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In this paper we survey recent results on Loewner theory and approximation
properties of univalent mappings on the Euclidean unit ball B" in C". We
present recent applications of the Andersén-Lempert theorem, concerning the
locally uniform approximation of biholomorphic mappings of starlike domains
in C" onto Runge domains by automorphisms of C" (n > 2), in the study of
the following geometric properties of univalent mappings on the Euclidean unit
ball B™: convexity, starlikeness, spirallikeness, parametric representation and
embedding into univalent subordination chains. We consider density results and
characterizations of these geometric properties through automorphisms of C”,
when n > 2. We also consider density results for families of normalized star-
like, spirallike, convex, and mappings with parametric representation on B", by
smooth quasiconformal diffeomorphisms of C". On the other hand, we consider
the following question: under which conditions is a normalized univalent map-
ping on B" (n > 2), up to a normalized automorphism of C", spirallike (or
starlike, respectively convex)? This question was first studied by Arosio, Bracci
and Wold for convex mappings, by using a smooth boundary assumption, while
the authors of the present paper extended their work under lower boundary
assumptions, by considering also the case of spirallike mappings.
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1. INTRODUCTION

The first extension of the theory of Loewner chains on the Euclidean unit
ball in C" is due to Pfaltzgraff [30]. Next, Poreda [33] studied the parametric
representation on the unit polydisc in C". Moreover, Poreda [34] obtained
certain results regarding the subordination chains and the Loewner differential
equation on the unit ball of a complex Banach space.

The results in [14], related to the compactness of the Carathéodory family
and the compact family of mappings that have parametric representation, with
respect to an arbitrary norm on C™, motivated further investigations of the
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Loewner chains in several complex variables. The authors in [10] and [15]
studied the Loewner differential equations with respect to a linear operator A,
observing that the spectrum of A plays an essential role in the development of
the theory. Further results in this direction were obtained by Arosio [2] and
Voda [40].

A general extension of the theory of Loewner chains given in [3,6] led
to the interesting connection between the subordination chains and the Runge
property, pointed out by Arosio, Bracci and Wold in [4]. Meanwhile, the
interest in the study of extremal problems associated with Loewner chains in
C™ grew, see [16]. Schleifinger [38] used the Runge property to prove certain
Kirwan—Pell type results conjectured in [16]. Further results in this direction,
using control theory, were obtained in [7,17,18,37].

On the other hand, Arosio, Bracci and Wold used the Runge property
in [5] to apply the Andersén-Lempert theorem [1] in the study of the mappings
that embed into certain Loewner chains. The Andersén-Lempert theorem says
that every biholomorphic mapping from a starlike domain in C" onto a Runge
domain in C" can be approximated locally uniformly by automorphisms of
C"™, for n > 2. Taking into account the above ideas, one may ask: what
happens when the biholomorphic mapping approximated by automorphisms of
C™ has certain geometric properties, like starlikeness, spirallikeness, convexity,
parametric representation, etc.? In this survey we present some answers to this
question, mainly given in [5,22-24].

2. PRELIMINARIES

Let C™ be the space of n complex variables z = (z1,...,2,) with the
Euclidean inner product (z,w) = >77_, z;w; and the Euclidean norm |z|| =
(z,2)1/2. Also, let B" be the Euclidean unit ball in C"* and let B' = U be the
unit disc. U™ denotes the unit polydisc in C". Let L(C™) be the space of linear
operators from C™ into C™ with the standard operator norm, and let I,, be the
identity in L(C").

We denote by H(B™) the family of holomorphic mappings from B" into C"
with the standard topology of locally uniform convergence. If f € H(B"), we
say that f is normalized if f(0) = 0 and Df(0) = I,,. Let S(B") be the subset
of H(B™) consisting of all normalized univalent (biholomorphic) mappings on
B™.

We use the following notations related to an operator A € L(C") (cf. [36]):

m(4) = min{R(A(2),2) : []z]| = 1},
kr(A) = max{R\A: A€ o(4)},
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where o(A) is the spectrum of A, and k(A) is the upper exponential index
(Lyapunov index) of A. In all of the results presented in this survey that
involve an operator A € L(C"), we have the assumption that m(A) > 0. Note
that the condition k4 (A) < 2m(A) implies m(A) > 0.

Remark 2.1. If A € L(C™) with m(A) > 0, then ( [10, Lemma 2.1]; see
also [15]):

" ull = e and [l ul < e 20, luf =1.

Definition 2.2. Let A € L(C™) be such that m(A) > 0. The following
subfamily of H(B") is a generalization to C" of the Carathéodory family on U
(see e.g. [39]):

N ={h € HB"): h(0) =0, Dh(0) = A, R(h(z),z) >0, z € B"}.

This family plays basic roles in geometric function theory in higher di-
mensions (see e.g. [19,39]). The compactness of the family N4, which was
proved in [15] and essentially in [14] (cf. [24]), plays an essential role in the
Loewner theory in C™ (cf. [30, 34]), especially in the the study of extremal
problems (see [7,16-18,37,38]).

Remark 2.3. Let A € L(C™) be such that m(A) > 0. Then Ny is a
compact subset of H(B").

Next, we recall the definition of spirallikeness with respect to a given
operator A € L(C™) with m(A) > 0 (see [39]).

Definition 2.4. Let A € L(C") be such that m(4) > 0. A mapping
f € S(B") is said to be spirallike with respect to A (denoted by f € S4(B"))
if £(B") is a spirallike domain with respect to A, i.e. e *4f(B") C f(B"), for
all t > 0.

The following result due to Suffridge [39] provides a necessary and suffi-
cient condition of spirallikeness for locally biholomorphic mappings on B™.

PROPOSITION 2.5. Let A € L(C") be such that m(A) > 0, and let f €
H(B"™) be a normalized and locally biholomorphic mapping. Then f € Ss(B™)
iff there exists h € Ny such that Df(z)h(z) = Af(z), for all z € B".

We denote by S*(B") the family of normalized starlike (i.e. I,,-spirallike)
mappings on B". Moreover, K (B™) denotes the family of mappings in S(B")
with convex image.
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3. CARATHEODORY MAPPINGS AND SUBORDINATION
CHAINS

In this section we present two important tools that are used in the proofs
of the results presented in the following sections: the Carathéodory mapping
and the subordination chain. Also, we point out an essential relation between
them.

Definition 3.1. Let J C [0, 00) be an interval. A mapping h : B"x.J — C"
is called a Carathéodory mapping on J with values in N4 if the following
conditions hold:

(i) h(-,t) € Ny, for all t € J;

(i) h(z,-) is measurable on J, for all z € B".

Let C(J,N4) be the family of Carathéodory mappings on J with values
in NVy.

A mapping h € C([0,00),N4) is also called a Herglotz vector field (cf. [6],
10]).

Next, we recall the notion of normalized subordination chain (see [15];
cf. [30]).

Definition 3.2. A mapping f : B" x [0,00) — C" is called a subordination
chain if f(-,t) € H(B"), f(0,t) =0, for ¢ > 0, and for all ¢ > s > 0 there is a
holomorphic Schwarz mapping v, : B" — B"”, called the transition mapping
associated with f, such that f(z,s) = f(vs+(2),t) for z € B".

A subordination chain f is said to be univalent if f(-,t) is a univalent
mapping on B", for all £ > 0.

A subordination chain f is said to be A-normalized if Df(0,t) = et4
for t > 0, where A € L(C") with m(A) > 0. Moreover, f is said to be
normal if {e~*4 f(-, )} is a normal family in H(B"). An I,,-normalized univalent
subordination chain is said to be a Loewner chain (or a normalized univalent
subordination chain).

If f:B" x[0,00) = C" is a univalent subordination chain, (J,~, f(B", )
denoted by R(f) is called the Loewner range of f. We note that every normal
A-normalized univalent subordination chain has range C", for A € L(C") with
m(A) > 0 (cf. the proof of [10, Theorem 3.1]).

In this survey, the following family of univalent mappings on B” that can
be embedded as the first elements into univalent subordination chains with
range C” has a central role.

Definition 3.3. Let A € L(C") be such that m(A) > 0. We denote by
S (B™) the family of all mappings f € S(B™) for which there is an A-normalized
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univalent subordination chain L with range R(L) = C" such that f = L(-,0).
If A = I, the family Sj (B") is denoted by S'(B") (see e.g. [5]).

Definition 3.4. (see e.g. [6,10]) Let A € L(C™) be such that m(A) > 0 and
let h € C([0,00),N4). Let f:B" x [0,00) — C™ be such that f(-,t) € H(B"),
f(0,t) = 0, for ¢ > 0, and f(z,-) is locally absolutely continuous on [0, c0)
locally uniformly with respect to z € B". If f satisfies the Loewner differential
equation
of
ot

then f is called a standard solution of (3.1) associated to h.

(3.1) (2,t) = Df(z,O)h(z,t), =z €B", ae. t>0,

In the next proposition, we point out the connection between a standard
solution (and thus implicitly a Carathéodory mapping) and a subordination
chain (see [2,3,10,19,24,40]).

PROPOSITION 3.5. Let A € L(C™) be such that m(A) > 0. Then the
following statements hold:

(i) If f is an A-normalized univalent subordination chain, then there exists
h € C([0,00),Na) such that f is a standard solution of (3.1) associated to h.

(ii) Conversely, let h € C([0,00),Na). Then there exists an A-normalized
univalent subordination chain f that is a standard solution of (3.1) associated to
h. Moreover, if g is another standard solution of (3.1) associated to h, then g is
a subordination chain and there exists a holomorphic mapping ® : R(f) — C"
such that g = ® o f.

Remark 3.6. Let A € L(C") be such that ky(A) < 2m(A) and h €
C([0,00),N4). Then there exists a unique normal A-normalized univalent sub-
ordination chain f that is a standard solution of (3.1) associated to h, and it
is called the canonical solution of (3.1) (see [10] and [20]).

4. REACHABLE FAMILIES AND A-PARAMETRIC
REPRESENTATION

We consider the definition of the reachable families of the Loewner equa-
tion. These families have been studied from a control-theoretic point of view
in e.g. [16], [17], [18] and [37].

Definition 4.1. Let J = [0, 7] with T > O or J = [0,00) and let A € L(C")
be such that m(A) > 0. For every h € C(J,N4), let v = v(z, t; h) be the unique
locally absolutely continuous solution on J of the initial value problem

(4.1) % = —h(v,t), ae. t€J, v(z,0;h) =z,
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for all z € B". Also, for T € (0, 00), let
Re(idpn, Na) = {eT (-, T;h) : h e C((0,T],Na)},
be the time-T'-reachable family of (4.1).

Next, we present the family of mappings that have parametric represen-
tation (see [14] and [15]), which can be viewed as the time-infinity-reachable
family (see e.g. [17]).

Definition 4.2. Let A € L(C") be such that m(A) > 0. Also, let f €
H(B") be a normalized mapping. We say that f has A-parametric representa-
tion if there exists a mapping h € C([0,00), N4) such that

f = Jim (1)

locally uniformly on B™, where v(z, -) is the unique locally absolutely continuous
solution on [0, 00) of the initial value problem

d
& —h(v,t), ae. t >0, v(z,0) =z,

dt
for all z € B™. Let SE‘ (B™) be the family of mappings which have A-parametric
representation on B" (see [15]). In the case A = I, let S°(B") = S?n (B™)
be the family of mappings with the usual parametric representation on B”"
(see [14]).

The following proposition given in [24] (see [17], in the case k4 (A4) <
2m(A)) establishes a connection between reachable families and univalent sub-
ordination chains and also the family of mappings that have parametric repre-
sentation.

PROPOSITION 4.3. Let T > 0 and A € L(C"™) be such that m(A) > 0.
Then the following statements hold:

(i) ¢ € ﬁT(idBn,NA) if and only if there is an A-normalized univalent
subordination chain L such that L(-,0) = ¢, and L(-,t) = e'Aidgn, fort > T
(see [24, Proposition 3.3)).

(ii) Ry (idgn, Na) is a subfamily of SG(B™) and it is compact in H(B™)
(see [24, Remark 3.2, Proposition 3.4]).

Remark 4.4. Let A € L(C™) be such that ky(A) < 2m(A) and let ¢ €
S(B™). Then ¢ € SY(B") if and only if there exists a normal A-normalized
univalent subordination chain L such that L(-,0) = ¢ (see [10], [14] and [15]).
This implies, in view of Proposition 3.5 and Remark 3.6, that f € S4(B") if
and only if there exists a normalized automorphism ® of C" such that ®o f €
S%(B™).
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5. DENSITY RESULTS WITH AUTOMORPHISMS OF C"

We consider the following families:

A(C") = {@: @ is a normalized automorphism of C"},
AB") = {®|,, : ® € A(C™)},
Sr(B") = {f € S(B") : f(B") is Runge},

where A € L(C") is such that m(A) > 0. For n = 1 we note that S°(U) =
SH(U) = Sg(U) = S(U) and A(U) = {idy}. In higher dimensions, the following
relations between the families S} (B"), A(B") and Sg(B") hold (see [5] and [24,
Proposition 4.6]).

PROPOSITION 5.1. Let n > 2 and A € L(C") be such that m(A) > 0.

Then
A(B") c S4(B") C Sr(B") = A(B").

For the first inclusion, one can construct an A-normalized subordination
chain with range C" using a normalized automorphism (see [5], for A = I,,).
The second inclusion is due to [21, Theorem 5.1] and [9, Satz 17-19] (see
also [4]). Finally, the above equality is a consequence of the Andersén-Lempert
theorem [1], which states that if a biholomorphic mapping on a starlike do-
main has a Runge image then it can be approximated locally uniformly by
automorphisms of C™ (this result was extended for certain spirallike domains
by Hamada [21], by applying [13, Theorem 1.1]).

Using Proposition 5.1, we make the next remark.

Remark 5.2. Let A € L(C™) be such that m(A) > 0.

(i) Sa (B") € S (B"), because every f € Sa (B™) embeds as a first element
into an A-normalized subordination chain L given by L(z,t) = e/ f(2), z €
B",t > 0, which has the range C" (see [10, Lemma 2.1]; see also Remark 2.1).
In particular, S(B") C Sg(B") (cf. [21, Theorem 3.1]), S*(B") C Sgr(B")
(cf. [11, Proposition 1]) and also K (B"™) C Sr(B").

(ii) By Proposition 4.3 (i) and a similar argument, we deduce that

Ror(idgn, Na) C SL(B™) C Sr(B"), VT € [0,00).

By Definition 4.2 and Proposition 4.3 (ii), SY(B") = Ur-o Ro(idgn, Na), and
thus SY(B") C Sg(B") (cf. [38, Theorem 2.3]).

Taking into account the density result given in Proposition 5.1 and the
above remark, the authors in [22] and [24] considered the following question:

Question 5.3. Let F C S(B") be one of the subfamilies of Sr(B™) given
in Remark 5.2. Then does the equality 7 = F N .A(B") hold when n > 27
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Clearly, when n = 1 this equality does not hold, because A(B') = {idp1 }.
Moreover, we shall point out that the equality may fail if we replace the Eu-
clidean unit ball B” with the unit polydisc U", even when n > 2.

The following results were obtained in [24]. Theorems 5.4 and 5.5 below
provide positive answers to the above question.

THEOREM 5.4. Letn > 2 and A € L(C") be such that m(A) > 0. Then
SA(B") = S4(B") N A(B").

In particular,

S*(B") = S*(B") N A(B").
THEOREM 5.5. Ifn > 2, then K(B") = K(B") N A(B").

The proofs of the above theorems are based on the density of the au-
tomorphisms previously mentioned and the analytic characterizations of the
spirallike mappings, respectively the convex mappings (see e.g. [19, Chapter 6]
and [39]). In contrast with Theorem 5.5, the following proposition from [24]
holds in view of the characterization of the convex mappings on the polydisc
(see e.g. [19, Theorem 6.3.2]).

ProposITION 5.6. K(U") N A(U™) = {idy»} € K(U"), for all n > 1.

Taking into account Theorems 5.4 and 5.5, the analogous density result
for the family SY(B") has been considered in [22] and [24], for n > 2 and
A € L(C™) with m(A) > 0 (cf. [26] and [38], for A = I,,). However, in this
general case, we do not know if SY(B") is a compact subfamily of H(B")
(see [40] for a related discussion), therefore we present the next density result
for the closure of this family.

THEOREM 5.7. Let n > 2 and A € L(C") be such that m(A) > 0. Then
S9(Br) = S (B") N AB").

Remark 5.8. If ki (A) < 2m(A), then SY(B") is compact (see [15, Theo-
rem 2.15] and [10, Remark 2.8]; see also [14] for A = I,,), and thus

SY(B") = SO (B") N AB"), Vn>2.

The above result was first obtained in [24, Theorem 4.11] in the case A is a
nonresonant operator (see e.g. [2], [40]), by using the one-to-one correspondence
between the mappings in S4(B"™) and the mappings in N4 (see [24, Remark
2.15)):

Ny = {h € HB") : h(z) = (Df(z))_lAf(z),z € B", for some f € §A(IB%")}.

The above equality is based on a result due to Voda [40, Remark 3.2] (cf. [39]
for A=1,).
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In [22], the authors managed to prove the above theorem in the general
case, when A € L(C") satisfies m(A) > 0, by adapting a variational result
due to Bracci, Graham, Hamada, Kohr [7] for A-normalized univalent subordi-
nation chains (see [18, Theorem 4.1] for A-normalized univalent subordination
chains with k4 (A) < 2m(A); see also [22, Theorem 3.1]), which essentially says
the following: if f embeds as a first element of an A-normalized univalent sub-
ordination chain L that satisfies certain regularity assumptions, then, for every
fixed T > 0, L(-,0) + g embeds as a first element of an A-normalized univalent
subordination chain L such that L(-,t) = L(-,t), t > T, for all g € H(B") with

9(0) =0, Dg(0) = 0, sup,epn [l9(2)[| < &, sup,epn [ Dg(2)]| < € and sufficiently
small € > 0.

Using the above approach for A-normalized univalent subordination chains,
we were able to prove Theorem 5.7, and also we obtained the following den-
sity result for reachable families [22, Theorem 3.3], which was initially proved
in [24, Theorem 4.9] when A is a nonresonant linear operator.

THEOREM 5.9. Letn >2,T >0 and A € L(C") be such that m(A) > 0.
Then

R (idgn, N'a) = Ry(idge, Na) N A(B?).

6. DENSITY RESULTS WITH SMOOTH QUASICONFORMAL
DIFFEOMORPHISMS OF C"

Next, we consider the families:
Q((C" = {<1> : @ is a quasiconformal homeomorphism from C" onto (C”},
B") = {®[g, : ® € Q(C")},
(C") {‘1> € Q(C"™): ® is a smooth diﬁeomorphism},
Q°° (B") = { @[5, : ® € Q*(CM)},
where ® : C* — C" is said to be smooth if it is of class C*° on C™. A
homeomorphism ® : C* — C” is said to be quasiconformal (see e.g. [25];

see also e.g. [19] and the references therein) if it is differentiable a.e., ACL
(absolutely continuous on lines) and there exists K > 0 such that

| D(®;2)|*" < K|det D(®;2)|, fora.e. zeC",

with D(®; z) denoting the real Jacobian matrix of ®.
The authors in [22] studied the following question: do Theorems 5.4, 5.5,
5.7 and 5.9 hold if we replace A(B") with Q> (B")? A clue regarding the
answer is given by the following subfamily of S°(B"), which was studied in
g. [25] (see also [19] and the references therein):

R(B") = {1 € H(B"): /(0) = 0,Df(0) = I, |Df(z) - L] <1, = € B"}.
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We note that R(B") € Q(B") (see [22, Remark 1.3 (i)]). However, for f €
R(B") and r € (0,1), the mapping f, given by f.(z) = L f(rz), z € B", belongs
to R(B™) N Q(B"), by [25, Corollary 4.2]. Hence, R(B"™) = R(B"?) N Q(B"). In
fact, taking a look at the proof of [22, Proposition 1.2], we have

R(B"™) = R(B") N AB"?) N Q(B"), n > 2.

In order to find the answer to our question, we shall take a closer look
at the family A(B™) N @>°(B"). One may suspect that A(C™) N Q> (C") is
sufficiently large to ensure the density of A(B") N Q>(B") in Sr(B"), when
n > 2. Unfortunately, this is not the case, in view of the result of Marden and
Rickman [28]:

Remark 6.1. If n > 2, then A(C™) N Q*°(C") = {idcn }.

However, it turns out that A(B") C Q°>°(B"). To point this out, we
consider the family

I°(B") = {®

g : @ is a smooth diffeomorphism from C" onto C" such that
<I>|(Cn\K = idgn\ g, K is a compact subset of (C”}.
Clearly, Z*°(B") C Q>(B"™). A result given in [29] by Palais implies that

(cf. [22, Proposition 2.25]) A(B™) C Z°°(B").
We conclude that the following theorems hold (see [22]), even when n = 1.

THEOREM 6.2. Let A € L(C") be such that m(A) > 0. Then
SA(B") = Sa(B") N I®(B") = S54(B") N Q>(B").
In particular,
S*(B") = S*(B*) NZ>°(B") = S*(B"?) N Q= (B").

Also,

K(B") = K(B") NZ>(B") = K(B") N Q>(B").
THEOREM 6.3. Let A € L(C™) be such that m(A) > 0. Then
5B = 5B N 2= (B") = 555" 1 &= (B

and

R (idgn, Na) =R (idgn, Na) N Z°(B") =R (idgn, Na) N Q*(B"), VT > 0.

7. SPIRALSHAPELIKE, STARSHAPELIKE AND
CONVEXSHAPELIKE MAPPINGS

If A € L(C") satisfies k+(A) < 2m(A), then, in view of Remark 4.4
(see [10] and [20], for A = I,,), for every f € S4(B"™) there exists ® € A(C")
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such that ® o f € SQ(B"). Taking into account this characterization, we
consider the following question: under which conditions for a mapping f €
S(B"™) (n > 2) does there exist ® € A(C") such that ® o f € S4(B") (or
do f e S*B"), respectively ® o f € K(B"))? In other words, under which
conditions is a normalized univalent mapping on B" (n > 2), up to a normalized
automorphism of C™, spirallike (or starlike, respectively convex)? This question
was first studied by Arosio, Bracci and Wold in [5], for convex mappings.
They found a necessary and sufficient condition, under a smooth boundary
assumption, for this characterization. The authors extended their work in [23],
under lower boundary assumptions, considering also the spirallike mappings.

If m > 01is not an integer, then we say that a mapping f is of class C™ if f
has continuous partial derivatives up to order [m| and the partial derivatives of
order [m] are Holder continuous with exponent m—[m] ([m] denotes the integral
part of m). We say that a domain D C C™ has C™ boundary if D admits a
defining function of class C™ (cf. [12,31]). Also, we say that a domain D C C"
is strictly pseudoconvex if there is a C? strictly plurisubharmonic function r
on a neighborhood U of 9D such that DNU = {z € U : r(z) < 0}. For the
definition and basic properties of polynomially convex sets, see e.g. [35, Chapter
VI]. We note that if K is a compact set in C" that has a Stein and Runge
neighborhood basis, then K is polynomially convex (see e.g. [35, Chapter VI,
Theorem 1.8]). If n =1, a compact K C C is polynomially convex if and only
if C\ K is connected.

Definition 7.1 (see [23, Definition 2.2]). Let A € L(C") be such that
m(A) > 0 and let D C C" be a domain such that 0 € D.

(i) D is said to be strictly A-spirallike if e 4D C D, t > 0 (see [11], for
A=1,).

(ii) D is said to be (strictly) A-spiralshapelike if there exists ® € A(C")
such that ®(D) is (strictly) A-spirallike (see [4, Definition 3.2], for A = I,,).

(iii) D is said to be convexshapelike if there exists ® € A(C") such that
®(D) is convex (see [5]).

(iv) A mapping f : B™ — C" is said to be strictly A-spirallike, (strictly)
A-spiralshapelike, respectively convexshapelike, if f € S(B"™) and f(B") has
the corresponding property.

If A = 1, in the above definitions, then we replace ”spiral” with ”star”
and we omit the operator. We note that every convex domain is strictly starlike
( [23, Remark 2.5(ii)]).

Remark 7.2. Let A € L(C™) be such that m(A) > 0.
i) Let f : B™ — C" be a locally biholomorphic and normalized mapping.
In view of the proof of [25, Theorem 3.2], we have the following sufficient
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condition for strict spirallikeness: if there exists ¢ > 0 such that
R((Df(2) " Af(2),2) = |2, = € B,

then f is strictly A-spirallike. In general, this condition is not necessary for
strict spirallikeness (see [23, Example 2.6]).

ii) Let D C C" be a bounded domain with 0 € D. By [23, Remark 2.8
and Proposition 3.4], if D is strictly A-spiralshapelike and pseudoconvex or D
is A-spiralshapelike and strictly pseudoconvex with C? boundary, then D is
polynomially convex.

By [5] and [23] the following theorem holds. One of the key ingredients of
the proof is the Andersén-Lempert theorem [1]. The proof is given, under the
assumption of smooth boundary (in order to use the Fefferman mapping theo-
rem), by Arosio, Bracci and Wold [5] for convexshapelike mappings, but it can
be adapted for spiralshapelike mappings, under a lower regularity assumption
of the boundary (see [23, Theorem 3.7]), by using the extension theorem due
to Pinchuk et al. (see [27] and [32] ; see also [8, Main theorem]|, [12, Theorem
1.7] and [31, Theorem 3]) and Remark 7.2 i).

THEOREM 7.3. Let n > 2, A € L(C") with m(A) > 0 and let f € S(B")
be such that f(B"™) is a bounded strictly pseudoconvex domain. If f(B"™) has
C™ boundary with m > 2, then the following conditions are equivalent:

(i) f is (strictly) A-spiralshapelike;

(ii) f(B™) is polynomially convex;
(iii) f is (strictly) starshapelike.

Moreover, if f(B™) has C™ boundary with m > 2+%, then the above conditions
are equivalent to the following condition:

(iv) f is convexshapelike.

COROLLARY 7.4 (see [5], for A = I,,, and [23]). Letn > 2 and A € L(C")
with m(A) > 0. If f € S(B") is such that f(B") is a bounded strictly pseudo-

convex domain which has C™ boundary with m > 2 and f(B") is polynomially
conver, then f € S (B").

Under even lower regularity of the boundary, we have the following coun-
terexamples given in [23] (cf. [11]).

Ezample 7.5. 1) Let f € S(B?) be given by f(2) = (21 + 327, 22), 2 =
(21,22) € B?. Then f is strictly starlike, but not convexshapelike.
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ii) Let »(¢) = —+—%5—, ¢ € U, where we choose the branch of the

square root on C\ (—oc,0] with v/1 = 1, and f € S(B?) be given by f(z) =
(%@a(m,zz), z = (21,22) € B2 Then f is starlike, but f(B2) is not polyno-
mially convex. In particular, f is not strictly starshapelike.

Remark 7.6. In view of [5, Example 4.2] and Remark 7.2 (ii), there exist
normalized Fatou-Bieberbach mappings on C? which restricted to B? are not
A-spiralshapelike for any A € L(C") with m(A) > 0.

Acknowledgments. H. Hamada was partially supported by JSPS KAKENHI Grant
Number JP19K03553.

REFERENCES

[1] E. Andersén and L. Lempert, On the group of holomorphic automorphisms of C™. Invent.
Math. 110 (1992), 371-388.

[2] L. Arosio, Resonances in Loewner equations. Adv. Math. 227 (2011), 1413-1435.

[3] L. Arosio, F. Bracci, H. Hamada, and G. Kohr, An abstract approach to Loewner chains.
J. Anal. Math. 119 (2013), 89-114.

[4] L. Arosio, F. Bracci, and E.F. Wold, Solving the Loewner PDE in complete hyperbolic
starlike domains of C™. Adv. Math. 242 (2013), 209-216.

[5] L. Arosio, F. Bracci, and E.F. Wold, Embedding univalent functions in filtering Loewner
chains in higher dimensions. Proc. Amer. Math. Soc. 143 (2015), 1627-1634.

[6] F. Bracci, M.D. Contreras, and S. Diaz-Madrigal, Evolution families and the Loewner
equation II: complex hyperbolic manifolds. Math. Ann. 344 (2009), 947-962.

[7] F. Bracci, I. Graham, H. Hamada, and G. Kohr, Variation of Loewner chains, extreme
and support points in the class S° in higher dimensions. Constructive Approx. 43 (2016),
231-251.

[8] B. Coupet, Precise regularity up to the boundary of proper holomorphic mappings. Ann.
Scuola Norm. Sup. Pisa ClL Sci. (4) 20 (1993), 461-482.

[9] F. Docquier and H. Grauert, Levisches problem und Rungescher Satz fir Teilgebiete
Steinscher Mannigfaltigkeiten. Math. Ann. 140 (1960), 94-123.

[10] P. Duren, I. Graham, H. Hamada, and G. Kohr, Solutions for the generalized Loewner
differential equation in several complex variables. Math. Ann. 347 (2010), 411-435.

[11] A. El Kasimi, Approzimation polynoémiale dans les domaines étoilés de C". Complex
Var. Theory Appl. 10 (1988), 179-182.

[12] F. Forstneri¢, Proper holomorphic mappings: a survey. In: Several complex variables,
(Stockholm, 1987/1988), Vol. 38 of Math. Notes, pp. 297-363, Princeton Univ. Press,
Princeton, NJ, 1993.



722 H. Hamada, M. Iancu, and G. Kohr 14

[13] F. Forstneri¢ and J.P. Rosay, Approximation of biholomorphic mappings by automor-
phisms of C™. Invent. Math. 112 (1993), 323-349. Erratum: Invent. Math. 118 (1994),
573-574.

[14] 1. Graham, H. Hamada, and G. Kohr, Parametric representation of univalent mappings
in several complex variables. Canad. J. Math. 54 (2002), 324-351.

[15] I. Graham, H. Hamada, G. Kohr, and M. Kohr, Asymptotically spirallike mappings in
several complex variables. J. Anal. Math. 105 (2008), 267-302.

[16] I. Graham, H. Hamada, G. Kohr, and M. Kohr, Eztreme points, support points and the
Loewner variation in several complex variables. Sci. China Math. 55 (2012), 1353-1366.

[17] I. Graham, H. Hamada, G. Kohr, and M. Kohr, Extremal properties associated with
univalent subordination chains in C™. Math. Ann. 359 (2014), 61-99.

[18] I. Graham, H. Hamada, G. Kohr, and M. Kohr, Support points and extreme points for
mappings with A-parametric representation in C". J. Geom. Anal. 26 (2016), 1560-1595.

[19] I. Graham and G. Kohr, Geometric Function Theory in One and Higher Dimensions.
Marcel Dekker Inc., New York, 2003.

[20] I. Graham, G. Kohr, and J.A. Pfaltzgraff, The general solution of the Loewner differential
equa-tion on the unit ball in C". Contemporary Math. (AMS) 382 (2005), American
Math. Soc., Providence, RI, 191-203.

[21] H. Hamada, Approzimation properties on spirallike domains of C*. Adv. Math. 268
(2015), 467-477.

[22] H. Hamada, M. Iancu, and G. Kohr, Approzimation of univalent mappings by auto-
morphisms and quasiconformal diffeomorphisms in C". J. Approx. Theory. 240 (2019),
129-144.

[23] H. Hamada, M. Iancu, and G. Kohr, Spiralshapelike mappings in several complex vari-
ables. Ann. Mat. Pura Appl. 199 (2020), 2181-2195.

[24] H. Hamada, M. Iancu, G. Kohr, and S. Schleissinger, Approzimation properties of uni-
valent mappings on the unit ball in C". J. Approx. Theory. 226 (2018), 14-33.

[25] H. Hamada and G. Kohr, Loewner chains and quasiconformal extension of holomorphic
mappings. Ann. Polon. Math. 81 (2003), 85-100.

[26] M. Iancu, Some applications of variation of Loewner chains in several complex variables.
J. Math. Anal. Appl. 421 (2015), 1469-1478.

[27] Yu.V.Khurumov, Boundary smoothness of proper holomorphic mappings of strictly pseu-
doconvex domains. Mat. Zametki 48 (1990), 149-150.

[28] A. Marden and S. Rickman, Holomorphic mappings of bounded distortion. Proc. Amer.
Math. Soc. 46 (1974), 226-228.

[29] R.S. Palais, Extending diffeomorphisms. Proc. Amer. Math. Soc. 11 (1960), 274-277.

[30] J.A. Pfaltzgraff, Subordination chains and univalence of holomorphic mappings in C".
Math. Ann. 210 (1974), 55-68.

[31] S. Pinchuk, The scaling method and holomorphic mappings. Several complex variables
and complex geometry. Proc. Sympos. Pure Math. 52, Part 1, pp. 151-161, Amer. Math.
Soc. Providence, RI, 1991.

[32] S.I. Pinchuk and S.V. Khasanov, Asymptotically holomorphic functions and their appli-
cations. Math. USSR~Sb. 62 (1989), 541-550.



15

A survey on Loewner chains and approximation results 723

[33]

[34]
[35]
[36]
37]
[38]

[39]

[40]

T. Poreda, On the univalent holomorphic maps of the unit polydisc in C" which have the
parametric representation, I-the geometrical properties. Ann. Univ. Mariae Curie Skl.
Sect. A. 41 (1987), 105-113.

T. Poreda, On generalized differential equations in Banach spaces. Dissertationes Math-
ematicae 310 (1991), 1-50.

M. Range, Holomorphic Functions and Integral Representations in Several Complex
Variables. Springer, New York, 1986.

S. Reich and D. Shoikhet, Nonlinear Semigroups, Fixed Points, and Geometry of Do-
mains in Banach Spaces. Imperial College Press, London, 2005.

O. Roth, Pontryagin’s mazimum principle for the Loewner equation in higher dimen-
stons. Canad. J. Math. 67 (2015), 942-960.

S. SchleiBinger, On support points of the class S°(B™). Proc. Amer. Math. Soc. 142
(2014), 3881-3887.

T.J. Suffridge, Starlikeness, convexity and other geometric properties of holomorphic
maps in higher dimensions. In: Lecture Notes Math. Vol. 599, pp. 146-159, Springer-
Verlag, 1977.

M. Voda, Solution of a Loewner chain equation in several complex variables. J. Math.
Anal. Appl. 375 (2011), 58-74.

Kyushu Sangyo University
Faculty of Science and Engineering
Matsukadai, 2-Chome, Higashi-ku

Fukuoka 813-8503, Japan

h.hamada@ip . kyusan—u.ac. jp

Babes-Bolyai University
Faculty of Mathematics and Computer Science
1 M. Kogalniceanu Str., 40008/
Clug-Napoca, Romania
miancu@math.ubbcluj.ro

Babes-Bolyai University
Faculty of Mathematics and Computer Science
1 M. Kogalniceanu Str., 40008/
Clug-Napoca, Romania
gkohr@math.ubbcluj.ro



