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1. INTRODUCTION

Fractional differential equations describe many phenomena in several fields
of engineering and scientific disciplines such as physics, biophysics, chemistry,
biology (for example, the primary infection with HIV), economics, control the-
ory, signal and image processing, thermoelasticity, aerodynamics, viscoelastic-
ity, electromagnetics, and rheology (see the books [3,4,19,20,26-28], and the
papers [2,5-8,24,25,30]). Fractional differential equations are also regarded as
a better tool for the description of hereditary properties of various materials
and processes than the corresponding integer order differential equations.

In this paper we consider the system of nonlinear ordinary fractional
differential equations with r{-Laplacian and ro-Laplacian operators

DY (r, (DR a(t))) + Af(t, 2(8), y(£) =0, t € (0,1),
D2 (ry (D2 y(t))) + pg(t,z(t), y(t)) = 0, t € (0,1),
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with the integral boundary conditions

( z)(0) =0, j —2; D'le(O) 0,
D% a(1 Z/ Dy a(t) dH;(t)

@ y<><o>—o,g—o — 2, DEy(0) =0,
Dy Z / DY (1) (),

where ay, ag € (0,1], 1 € (n—1,n], B2 € (m —1,m], n,m € N, n, m > 3,
P7q€N»%GRfOYaHi:O,lw--,p,OS%<72<"'<7p§70<51—1,
7021,61'ERforalli:O,l,...,q,Ogél<(52< <(5 < dg < B2 — 1,

60 > 1, T, T2 > L, 907“1‘(8) = ‘S‘Ti_257 907"_1 = Poi> 7“7 + LT =1,4=12
A p >0, f,g € C(0,1] x [0,00) X [0,00),[0,00)), the integrals from (2) are
Riemann-Stieltjes integrals with H;, i =1,...,pand K;,i=1,--- ,q functions

of bounded variation, and D(])C , denotes the Riemann-Liouville derivative of
order k (for k = ay, b1, ag, Ba, vi for i =0,1,...,p, 6; for i =0,1,...,q).

Under some assumptions on the functions f and g, we present intervals
for the parameters A\ and p such that positive solutions of problem (1),(2)
exist. By a positive solution of problem (1),(2) we mean a pair of functions
(z,y) € (C([0,1],]0,00)))?, satisfying the system (1) and the boundary con-
ditions (2) with z(t) > 0 for all ¢ € (0,1], or y(¢) > 0 for all ¢ € (0,1]. The
nonexistence of positive solutions for the above problem is also investigated.
The problem (1),(2) is a generalization of the problem studied in [22]. Indeed,
ifp=1,9g=1,v = p1, 71 = q1, o = p2, 01 = g2, H; is a step function given by
Hy(t) ={0, t € [0,&1); a1, t € [&1,&2); a1 +ag, t € [52,53);...;21-]\;1 a;, t €
[En, 1]}, and K, is a step function given by Ki(t) = {0, t € [0,m1); b1, t €
[M1,m2); b1 +ba, t € [n2,m3);.. .5 Ef\il bi, t € [nu, 1]}, then the boundary con-
ditions (2) become the multi-point boundary conditions (BC) from [22]. Sys-
tems with fractional differential equations without p-Laplacian operators, sub-
ject to various multi-point or Riemann-Stieltjes integral boundary conditions
were studied in the last years in [10] — [18], [21], [23], [29], [31] — [33].

The paper is organized as follows. In Section 2, we investigate two
nonlocal boundary value problems for fractional differential equations with
p-Laplacian operators, and we present some properties of the associated Green
functions. Section 3 contains the main existence theorems for the positive
solutions with respect to a cone for our problem (1),(2), based on the Guo-
Krasnosel’skii fixed point theorem (see [9]). In Section 4, we study the nonex-
istence of positive solutions of (1),(2), and in Section 5, an example is given to
illustrate our results.
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2. PRELIMINARY RESULTS

First we consider the nonlinear fractional differential equation
3) Dg} (pr, (DgLa(t)) + h(t) =0, t € (0,1),
with the boundary conditions

29 (0) = 0, j —0,. — 92 Dﬁix(o) =0,
(4) Dy a( Z / Dy (t) dHi(t),

where ap € (0,1], f1 € (n—1,n],n € Ny n >3, p € N, 7 € R for all
i:O,l,...,p, ngyl <vg < --- <’yp S’)/o <51—1, 0> 1, HZ‘, iZl,...,p
are bounded variation functions, and h € CI0, 1].

If we denote by ¢, (Dgix(t)) = u(t), then problem (3),(4) is equivalent
to the following two boundary value problems

(5) Dg‘}ru(t) +h(t)=0, 0<t<1; u(0)=0,
and

Dyt a(t) = ppult), 0<t<1;
(6) 2W(0)=0, j=0,....,n—2; DJ%x(l) 2/ DY x(t) dH;(t).

For the first problem (5), the function

« 1 ! ai—1
M) ) = I =~ [ = ) ds, ve 1]
is the unique solution u € C[0, 1] of ( ).
For the second problem (6),
P 1
A = / LA = (s) # 0,
; 'Yz 0

then by Lemma 2.2 from [1], we deduce that the function

1
(8) o(t) = — /0 G (t, 8)poyu(s) ds, t € [0, 1],

is the unique solution x € C|0, 1] of problem (6). Here the Green function G
is given by

pr—1 P 1
(9) Gl(ta S) = gl(tvs) + tAl Z (/0 gZi(T? 5) dHZ(T)> , ts € [07 1]’

=1
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with
1 tﬁl—l(l _ 8)51—70—1 _ (t _ 5)/31—1’
g1(t,8) = ==~ 0<s<t<l,
F) (1 — )0l 0 <t <5 <1,
(10) ) tﬁl*“/fl(l _ S)Br“/ofl —(t— 3)51*%*1,
92i(t,8) = = 0<s<t<l,
F(/Bl - 72) tﬁli%il(l _ 8)61770—17 0 S ¢ S s S 17

t=1,...,p.
Therefore by (7) and (8) we obtain the following lemma.
LEMMA 1. If Ay # 0, then the function

1

(11) x(t) :/ G1(t,8)pe (IgLh(s))ds, t e [0,1],
0

is the unique solution x € C|0,1] of problem (3),(4).

Next we consider the nonlinear fractional differential equation

(12) D2 (era (D)) + k(1) =0, t € (0,1),
with the boundary conditions
y(j)(()) =0, j=0....om =2 Dﬁ2y(0) =0,

- D =3 / D ylt) AR (0),

where ag € (0,1], B2 € (m— 1,m], meN, m >3 ¢qgeN, § € R for all
1=0,...,q,0< 6 <(52<-"<(5q§50<ﬂ2—1, b0 >1, K;, i=1,...,q are
bounded variation functions, and k € C|0, 1].

We denote by

1
Ay = sP270 L 4K (s),
2 52—50 ZZF 2—5 / (5)

and by Ga, g3, g4i, 1 = 1,...,q the following functions

B2—1 1 1
(14)  Gal(t,s) = g3(t,s) + ! Z (/0 94i(T, 5) dKi(T)) , t,s€[0,1],

A2 5
with
B2—1(1 _ g)B2—00—1 _ (4 _ g)B2—1
B R P
gallys) = ==4  0<s<t<l,
. (B2) | 411 Zgppa—do—t g<t<s<i,

) tﬁz—(sz‘—l(l _ 8)52—50—1 _ (t _ 5),32—52‘—1’

gilt,s) = ————{ 0<s<t<l,
' L'(B2 — &) pha=0i=1(1] _ g)fe—do—1 <t <s<1.
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fori=1,...,q. In a similar manner as above, we obtain the following result.

LEMMA 2. If Ay # 0, then the function

(16) / Galt, $)00s (IS2K(5)) ds, t € [0,1],
is the unique solution y € C10,1] of problem (12),(13).

By using the properties of the functions g1, go;, @ = 1,...,D, 93, G4,
i =1,...,q given by (10) and (15) (see [1] and [12]), we obtain the following
properties of the Green functions G; and Go that will be used in the next
sections.

LEMMA 3. Assume that H; : [0,1] - R, i=1,...,p, and K; : [0,1] — R,

i = 1,...,q are nondecreasing functions and A1, Ay > 0. Then the Green
functions G1 and Go given by (9) and (14) have the properties:
a) G, G2 : [0,1] x [0,1] — [0,00) are continuous functions;

b) Gl(t 3) Ji(s) for all t, s € [0,1], where Ji(s) = h1(s)+
ALl =1 fo 921 )dH( )7 and hl( ) F(Bl)[(l - 5)51—70—1 - (1 - S)Bl_l]a
s € [0, 1];
c) Gi(t,s) > tP=1Ji(s) for all t, s € [0,1];
d) GQ(t s) < Jo(s) for allt, s € [0,1], where Ja(s) = h3(s)+
S0 Jo 94i(7,8) AKi(7), and ha(s) = (1= 8)P 7071 — (1= 5)71],
€ [0.1];

e) Ga(t,s) > tP2~1Jy(s) for all t, s € [0,1].

o [>‘,_.

3. EXISTENCE OF POSITIVE SOLUTIONS

In this section we present sufficient conditions on the functions f, g, and
intervals for the parameters A, u such that positive solutions with respect to a
cone for our problem (1),(2) exist.

We present now the assumptions that we will use in the sequel.

(H1) a1, az € (0,1], p1 € (n—1,n], B2 € (m—1,m|,n, m e Nyn, m >3,p, q €
Na VlERforaH?’ZOa]-a7p70§71<72<<7p§70<ﬁ1715
7021,(52'ERforalli:O,l,...,q,OS(Sl<52<-~-<(5q§50<ﬁ2—1,

oo > 1, H;y, i =1,...,p, K;, i = 1,...,q are nondecreasing functions
)‘7 B> 07 A1 > Oa AQ > Oa ri > 17 (pm(s) = |S|ri7287 Sor,b Pois Oi = T2,17
i=1,2.

(H2) The functions f, g : [0, 1] x [0,00) X [0,00) — [0, 00) are continuous.
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For [c1,c2] C [0,1] with 0 < ¢; < ¢2 < 1, we introduce the following
extreme limits

f§ = limsup max M’ryzl, 96 = limsup max M’ryzw
z4y—0t tG[O,l} (ﬂj‘ + y) ! z+y—0t tE[O,I] (1: + y) 2
z,y>0 z,y>0
fé = liminf min M’y)l, gé = liminf min M,
z+y—0+ t€[c1,c2] (ZE + y)”* z+y—0+ t€[c1,c2] (I‘ + y)mi
z,y>0 z,y=>0
. f(t,ﬂi’,y) . g(t,m,y)
5 = limsup max —————, ¢ = limsup max ————
Jo vy telon] (@ 4 gyt 9o T NI o (o + gy
z,y>0 z,y>0
fi =liminf min M, géo = liminf min M
=y oo tefer e (x+y)m—t rtyoo tefereo] (T4 y)2 !
z,y>0 z,y>0

By using Lemma 1 and Lemma 2 (the relations (11) and (16)), (z,y) is
a solution of the following nonlinear system of integral equations

1
(t) = Agl‘l/o Gt 8)@or (o f (5, 2(s),y(s))) ds, ¢ €[0,1],

1
y(t) = port /0 Go(t, )00 IS24(5, 2(5), y(s))) ds, t € [0, 1],

if and only if (x,y) is a solution of problem (1),(2).

We consider the Banach space X = C[0, 1] with the supremum norm |||,
and the Banach space Y = X x X with the norm ||(z,9)|ly = ||z|| + ||y]|. We
define the cones

Pr={xecX, x@t)>t""Y=x|, Vte0,1]}CX,
Py={ye X, y(t) >t"y|, vte[0,1]} C X,
and P=P, xP,CY.
We define now the operators @1, @2:Y — X and @ : Y — Y by

1

Qi(z,y)(t) = )\91—1/0 Gi(t, s)po (Ig1 f(s,2(s),y(s))) ds, t € [0,1],
1

QQ(xay)(t) = /ng_l/o GQ(ta5)9092(1342-9(5’x(s)vy(s)))dsa te [O’ 1]7

and Q(z,y) = (Q1(z,y),Q2(z,y)), (x,y) € Y. Then (x,y) is a solution of
problem (1),(2) if and only if (x,y) is a fixed point of operator Q.

In a similar manner as we proved Lemma 3.1 from [22], we obtain the
next lemma.

LEMMA 4. If (H1) — (H2) hold, then Q : P — P is a completely contin-
uous operator.
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For [c1, 2] C [0,1] with 0 < ¢; < ¢2 < 1, we denote by

4= (T(en +11))91—1 /:(3 — )™ @7 Jy(s) ds,

b= (T'(ay +11))g1—1 /01 s21e1=1) 1, (5) ds,

©= (T (e 4—11))02—1 /(:2(5 — ¢1)?2(227D) Jy(s) ds,
= o /01 #2270 Jy(s) ds,

where J; and Js are defined in Lemma 3.

First, for f§, g5, fi, g5 € (0,00) and numbers o, oy > 0, a1, a2 > 0
such that o) + b =1 and a; + @z = 1, we define the numbers Ly, Lo, L3, Ly,
L/27 Lﬁl by

1 o, \" 71 1 fa\ ! 1 o, \27!
Ll:i( 1) 7L2:S<1) 5L3:7;( 2) y
fio \vmA : o\ B gh \12C

1 /a\"™ ) 1 ) 1
weg(B) B e B e

where v = c'flfl, Yo = Cfrl, ~v = min{~y, 2}

THEOREM 1. Assume that (H1) and (H2) hold, [c1,co] C [0,1] with 0 <
g <cp<1,af, oy >0, a1, az >0 such that o) + oy =1, a3 +as = 1.

) If £5, 95, fi, g € (0,00), L1 < Lo and L3 < Ly, then for each \ €
(L1, La) and p € (L3, Ly) there exists a positive solution (x(t),y(t)), t € [0,1]
for (1,(2)- o

2)If f5 =0, g5, fi, g5 € (0,00) and L3 < L/, then for each A € (L1, c0)
and p € (Ls, L)) there exists a positive solution (z(t),y(t)), t € [0,1] for
(1),2) o

3) If g5 = 0, f§, [l g5 € (0,00) and Ly < L, then for each A\ €
(L1, LY) and p € (Lg,00) there exists a positive solution (z(t),y(t)), t € [0,1]
for (1(2): o

4) If 1§ = 95 = 0, fi, g5 € (0,00), then for each A € (L1,00) and
p € (L3, 00) there exists a positive solution (z(t),y(t)), t € [0,1] for (1),(2).

5) If 15, 95 € (0,00) and at least one of fi., gt is 0o, then for each
A € (0,La) and p € (0, Ly) there exists a positive solution (x(t),y(t)), t € [0,1]
for (1),(2)- o

6) If f§ =0, g5 € (0,00) and at least one of fL, g, is oo, then for each
A € (0,00) and p € (0, L)) there exists a positive solution (x(t),y(t)), t € [0,1]
for (1),(2):
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7) If f§ € (0,00), g5 = 0 and at least one of fi,, i is oo, then for each
A € (0,L}) and p € (0,00) there exists a positive solution (z(t),y(t)), t € [0,1]
for (1),(2). o

8) If f§ = g5 = 0 and at least one of fi., gt is oo, then for each A\ €
(0,00) and p € (0,00) there exists a positive solution (x(t),y(t)), t € [0,1] for

(1),(2)-

Proof. We consider the above cone P C Y and the operators 1, Q2 and
(. Because the proofs of the above cases are similar, in what follows we will
prove one of them, namely Case 2). We have f§ = 0, g3, fi, 95 € (0,00)
and Ly < L. Let A € (L;,00) and pu € (L3, L}). We consider the numbers
aby € (D(ugs)e21,1) and @) = 1 — &}. The choise of &) is possible because
p<1/(ggD™71). Let e > 0 such that e < fi | e < g’_ and

1 o} ri-l 1 (o) ri-l
. A< - (2
féo—€<wlz4> 6<B> ’

1 Oé/2 ro—1 1 QIQ ro—1
gho —€ \ 120 g5+ \ D '

By using (H2) and the definitions of f§ and g5, we deduce that there
exists Ry > 0 such that

ftxy) <el+y)" L glt,z,y) < (95 +2)(@+y)> 7,

for all t € [0,1] and z,y > 0, x +y < Ry.

We define the set Q; = {(z,y) € Y, |(z,9)|ly < R1}. Now let (z,y) €
PNoSYy, that is (z,y) € P with ||(x,y)||y = R1 or equivalently ||z| +||y|| =
Then z(t) + y(t) < R; for all t € [0, 1], and by Lemma 3, we obtain

Q) <30 / i ml( o = ) ar s

<0 [ nen (e 5= 0m el oo as

1 s
< \er— 1591 1/ Jl 3 ()091(
0

= AerLeo=1(|| || + Hy||)/0 1(8) %o, <1‘((111) /OS(S — 7)ot dT)dS

S

1 aq
— i~ 1lzei—1(p S = |ds
=\ 5 H( ,y)lly/01 Jl( )8091 <F(1Oé1+1)>d
el (g, y)Hy/ ()

))Ql 1
= el B (z,9) |y < a||(

IN

IN

IN
=
IN

(s =l + oy dT) s

\

ser(er=1) qq

I(ay
,y)H% vt el0,1].
Therefore we have ||Q1(x,y)|| < & ||(z,y)y-
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In a similar manner, we conclude

Q2(z,y)(t) < p ™ (g5 + )= D|(z,y)lly < @l(x,y)lly, Ve 0,1].

Hence we get [|Q2(z, y)|| < as|(z,y)lly-
Then for (z,y) € P NIy, we deduce
(17)
1Q(x, y)[ly =1Q1(x, y)|| + |Q2(z, y)| <& [|(z, y)lly + @ l(z,y)lly =1(z, y)|ly-

Next, by the definitions of fi and g%, there exists Ry > 0 such that

ftzy) > (fio—a)@+y) 7, gt z,y) > (gh —e)(@+y) ",

for all t € [c1, o] and o,y > 0, x +y > Ro.
We consider Ry = max{2R1, Ro/v} and we define the set Qo = {(x,y) €
Y, |[(z,y)|]ly < Ra2}. Then for (x,y) € PN 0N, we obtain

SL‘(t) + y( ) > mlnte[m,cz} t 1“113” + mlnte[cl ca] th2 1Hy||

1 _
= ' Ml + =iyl = mllzll +2llyll > vl @, )y
:’YRQZRQ, Vit e [61,62].

Then, by Lemma 3, we conclude

Quaen) > 30 / AL 1) (8)pn (100 £ (5, 2(s), y(5)) ds

Y =L, x(7), (T))dT)dS

e 171 J1 < /
> Agl—l’Yl J1 < / yor- 1 foo e)(x (T)+y(7))r1_1 d7>ds
/ ) (Fo — )(vll(x7y)\|y)r11dr>ds

> AQI—I,}/l Jl Qogl(
=iyl — )l / oo (g [ = ar)as
) 1
(K

e (7
o (5—01°”>
— ey (L )2 v|<w,y>||y/c]c2h<s>%l o+ 1)

= =l | ) e
= (gl — 9 A @)l > o )l

Therefore we obtain [|Q1(z,y)| > Q1(z,y)(c1) > o) ||(z,y)|ly-
In a similar manner, we deduce

Q2(z,y)(c1) 2 121 (g5 — )27 Cll (2, y)|ly = Iz, y)]ly,
and then [|Q2(z,y)|| = Q2(z,y)(c1) = aall(z, )y

(s — Cl)al(gl_l)ds
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Then for (z,y) € PN JSs, we obtain

(18) Q@ y)lly = Q1 z, Il +1Q2(z, y)|| = () + ad)l[(z, y)lly = [I(z,y)lly-

By using Lemma 4, the relations (17), (18) and the Guo-Krasnosel’skii
fixed point theorem, we conclude that the operator @ has a fixed point (z,y) €
PN (Q2\ D), so z(t) > th=Yz|, y(t) > tF27Yy| for all t € [0,1] and
Ry < ||z||+ |ly|]| < Ra. If ||z|| > 0 then z(t) > 0 for all t € (0, 1], and if ||y]| > 0
then y(t) > 0 for all ¢ € (0,1]. Hence (z(t),y(t)), t € [0, 1] is a positive solution
of problem (1),(2). O

In what follows, for fg, gé, 15, 95 € (0 00) and numbers o}, o, > 0,
oq, oo > 0 such that ozl + o) =1 and a1 + ap = 1, we define the numbers
Ll, LQ, L3, L4, L2 and L4 by

_ 1 / ri—1 1 ~ ri—1 1 / ro—1
() e ) ()
fo \rmA 5% \ B g6 \=C

Bo- (@ g L g ]
=w\p) B B e
THEOREM 2. Assume that (H1) and (H2) hold, [c1,c2] C [0,1] with 0 <
c < co <1, al,a2>0 aq, ag > 0 such thatal—i—anl al +ag = 1.
L If 1&g, fSer 950 € (0,00), Ly < Ly and L3 < Ly, then for each \ €
(L1, L2) and pn € (L3, Ly) there exists a positive solution (z(t),y(t)), t € [0,1]

Jor (1),(2). S
2) If fi, gb, f5% € (0,00), g5 = 0 and Ly < L}, then for each \ €

(L1, LYy) and pu € (L3, 00) there exists a positive solution (z(t),y(t)), t € [0,1]
for (1),(2). . N

3) If 1§, 90, 95 € (0,00), f5 =0 and Ly < L), then for each A € (Ly,00)
and p € (Ls, L)) there exists a positive solution (x(t),y(t)), t € [0,1] for
,2). N

4) If fb, 96 € (0,00), f5 = g5, = 0, then for each X € (L1,00) and

€ (L3, 00) there exists a positive solution (z(t),y(t)), t € [0,1] for (1),(2).

5) If f5, g5 € (0,00) and at least one of f&, g4 is oo, then for each
A€ (0,Ls) and pu € (0, Ly) there exists a positive solution (z(t),y(t)), t € [0,1]
for (1),(2). o

6) If f5, € (0,00), g5 = 0 and at least one of fi, g4 is oo, then for each
A € (0,L}) and p € (0,00) there exists a positive solution (z(t),y(t)), t € [0,1]
for (1),(2).

7) If 5, =0, g5, € (0,00) and at least one of f}, g is 0o, then for each

X € (0,00) and p € (0, L}y there exists a positive solution (x(t),y(t)), t € [0,1]

for (1),(2).
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8) If 3, = g5, = 0 and at least one of f}, g is o0, then for each X € (0, 00)
and p € (0,00) there ezists a positive solution (z(t),y(t)), t € [0,1] for (1),(2).

Proof. We consider the cone P C Y and the operators @1, @2 and @
defined at the beginning of this section. Because the proofs of the above cases
are similar, in what follows we will prove one of them, namely Case 6). We
consider f5 € (0,00), g5, = 0, and f§ = co. Let \ € (O,E’Q) and p € (0,00).
We choose &} € (B(Af5)?71,1) and &) = 1 — &, and let € > 0 such that

1 ri—1 1 & r1—1 1/ ro—1
£ <A< - , p< =2 :
1A s +e\ B e\ D

By (H2) and the definition of f} we deduce that there exists R3 > 0 such
that

1
f(tvxay) > g(w +y)7ﬂ1717 Vite [01762]7 z,y > 07 r+y< R3-
We denote by Q3 = {(z,y) € Y, ||(z,y)|ly < Rs}. Let (z,y) € P with
1(z;y)lly = Ra, that is [lz]| + [[y|| = Rs. Because x(t) +y(t) < [lz]| + [yl = Rs
for all t € [0, 1], then by Lemma 3 we obtain

Qu1(z,y)(c1) = A%~ 1/ V() (TG f(5,2(5), y(s))) ds

> a0 [T nen (5 [ 6= .y dr) ds

C1
S

Al
> Ae-1ef / oo (F(;l) / (s—T)al—li@(T)+y(7))ﬁ-1d7> ds
N

C1

1 1 -

> st [ aen (g [ o=l tar) o
— 01— 151 1 l - al(@l—l)

= O el [ R gy - e e ds

_ 1
= yae = (D)7 Al y)lly > N, y)ly-
Hence we get [[Q1(z,y)]| > Q1(z,9)(e1) > [(z,9) ]y and then

(19) 1@, y)lly = [|Q:(z, y)Il = [I(z, y)lly-

For the second part of the proof, we consider the functions f*, g
0,1] x [0, 00) — [0, 50) defined by f*(t, u) = maxoc, +y<u (t 2, 1), g°(t u) =
maxo<z4y<u 9(t, z,y), for all t € [0,1] and u € [0,00). Then
f(t7x’y) S f*(t7u)’ g(t’x’ y) S g*(t7u)7 \v/t E [0’ 1]7 x’y Z 07 :L‘+y S U.

The functions f*(¢,-), g*(¢,-) are nondecreasing for every ¢t € [0,1] and
they satisfy the conditions

[t u)
lim sup max 1
u—oo t€[0,1] u~

* .

s g*(t,u)
=S Jim e S

=0.
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Therefore, for ¢ > 0 there exists R4 > 0 such that for all « > R4 and
€ [0,1] we have
[rtu) _ o fr(tu)
g1 = lmsup max 5

*(t,u
< lim max g )+€:8,
u’"‘Fl u—oote[0,1] w2l

and so f*(t,u) < (3 +e)u ! and g*(t,u) < eumL.
We consider Ry = max{2Rj3, R4} and we denote by
Q={(z,y) €Y, [(z,9)lly < Ra}.
Let (z,y) € PN 0SQy. By the definitions of f* and g* we conclude
ftx@),y(t) < f7( Iz y)lly), g(t,2(t),y(t) < g" @ [[(2,y)lly), Vi€ [0,1].

Then for all ¢ € [0, 1] we obtain

e 1
Qi(z,y)(t) < At

e=f5 +e,

) , 1) (m.q) /08<5—T>“1‘1f(m<7>,y(f>>df> ds
= AQll/o Hs)ee <F(;1)/0 (s =)™ (7l Z/)”Y)d7> ds
1

1 s
<0 [ nen (U@l ([ e=nmtar) o
= x071(fs + 92 Bl ()l < &)l Vi€ 0.1

and so [|Q1(z,y)|| < &yl (z,y)lly-
In a similar manner, we deduce

Q2(z,y)(t) < e D||(z,y)lly < &bll(z,y)lly, ¥t e [0,1],

and then [|@s(z,y)|| < a5/ (2, )y
Therefore for (x,y) € P N0, it follows that

(20) lQ(@,»)lly = Q1(z, I+ [1Q2(z, y)|l < (@ + &)z, y)lly = lI(z,y)lly-

By using Lemma 4, the relations (19), (20) and the Guo-Krasnosel’skii
fixed point theorem, we conclude that Q has a fixed point (z,y) € PN (24\Q3),
which is a positive solution for problem (1),(2). O

4. NONEXISTENCE OF POSITIVE SOLUTIONS

In this section we present intervals for A and p for which there exist no
positive solutions of problem (1),(2). By using similar arguments as those used
in the proofs of Theorems 4.1-4.4 from [22], we obtain the following theorems
for our problem (1),(2).
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THEOREM 3. Assume that (H1) and (H2) hold. If there exist positive
numbers My, Ms such that
(21)
fltz,y) < Mi(e+y)" 7 glta,y) < Ma(z+y)" 7", VE€(0,1], 2,y >0,

then there exist positive constants Ao and po such that for every A € (0, Ag)
and p € (0, o) the boundary value problem (1),(2) has no positive solution.

In the proof of Theorem 3 we define \y = IEBT and pg =

1 1
(2B) My (2D)72~ 17

where
B=—31__ [lgala-1 7 (s)ds,

~ T(at+1)ei? 0
D = qaziye Jo 877D Ja(s) ds.

Remark 1. a) In the proof of Theorem 3 we can also define
1 a1 1 a\T2—1
w7 e ()
"= \B R =3, D
with aq, as > 0 and a3 + as = 1.

b) If f5, 95, f3, 95 < 00, then there exist positive constants M;, M such
that relation (21) holds, and then we obtain the conclusion of Theorem 3.

THEOREM 4. Assume that (H1) and (H2) hold. If there exist positive
numbers ci, co with 0 < ¢ < cg <1 and my > 0 such that

(22) f(t,a:,y) 2m1($+y)7“1—1’ Vit e [01762}7 €, yzoa

then there exists a positive constant Xg such that for every A > Xo and p > 0,
the boundary value problem (1),(2) has no positive solution.

In the proof of Theorem 4, we define Xo = where

1
m1(yyn AT
4= : /Cz< — )@Yy (s)d

OCEE N . nee

THEOREM 5. Assume that (H1) and (H2) hold. If there exist positive
numbers c1, co with 0 < ¢; < cg <1 and mo > 0 such that

(23) gtz y) > ma(z +y)™ ", Vt€E e e, 2,y >0,

then there exists a positive constant g such that for every p > po and A > 0,
the boundary value problem (1),(2) has no positive solution.

In the proof of Theorem 5 we define g = where

1
ma(yy2C)r2 1’

1

c2
¢= (T(ag + 1))e2—1 / (s — c1)2(@27D Jy(s) ds.
c1
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THEOREM 6. ssume that (H1) and (H2) hold. If there exist positive
numbers ci, co with 0 < ¢ < cg <1 and mq1, mg > 0 such that
(24)
fta,y) >ma(e+y)" 7 gt a,y) = ma(z +y)" 7, VEE e, e, @,y >0,

then there exist positive constants o and fio such that for every A > o and
W > fig, the boundary value problem (1),(2) has no positive solution.

In the proof of Theorem 6, we define
“ 1 d i 1
= an = .
mi(2ym A)rt K a2yt

Remark 2. a) If for c1, ca with 0 < ¢; < co < 1, we have f§, fi > 0 and
f(t,z,y) > 0 for all t € [¢1,co] and x, y > 0 with  + y > 0, then the relation
(22) holds and we obtain the conclusion of Theorem 4.

b) If for ¢y, c2 with 0 < ¢1 < ¢a < 1, we have gi, g, > 0 and g(¢,x,y) > 0
for all t € [c1,¢2] and x, y > 0 with 2 4+ y > 0, then the relation (23) holds and
we obtain the conclusion of Theorem 5.

c) If for c1, co with 0 < ¢; < 2 < 1, we have fi, fi, gi, g5, > 0 and
f(t,z,y) >0, g(t,x,y) >0 forall t € [c1,c2] and =, y > 0 with z+y > 0, then
the relation (24) holds and we obtain the conclusion of Theorem 6.

5. AN EXAMPLE

Let oy = 1/4, a0 = 2/3, n =3, 51 =8/3, m =4, B =7/2,p = 2,
q=1,7% =3/2, 1 =1/3, 72 = 6/5, 6o = 4/3, 01 = 5/4, 11 =5, 01 = 5/4,
Prq (3) = 3‘3‘37 Por (3) = 3‘3‘73/47 rp =3, 0 = 3/27 Pro = 3’3’7 Po2 = 3‘3‘71/27
Hi(t) = {0, t € [0,1/2); 2, t € [1/2,1]}, Hao(t) = t/4 for all t € [0,1], and
Ki(t) = {0, ¢ € [0,2/3); 1/2, t € [2/3,1]}.

We consider the system of fractional differential equations
5 | Do sy () + A+ 150 +4°(1) < 0, te (0.1),

D2 es(DE (1)) + (2 — 1) (eleO@® 1) =0, te (0,1),

with the nonlocal boundary conditions

2(0) = 2/(0) = 0, D§22(0) =

(26) ¢ DY’x(1) = 2Dy %z () / D6/5

y(0) = 4/(0) = y(0) = 0, DY/2y(0 >—o D4/3 y(1) = 5Dy (),

where a, b > 0.
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Here we have f(t,z,y) = (t+1)%(2®+y°), g(t, z,y) = (2—t)° <e(x+y)2—1)
vVt € [0,1], z, y > 0. Then we obtain A; ~ 0.32923823 > 0, Ay ~ 2.18703744
> 0, and so the assumptions (H1) and (H2) are satisfied. In addition, we
deduce
1 931 =)0 —(t—5)3, 0<s<t<1,
009 = frm | s o<t <1
L[ 0P1 - (- 0<s<t<1,
g21(t:) = T 73 { 31— sV, 0<t<s<1,

1 t7/15(1_s)1/6_(t_3)7/15’ 0<s<t<l,
g22(t, 8) = W { t7/15( )1/6 0<t<s<1,

1 t5/2( 8)7/6 (t — )5/2, 0<s<t<1,
g3(t,s) = I(7/2) { t92(1—8)7/6 0 <t<s<1,

1 /41— 8)T/0 —(t—5)°1, 0<s<t <1,
gar(t, s) = I'(9/4) { 941 -5/ 0<t<s<1,

t5/3 1 1 1
Gi(t,s) = g1(t,s) + A (2921 (2 >+4/0 922(778)617)7

5/2 2)
GQ(ta S) - 93(t) 8) + Eglﬂ <37 S) )

ha(s) = F(%/g)[(l — )6 — (1- 579,
hals) = gy (1= 97" = (1= )%

For the functions J; and J; we obtain

(=910 = (1= )%
+AT {21/3F(7/3 (1= )10 — (1 —25)"7]
Ji(s) = +m[(l_s)l/ﬁ_(l_s)%/m]}’ 0§s<%,

r (1= Y0 = (1= )73+ 2 { g (1= )10
[(1—s)/0—(1— 5)22/15]} 3<s<1,

1
SR Y E i)

[(1 =)0 — (1= 5)>?]

(7/2)
Ba(s) =4 Fomremenl2 1 -9 -2 y 35)°1], 0<s <2,
1/4
(1= 8)/0= (1= 8)°P2| + i (1= 9)7/% S <s <1

Now we choose ¢; = 1/4 and co = 3/4, and then we deduce y; = (1/4)5/3
vo = (1/4)%/2, v = ~5. In addition, we have f§=0, fi =00, g5=2%gl, =0,
C =~ 0.0323028, D ~ 0.0584635.
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By Theorem 1, 6), for any A € (0,00) and p € (0, L)) with L} = 1/(g5D?),
the problem (25),(26) has a positive solution (x(t),y(t)), t € [0,1]. For exam-
ple, if b =1 we obtain L) ~ 146.285.

We can also use Theorem 5, because g(t,x,y) > (5/4)(z + y)? for all
t € [1/4,3/4] and x, y > 0, that is mg = (5/4)°. If b = 1, we deduce fig =
1/(ma(71720)?) =~ 8.03912 x 10%, and then we conclude that for every A > 0
and p > [ip, the boundary value problem (25),(26) has no positive solution.
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