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In this survey, we present some methods in the dynamics and dimension the-
ory for invariant measures of hyperbolic endomorphisms (smooth non-invertible
maps), and for conformal iterated function systems with overlaps. For endomor-
phisms, we recall the notion of asymptotic degree of an equilibrium measure,
which is shown to be related to the folding entropy; this degree is then applied
to dimension estimates. For finite iterated function systems, we present the no-
tion of overlap number of a measure, which is related to the folding entropy of
a lift transformation, and also give some examples when it can be computed or
estimated. We apply overlap numbers to prove the exact dimensionality of in-
variant measures, and to obtain a geometric formula for their dimension. Then,
for countable conformal iterated function systems with overlaps, the projections
of ergodic measures are shown to be exact dimensional, and we give a dimension
formula. Relations with ergodic number theory, continued fractions, and random
dynamical systems are also presented.
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1. INTRODUCTION

In this survey, we present some relatively recent results in the dynam-
ics and dimension theory of invariant measures for hyperbolic endomorphisms
(smooth non-invertible maps), and also for conformal nonlinear iterated func-
tion systems (finite or countable), and iterated function systems with place-
dependent probabilities.

Dimension theory for invariant measures in dynamical systems and ther-
modynamic formalism have a rich history; some references are [2], [4], [5], [16],
[37], [39], [43]. Young proved in [45] that the Hausdorff dimension of a hyper-
bolic invariant measure p for a surface diffeomorphism, is given by a formula
involving entropy and the Lyapunov exponents, namely

HD() = h(p)(— !
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In [23], Manning showed that for an Axiom A diffeomorphism of a surface
which preserves an ergodic measure u, the entropy h(u) is in fact equal to the
product of the positive Lyapunov exponent of u and the dimension of the set
of p-generic points from an unstable manifold. Then in [18], Ledrappier and
Young established a formula for the entropy of an invariant hyperbolic mea-
sure u for a diffeomorphism of a compact Riemannian manifold, involving the
Lyapunov exponents of 1 and the dimensions of y in the stable and unstable
directions. In [22], Mane proved the exact dimensionality for ergodic measures
which are invariant to rational maps. Later on, Barreira, Pesin and Schmeling
[3] showed that every hyperbolic measure p invariant under a C'*¢ diffeo-
morphism of a smooth Riemannian manifold has asymptotically almost local
product structure; this, in turn, was used to prove the famous Eckmann—Ruelle
Conjecture (see [7]), namely that u is exact dimensional, and that the Haus-
dorff dimension of u is equal to its pointwise dimension and equal to the sum
between the dimensions in the stable direction and in the unstable direction.
For hyperbolic endomorphisms, it was shown in [28] that conditional measures
on stable manifolds are exact dimensional.

In the case of finite conformal iterated function systems with overlaps,
Feng and Hu proved in [I1] that the projection of any ergodic measure from
the shift space, is exact-dimensional on the fractal limit set; they also gave a
formula for the Hausdorff dimension of this projection measure, by using the
projection entropy and the Lyapunov exponent. Later, in [25] we gave another
proof of the exact dimensionality of self-conformal measures (in fact, the exact
dimensionality of a larger class of measures) by employing methods from the
dynamics of hyperbolic endomorphisms; in particular, a geometric formula for
the dimension of the measure was given by using overlap numbers. The case
of countable conformal iterated function systems with overlaps was solved by
Mihailescu and Urbaiiski in [32], where the projection of any ergodic measure
from the shift space to the limit set was shown to be exact dimensional, and
a dimension formula was found. In fact, we proved a more general result for
random countable conformal iterated function systems with overlaps. In the
countable IF'S case there are several important differences from the finite case,
and the methods are different. For example, the limit set of a countable IF'S is
not necessarily compact; also the behaviour near the boundary of the countably
many system maps plays a significant role. Iterated functions systems are
important also for the study of examples from ergodic number theory (for e.g.
[13), [15], [21], [24], [31], [38)).

The structure of this survey is the following:
First, we recall the notion of folding entropy of an invariant measure
for an endomorphism, introduced by Ruelle [40]. Then, we recall the notion
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defined in [33] of the asymptotic degree for an arbitrary equilibrium measure
for a hyperbolic non-degenerate endomorphism; this is in fact an average rate
of growth of the number of generic n-preimages of points. It was shown to
be related also to the folding entropy. We employ this asymptotic degree for
dimension estimates.

Then, we present the case of finite conformal iterated function systems S
and the notion of overlap numbers for projection measures on the fractal limit
set. The overlap number is shown to be related to the folding entropy of a
lift measure for the lift endomorphism of S. We recall that overlap numbers
are used to prove the exact dimensionality for certain projection measures, in
particular for self-conformal measures; and to obtain a geometric formula for
their Hausdorff (and pointwise) dimension. In some cases, it is possible to
compute or estimate the overlap numbers.

Next, we study the significantly different case of countable conformal
iterated function systems with overlaps, and recall the results on exact di-
mensionality of projection measures, and the dimension formula obtained. An
application is to invariant measures for random continued fractions. Moreover,
we present an application to countable iterated function systems with over-
laps and place-dependent probabilities, a case related to random systems with
complete connections.

2. ASYMPTOTIC DEGREES OF MEASURES FOR
HYPERBOLIC ENDOMORPHISMS

Let us consider a smooth (C?) map f : M — M on a C? manifold M, and
take a compact basic (locally maximal) set A (for the definition of basic set see
below, or [16]). We assume that f is non-invertible and hyperbolic on A, i.e
there exists a continuous splitting of the tangent bundle of M over the inverse
limit A of A and f. The inverse limit of A with respect to f is defined by:

]\ = {.% = (:c,x_l,a:_g, .. ),f(ﬂ?]) = Tj4+1,T5 S A,] < —1}.

If we want to emphasize the dependence of A on f, we write A - The notation
M is similar.

The case of a hyperbolic non-invertible transformation is very different
from the expanding case and from the case of hyperbolic diffeomorphisms, for
e.g. [7], [39], [40], [6], [12], [20], [27], [28]. In the hyperbolic non-invertible case,
for every prehistory & € A there exist a local stable manifold W3 (z) and a local
unstable manifold W}*(Z). Notice that the local stable manifold depends only
on the base point x, since it is defined as the set of points y € M such that
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d(f(y), f(z)) < r,j > 0; so it depends only on the forward trajectory of .
By contrast, the local unstable manifold is

W(#) = {y,39 € M with d(y_j,x_;) < r,j > 0},

r

thus the local unstable manifold depends on the whole past trajectory, i.e. on
the prehistory z € A. There are examples where there exist uncountably many
local unstable manifolds going through a point x, and this happens actually
for most points z € A (see [27]).

Moreover, another complication is that, in general, the map f is not
constant-to-1 on the fractal set A. Hence a good notion of “degree” of f|s with
respect to an invariant measure on A is necessary. The number of preimages
belonging to A is important in dimension estimates for the invariant set and
invariant measures (see for e.g. [29]). We defined in [33] a notion of asymptotic
degree with respect to an arbitrary equilibrium measure p, (where ¢ is a
Holder continuous potential on A). In particular, for the measure of maximal
entropy po on A, we obtain the average logarithmic growth of the number of
n-preimages that remain in A (when n — 00), which can be considered as the
“topological degree” of f on A. This asymptotic degree was then used in [33]
to obtain dimension estimates of stable sections through basic sets.

By basic set (or locally maximal set [16]), we understand a compact
f-invariant set A C M such that f is topologically transitive on A and there
exists a neighbourhood U of A such that,

A= nQZ fn(U)

The Jacobian of an f-invariant measure p with respect to the endomor-
phism f (see Parry, [36]) is defined p-a.e by

Jp() (@) = lim AT B@T),

The limit above can be shown to exist locally as the Radon-Nikodym derivative
between two absolutely continuous measures.

If 4 is an f-invariant probability measure on M, then Ruelle introduced
in [40] the folding entropy Fy(p), as being the conditional entropy H,,(e|f~'e),
where € is the single point partition and f~'e is the fiber partition associated
to f on M. It can be shown (see [20]) that,

1) Fy()i= Hulelf ') = [ (.

The folding entropy Fy(u) is bounded above by the metric entropy hs(u),
and bounded below by h¢(u) plus the sum of negative Lyapunov exponents
of u (see [19]). It was studied also in [33], [44]. A related notion is that of
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entropy production for an f-invariant measure p, namely es(u) = Fp(p) —
[log|detD f(x)|du(xz) (see [40], and the references in [34]).

Let now ¢ : A — R be a Holder continuous potential on the compact basic
set A; so there exists a unique equilibrium (Gibbs) measure ;4 on A, which
is the only ergodic probability f-invariant measure for which the supremum is
attained in Variational Principle for pressure ([4], [43]). Hence

P(¢) = h(ug) + /A ¢ dpg.
Since the set A is not necessarily totally invariant, the measurable function
dp(x) = Card(f~"(f"(z)) NA), x €A,

may be non-constant on A (see the class of examples in [27]). Define now
the finite set of n-preimages of f™(z) which are 7-“generic” with respect to ¢,
namely let

@ Guewn) = e a2 - foan <oy

Definition 1. Denote by d,(z,u,7) := Card Gyp(x,u,7),z € A,n > 0,
7 > 0. The function d,,(-, 4, 7) is measurable, nonnegative and bounded on A
(if f is locally injective on A).

In the following Theorem (1| proved in [33], we gave the basis for the defi-
nition of a measure-theoretic asymptotic degree with respect to an equilibrium
measure ji4 as above. The measure-theoretic degree represents the asymptotic
rate of growth of the number of generic n-preimages from A, when n — oo,
and we proved that it is connected to the folding entropy of si4.

THEOREM 1 (Measure-theoretic asymptotic degree, [33]). Let f : M — M
be a C? non-invertible map and let A be a basic set for f, such that f is
hyperbolic on A and it does not have critical points in A. Let also ¢ be a
Holder continuous potential on A and pg be the equilibrium measure associated
to ¢. Then we have the following formula:

lim lim — /A log dn (@, f19,7) djis (@) = Fy ().

T—0n—oco n

An interesting particular case is when we consider the measure of maximal
entropy, which is in fact the equilibrium measure g of ¢ = 0 (or equivalently
to a constant potential). In this case, every n-preimage from A is generic with
respect to pg. Thus we obtain a “topological degree” of the restriction f|x:

COROLLARY 1 (Topological degree, [33]). In the setting of Theorem
denote by po the unique measure of mazimal entropy of f|a.
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If dp(z) := Card(f~"(f"x) N A) for n > 1, then we have:
.1
Jim —log dn(z) = F(po), o —a-ex € A,

and

n—oo N

1
i [ logd, (z) dfe) = Fy (o).
A
The above Theorem and discussion permit us to state now the following;:

Definition 2. In the setting of Theorem [l define the asymptotic loga-
rithmic degree of f|) (with respect to the measure of maximal entropy )
by: a;(f,A) :=1lim [, logd,(z)duo(z). The asymptotic degree of f|, is

n

then defined as the number
doo(f, A) := BN,

Similarly, we define the asymptotic degree with respect to the measure
fe on A, as

N |
doo(f, ptg) = exp (lim lim — /Alog dn (2, pg, 7) dpe(x)).

T—0n—oco N

In particular, if f|a is d-to-1, then doo(f, A) = d, and Fy(ug) = logd.

Moreover, the measure degree was used to obtain estimates for the Haus-
dorff dimension of slices through the set A, when f is hyperbolic on A. If we
consider the potential ®*(z) :=log |Dfs(z)|, = € A, then for any fixed number
v < hiop(fla), we have that the function

t— P(t®° — ),

is strictly decreasing and convex, it is non-negative for ¢ = 0, and converges to
—o0 if t = o0. So this pressure function has a unique zero, which will appear
in the next Theorem. Denote by E? the stable tangent space at z € A, and by
W3 (z) the local stable manifold at .

THEOREM 2 (Dimension estimates, [33]). In the setting of Theorem
assume that f is conformal on local stable manifolds on the saddle basic set
A, and that pg is the equilibrium measure of a Hoélder continuous potential ¢
on A; denote ®°(y) := log|Df|ps|, v € A. Then there erists a Borel set
K(ug) C A such that p1s(K(pg)) = 1, and for every x € A we have:

HD(W; (x) N K(1g)) < t3._(£.,)>
where tjw(f o) is the unique zero of the pressure function

t — P(t®° —logdoo(f, t1e))-
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3. FINITE CONFORMAL ITERATED SYSTEMS AND
OVERLAP NUMBERS

Let us take a finite set I and a function system S = {¢;,7 € I}, with
¢; : U — R i € I, being conformal and injective maps on the closure U
of a bounded open set U C R?, which are uniformly contracting on U, i.e
Iy € (0,1) with |¢}| < 7,Vi € I (for e.g. [8]). Let ¥7 denote the 1-sided
symbolic space {w = (w1,w2,...),w; € I,i > 1}, with canonical metric and
topology, equipped with the canonical shift transformation o : Z}*‘ — Z}'.
Also, denote by [w; ...w,] the cylinder {n € Z;r, M = Wi,...,Mn = wy}. In the
sequel, let us denote by

Giy...ipy = Piy © Piy © ... 0 iy,
for p > 1,41,...,% € I, and by ¢;,;,... the point given as intersection of the

descending sets ¢;,...;,(U), for p — oo. Denote by A the set of points of type
Giyiy..., called the limit set of S,

A= W(E;r),

where 7 : X = A, 7(w) = Puyw,.., w € B7, is the canonical projection. In

general, the image sets ¢;(A),7 € I may intersect each other. If there exists an

open nonempty set V' (a neighbourhood of A) so that 'UI (V) C V and the
1€

sets ¢;(V),j € I are mutually disjoint, then we say that the system S satisfies
the Open Set Condition. In this case, the dimension of A and of invariant
measures on A can be computed relatively easily (see [§]). Some less restrictive
separation conditions were studied for example in [I7]. However, if the sets
®i(A),i € I intersect arbitrarily, then the problem of dimension for invariant
measures on A is much more difficult. We are going to present results in this
direction for systems with arbitrary overlaps. They use the notion of overlap
number of a measure p, which is an average rate of growth of the number
of p-generic n-preimages; the overlap number of p was shown to be related
to the folding entropy of u. Thus, define first the following skew product
transformation, called the lift endomorphism of S,

P:Xf x A= 37 x A, O(w, ) = (0w, g, (x)), for (w,z) € TF x A.
For any integer n > 1, we have
" (w, ) = (0" (W), Gy .or (7)), (w,2) € ] x A

Since o expands distances locally and ¢;,¢ € I are contractions, it follows that
® has a hyperbolic-type behaviour and a stable foliation with leaves {w} x A,
w € E;r. Let now a Holder continuous potential v : Z;r x A — R. Then as
in the case of hyperbolic diffeomorphisms, there exists a unique equilibrium
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measure ji, on $F x A, (for e.g. [, [16], [43]). Denote also the projection of
fy on A by

Vip 1= T2 flop-
In general, for a ®-invariant probability © on E? x A, its Lyapunov exponent
is defined by,

X = [ ~toglel, (@)] du(w,z) >0.

In [34], we defined a notion of overlap number o(S, ) for an equilibrium
measure (i, of a Holder continuous potential on E}“ x A. It represents the
average rate of growth of the number of ji-generic n-preimages in A, given
that points in A can be covered many times by the images ¢;, ; (A) if the
system S has overlaps. For an arbitrary small 7 > 0, and integer n > 1 denote:

An((wa l’), T, :utb) = {(771, cee 77771) € Inv 33/ € Av ¢Wﬂ,-~w1 (1‘) = ¢77n~~-771 (y),

N IR TR

where (w,z) € Z}F x A and S,1(n,y) is the consecutive sum of ¢ with respect
to ®. Denote by

bn((w7 33), T, Miﬁ) = CardAn((w, .%'), Ty Mo

We thus defined the overlap number of j,, by the following limit, which was
shown to exist:

Definition 3. The overlap number of S with respect to the measure p,,
is defined by:

T—0n—oco N

1
o(S, py) = lim lim / log by, ((w, ), 7, prp) dppy(w, ).
E?xA
For the measure of maximal entropy po, the topological overlap number
o(8) is equal to oS, ug)-

The topological overlap number gives the rate of growth of the number
of overlappings at step n in A, when n — oco. We showed in [34] that, if
g Z}' — A is the canonical projection to A and

Bn(x) = Card{(n1,...,mm) € I",x € ¢y, (A)}, n > 1,

then the topological overlap number of S is given by the formula:

(3) o(S) = exp  lim — /E 108 Bu(mw) i) ).

n—oo n
I

In [34] we proved that o(S, 11y) is related to the folding entropy of p,, with
respect to the skew-product endomorphism @ (recall the definition in (I)).
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THEOREM 3 ([34]). In the above setting, we have

o(S, py) = exp(Fa(py))-

The overlap number of a measure represents an average rate of growth
of the number of generic overlaps in S (with respect to the measure), and it
can be used to estimate the Hausdoff dimension of sections through the fractal
limit set A. Such a result is the following:

THEOREM 4 ([34]). Consider a finite conformal iterated function system
S = {¢;}ier with limit set A, m: S — A be the canonical projection, and let
a Holder continuous potential v : Z? x A — R, with its unique equilibrium
measure fLy; and denote by vy := Tty the projection of the measure pi, on
the second coordinate. Then,

HD(vy) < (S, 9),

where t(S,1) is the unique zero of the pressure function with respect to the
shift o : $F = X7, t = P,(tlog|¢), (m(ow))| — log o(S, puyp)).

It is possible to compute or estimate the overlap numbers of measures, and
thus to obtain also dimension estimates. Especially, we estimate topological
overlap numbers in several concrete algebraic cases for Bernoulli convolutions.
Such results were obtained in [26].

Let a probabilistic vector p=(p1, . . ., pm) and associate to p the Bernoulli
measure ,u; on E;r. The projection of ug on the limit set A of the iterated
function system S is m,u?; . In fact, the Bernoulli measure ug is the equi-
librium measure of the Holder continuous potential g : Z}r - R, g(w) =
logpy,, w € Z‘}r. Thus define the potential ¢ := g om : E? x A — R,
which clearly is Holder continuous; so there exists p, its unique equilibrium
measure with respect to the endomorphism ®. In [34] it was shown that
Toxfly = TxTixfly. Hence, for some constant ro, py(jwi...wy| X B(z,rg)) =~
eSn¥(wz)=nPe(¥) with comparability constant independent of n, z, w. This im-
plies that ju,([ws ... w,] x A) & e59@)=7FP(9) Denote pgom, by pip, which is
a probability measure on E}r x A. From above, 7. pup satisfies the same esti-
mates on cylinders as the Bernoulli measure ,ug , and then from the uniqueness
of equilibrium measure of ¢, m.pup = . Hence,

(4) Taelip = ot

In particular, if g} . denotes the measure of maximal entropy on ¥7, namely
the Bernoulli measure corresponding to the probability vector (ﬁ, A ﬁ)),
then

(5) T2x Umaxr = Tx :uj_nax .
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To give examples of overlap numbers, consider the system Sy = {¢_1, ¢1},
with ¢_1(x) = Az — 1, ¢1(z) = Ax + 1. When ) € (%, 1), Sy has overlaps, and
its limit set is the whole interval I = [— 11, 12]. When there is no confusion
about A, this limit set is denoted by A.

Ezample 1. The first example is for reciprocals of Garsia numbers. A
number 7 is called a Garsia number if it is an algebraic integer in (1,2) whose
minimal polynomial has a constant coefficient +2 and such that v and all
its conjugates have absolute value larger than 1 (see [I3]). Examples of such
minimal polynomials are 2" — 2" — 2 for n,p > 1, with max{p,n} > 2. Thus

. . 1 .
in particular, 2=»,n > 2, are Garsia numbers.

THEOREM 5 ([26]). The topological overlap number of the system Sy when
% is a Garsia number, is equal to 2\. Thus in this case o(Sy) = 2A > 1.

In particular, for any n > 1, we obtain from Theorem [5| a system Sy with
A = 2717 which is asymptotically ¥/27—1 -to-1; so this system is asymptoti-
cally wrrational-to-1.

Ezxample 2. Consider now systems Sy associated to reciprocals of Pisot
numbers. A Pisot number is an algebraic integer greater than 1, all of whose
conjugates are strictly less than 1 in absolute value (for e.g. [13]). Pisot
numbers have remarkable properties, for e.g. their powers approach integers
at an exponential rate (a converse is also true). An example of Pisot number
is the golden ratio 1+—2‘/5 In [26] we found a lower estimate for the topological
overlap number in this case.

THEOREM 6 ([26]). The topological overlap number o(Sy) of the above
system Sy for \ € (%, 1) with % a Pisot number, satisfies the inequality

o(Sy) > 2\ > 1.

Ezxample 3. Consider now the case when there are exact overlaps in the
iterated system S, so
Giy..iy(A) = b5y, (A),
for certain maximal tuples (i1, ...,4p), (j1,--.,Jp). Exact overlaps may appear
after a certain number of iterates, but let us look first at the case p = 1; the
generalization is straightforward. Thus in the system S = {¢;,1 < i < m} of
conformal injective contractions, assume that

(6) ¢1:"':¢k17 ¢k1+1:-~-:¢k27---7¢kp:¢ma

where there are no overlaps between the different blocks, i.e the system {¢y,, 1 <
i < p} satisfies the Open Set Condition. If ,uar is the measure of maximal en-
tropy on X} denote the measure of maximal entropy for ® on X x A by
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tmaz- Then we proved in [34] that

(7) o(S) = exp (nh_{rgo % /E:; log B (7mw) d,ujmx(w)),

where 3, (x) := Card{(n1,...,mn) € I", © € ¢y,..n,(A)}. Then we proved the
following formula:

PROPOSITION 1 ([26]). In the above setting from (6]), the topological over-
lap number is,
o(S) = o(S, pmax)
kilog ki + (k2 — k1) log(ka — k1) + ... + (kp — kp—1) log(kp, — kp_1)>

m

= exp (
The above estimates can be extended for the system of p-iterations

{0iy..ip0 15 € 1,1 < j <p}.

COROLLARY 2 ([26]). Let the system of conformal injective contractions
S = {¢i,i € I} with |I| = m, with A its limit set. Assume that there exists
a family F C IP of p-tuples such that ¢;,..i;(A) = ¢j,..5.(A) for (i1,...,ip),
(41,---,Jp) € F, and denote Card(F) = N(F). Then

N(}')logN(]:))‘

mP

However, in general there may exist only partial overlaps at the level of
p-iterates, a case covered by the next Corollaries. They apply also for Bernoulli
convolutions systems Sy, since then the limit set is an interval A = I, and we
can estimate the proportion of overlaps at some iterate p.

o(S) > exp (

COROLLARY 3 ([26]). In the above setting, assume that there is a family
F C IP of p-tuples and k > 1 so that for any (i1,...,i,) € F, there ex-

18ts (]1 ]k) e I* such that ¢i1...ipj1‘..jk(A) C @ ?)G}_(Z)glmgp(/\). Then, if
yeop

N(F) := Card(F), we obtain: o(S) > exp (w)

mp+k

Similarly, for a more general case, we obtained the following:

COROLLARY 4 ([26]). In the above setting, assume that there are fam-
ilies Fi,...,Fs C IP of p-tuples and positive integers ki, ..., ks such that,
for any 1 < j < s and for any (ij1,...,i;p) € F; there exists some kj-tuple

. . k; .
(jl, cee 7]k‘j) € 1% with ¢ij1...ijpj1...jkj (A) - (th’?p)e}_j ¢€1---ep (A)
Then, if N(F;) := CardF;, 1 < j <'s, we obtain:

N(F1)log N (F1) N(F.) log N(F.)
Tt )

o(8) > exp (
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Definition 4. Let u be a probability measure on a metric space X. The
upper, respectively lower, pointwise dimension of y at a point z € X is the
limit,

— log (B log (B

0(p)(x) :=limsup M, d(p(x)) := liminf M

0 log r r—0 log r
If the upper and lower pointwise dimension coincide at z, the common value
is called the pointwise dimension of x at x and it is denoted by d(u)(z). We
say that a measure p is exact dimensional if its pointwise dimension exists at
p-a.e x € X, and it has a constant value.

Exact dimensional measures are very important in dynamics, since for
them all their dimensions (Hausdorff, pointwise, box) coincide (see [8], [45]).
Many invariant measures were studied from the point of view of dimension
in various settings, and several classes of measures were proved to be exact
dimensional; see for e.g. [3], [7], [8], [9], [10], [I1], [28], [31], [37], [45], to name
a few.

Feng and Hu proved that the projections of ergodic measures on the limit
set of any finite conformal iterated system with overlaps, are exact dimensional,
and found a dimension formula.

THEOREM 7 (Feng and Hu [11]). Let a finite conformal IFS S, and p
be an ergodic measure on Ejf, and denote its push-forward through the coding
map on the limit set of S by v := weu. Then,

HD(I/) — hM(S),

X ()]
where the projection entropy h,(S) = H,((lo  n Y (era)) — Hyu(&]m 1 (era)),
with & being the partition of E? into 1-cylinders, erq is the point partition of
RY, 7=t (epa) is the fiber partition of X7 with respect to m, and x(u) is the
Lyapunov exponent of .

Overlap numbers were later used in [25], namely in Theorem [§ below,
to prove the exact dimensionality for a class of projection measures, which
includes the self-conformal measures (i.e projections of Bernoulli measures).
Theorem [§ has a different proof than Theorem [7] and it provides a more geo-
metric formula for the dimension of measures.

THEOREM 8 ([25]). Let S be a finite conformal iterated function system
with limit set A, and v be a Hélder continuous potential on Z;r with equilib-
rium measure [y, and let fiy be the equilibrium measure of ¢ o m on E}' x A
with respect to ®. Denote by vo = Toxfly. Then the measure vy, is exact
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dimensional, and for vy y-a.e x € A,

hU(:U’TZ)) — log(0(87 ﬂd’))
‘Xs(ﬂwﬂ '

Thus, from the formula in Theorem 8] we see that the overlap numbers
explain the difference in dimension for projection measures between the case
of IF'S with overlaps, versus the case of IFS with Open Set Condition (without
overlaps).

In particular, from Theorem [§ we obtain the exact dimensionality of
self-conformal measures, and a geometric formula for dimension by using their
overlap numbers. Indeed let ug be the Bernoulli measure on 2? associated to
the probability vector p, and fip be the lift of u:; to E}F x A. We also showed
in [34] that v1p = v2p, 50 d(v1,p) = 6(v2p), Where vy p is a self-conformal
measure.

HD(vay) = 6(voy)(x) =

4. COUNTABLE CONFORMAL ITERATED FUNCTION
SYSTEMS WITH OVERLAPS

In contrast to the case of finite iterated function systems (IFS), the case
of countable IF'S with overlaps is very different. For instance, the limit set is no
longer necessarily compact, and there may exist no zero for the pressure func-
tion; also, there are infinitely many images of the contractions of the system.
Many of the methods of proof are also different.

On the other hand, there are important examples from Ergodic Number
Theory, generated by countable IFS. For instance, regular continued fractions
are generated by the countable system of maps on [0, 1], given by z — xJ%n, T €
[0,1],n > 1 (for e.g. [15]). Also, one can associate countable conformal iterated
function systems to S-maps and to other types of continued fractions ([24],
[310). -

Consider thus a compact connected set X C R?,¢ > 1 with X = IntX.
Let a countable alphabet (set) E, and the system S of conformal injective
contractions ¢. : X — X,e € F, such that there exists a bounded open
connected set W C R? with X C W and all ¢, : X — X extend to conformal
injective maps from W to W, so that the Lipschitz constants of the maps
¢é‘,e € E do not exceed a common value 0 < v < 1. Recall that EJEC is the
1-sided shift on the countable alphabet E (with its canonical metric), and
o EE — EE is the canonical shift map. Similarly, for the 2-sided shift > .
Denote by Cg_l the set of cylinders in X g from 0 to n — 1 positions, n > 1.
If ¢ : ¥p — R is a continuous function, then the topological pressure P(1)) is
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defined by
1
(8) P(y):= lim —log Y exp(sup(Snthli));

n—oo N
weCSLil

where S, denotes the n-consecutive sum of 1; this limit exists due to a
subadditivity argument. Thermodynamic formalism for countable shifts was
studied for e.g. in [24], [31], [41].

Denote by A the fractal limit set in R? of the system S, namely the set
of all points of type @, © ¢, © ..., where w = (wi,wa,...) € X1 (we use that
all maps ¢; are contractions). Denote by

T EE — A,
the canonical projection given by the above formula, namely m(w) = @y, © ¢y, ©
e foerZJbC.

Definition 5. Given the countable system & = {¢.,e € E}, and a o-
invariant probability measure p on X7, define the projectional entropy of p
and S, as a difference of conditional entropies, by:

-1_—1 -1
hu(S) := Hy(Elo™ 7 (era)) — Hy(E]m™ (era)),
where £ is the partition of ZE into 1-cylinders, erq is the point partition of R,
and 7! (epq) is the fiber partition of ZE with respect to the projection .

Definition 6. In the above setting, define the Lyapunov exponent of an
ergodic measure y on EE with respect to the countable iterated function system
S by:

o= = [ Tog (6 (r(o)]dn(o).

Then, from Birkhoff’s Ergodic Theorem we obtain that for y-a.e. w € EJEF,

we have
. 1 !/ n
(9) Jim —log |(d,)'(w(0" (@))] = xu-

We now state the main Theorem proved in [32] establishing the exact
dimensionality of the projection measure on A for any ergodic measure p on
EJEF which satisfies a finiteness condition for the entropy (needed since we work
with a countable system). Denote by ep the point partition on the limit set
A C R? and again by £ the partition in 1-cylinders of Eg.

THEOREM 9 ([32]). In the above setting, if u is ergodic on X}, and
H,(&|m7ten)) < oo, then for p-a.e. w € X}, we have the exact dimension-
ality of the projection measure wu on A, and moreover,

o 198 (B(r(w),1)) _ hu(S)

r—0 log r Xu
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In fact, we proved a more general version of this Theorem for random
countable conformal IFS with arbitrary overlaps. Theorem [9]has applications to
examples from Ergodic Number Theory, such as Kahane-Salem sets, Bernoulli
convolutions, random continued fractions, as shown in [32]. To give an example,

let us denote the continued fraction with positive integer digits a1, as,... by
1
la1,az,...| = ——7F—.
ar+ a2+%
Then, the random continued fractions are defined as [1, X7, 1, Xo,...], where

the random variables X;,7 > 1 are i.i.d and take the values 0, A each with
probability 1/2, and where A is a fixed number in (0,00). Denote by vy the
distribution of this random continued fraction, which turns out to be an in-
variant measure for a countable IFS, namely the my-projection of the Bernoulli
measure fi(1/2,1/2)- Lyons [2I] showed that vy is singular for all A € (a.,0.5],
where a. € (0.2688,0.2689); and in [42] it was shown that vy is absolutely
continuous for Lebesgue-a.e A € (0.215, ). We showed in [32] that for all
parameters A € (0,00), the measure vy is exact dimensional, and that for all

A€ (\/‘6’2_1 ,0.5), its Hausdorff (and pointwise) dimension satisfies the estimate

(10) HD(vy) > 0.174.

Another interesting case is that of countable IFS with overlaps and place-
dependent probabilities. Finite systems with place-dependent probabilities were
studied for e.g. by Barnsley, Demko, Elton and Geronimo ([1]), by using also
the method of chains with complete connections of Onicescu and Mihoc ([35]);
see also their generalization to random systems with complete connections in
[14]. Let thus a system of smooth contractions & = {qﬁl V= V}z‘el defined
on a compact set V C RP indexed by countable I, with limit set A, and let
the weights p; : V — R, ¢ € I, such that Vx € V,

(11) > pilz) =1.
el
Ifiy,...,ip € I,n > 1, denote by ¢4, i, := @i, 0...0¢;, . Recall that 7 : E}r —
A, m(w) = lim Guow,..w, if w = (wo,wr1,...) € BT, is the canonical projection.
n—oo

Assume that p;(-) are uniformly Hoélder continuous, i.e there exist constants
a,C > 0 so that for all x,y € V and all i € I,

(12) pi(z) — pi(y)| < Clo —y|*.

The transfer probability is defined by P(z, B) := }_ pi(7)dg,(z)(B), and
el
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the transfer operator L :C(V) — is defined by (see for e.g. [1]),

/ f(y)P(z,dy).

A measure p on V is called stationary if it is a fixed point of the dual operator

of L,
L*(v)(B) = / (z, B)dv(x Z/ (z)dv(z).

It can be proved that there exist Statlonary measures, and they are unique
(this is basically due to condition and to the uniqueness of equilibrium
measures). This stationary measure was shown in [30] to be exact dimensional,
and we found an estimate for its Hausdorff (and pointwise) dimension. For an
IFS with place-dependent probabilities S as above, let us define 9 : ij - R,

(13) Y(w) := log puy (r(ow)),w € 7.
From and it follows that v has a unique equilibrium measure, denoted
by py on E}".

THEOREM 10 ([30]). In the above setting, if the system S = {¢;,i € I} is
countable and conformal and if the probabilities {p;(-),i € I} satisfy and
(@, then the stationary measure jip for the system S with place-dependent
probabilities P = {p;(-),i € I} is exact dimensional, and
hs(S) _ Ty (0)

— )

Xhyp Xy

HD(pp) =

where py, is the equilibrium measure of 1, and hy,,,(S) is the projection entropy
Of Moy -

Another type of randomized countable conformal IFS was introduced and
studied in [31], namely the Smale skew product endomorphisms. For these sys-
tems it was proved the exact dimensionality of the projections of fiber measures,
and the global exact dimensionality of the projections of equilibrium measures
from the shift space onto the global basic set (after establishing certain Volume
Lemmas). The methods of proof are different for Smale endomorphisms. These
results were applied in [31] to a large class of systems generated by inverse lim-
its of non-invertible systems, and to examples from Ergodic Number Theory,
including Liiroth maps, expanding Markov-Rényi maps, continued fractions,
Manneville-Pomeau maps, S-maps (for arbitrary g > 1).

In particular, our results on Smale endomorphisms found some surprising
applications in [31] to solving the Doeblin-Lenstra Conjecture, about Diophan-
tine approximation for numbers z € [0, 1] outside of the original set where
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it was solved (see for e.g. [15]), and for a larger class of invariant measures.
Moreover, in [30] Smale endomorphisms were associated to random systems
with complete connections ([14]), and they were applied to unfold countable
conformal IFS with overlaps into families of subfractals.
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