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This paper provides existence and non-existence results on a positive solution for
the problem A,u+pAu = |u|"'72u—&—u\u|7”/72u7 with a nonlinear boundary con-
dition given by (|Vu|""2Vu + |Vu|T/72Vu, v) = Am.(x)|u|""?u on the boundary
of the domain, with 4 > 0 and 1 < 7 # 7’ < 0o, where  is a bounded domain
in RY, v is the outward unit normal vector on 9Q, (.,.) is the scalar product of
RY and m, is a weight function admitting sign-change. We show that existence
and non-existence of a positive solution depend only on the relation between A\
and the first eigenvalue of r-Laplacian with weight function m,, whence it is
independent of the operator A, and the parameter p > 0.
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1. INTRODUCTION

In this paper, we are interested in the existence and non existence results
for the following quasilinear elliptic equation:

diV[AT“) (Vu)] = AW (u)u in Q,

/ !
T T,

Prr’
(ryr! A m) <A(H) (VU), l/> — )\mr(:E)|u|T_2’LL on 89,

rr!

where € is a bounded domain in RY (N > 2) with smooth boundary 99, v
is the outward unit normal vector on 952, (.,.) is the scalar product of RY,
AeR, p>0and 1 <r#71r <oo. Let%<sr<ooifr<NandsTZIif

r> N. Afﬂffn),(s) — |5|""25 + u|s|” 25 and the function weight m, € M, may be
unbounded and change sign, where M, := {m, € L*(9Q); m;" # 0}.

We treat our equation P, ) ,) for r = p and r’ = q, and for r = ¢ and
' =p.

Although our problem P, , 5 ,,) coincides with the second problem P, , y ,,)
by formally replacing p with ¢, we treat them separately in some cases (e.g. the

proof of Theorem 4.1). One of the reasons for different treatment is that both
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of our problems should be solved in the space WP(Q) since the r-Laplacian
naturally acts in W (Q) for 1 < r < co and we are assuming p > ¢, hence we
cannot transfer from one problem to another by merely replacing p with q.

Thus, throughout this paper, we set WYP(2) as the space to find a solution
of our problems P, , y ,) and Py, 5 ,,)- However, it is proved that any solutions
of our problems are of class C1*(Q)) for some a € (0,1) (see Remark 4.2).
Throughout the paper we set p = max{r;r’'} and ¢ = min{r;r'}.

In this paper, we say that u € W1P(Q) is a solution of Py 2 if the
following holds

/ (\Vu|r_2VuV<p + |u\r_2ug0)dx + u/ (]Vu|rl_2Vqu0 + |u|r/_2u<p)dx
Q Q

= /\/ my|u|"?updo
oN

for all ¢ € W1P(Q), where do is the N — 1 dimensional Hausdorff measure.

Letting © — 40 our problem P(m,/’ Au) turns into the following weighted
eigenvalue problem for the r-Laplacian:

Apu = |u|"?u in
{ [Vu|"=29% = Am, (z)|u]"~2u on 0N.

It is said that X is an eigenvalue of —A, with weight function m, if
Problem P, ) has a non-trivial solution which is called an eigenfunction cor-
responding to A. We denote the set of all eigenvalues of —A, with weight func-
tion m, by o(—A,, m;). In particular, in the case of m, = 1, we write o(—A,)
instead of o(—A,,1). Similarly, in the non-homogeneous case, we say that \ is
a generalized eigenvalue of A, + pA, with weight function m, if P,y ,) has
a non-trivial solution. Denote the set of those X's by oG (A, + uA,,m,). The
main purpose of this paper is to study the generalized eigenvalues of A, +uA,..

Recently, many authors have studied (p, ¢)-Laplace equations (cf. [13],
[18], [23], [27], [28], [29]). However, there are few results on generalized eigen-
value problems of the (p, ¢)-Laplacian. In 7] and [8], Benouhiba and Belyacine
considered the equation

—Apu— Agu = Ag(z)|[uP?u in RN

under several assumptions on g > 0. They showed the existence of princi-
pal eigenvalue and a continuous family of generalized eigenvalues A. In [12,
Theorem 4.2], Cingolani and Degiovanni proved the existence of a non-trivial
solution for

—Apu — pAu = MNulP2u+gu) in Q u=0 on 9Q

in the case of r =p > 2(=1"),g € C* and X ¢ o(—A,). However, their result
does not cover the resonant case A € o(—A)).

P
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Under the Neumann boundary condition, Milhailescu [20] gave a set of all
generalized eigenvalues A for —A,u — Au = Au in Q, where ¥/ =p > 2(=r)
and the case 1 = p < 2(= r) was studied by M. Farcaseanu et al. in [15].
Also, this results were generalized by M. Mihailescu and G. Moroganu in [21]
to the case when the Laplacian is replaced by a general g-Laplace operator
(i.e. ¥ =p #1r =¢q). In [24] the author has completely described generalized
eigenvalue \ for which the following problem

—Avu — pApu = dmy(z)|u]"2u in Q,
u=20 on O0f),

has a positive solution, where > 0 and 1 < r # 1’ < oo. In [9] was completed
by investigating the asymptotic case when min{r,r’'} — oo.

Under Steklov boundary condition, we have studied in [10] the problem
P47 A in the case where 7’ = 2,7 > 2. In [1] J. Abreu and G. F. Madeira
studied the following (p,2)-Laplacian Steklov problem

—Apu—Au = da(zx)u  in Q,
(|VulP=2Vu + Vu,v) = Ib(z)u on OQ.

for positive weight functions a and b satisfying appropriate integrability and
boundedness assumptions. This result was generalised by L. Barbu and G.
Morosanu in [6] to the case where p,q € (1,00). For other results we cite
[11, 14, 30].

Our purpose in this article is to extend these results obtained under
Dirichlet boundary condition in [24] to nonlinear boundary condition, follow-
ing the same approach, where Rayleigh quotient plays an important role (see
Remark 2.2 for details).

The rest of this paper is organized as follows. In section 2, we give some
preliminary results and lemmas which are needed in the proof of the main
results. In section 3, we present and prove the non existence results. In section
4, we state and prove our existence result.

2. PRELIMINARY RESULTS

In this section we give some preliminary results needed for the proof of
the main theorems. Throughout this paper, |[ul|1, = [[ulw1.-(q) denotes the
norm of Sobolev space W17 (Q).

First, let us recall the first eigenvalue A;(r, m,) and the second eigenvalue
Ao(rym,) of —A, with weight function m,..

It is well know that the first (smallest) positive eigenvalue \;(r,m,.) is



130 A. Boukhsas, A. Zerouali, O. Chakrone and B. Karim 4

obtained by the following Rayleigh quotient
(2.1)

ju € W”(Q),/ my|u|"do > 0}.
faQ my|u|"do 0

Since there exist no non-negative eigenvalues provided m, < 0, we set
(2.2) A(r,—my) =400 if m, >0.

The principal eigenvalue problem A;(r,m,) play an important roles for
existence and non-existence of a positive solution for our non-homogeneous
problem (P, ;s ,). The second (positive) eigenvalue Az(r,m,) of —A, with
weight function m,. it is defined by

Aa(rymy) = min{ A > A\ (r,m,); A € o(—Ay,my )}

(Note that Ai(r,m,) is isolated and o(—A;,m;,) is closed. It is also worth
mentioning that A;(r,m,) has positive eigenfunctions 1(r,m,) € CH*(Q)
with some a, € (0,1) (see [2]).

Next, we study Rayleigh quotient for our problems. For r = p or ¢, we
define the functional ®(,.,/ ,)(u) on WP(Q) as follows:
T ’
(2.3) Loy () 1= ullyy + - Fllully

for u € WIP(Q), where 7/ = ¢ if r = p and v’ =p if r = q.
The following proposition is the result on Rayleigh quotient that is crucial
to solve our problems.

ProrosITION 2.1. For u >0 and r =p or q we set

(I)(r,r’,u) (u)
U, (u)
where W,(u) == [, my|ul"do and @, .,y (u) is the functional defined in (2.3)

Then,

20 Arrum) =it { € W) 0, (0) > 0},

Ay 7'y, my) = A (rymy)
holds for every u > 0. In addition, for every p > 0, the infimum in (2.4) is

not attained.

Proof. Fix any p > 0. First, we treat the case of r = p > ¢ = r’. From
the definitions of A\ (p, mp) and A(p, q, 1, mp), it is obvious that A(p, ¢, i, m;) >
A1(p, mp). Let @1 be the positive eigenfunction corresponding to A (p, m,) such
that [5, mp@ido = 1 (we may replace 1, if necessary, by 1/([5q, mp@ido)t/?
since P, ) is a homogeneous problem). Thus, ¢ satisfies ”901”11),;; = A (p, mp).
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Letting t — oo in the following inequality:

D (g (tp1)
P
(note that [, mypido = 1), we obtain A(p, ¢, , mp) < A1(p,m,) because of

p > q. Thus, in the case of r = p >’ = ¢, the first assertion is shown.

Next, we shall give the proof in the case of r = ¢ < 7’ = p. It is easy to see
that A(p, g, 1, mp) > A1(p,my) (note that WHP(Q) c Wh4(Q)). Let 11 be the
positive eigenfunction corresponding to A;(g,m,) such that faQ mgpido =1,

so 1y satisfies [[¢1]|T , = A1(g,my). Recall that 1 belongs to C1(Q) for some

a € (0,1). Thus, we obtain A(q,p, t, mq) < Ai(q,mg) by letting t — 40 (note
that p — ¢ > 0) in the equality
® to1 qt? I pljepr ||¥

Finally, we shall prove that \(r,’, 1, m,) is not attained for any pu > 0.
To do so, by way of contradiction, we assume that there exist p > 0 and
a function u € W'P(Q) such that [, me|u["do > 0 and A(r, 7/, p,m,) =
sy (1) /Wr(u). Then, it follows from u # 0, the definition of A1 (r, m;) (note
that WHP(Q) ¢ WH4(Q) if r = q) and the first assertion of the proposition
that

pelledll],

AP, g, s mp) < = Ai(p,myp) + "

74:“”“”71”:7”
'V, (u)

(I’ ’ (U)
(r77‘ 7,’1')

7 >
Vo) 2 A1(r,my) +

> M\ (7"7 mr) = A(’F, 70/7 12 mT)'

A(r, v, pymy) =

This is a contradiction. [

Remark 2.2. If A(r,7’, 1, m;) was attained, we see that P, ,) had a
positive solution with A\ = A(r, 7', u,m,). However, according to Proposition
2.1, we see that there does not exist the first (positive) generalized eigenvalue
of A, + pA,s for any p > 0 (refer also to Remark 3.3).

Under Neumann boundary condition, Mihailescu has shown that

2

A1(p) := inf { [Vells/p + HVUHQ/Q;u € Wl’p\{O},/ udx = 0} >0
lull3/2 0

and limg_,p o A1(s) < Ai(p) < limgypi0A1(s), where p > 2. This case corre-
sponds toone of ' = p > 2 =r, m, = 1 and u = 1 in our problems. Concerning
our Steklov problem, it is easy to see that Rayleigh quotient A(r,7’, u, m,) is
continuous with respect to r’, u and m,. because A(r,’, u, m,) is independent
of 7" and p, and by the continuity of Ai(r,m,) with respect to m, € L (9)

(ct.[5]).
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In what follows we state and prove the lemmas that we need to prove the
existence result.
For r = p and ' = ¢ we define the functional I, y ;) on W?(Q) by
1
(2.5) Tp g (W) == ZSH

—H / mput do,
for uw € WP(Q) and u > 0.

LEMMA 2.3. Let p > 0. Assume 0 < X\ # A(p,myp). Then Iy, g5 )
satisfies the Palais-Smale condition.

Proof. Fix any p > 0. Let {un} be a Palais-Smale sequence of I
that is,

D@ A1)

Tip g (un) — ¢ and Iénq,)\,u) (u,) =0 in WhHP(Q)*

as n — oo for some ¢ € R. Let us first show that the sequence {u, } is bounded
in WHP(Q). Tt is sufficient only to prove the boundedness of |lu,||

LP (6Q)

because
26) Junl < o+ Al ol
where s, = 5,/sp — 1.
Suppose by contradiction that HunHLps o) T and let v, := W

"NLPsp aq)
The sequence v, bounded in W1P(Q). Indeed, dividing (2.6) by HunH’; v o0
we have

pc
(27) ||Un||1,p = ” || + )‘HmPHLSP(aQ)-
Unll ppsp P (0Q)

The inequality (2.7) implies the boundedness of {v,,} in W1P(Q). There-
fore, we may suppose, up to a subsequence, that v, — v (weakly) in WHP(Q).
By the compact embedding W'"(Q) C L™ (), (r = p,q) we have v, — v
strongly in L™ () (r = p,q). First we observe that v~ = 0 in Q. In fact,
acting with —u,, as test function, we have

oDl ooy 2y = Tirmp ) (Un)s =)
(2.8) = llug ll1p + plluy llp
2 Jup, ll1q
the inequality (2.8) guarantees the boundedness of ||v;, |1, and so ||v, |1, =
—Munlhe — 0, thus v~ = 0, holds, hence v > 0 in €.

llun ||Lpsg)(m)
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Now, by taking (v, —v)/||u, H’;ps b test function, we have

(v —v)
o(1) = <IE,\,mp,mq)(u )s W>
LP*P(9Q)

:/ |Vun|p_2anV(vn —v)dx
Q

+ HHPM / |V, |92V v, V (v, — v)da

LP*h (89)
/|vn|p 20n (Up — v)dz
(2.9)
+ pi 0|7 20 (v, — v)d
el o

— )\/ myp (v, P20t (v, — v)do
o0
= / VP2V, V (v, —v)dz + / |Un P20 (v, — v)dz
Q Q

—A my (v, P20 (v, — v)do + o(1)
o0N

because ¢ < p, ||u;,, — +00, vy, is bounded in W1P(Q) and converge

b0
to v strongly in LP*» (GQ) Thus by (2.9) and (S4.) property of Ayu+uP~2u in
WhP(Q), we deduce that v, — v strongly in WP (Q). For any ¢ € W1P(Q),

by taking W as test function, we obtain
”P(asz)
1) = /(I S
O( )_< ()‘amihmq)(un)’ p— 1 >
lunll e,
LP%h (89)
—/ \an\p_QVUanodx—&-HHpu/ |V, 2V, Vedz
Q
(210) tn LP*r (892)
+/ [vn [P~ 20 pda + p,uq /|vn|q 20 pde
0 fanll o

- )\/ my (v, P20 (v, — v)do.
o2

Passing to the limit in (2.10), we see that v is a non-negative and non-trivial
solution of problem P, ) (note v > 0 and |lv[[1, = 1 and the associated
eigenfunction v is € C1*(Q) for some a € (0,1), see [2]). According to maxi-
mum principle of Vasquez, we have v > 0 in Q. This implies that A\ = A1 (p, m,,)
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because any positive eigenvalue other than A (p, m,) has no positive eigenfunc-
tion. Therefore, we obtain a contradiction since we assumed A # A1 (p, myp).
Hence u, is bounded in WP(Q). For a subsequence, u, — u (weakly) in
W2(Q) and u, — u (strongly) in LP*(8Q). We claim now that u, — u
in WhP(Q). It suffices to prove that |un|l1, — |lull1,. Because W1P(Q) is
reflexive and uniformly convex. It is clear that

0(1) = <I()\,mp,mq)(un)’ Un — U>
:/ |V P2V u, V (u, — u)de
Q

—|—/ U [P 2y (1), — u)dz
1) [ a2 = 0
+ ,u/ |Vt | T2V u, V(u, —u)dz
Q

+ ,u/ | |7 210y, (1, — w)da + o(1).
Q
Using Hélder inequality and for (r = p, q), we have

/ |Vt | 2Vu, V (u, —u)dx + / |t " 2ty (1, — w)dex
Q Q

:/ \Vun\rdx—i—/ |Vu|"dz
Q Q
—/ ]Vunlr_2Vunudx—/ ]Vu\r_QVuVundx
Q Q

:/ \unlrd$+/ |u|"dx
Q Q
—/ ]un|r2unuda}—/ |u|" 2w, dz
Q Q
Z/WU,Z\de—i—/ IVl dz
Q Q
(r—=1)/r 1/r
- (/ ]Vu,ﬂdx) </ \Vu|rdac> +/ |un|"dz
Q Q Q
(r—=1)/r 1/r
+/ |ul"dz — (/ \uﬂ’”dm) </ ]u!’dx)
Q Q Q
= (Mualz? = ) (s = B )

> 0.

Moreover, (2.11) and (2.12) imply that |upl1p, — |ul1,p. Thus w, — u
strongly in WiP(Q). O

(2.12)
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LEMMA 2.4. Set
— Lp . P P
(2.13) X(d): {u eWHP(Q); lully, < dlfull?,., 89)}

for d > 0. Then there exists C = C(d) > 0 such that
1p S Clull 4o (0Q)  for all uwe X(d).

[lla 9%

Proof. By way contradiction, we assume that Vn € N, Ju,, € X (d)

1

*HunHl,p > ||un||qu{1(8Q)-

Set v, = W hence {v,} is bounded in W1P(Q), then there exists v €

WLP(Q) and a subsequence v, such that v, — v (weakly) in W1?(Q). By
the compact embedding W' (Q) € L™ (r = p, q) we have v, — v (strongly)

in L (8Q)(r = p,q). However, ”U”HL“@(BQ) <1 v, —>0in L9%a(09) by

uniqueness of the limit we have v = 0, hence v, — 0 in LP* (8Q), as u, € X (d)
we have

lunllty < dlunl’

p
= Tl e

implies that é <0 = d < 0. This contradicts d > 0. [

3. NON EXISTENCE RESULTS

In this section we prove the following non-existence results.

THEOREM 3.1. Let r = p or q. If =Ai(r,—m;,) < X < Ai(r,m,) holds,
then for any p >0, P,y ) has no non-trivial solutions.

THEOREM 3.2. Let r = p or q. If A\i(r,m,) < A < Xo(r,m,) holds, then

Jor any >0, P, 5 ) has no sign-changing solutions.

Proof of Theorem 3.1. Fix any p > 0. Let v be a non-trivial solution of
Py - By taking u as test function in P, ) ), we have

(3.1) 0 <lulli,r <l +pllulli, = /\/m my|ul"do

due to > 0 and ||lul[y,» > 0. This yields that the following (a) or (b) occurs:
(a) A< 0and [,,m.|u|"do < 0;
(b) A >0 and [y, m,|ul"do > 0.
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It is sufficient to consider only the case (b) because we may consider the
pair of —\ and —m,. instead of A and m,. provided m, changes the sign. Thus,
we may assume that [, m,|u|"do >0 and A > 0, whence we have

u||} ullf, 4 pllullf
Ar(r,m,) < Il < Il lelf, =
Joq mer|u|"do S mr|ul"do

by the definition of A;(r,m,). Our conclusion follows. [

Remark 3.3. Here, we point out the relation between Proposition 2.1
and Theorem 3.1. Let u be a non-trivial solution of P, ) ,). Then, for each
s > 0, multiplying problem P, ) ,) by s"~1 we see that v = su is a non-trivial
solution of

Apv+ s Apv = MT*QU +us™ " w[" 20 in Q,
{ Vol =290 4 us™="' Vol 7298 = Am,.(z)|v]""2v on 9.

r—r

Choosing s = r/r’ and taking v = su as test function, we have
0 < @ (su) = )\/ my|su|"do,
oN
where ®(,,s ) is the functional defined by (2.3). Hence, if [y, m,[su|"do > 0

holds, then we obtain

q)(r,r’,u) (su)

LT A A
Joq M| sul"do

)\1 (Ta m?") = A(rv T/7 H, m?") <

because A(r, 7', u, m,.) is not attained (see Proposition 2.1). This leads to the
statement of Theorem 3.1.

Proof of Theorem 3.2. For the proof of Theorem 3.2, we recall a basic
fact regarding the second (positive) eigenvalue Ao(r,m,) of —A,(1 < r < 00)
with weight function m, (refer to [3], [4, Corollary 3.9]) Define

(3.2) Jr(v) == |lv[[1,  and U, (v) ::/ my|v|"do
o

for u € W1 (Q). Then, it is known that \a(r,m,) is obtained by

(3.3) Ao (r,my) = 'ye}‘r(lfm)tgl[(?)li] Jo(y(t))  with J, = J, |S(m0)>

(3.4) S(my) :={v e whm(Q) =1},

(3.5) L(my) == {y € C([0,1], S(m,)); ¥(0) = ¢1,7(1) = —¢1 },

where p; = ¢1(r,m,) is the positive eigenfunction corresponding to Ai(r,m,)
such that ¢ € S(m;).
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Let r = porr = q. We recall that v’/ = qif r =pand v =pifr = q.
By way of contradiction, we assume that P, ) ,) has a sign-changing solution
u € WHP(Q) for some p > 0 and X satisfying A\ (r,m,.) < A < Aao(r,m,.). Then,
taking +u- as test function, we obtain

36 0 <lurliy < sl + sl =2 [ matdo and

(3.7) 0 < flu—fl1, < flu-

el = [ do
9 b 89

where u+ := max{uy,0}. Note that ux € WHP(Q) Cc Wh4(Q) and U, (uy) =
J. o0 Mruldo > 0 because A > 0. Combining these equalities and the argument

in [22, Proposition 11], we can construct a continuous vy € I'(m,) (see (3.5))
such that

Jr(0(t)) < A,
e (70(t)) <

where J,. as in (3.3). This leads to Ay (r,m,) < X (see (3.3) for the characteristic
of A\a(r,m,), and hence it contradicts to A < Aa(r, m,.).

For readers’ convenience, we sketch the existence of the path . Recalling
that W,.(u+) = [ myulido > 0, we define paths as follows:

o tu+ (1 —t)u B U — tu
n= Uy (tu+ (1 — t)Ui)l/r N \Ilr(ui — tu_)t/r
. tuy + (1 —t)u_
2l = \I'T(tui + (1 —tyu )/’
Y3(t) = (L= Hu—tu (A =tuy —u

U ((1—tu —tu )/ W.((1 —t)uy —u )t/

for t € [0,1] (see (3.2) for the definition of W¥,. Then, by easy estimates, we
have ~;(t) € S(m,) for t € [0,1] (see (3.4) for the definition of S(m,) ) and
(3.8) ax Jr(75(1)) <A,

for j =1,2,3 by (3.6) and (3.7).

Now, we set O(c) := {v € S(m;);J.(v) < ¢} for ¢ > 0. Then, by
the same argument as in [25, Lemma 31], we can show that any nonempty
maximal open connected subset of O(c) contains at least one critical point
of J, with J,.(w) = B corresponds to a non-trivial solution of P gy (accord-
ing to Lagrange multiplier rule) and belongs to S(m,) N CH%(Q) for some
a € (0,1). Thus an open interval (Ai(r,m,),A) contains no critical values
of J. (note 0 < Ai(r,my) < A < Ao(r,m,)). Hence, O()) contains ex-
actly two critical points 1 := p1(m,) and —¢1 because Ai(r,m;) is simple.
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Since any component of O(A) is path-connected (cf. [4, Lemma 3.5]) and
72(0) = —v3(1) = u_/¥,(u_) € O(N) (see (3.8)), there exists a continuous
path 74 joining u_ /U, (u_) and ¢ or —p; in O(A). Since J, and VU, are
even, —;(t) € S(m,) and J,(7i(t)) = J.(—7:(t)) holds for every ¢t € [0,1] and
1< <4

Therefore, we can construct a path vy such that max; J.(7(t)) < A by
considering 74_1 Y4-y2-71-Y3-(—74) or the inverse of it, where fyj_l(t) =;(1-1)
and 7y - 7; denotes the path defined by v,(2t) if 0 <t < 1/2 and (2t — 1) if
1/2<t<1. O

4. EXISTENCE RESULT

In this section we prove the following existence result by dividing into
casestr=p>q=7r"andr=qg<p=r'.

THEOREM 4.1. Let r = p or q. If A > Ai(r,m;) or A\ < —\i(r,—m,)
holds, then for any p > 0, P, ) has at least one positive solution.

Due to Theorem 3.1, Theorem 4.1 and (2.2), we can completely describe
the set of generalized eigenvalue as follows:

{ (A1 (r,my), 00) if my >0,

Ug(Ar + ,uAT/, mr) = (—OO, _)\1(7" —mr)) U ()\1(7“’ mT), OO) otherwise.

Hence, og(A, + nA,/,m,) is an open unbounded set independent of the op-
erator A, and the parameter y > 0. This is in contrast with the known fact
that o(—A,,m,) is closed. For r = p or ¢, we define the functional I, » ,) on
WLP(Q) as in (2.5), with r = p and ' = q.

Remark 4.2. If u € W'P(Q) is a non-trivial critical point of I, y ,) with
p > 0, then u is a positive solution of P, ;). Indeed, by taking —u_ as test
function, we have

TJ
1,0

0= (T (), =) = [lu_|[T , + pllu—

whence u_ = 0. Thus, u satisfies

/ (\Vu|r_2Vqu + ]u|r_2uv)dx + ,u/ (\Vu|r/_2Vqu + |u\rl_2uv)dx
Q Q

= myu” " todo
o0

for any v € WHP(2). This means that u is a non-negative solution of Pl A)-
The regularity result up to the boundary in [16] and [17] u € C*#(Q) for some
B € (0,1). Moreover, then the maximum principle of Vasquez [26] can be
applied to ensure positiveness of u.
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Proof of the case r =p > q=1"in Theorem 4.1. Fix any u > 0. We
prove the existence of a non-trivial critical point of Iy, , 5 ,) only in the case
of A > Xi(p,my) because the other case can be treated by replacing A and
A1 (p, myp) with —X and A;(p, —my) (note Amy, = (—A(—my)).

First, we claim that there exist § > 0 and p > 0 such that

(4.1) Iipgapw(u) >0 whenever HuHLng 00) = P
Indeed, for u € W'P(Q) such that 5, mp(uy)Pdo < 0, we have

1 /‘L)‘l(qv )
42 Tpgan(e) 2 3l + Ll > -

(note that p, A > 0), where A1(q,1) is the first elgenvalue of A, with weight
function my = 1. For d = A||my|| we consider X (d) by (2.13).

Lpsp(aﬂ)’
: P
For any u ¢ X (d) (that is, [[ul]} , > d|[u HLPS bo Q)) we have
1 I ” pHLp *p (992)
I w) > =P 4+ Elu|? _— P
T L L e L AN
MA1<q7 )H ||q
ng

Concerning the last case, that is, u € X(d) and [y, mpufdo > 0, it
follows from the definition of A\;(p, m,) that such u satisfies

lall? > s [ > Aa(oymp) /a myldo

Hence, for such u, we obtain

1 A I
1 u) > (1 — ——— ) |lul|? +
(pa ) () » ( M (P, mp)> I ||1,p

A M)\l(qa )
> <1—A > CPNull? ot o+ Nl
1(p, mp) L9 (99) L% (9Q)

due to Lemma 2.4 and the definition of A\ (p, m,) (not A/)\l(p, myp) > 1), where
C' = C(d) is the constant in Lemma 2.4.

Thus, noting that p > ¢, our claim (4.1) is shown by taking a sufficiently
small Hu||qua(8Q) in (4.4) and by (4.2) and (4.3).

Now, we can choose a sufficiently large R > 0 such that

(4'5) HRSOlHLqSZI(aQ) >p and I(p,q,/\,,u)(Rsol) <0,

(4.4)

where p > 0 is the constant in (4.1) and ¢; is the positive eigenfunction
corresponding to Ai(p, m,) satisfying |, 59 mypido = 1. In fact, for a sufficiently
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large R > 0 we have

I(p,q,)\,u)(R‘;Dl) . A1(p, mp) - A " M||<P1||(f,q <0
RP B P qRr—4

because of A > \i(p,m;) and p > ¢. Recalling that I (g, ) satisties the Palais-
Smale condition by of Lemma 2.3, the properties pointed out in (4.1) and (4.5)
allow us to apply the mountain pass theorem, which guarantees the existence

of a positive critical value ¢ > 6 of I(, 4 ), With § > 0 in (4.1), namely

= inf I t
¢:= inf max Ipgam (7(1));

2= {y€C([0,1]), W'P(Q));7(0) = 0,7(1) = Re1 }. O

Proof of the case r = q < p=1"in Theorem 4.1. In this case, our func-
tional in (2.5) is written as follows:

Fo e L e )‘/ q
I w) = Zllu + —|lu - — mgu do.
(q,p,)\,,u,)( ) » ” Hl,p q ” Hl,q 7 Joo q%+

Fix any p > 0. By Remark 4.2, it is sufficient to show the existence of
a non-trivial critical point of I,y ,) only in the case A > A1(q,my) because
when A < 0 we can argue with —\ and —m,.

First, we note that I, x ) is weakly lower semi-continuous on WhP(Q)
since m, € L*(8Q) and the embedding of WP(Q) into L9 (9Q) is compact.
For every u € WP (Q) using Hélder inequality, we obtain

K 1 A
I(q’p’)"“)(u) = 5”“”11?47 + E”UH(f,q - E”quLsfl(aﬂ)Hququg

By ap 1, g CA q
> el + Zlull = = =lmallzsaea i,

JU—— CA q
> — - — s .
= p”UHLp Al(p,l)q/p”quL q((’)ﬂ)““”l,p

(692)

This implies that I(,, ) is coercive and bounded from below on WP(€)
because p© > 0 and p > ¢. Consequently, by the standard argument [19,
Theorem 1.1], we can obtain a global minimizer ug of I (@p )

Finally, to see that ug # 0, we shall show that miny1.,Q) Lgp . < 0.
Recall that the eigenfunction vy corresponding to Ai(g,mgq) is positive and
belongs to C1%(Q) for some a € (0,1).

Because we are considering the case A > Ai(g,mq), our claim is proved
by the following inequality

I(q,p,)\,,u) (t¢1) =1 (p”%”jlo,p + <0

A1(qﬂzq) - A)
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for sufficiently small ¢ > 0, where we take 11 such that [y, mgyido = 1.
Hence, the proof is complete. [
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