovian and hence
is a Dirichlet form.
Having assertion 1 in hand, it suffices to prove that dom(Q¢) N C.(§2) and
dom(Q°") N C.(Q) are uniformly dense in C,(€). But this follows from the
regularity of £ together with the fact that f + w_ ! f maps C.(2) into C.(£).

O

Henceforth, we denote by Sg‘;c* the closure of ggc*, by L% the selfadjoint

operator associated to ES‘{C for every 0 < ¢ < ¢* and we let eftLg‘}c, t > 0 the
related semigroups.

Similarly, for every 0 < ¢ < ¢*, we let Ag® the operator associated to QF, in
the weighted Lebesgue space L?(Q, w?dx) and T;”é, t > 0 its semigroup. Then

(2.16) Age = wc_lL%wC and T} = wc_le*tLgcwc, t>0.

The next proposition explains why are minimal solutions also semigroup solu-
tions.

PROPOSITION 2.4. For every 0 < ¢ < ¢*, the minimal solution is given
by u(t) = e tLcho t > 0, and for each t > 0, u(t) € D(LQ) and u €
C([0, 00, L2(£2)) N C*((0, 00 LQ(Q) Furthermore u fulfills Duhamel’s formula

u(t,z) = Ouo //pt s(@oy)u(s,y)Ve(y)dyds, t >0,

a.e.x € Q.

(2.17)

Proof. Let (hg)r be the sequence of closed quadratic forms in L?*() de-
fined by
hy = Eq— Vo Ak,
and (Hy)x be the related selfadjoint operators. Then (hg) is uniformly lower
semibounded and hjy | 5(‘2/6 in the subcritical case, whereas hy | Egc* in the
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critical case. As both forms é’gc, 55‘2/3* are closable, we conclude by [11, Theorem
3.11] that (Hy) converges in the strong resolvent sense to Lg‘}c for every 0 < ¢ <

¢*. Hence e "k converges strongly to eitLS‘Bc and then the monotone sequence
up = e ryy converges to eitm}cug which is nothing else but the minimal
solution.
The remaining claims of the proposition follow from the standard theory of
semigroups.

O

As minimal solutions are given in term of semigroups we are led to analyze
properties of the latter objects to gain information about the first ones. Here
is the first result in this direction.

tLY

PROPOSITION 2.5. For every t > 0 the semigroup e~ 2", t > 0 has a
Q

L
measurable nonnegative symmetric absolutely continuous kernel, p, ', in the
sense that for every v € L?(S2) it holds

Q
(2.18) ety = / ptLVC( ;u(y)dy, >0, ae. z,y € Q.
Q

LY e :
We call p, " the heat kernel of e~tLe" . Let us emphasize that formula
Q

(2.18) implies that the heat kernel ptL Ve is finite a.e..

Proof. Owing to the known facts that e_tLg, t > 0 has a nonnegative
heat kernel and V, Ak is bounded we deduce that e** has a nonnegative heat
kernel as well, which we denote by P; ;. Moreover, since the sequence (V. A k)
is monotone increasing, we obtain with the help of Duhamel’s formula that the
sequence (P ) is monotone increasing as well. Set

Q
(2.19) ptLVC (,y) := lim P g(z,y), t >0, a.e. x,y € Q.
k—o00
LQ
Then p, ' enjoys the properties mentioned in the proposition.
Let v € L?(Q) be nonnegative. Then by monotone convergence theorem, to-
gether with Proposition (2.4) we get

ety = lim ug(t) = lim e Hry = lim /Pt,k(,y)v(y) dy
k—o0 k—o0 k—oo Jo
LQ
(2.20) = /pt e(,y)u(y) dy, t >0, a.e. z,y € Q.
Q

For an arbitrary v € L%(Q) formula (2.18) follows from the last step by decom-
posing v into its positive and negative parts. [
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Remark 2.6. From Proposition 2.5 in conjunction with formula (2.16), we
obtain existence of an absolutely kernel for the semigroups 7; ;jjé for each t > 0
and each 0 < ¢ < ¢*. We shall denote by ¢’ the already mentioned kernel and
we call it the heat kernel of Q. For the particular case €2 = R? we will omit
the subscript R%. Let us stress that the kernels qtQ depend on c.

Once again, formula (2.16) leads to
LY
221) ey = 200

2 t>0, a.e. x,y €.
wc($)wc(y)

In the particular case Q = R?, we proceed to show that forms Q¢ enjoy
conservativeness property. Namely,

(2.22) TP 1=1,t>0, ae.x R

To achieve our goal we introduce the following forms. For any 0 < ¢ < ¢, we
define the forms F¢ by:

dom(F*) = C=(R"\ {0}).
: a x) — 2
i = 25 [ [ ) we(y) dady

LEMMA 2.7. The quadratic form Q° is well defined, moreover it is closable
in L2(RY, w?dx).
Let

F¢ = the closure of F¢ in L*(RY, w?dz).
Then for every 0 < ¢ < c*, it holds Q¢ = F*.

Proof. The fact that F¢ is well defined is indeed equivalent to the follow-
ing two conditions (see [10, Example 1.2.1]): for every compact set K < R\ {0}
and every open set 23 C R?\ {0} with K C Q; one should have

/ & — 42w (2)wely) d dy < oo,
KxK

/ / |z — y|_d_°‘wc(x)wc(y) dx dy < oo.
K JQf

The first condition is proved for bounded sets in [3, Lemma 3.1]. Let us prove
the finiteness of the second integral.

Since 0 ¢ K, we obtain sup,cx we(r) < co. Let € K. Making use of the
identity (2.12) we obtain

(2.23)

[y <o | W) o < () < o0
QB acnB, |7 =yl
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and

(2.24) / |z — y| = w,(y) dy < / |z —y|"dy < .
QiNBy {lz—y[>d}

Thereby, the first part of assertion 1. is proved.

The proof of closability is a standard matter so we omit it.

We already know from Lemma 2.2 that C°(R?\ {0}) is a core for Q¢ and it is

by construction a core for F¢ as well. Thereby to prove Q¢ = F°¢ it suffices to

prove Q¢ = F¢ on C°(R%\ {0}). We mention that the rest of the proof fills a

gap in the proof of [3, Lemma 3.1].

Let f € C®(R%\ {0}). Set

(2.25)

F(z,y) = we(z) f*(2) (we(y) — we(x))

’:U _ y|d+a

and G(z,y) = F(x,y) + F(y, ).

An elementary computation leads to

(f(=) = f())? _ (we(2) f (@) — we(y) f(y))?

|$_y|d+a C( ) C( )_ |x_y‘d+a

+ G(x,y).

According to the former steps, the first and the second functions are in L' (R? x
RY, dzdy). Hence the function G(z,y) is also in L'(R? x R? dxdy). Now we
follow the lines of the proof of [3, Lemma 3.1]. Let us quote

/ G(z,y)dy = 2/ F(x,y) dy.
{Jo—y|>e} {|o—y|>e}

By dominated convergence theorem we obtain

[ [y => [ w2 ) = e dy) da

=0 Jjz—y|>e}

= -2 [ W) () (-A) wo) (@) do

2
2.26 =— 2w2V. dx.
(2.26) G | P
Finally multiplying identity (2.25) by w and integrating we obtain Q°[f] =

Fe[f] for all f € C.(R?\{0}) and all 0 < ¢ < ¢*, which completes the proof. [J

THEOREM 2.8. Assume that Q = R%. Then for every 0 < ¢ < ¢* the form
Q° is conservative. It follows, in particular,

(2.27) L @) dy = wel@), w20
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Remark 2.9. Theorem 2.8 was proved in [6, Theorem 3.1}, however with
a different method using integral analysis.

Proof. Identity (2.27) is an immediate consequences of the conservative-
ness property which we proceed to prove, together with formula (2.21). As a
first step we shall prove conservativeness in the subcritical case.
The subcritical case. Let 0 < ¢ < ¢*. On the light of Lemma 2.7-2, we use
Masamune’s result [13] which reads in our special case: If

@28)  swpup ') [ (1ALe =yl -yl ey dy < oc
x R4
and for some a > 0,
(2.29) / e~ U2 (z) da < oo,
Rd

then the form Q¢ is conservative.
Clearly condition (2.29) is fulfilled. Let us show that condition (2.28) is satisfied
as well. We recall we(z) = |y| =) for some 8 := S(c) € (0, %52). Let

|y|_ﬁ /
2. 1 = d =2—-o.
( 30) 1(x) /Bl(x) |ZC - y|d+a72 b “
Let |z|] <2 and v := —dga. Then

Pl
@) = /B(x) gl VW
1

, B
(2.31) < 3 / T vl dy.
Bi(z) |2 —yld—

In the case a > 1, we obtain
o >0, 0<B<d—ad.

Thus we apply [3, Lemma 2.1] to get

|y‘_/8 —a’ |y’_6 —a’
A = U M
(2.32) = Cwe(z)
and
Ii(z) < Cw(x).
In the case 0 < a < 1, change 2 — a by oy = 1_70‘ to obtain (by similar
arguments)

ly|=?

2.33 Li(z)<C _—
@) nw=cf e

\y|7a1 dy < ch(x)'
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Let now |z| > 2. Then for every y € Bi(z) we have |y| > |z| — 1 > 1. Thus

1

Il(ac) < CW

Hence in both cases we obtain

supw, H(z)I1(x) < oo.
xr

For the remaining integral, let

(2.34) Lo(z) == / L[;ady.
B$ () |z — y
We decompose the integral into the sum of three integrals
lyl~* ly|~°
b - | dy + y
By(@)n{lyl<1y [T —ylo+e B (@)n{lyl>1alal /2y [T — 97+

(2.35) + / ﬁ dy
Be(@)n{i<lyl<|zl/2} [T — Y|4t

On the set B§(x) N {|y| < 1} we have |z —y|79~* < |z — y|~9®|y|~. Thus

-8 -8
Yy Yy —a
/ T < Al dy
Be(a)n{lyl<1} 12 — ¥l Be(a)n{lyl<1} 12 — ¥l
‘yliﬁ —« -8
(2.36) < T eyl dy < Cla|7.
B¢(x) lz —yl

Furthermore

/ ly|~* y
Bg(@)n{lyl>1nlzl/2} [T — 9|9+

(2.37)
< 2P|a|F / & -y~ dy < Cla| .
Bf(x)

For the last integral we have two situations: if the set
E = Bi(z) n{1 < [y| < |x]/2}
is empty, then we are done. If not, then on the set F, it holds
_y >
(2.38) o=yl > 5 =yl > 1.

Hence

ly|=° 81— ly|=?
———dy < PP | —F o dy
/E ‘x_y‘d—f—a E ’x_y|d+23
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(2.39) < Pt [ Wy < 0w
Elyl 2
Finally we get sup, w; ! (z)I(x) < oc.
Putting all together we get that condition (2.28) is fulfilled and the form Q€ is
conservative.
The critical case: We recall that conservativeness means

T, 1 = /qt(,y)wg*(y) dy=1, t>0.
From the contraction property of the L>®-semigroup related to Q¢ we derive

/qt(,y)wf*(y) dy <1,

which leads to

LB
(2.40) / P, (2, y)we (y) dy < wes () for allz # 0, t > 0.
Rd

Now the first part of the proof yields, for every 0 < ¢ < ¢,
¥ L,
we(z) = /Rd P (@, y)we(y) dy < /Rd pe < (@, y)we(y) dy

L¥? LR
(2.41) ~ [ 0 @uwidrs [ 5 @y
By B¢
Let us observe that the first integrant is increasing, whereas the second one is
decreasing with respect to c. Hence, letting ¢ — ¢* and combining monotone
convergence theorem with inequality (2.40) we achieve T,""1 = 1 and the proof
is completed. [

3. HEAT KERNEL ESTIMATES, LOCAL AND GLOBAL
BEHAVIOR OF THE MINIMAL SOLUTION IN SPACE
VARIABLE

In this section we assume that € is bounded.
Since the potentials V. are too singular (they are not in the Kato-class, for
example), investigations of properties of solutions of the evolution equations
related to Lgl — V. becomes a delicate problem. In fact, the theory of elliptic
regularity is no longer applicable in this context. To overcome the difficulties
we shall make use of the Doob transform for forms Sgc performed in Lemma 2.2
together with an improved Sobolev inequality. This transformation leads us
to get a Dirichlet forms and a Markovian ultracontractive semigroup on some



15  The heat equation for the Dirichlet fractional Laplacian with Hardy’s potentials 57

weighted Lebesgue space. The analysis of the transformed forms will then lead
us to get satisfactory results concerning estimating their heat kernels (sharply)
and hence to reveal properties of minimal solutions.

As a first step we proceed to prove that Sobolev inequality holds for the w,-
transform of the form £;°.

THEOREM 3.1. 1. Let 0 < ¢ < c* and p = ﬁ. Then the following

Sobolev inequality holds true

(3.1) 112 | o uzan < AQGIS, f € D(QS).

2. Forc=c"letl <p< ﬁ. Then the following Sobolev inequality holds
true
(3:2) 172 o (2. de) < AQG[f), f € D(QG).

3. For everyt >0 and 0 < c < ¢* the operator T}'§ is ultracontractive.
4. For every 0 < ¢ < ¢* there is a finite constant C > 0 such that

Q
(33) 0< ptLVC (z,y) < %wc(x)wc(y), t>0, a.e. on Q xQ.

@

5. For c = c*, there is a finite constant C' > 0 such that
Q

LV* C
(3.4)0 < p, < (2,y) < —Fwe+(x)wex(y), t >0, a.e. on Q x Q.

tr—1

Proof. 1) and 2): Let 0 < ¢ < ¢*. From Hardy’s inequality we derive
c 2,2
(3.5) (1= )Ealfl < EF11, £ eWs™(@).
Now we use the known fact that W' / 2’Q(Q) embeds continuously into LT to
obtain the following Sobolev’s inequality

o

(3.6) ( /Q I de) T < CEVLY), | e o).

An application of Holder’s inequality together with Lemma 2.2 and the fact
that € is bounded, yield then inequality (3.1).

Towards proving Sobolev’s inequality in the critical case we use the improved
Hardy—Sobolev inequality, due to Frank—Lieb—Seiringer [9, Theorem 2.3]: For
every 1 <p< ﬁ there is a constant Sg(€2) such that

f*(z)

o lz|*

a1 ([ 157 a0 < Sua(@) (Ealf] - ar), e w0
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and the rest of the proof runs as before.

3) and 4): As Q, is a Dirichlet form, by the standard theory of Markovian
semigroups, it is known (see [8, p.75]) that Sobolev inequality implies ultra-
contractivity of ﬂwé together with the bound

C
(3-8) TG L2 (@ w2da),Loc (@) < pryeR t>0.
By [8, p.59]) the ultracontractivity implies in turns
C
(3.9) 0<¢(z,y) < e fort >0, a.e. z,y.

Recalling formula (2.21):

pe (2, y)

wc(x)wc(y)
yields the upper bound (3.3).

The proof of 5. is similar so we omit it. [

(3.10) ¢z, y) = fort >0, a.e. x,y

At this stage we turn our attention to establish a lower bound for the
LQ
heat kernel p, .

Let us first observe that from the definition, the Dirichlet form Q, is nothing
else but the part of the form Q¢ on €, i.e., QG = Q°laom(Qy)-

Since Q€ is a Dirichlet form and ¢; is continuous there exists a Hunt process
on R? such that

Pr(X € 4) = [ alep)uilo)dy, A€ BERD.
A
By positivity of w, and the Dynkin-Hunt formula we get

Q?('xvy) = Qt(l‘ay) - EI[TQ < tht—m(vay)], x and Y€ Qa
where 7q = inf{t > 0: X; ¢ Q}.
Let S(t,z) := |x|f©) 48/ and H(t, x) := 14we(xt™ /) = we(x)S(t, x).
We know from [6, Lemma 5.1, Theorem 2.1] together with formula (2.21) that

t
(311) Qt(.%',y) ~ S(t, x) <t_d/a A ‘,%'—W‘) S(t,y), t> 0, z and Yy e Rd.

THEOREM 3.2. For every 0 < ¢ < ¢*, every compact subset K C ) and
every t > 0, there is a finite constant ky = k¢(K) > 0 such that

Q

(3.12) ptLVC (,y) > kpwe(x)we(y), a.e. on K x K.
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Proof. Since 0 € Q we may and do assume that 0 € K (we can consider

LQ
infimum of p, " on the larger set).

First we prove the lower bound for ¢’ ‘on small balls around zero and
small £ > 0. Let 0 < r < 1 be such that By, C ©Q and z,y € B,. Then
Dynkin—Hunt formula leads to

Q?(xay) = qt(x7y> _Ex[t > TQ:Qt—m(yme)]
(3.13) > q(z,y) = sup gs(y,2).
s<t,zeQ°

Since S(-,y) is increasing and |y —z| > |z]/2 > r for z € Q° by (3.11) we obtain

t
sup  ¢s(y,z) < ¢y sup S(t,y)——95(t, z
s<t,ze° S( ’ ) zeQe ( ’ )’Z‘d—’—a ( , )

<c1S5(t,y) (1 + tﬁ(c)/a) .

TdJra

Hence and again (3.11) yields for ¢t <1

Q
4 (x,y) Ble)/a [ 1—d/a t ¢
=2 > cot t A\ — .
Sty ~ v —yjie )~ ydta
o\ @/ (atd—B(c))
For |z —y| < tY/* and t < T(r) := (%)a ¢ Y < v we get

Q
4 (2, y) (B(c)=d) /o
=77 > oot
S(ty) =7

> ©2,(B(e)-d)/a_

t
rdt+a 2

This implies

3 tl/a
Q?(xay) > CS(t,$)S(t, y)t d/a, ‘$|7 ’y‘ < T
In consequence
L d L
pi " (w,y) > cH(t,x)H(t,y)t~ ¥ > cH(t,2)H(t,y)p,° (z,y),

1/
|| and |y| < -
Let |z| < t/9/2 < |y| < 7. Set D := Byjajq \ Byijag. By Duhamel’s
Q
formula and estimates of ptL 0
LQ LQ t
P C(2,y) >0 (2,9) > CW? zeD.
By the semigroup property

LY, LYy, LY, ~dfa__t
pt (wvy) Z Dpt/2 (xaz)pt/g <27y> dZ Z CH(ta x)t ’y|d—|—oz|D’
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LSZ
> cH(t,z)H(t,y)p,° (x,y).
For t1/2/2 < |y, |x|. We get

Q

L
P (2, y) >pt (m y) > inf pt (a: y) =c(K)>0.
z,yeK

For |z| < t/%/2 < 7 < |y| one can obtain by the semigroup property
LQ
p; " (x,y) > cH(t,z)cy(K). In particular we have

Q

L
p “(zy) 2 Ht,2)H(t, y)er(K), t<T(r), zandy € K.
Ift>T (7“) we use the semigroup property to obtain

LQ Je
/ /I uisr Y ok A T S O
> c(r, K)H (t,x)H(tvy)l inf_ b, QT<T/2)(z,w),

which ends the proof. [

We are now in position to describe the exact behavior, in space variable,
of the minimal solution of equation (1.1), especially near 0.

THEOREM 3.3. 1. For every t > 0 there is a finite constant ¢, > 0
such that,

(3.14) u(t,z) < cewe(x), a.e. on Q.

It follows in particular that u(t, z) is essentially bounded away from zero.
2. For every t > 0, there are finite constants ¢y, ¢, > 0 such that

(3.15) cwe(z) < u(t,z) < cqwe(z), a.e. near 0.

Proof. The upper bound (3.14) follows from Theorem 3.1-4). Let us now
prove the lower bound.

Let K be a compact subset of {2 containing 0 such that the Lebesgue measure
of the set {z € K: ug(x) > 0} is nonnegative.
Let k¢ be as in (3.12), then

u(t, z) :/th (z,y)uo(y) dy > / th (z,y)uo(y) dy

> fitwc(x)/ we(y)uo(y) dy > cwe(x), a.e. on K,
K

with ¢; > 0, which was to be proved. [
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The local sharp estimate (3.15) leads to a sharp global regularity prop-

erty of the minimal solution, expressing thereby the smoothing effect of the
Q
semigroup e thve,

ProrosiTION 3.4. 1. For every t > 0, the minimal solution u lies in
the space LP(Q2) if and only if 1 <p < %.

9
2. For everyt > 0 and every 2 < p < %, the operator eitL‘}c maps continu-

ously L*(Q) into LP().

3. For every t > 0 and every ﬁ <g<p< %, the operator e LV, maps

continuously L1(€2) into LP(S2).

4. The operator L% has compact resolvent. Set (go,fVc)k its eigenfunctions.
Then (cpivc)k C LP(Q2) for every p < %.

Proof. 1) Assume that 1 < p < %. Let R > 0 be large enough so that
() C Bg. Using inequality (3.14) we obtain

R
/(u(t,x))p dx < ct/ 2| PP dx < ct/ |z| PP dx < ct/ rPPAL g < o0,
Q Q Br 0

Conversely assume that v € LP(Q2) for some p > 1. Let 7 > 0 be small enough
so that B, C . Then by inequality (3.15) we get

C/ sPArd-lgs — ¢ |z| PP dx < / (u(t,z))P dx < /(u(t,a:))p dx < oo.
0 B, B, Q

But this is possible only if p < %.

2) Let ug € L?(Q) and p as described in the assertion. We recall that etV U
is given by

e—tLg&cuo(:p) = /thL%C (z,y)up(y) dx dy, t >0, a.e. x.
Owing to the upper bounds (3.3)-(3.4) we obtain
e (o) < cnt@)( | wlluotw)l )
Hence

(3.16) / ‘e_th‘}cuo(@)p dx < Ct(/ we|uo| d:v)p/ wP dx < ct(/ u? dz)P/?.
Q Q Q Q

Consequently the semigroup etV ug, t > 01s bounded from L?(£2) into LP(2).
3) Let 2 < r < d/B and 1’ be the conjugate of r. Assertion 2 together with
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the symmetry of etV ug imply the boundedness of e LV, ug from L’”/(Q) into
L?(2). Using assertion 2 once again and the semigroup property, we obtain
that eitLgcuo operates as a bounded map from L (Q) into L"(Q). Let us
observe that r’ > ﬁ.

Using Riesz—Thorin interpolation theorem we obtain boundedness from L4(£2)
into LP () where

1/g=0/2+(1—0)/r and 1/p=0/2+ (1 —0)/r, 6 € (0,1).

Obviously p and ¢ fulfill all properties mentioned in the assertion.

Q
4) We claim that for each ¢ > 0 the operator e Ve is a Hilbert-Schmidt.
Indeed, the upper bound (3.3) leads to

/Q/Q <pfs\}c>2(x,y)dxdy<ct(/glwg(x)dx)z<OO’

and the claim is proved. Hence L% has compact resolvent. The claim about
the eigenfunctions follows from assertion 2. [

Remark 3.5. We emphasize that 5224 is not closed. Indeed, utilizing

the inequality ptL Ve > ptL 3 we conclude that the semigroup etV s irre-
ducible for each t > 0. Consequently, the smallest eigenvalue of L% is non-
degenerate, i.e., its eigenspace has dimension one and is generated by a non-
negative function, say @Lgc* If E’gc* were closed, then the ground state @LS‘}«:*
would be in the space W' / 2’2(9). Hence by Hardy’s inequality we would get

Q
fQ(goLVc* )2(x) Ve (z) do < oo. However, from the lower bound (3.12), we obtain
for each small ball B around zero

Q 2
/ (goLVc*> () Ve (x) da > C'/ w2 (2) Ve () da = oo,
Q B
leading to a contradiction.

The already established upper estimate for the heat kernel enables one
to extend the semigroup to a larger class of initial data.

THEOREM 3.6. 1. The semigroup e_tLS‘}c, t > 0 extends to a bounded

linear operator from L'(Q,w.dz) into L*(Q).

2. The semigroup e_tLS‘}c, t > 0 extends to a bounded linear operator from
LP(Q,wedx) into LP(QY) for every 1 < p < oo.

3. The semigroup e_tLgc, t > 0 extends to a bounded linear semigroup from
LP(Q, wedx) into LP(Q, wedx) for every 1 < p < d/3.
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Proof. Having estimate (3.3) in hands, a straightforward computation
yields

/(e—t%uo)zdx < ct/ w; da - (/ [uolwe dy)®, for all t >0,
Q Q Q

and assertion 1. is proved.

Similarly, using Holder’s inequality we achieve
Q

Lo L Ly
el < [ ol dy [ o oo dy

< (o) [ welo)y [ JuolPuedy < e ( [ ol dy) w2 ().
Q Q Q

Integrating w.r.t. x, we obtain assertion 2.
Assertion 3. can be proved in the same way. [

4. BLOW-UP OF NONNEGATIVE SOLUTIONS ON OPEN SETS
IN THE SUPERCRITICAL CASE

In this section we prove that for ¢ > ¢* any nonnegative solution of the
heat equation (1.1) on arbitrary open sets containing zero blows up completely
and instantaneously. The main ingredient for the proof is the lower bound for
the heat kernel in the critical case. Our result accomplishes those corresponding
to bounded Lipschitz sets [4] and to Q = R? [6].

Besides, our proof deviates from the one developed in [4]. Therein the proof
relies on the boundary behavior of the ground state of Lg.

Henceforth we fix an open set  C R¢ containing zero and ¢ > 0.

Let V € L'(Q,dz) be a nonnegative potential. We set Wy, := V Ak and (P,) the
heat equation corresponding to the Dirichlet fractional Laplacian perturbed by
— W), instead of —V:

_% = Lu—Wiu in (0,T) x Q
(4.1) (P): ) w(t,)=0in 9 for all t €]0, T

u(0,2) = up(x) for a.e. x € RY,

Denote by L; the selfadjoint operator associated to the closed quadratic form
537 k.

dom(ENVr) = W/>2(0), EWe(f] = Ealf] - /Q 2 (2)Wi(x) da.

Set uk(t) := e trug, t > 0 the nonnegative semigroup solution of problem
(Pg). Then uy satisfies Duhamel’s formula:
up(t,z) = e Tryg(x) :e_tLguo(:U)
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t 0
(4.2) —|—/ /pffs(x,y)uk(s,x)Vk(y) dyds, t >0, a.e.x € Q.
0 JQ

Let us list the properties of the sequence (uy) and establish existence of the
minimal solution.

LEMMA 4.1. i) The sequence (ug) is increasing.

i) If u is any nonnegative solution of problem (2.6) then uy < u, for allk.
Moreover s := limy 00 uy, s a nonnegative solution of problem (2.6) as
well.

The proof runs as the one corresponding to the case of bounded domains
(see [4]) so we omit it.
We recall that we use the notation u(t) for the minimal solution wue(t).
Remark 4.2. Let 0 < ¢ < ¢*. Owing to the lower bound (3.12) together

B

LY L
with the fact that p, "* > p, " for any open ball B C 2 we automatically get:
for every compact subset K C 2 and every t > 0 there is a finite constant
ke = kt(K) > 0 such that

Q
(4.3) ptLVC (,y) > krwe(x)we(y), a.e. on K x K.
Hence
(4.4) u(t,x) > cowe(x), a.e. near 0 for all ¢ > 0.

Thus v has a singularity at 0 for all £ > 0.
Let us establish a Duhamel formula for the minimal solution.

LEMMA 4.3. Let u be the minimal solution of equation (1.1) with ¢ > ¢*.
Then u satisfies the following Duhamel’s formula:

u(t,@) = ¢ P ug(o owb//m;xyswmawm

t>0, a.e. x.

(4.5)

Proof. Set W = Ve ANk. Then

Q
un(t, ) = e~ Bug() = ¢ Vi ug(z) l//msxwaWr%@@%

An easy calculation shows that the sequence (W), — W) is increasing. As the
minimal solution is the limit of the ug’s, the result follows by application of
monotone convergence theorem. []
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We have so far collected enough material to announce the main theorem
of this section.

THEOREM 4.4. Assume that ¢ > ¢*. Then any nonnegative solution of
the heat equation (1.1) blows up completely and instantaneously.

Proof. Assume that a nonnegative solution u exists. Relying on Lemma
4.1, we may and shall suppose that u = us. Put ¢ = c—c¢* > 0 and let B be
an open ball centered at 0 such that B C 2 and ug # 0 on B.

LY L
Owing to the fact that p, °* > p, ", the identity (4.5) together with the lower

LB
bound (3.12) for p, ** lead to

_tL2 _.IB

U(t,ZC) > e Ver UO(x) >e Vex uO(x) > CtWer (ZC),

(4.6) ) 1
a.e.on B’ := §B, t>0.

Using (4.3) and (3.12), once again together with the latter lower bound we
obtain

t LB
u(t,x) > C//O /Bpt_v;* (z,y)u(s,y)|y|"*dsdy
[t L,
(4.7) > e | 0 @ wlal " dsdy

t
> c’wc*(x)/o CL/,wf*(y)!y‘“ ds dy.

However,

(48) | k@l dy = .

and the solution blows up, which finishes the proof. [

Acknowledgments. The author is very grateful to Tomasz Grzywny. He did the
major part of the proof of Theorem 3.2. Special thanks to the Referee for her/his

careful reading of the paper.

REFERENCES

[1] D. R. Adams and L. I. Hedberg, Function spaces and potential theory. Grundlehren der
Mathematischen Wissenschaften (Fundamental Principles of Mathematical Sciences), vol.
314, Springer-Verlag, Berlin ,1996.

[2] P. Baras and J. A. Goldstein, The heat equation with a singular potential. Trans. Amer.
Math. Soc. 284 (1984), 1, 121-139.



66 A. BenAmor 24

[3] A. Beldi, N. Belhaj Rhouma, and A. BenAmor, Pointwise estimates for the ground state
of singular Dirichlet fractional Laplacian. Journal of Physics A: Mathematical and The-
oretical, 46, /4, 445201.

[4] A. BenAmor, and T. Kenzizi, The heat equation for the Dirichlet fractional Laplacian:
Existence and blow-up of nonnegative solutions. Acta Math Sinica, English Series 33
(2017), 7, 981-995.

[5] K. Bogdan, T. Byczkowski, T. Kulczycki, M. Ryznar, R. Song, and Z. Vondracek, Po-
tential analysis of stable processes and its extensions. Lecture Notes in Mathematics, vol.
1980, Springer-Verlag, Berlin, 2009.

[6] K. Bogdan, T. Grzywny, T. Jakubowski, and D. Pilarczyk, Fractional Laplacian with
Hardy potential. Communications in Partial Differential Equations 44 (2019), 1, 20-50.

[7] X. Cabré and Y. Martel, Ezistence versus explosion instantanée pour des équations de la
chaleur linéaires avec potentiel singulier. C. R. Acad. Sci. Paris Sér. I Math. 329 (1999),
11, 973-978.

[8] E. B. Davies, Heat kernels and spectral theory. Cambridge Tracts in Mathematics, vol.
92, Cambridge University Press, Cambridge, 1989.

[9] R. L. Frank, E. H. Lieb, and R. Seiringer, Hardy-Lieb-Thirring inequalities for fractional
Schrédinger operators. J. Amer. Math. Soc. 21 (2008), 4, 925-950.

[10] M. Fukushima, Y. Oshima, and M. Takeda, Dirichlet forms and symmetric Markov
processes. de Gruyter Studies in Mathematics vol. 19, 2011.

[11] T. Kato, Perturbation theory for linear operators. Classics in Mathematics, Springer-
Verlag, Berlin, 1995. Reprint of the 1980 edition.

[12] M. Keller, D. Lenz, H. Vogt, and R. Wojciechowski, Note on basic features of large time
behaviour of heat kernels. J. Reine Angew. Math. 708 (2015), 73-95.

[13] J. Masamune and T. Uemura, Conservation property of symmetric jump processes. Ann.
Inst. Henri Poincaré Probab. Stat. 47 (2011), 3, 650-662.

[14] J. L. Vazquez, and E. Zuazua, The Hardy inequality and the asymptotic behaviour of the
heat equation with an inverse-square potential. J. Funct. Anal. 173 (2000), 1, 103-153.

[15] D. Yafaev, Sharp constants in the Hardy-Rellich inequalities. J. Funct. Anal. 168 (1999),
1, 121-144.

University of Sousse
Sousse, Tunisia
alz.benamor@ipeit.rnu. tn



